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Preface 

"If we want to start new things rather than trying to elaborate and 
improve old ones, then we cannot escape reflecting on our basic 
conceptions. " Hans Primas [P, p. 17] 

Every field of knowledge has its subject matter and its methods, along with 
a style for handling them. The field of Probability has a great deal of the 
Art component in it-not only is the subject matter rather different from 
that of other fields, but at present the techniques are not well organized into 
systematic methods. As a result each problem has to be "looked at in the 
right way" to make it easy to solve. Thus in probability theory there is a great 
deal of art in setting up the model, in solving the problem, and in applying 
the results back to the real world actions that will follow. It is necessary to 
include some of this art in any textbook that tries to prepare the reader to 
use probability in the real world of science and engineering rather than merely 
admire it as an abstract discipline and a branch of mathematics. 

It is widely agreed that art is best taught through concrete examples. Es­
pecially in teaching probability it is necessary to work many problems. Since 
the answers are already known the purpose of the Examples and Exercises can­
not be to "get the answer" but to illustrate the methods and style of thinking. 
Hence the Examples in the text should be studied for the methods and style 
as well as for the results; also they often have educational value. Thus in 
solving the Exercises style should be considered as part of their purpose. 

It is not enough to merely give solutions to problems in probability. If 
the art is to be communicated to the reader then the initial approach-which 
is so vital in this field-must be carefully discussed. From where, for example, 
do the initial probabilities come? Only in this way can the reader learn this 
art-and most mathematically oriented text book simply ignore the source of 
the probabilities! 

[v] 
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What is probability? I asked myself this question many years ago, and 
found that various authors gave different answers. I found that there were 
several main schools of thought with many variations. First, there were the 
frequentists who believe that probability is the limiting ratio of the successes 
divided by the total number of trials (each time repeating essentially the same 
situation). Since I have a scientific-engineering background, this approach, 
when examined in detail, seemed to me to be non-operational and furthermore 
excluded important and interesting situations. 

Second, there are those who think that there is a probability to be 
attached to a single, unique event without regard to repetitions. Via the law 
of large numbers they deduce the frequency approach as something that is 
likely, but not sure. 

Third, I found, for example, that the highly respected probabilist 
di Finetti [dF, p. x] wrote at the opening of his two volume treatise, 

Probability Does Not Exist. 

Fourth, I found that mathematicians tend to simply postulate a Borel 
family of sets with suitable properties (often called a u-algebra or a Borel 
field) for the sample space of events and assign a measure over the field which 
is the corresponding probability. But the main problems in using probability 
theory are the choice of the sample space of events and the assigment of 
probability to the events! Some highly respected authors like Feller [F, p. x] 
and Kac [K, p. 24] were opposed to this measure theoretic mathematical 
approach to probability; both loudly proclaimed that probability is not a 
branch of measure theory, yet both in their turn seemed to me to adopt 
a formal mathematical approach, as if probability were merely a branch of 
mathematics and not an independent field. 

Fifth, I also found that there is a large assortment of personal proba­
bilists, the most prominent being the Bayesians, at least in volume of noise. 
Just what the various kinds of Bayesians are proclaiming is not always clear 
to me, and at least one said that while nothing new and testable is produced 
still it is "the proper way to think about probability". 

Finally, there were some authors who were very subjective about prob­
ability, seeming to say that each person had their own probabilities and there 
need be little relationship between their beliefs; possibly true in some situa­
tions but hardly scientific. 

When I looked at the early history of probability I found the seeds of 
most of these views; apparently very little has been settled in all these years. 

I also found that there were flagrant omissions in all the books; whole ar­
eas of current use of probability, such as quantum mechanics, were completely 
ignored! Few authors cared to even mention them. 

What was I to make of all this? Following an observation of Disraeli, 
I decided to find out what I myself believed by the simple process of writing 
a book that would be, to me at least, somewhat more believable than what 



PREFACE [vii] 

had I found. Of necessity, being application oriented, it would have a lot 
more philosophy than most textbooks that postulate a probability model and 
then present the techniques without regard to understanding when, how, and 
where to use the techniques, or why the particular postulates are assumed. 
Indeed, most mathematicians blandly assume that probability is a branch 
of mathematics without ever doubting this assumption. Such books tend 
to discourage the reader from making new applications outside the accepted 
areas-yet it is hard to believe that the range of applications of probability 
has been anywhere near exhausted. It seems to me that the philosophy of 
probability is not a topic to be avoided in a first course, but rather, in view 
of the dangers of the misapplication of the theory (which are many), it is an 
essential part. 

Initially I wanted to provide some organization and structure for the 
various methods for solving probability problems instead of merely giving the 
usual presentation of problems and their solution by any method, selected 
almost at random, that would work. My success has been of limited extent, 
but I feel that I have taken a few steps in that direction. 

I further decided that it would be necessary to build up my intuition 
about problems so that: (1) many of the false results that are so easily ob­
tained would be noticed, and (2) that even if I could not solve a problem still 
I might have a feeling for the size and nature of the answer. 

Finally, as a sometime engineer, I well know that few things are known 
exactly, and that many times probabilities used in the final result are based 
on estimates, hence the robustness (sensitivity) of the results with respect to 
the small changes in the initially assumed probabilites and their interrelation­
ships must be investigated carefully. Again, this is a much neglected part of 
probability theory, though clearly it is essential for serious applications. 

The availability of computers, even programmable hand held ones, 
greatly affects probability theory. First, one can easily evaluate formulas 
that would have taxed hand computation some decades ago. Second, often 
the simulation of probability problems is now very practical [see Chapter 10]; 
not that one can get answers accurate to many decimal places, but that a 
crude simulation can reveal a missed factor of 2, the wrong sign on a term, 
and other gross errors in the formula that purports to be the answer. These 
simulations can also provide some intuition as to why the result is what it is, 
and even at times suggest how to solve the problem analytically. Simulation 
can, of course, give insight to problems we cannot otherwise solve. 

The fact that probability theory is increasingly being used to make im­
portant decisions is a further incentive for examining the theory carefully. I 
have witnessed very important decisions being made that were based on prob­
ability, and as a citizen I have to endure the consequences of similar decisions 
made in Washington D.C. and elsewhere; hence I feel that anything that can 
clarify and improve the quality of the application of probability theory will 
be of great benefit to our society. 
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It is generally recognized that it is dangerous to apply any part of sci­
ence without understanding what is behind the theory. This is especially 
true in the field of probability since in practice there is not a single agreed 
upon model of probability, but rather there are many widely different models 
of varying degrees of relevance and reliability. Thus the philosophy behind 
probability should not be neglected by presenting a nice set of postulates and 
then going forward; even the simplest applications of probability can involve 
the underlying philosophy. The frequently made claim that while the various 
foundational philosophies of probability may be different, still the subsequent 
technique (formalism) is always the same, is flagrantly false! This book gives 
numerous examples illustrating this fact. One can only wonder why people 
make this claim; the reason is probably the desire to escape the hard think­
ing on the foundations and to get to protection of the formalism of mathe­
matics. Furthermore, the interpretation of the results may be quite difficult 
and require careful thinking about the underlying model of probability that 
was assumed. 

This book is the result. It is one man's opinion using a rather more 
scientific (as opposed to mathematical) approach to probability than is usual. 
It is hardly perfect, leaves a lot open for further work, and omits most of 
subjective probability as not being scientific enough to justify many actions in 
the real world based on it. Not only are many scientific theories and problems 
based on probability, but many engineering tasks, such as the launching of 
space vehicles, depend on probability estimates. Perhaps most important, 
many political, biological, medical, and social decisions involve probability in 
an essential way. One would like to believe that these decisions are based on 
sound principles and not on personal prejudices, politics and propaganda. 

In order to strengthen the reader's intuitions for making probability 
judgements, I have included a reasonable number of tables of results. These 
tables are well worth careful study to understand why the numbers are the 
way they are. I have also examined various results to show how they agree, 
or disagree, with common experience. In my opinion this is a necessary part 
of any course in probability, since in normal living one has a very limited 
exposure to the varieties of peculiar results that can occur. 

The material has therefore been carefully presented in a pedagogical 
manner, including deliberate repetitions, for the benefit of the beginner, and 
not in the logical order for the benefit of the professor who already under­
stands probability. 

But one's efforts are limited, and it occurred to me that others might 
want to examine, criticize, change, and advance further the problem of what 
probability is, hence what I found is presented here for their consideration. 
I doubt that in the future there will be any single, widely accepted model 
of probability that is useful for all applications; hence the need for multiple 
approaches to the topic, and in time new ones not yet discovered! 

I am greatly indebted to Professor Roger Pinkham of Stevens Institute, 
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Hoboken, for endless patience and guidance while I tried to learn probability 
theory, as well as for a large supply of Examples to illustrate various points. 
I am, of course, solely responsible for the contents of this book and he cannot 
be held responsible for my opinions and errors; he did his best! 

I am also indebted to Professor Bruce MacLennan of the University of 
Tennesee, Knoxville, for many stylistic improvements and suggestions for a 
clearer presentation; again he is not responsible for the final product. Profes­
sor Don Gaver has been of help in numerous discussions. 
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1 

Probability 

"Probability is too important to be left to the experts." 

1.1 Introduction 

Who has not watched the toss of a coin, the roll of dice, or the draw of a 
card from a well shuffled deck? In each case, although the initial conditions 
appear to be much the same, the specific outcome is not knowable. These 
situations, and many equivalent ones, occur constantly in our society, and we 
need a theory to enable us to deal with them on a rational, effective basis. 
This theory is known as probability theory and is very widely applied in our 
society-in science, in engineering, and in government, as well as in sociology, 
medicine, politics, ecology, and economics. 

How can there be laws of probability? Is it not a contradiction? Laws 
imply regularity, while probable events imply irregularity. We shall see that 
many times amid apparent irregularity some regularity can be found, and 
furthermore this limited regularity often has significant consequences. 

How is it that from initial ignorance we can later deduce knowledge? 
How can it be that although we state that we know nothing about a single 
toss of a coin yet we make definite statements about the result of many tosses, 
results that are often closely realized in practice? 

Probability theory provides a way, indeed a style, of thinking about such 
problems and situations. The classical theory has proved to be very useful even 
in domains that are far removed from gambling (which is where it arose and is 
still, probably, the best initial approach). This style of thinking is an art and is 
not easy to master; both the historical evidence based on its late development, 
and the experience of current teaching, show that much careful thinking on 
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the student's part is necessary before probability becomes a mental habit. 
The sophisticated approach of beginning with abstract postulates is favored 
by mathematicians who are interested in covering as rapidly as possible the 
material and techniques that have been developed in the past. This is not 
an effective way of teaching the understanding and the use of probability in 
new situations, though it clearly accelerates the formal manipulation of the 
symbols (see the quotation at the top of the Preface). We adopt the slow, 
cautious approach of carefully introducing the assumptions of the models, 
and then examining them, together with some of their consequences, before 
plunging into the formal development of the corresponding theory. We also 
show the relationship between the various models of probability that are of 
use in practice; there is not a single model of probability, but many and of 
differing reliabilities. 

Mathematics is not just a collection ofresults, often called theorems; it is 
a style of thinking. Computing is also basically a style of thinking. Similarly, 
probability is a style of thinking. And each field is different from the others. 
For example, I doubt that mathematics can be reduced to button pushing 
on a computer and still retain its style of thinking. Similarly, I doubt that 
the theory of probability can be reduced to either mathematics or computing, 
though there are people who claim to have done so. 

In normal life we use the word "probable" in many different ways. We 
speak of the probability of a head turning up on the toss of a coin, the probabil­
ity that the next item coming down a production line will be faulty, the prob­
ability that it will rain tomorrow, the probability that someone is telling a lie, 
the probability of dying from some specific disease, and even the probability 
that some theory, say evolution, special relativity, or the "big bang," is correct. 

In science (and engineering) we also use probability in many ways. In 
its early days science assumed there was an exact measurement of something, 
but there was also some small amount of "noise" which contaminated the 
signal and prevented us from getting the exact measurement. The noise was 
modeled by probability. We now have theories, such as information theory and 
coding theory, which assume from the beginning that there is an irreducible 
noise in the system. These theories are designed to take account of the noise 
rather than to initially avoid it and then later, at the last moment, graft on 
noise. And there are some theories, such as the Copenhagen interpretation 
of quantum mechanics, which say that probability lies at the foundations of 
physics, that it is basic to the very nature of the world. 

Thus there are many different kinds of probability, and any attempt to 
give only one model of probability will not meet today's needs, let alone to­
morrow's. Some probability theories are "subjective" and have a large degree 
of "personal probability" (belief) as an essential part. Some theories try to 
be more scientific (objective), and that is the path we will mainly follow­
without prejudice to the personal (more SUbjective) probability approaches 
which we cannot escape using in our private lives. [Kr, both volumes]. 



1.1 INTRODUCTION 

The belief that there is not a single model of probability is rarely held, 
but it is not unique to the author. The following paraphrase shows an alter­
nate opinion (ignore the jargon for the moment) [G, p.xi,xii]: 

In quantum probability theory the state of the system is de­
termined by a complex-valued function A (called the amplitude 
function) on the outcome space (or sample space). The outcomes 
of an event E = {Xl> X2, ••• } have the probability P(E) of E which 
is computed by 

This allows for interference as happens in optics and sound. If the 
outcomes do not interfere, then of course 

This last is the classical probability theory. In the interference 
case P(E) decomposes into the sum of two parts. The real part 
is the classical counterpart and the imaginary part leads to the 
constructive or destructive interference which is characteristic of 
quantum mechanics and much of physics. 

The basic axiom of the path integral formalism is that the 
state of a quantum mechanical system is determined by the am­
plitude function A and that the probability of a set of interfer­
ing outcomes {Xl> X2, ••• } is the first equation. This point has 
been missed by the axiomatic approaches and in this sense they 
have missed the essence of quantum mechanics. In principle this 
essence can be regained by adjoining an amplitude function axiom 
to the other axioms of the system, but then the axiomatic system 
is stronger than necessary and may well exclude important cases. 

Since we are going to use a scientific approach to probability it is nec­
essary to say what science is and is not. In the past science has tried to 
be objective and to insist on the property that different people doing the 
same experiment would get essentially the same results. But we must not as­
sume that science is completely objective, that this repeatability property is 
perfectly attained or is even essential (for example, consider carefully observa­
tional astronomy). Again, if I were to ask two different people to measure the 
width of a table, one ofthem might by mistake measure the length, and hence 
the measurements might be quite different. There is an unstated amount of 
"understanding what is meant" that is implied in every experimental descrip­
tion. We can only hope to control this assumed background (that is supposed 
to produce absolute consistency) so that there is little room for error, but we 
do not believe that we can ever completely eliminate some personal judgment 

[3] 
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in science. In science we try to identify clearly where judgment comes in and 
to control the amount of it as best we can. 

The statement at the head of this chapter, 

Probability is too important to be left to the experts, 

is a particular case of a very general observation that the experts, by their 
very expert training and practice, often miss the obvious and distort reality 
seriously. The classical statement of this general principle is, "War is too 
important to be left to the generals." We daily see doctors who treat cases 
but not patients, mathematicians who give us exact solutions to the wrong 
problems, and statisticians who give us verifiably wrong predictions. In our 
Anglo-Saxon legal system we have clearly adopted the principle that in guilt 
vs. innocence "twelve tried and true men" are preferable to an experienced 
judge. The author clearly believes that the same is true in the use of proba­
bility; the desire of the experts to publish and gain credit in the eyes of their 
peers has distorted the development of probability theory from the needs of 
the average user. 

The comparatively late rise of the theory of probability shows how hard 
it is to grasp, and the many paradoxes show clearly that we, as humans, lack 
a well grounded intuition in this matter. Neither the intuition of the man in 
the street, nor the sophisticated results of the experts provides a safe basis for 
important actions in the world we live in. The failure to produce a probability 
theory that fits the real world as it is, more or less, can be very costly to our 
society which uses it constantly. 

In the past science has developed mainly from attempts to "measure 
how much," to be more precise than general statements such as larger, heavier, 
faster, more likely, etc. Probability tries to measure more precisely than "more 
likely" or "less likely." In order to use the scientific approach we will start 
(Section 1.5) with the measurement of probability in an objective way. But 
first some detours and formalities are needed. 

1.2 Models in General 

It is reasonably evident to most people that all thought occurs internally, and 
it is widely believed that thinking occurs in the head. We receive stimuli from 
the external world, (although some sophists have been known to deny the 
existence of the external world, we shall adopt a form of the "naive realism" 
position that the world exists and is to some extent "knowable"). We organize 
our incoming stimuli according to some ill-defined model of reality that we 
have in our heads. As a result we do not actually think about the real external 



1 2 MODELS IN GENERAL 

world but rather we "think" in terms of our impressions of the stimuli. Thus 
all thought is, in some sense, modeling. 

A model can not be proved to be correct; at best it can only be found 
to be reasonably consistant and not to contradict some of our beliefs of what 
reality is. Karl Popper has popularized the idea (which goes back at least 
to Francis Bacon) that for a theory to be scientific it must be potentially 
falsifiable, but in practice we do not always obey his criterion, plausible as it 
may sound at first. From Popper's point of view a scientific theory can only 
be disproved, but never proved. Supporting evidence, through the application 
of finite induction, can increase our faith in a theory but can never prove its 
absolute truth. 

In actual practice many other aspects of a model are involved. Occam's 
razor, which requires that minimal assumptions be used and extra ones re­
moved, is often invoked as a criterion-we do not want redundant, possibly 
contradictory assumptions. Yet Occam's razor is not an absolute, final guide. 
Another criterion is aesthetic taste, and that depends, among other things, 
on the particular age and culture you happen to live in. We feel that some 
theories are nicer than others, that some are beautiful and some are ugly, 
and we tend to choose the loveliest one in practice. Another very important 
criterion is "fruitfulness"-does the model suggest many new things to try? 

A model is often judged by how well it "explains" some observations. 
There need not be a unique model for a particular situation, nor need a model 
cover every possible special case. A model is not reality, it merely helps to 
explain some of our impressions of reality. For example, for many purposes we 
assume that a table is "solid," yet in physics we often assume that it is made 
of molecules and is mainly "empty space." Different models may thus seem 
to contradict each other, yet we may use both in their appropriate places. 

In view of the wide variety of applications of probability, past, present, 
and future, we will develop a sequence of models of probability, generally 
progressing from the simpler to the more complex as we assume more and 
more about the model. At each stage we will give a careful discussion of 
the assumptions, and illustrate some features of them by giving consequences 
you are not likely to have thought were included in the model. Thus we will 
regularly discuss examples (paradoxes) whose purpose is to show that you can 
get rather peculiar results from a model if you are not careful, even though 
the assumptions (postulates) on the surface seem to be quite bland, [St]. It 
is irresponsible to teach a probability course as if the contents were entirely 
safe to use in any situation. As Abelard (1079-1142) said, 

"I expose these contradictions so that they may excite the susceptible 
minds of my readers to the search for truth, and that these contra­
dictions may render their minds more penetrating as the effect of 
that search. " 

[5] 
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Since the applications of probability theory are constantly expanding 
in range and depth, it is unlikely that anyone can supply models for all the 
situations that will arise in the future. Hence we are reduced to presenting a 
series of models, and to discussing some of their relationships, in the hopes 
that you will be able to create the model you need when the time comes to 
develop a new one. Each application you make requires you to decide which 
probability model to adopt. 

1.3 The Frequency Approach Rejected 

Most people have at least two different models of probability in their minds. 
One model is that there is a probability to be associated with a single event, 
the other is that probability is the ratio of the number of successes to the 
total number of trials in a potentially infinite sequence of similar trials. We 
need to assume one of these and deduce, in so far as we can, the other from 
the first-otherwise we risk assuming a contradiction! It will turn out that 
the two models are not completely equivalent. 

A third kind of probability that most people are familiar with is that 
which arises in betting between friends on sporting events. The "odds" are 
simply a version of probability; the odds of a to b are the probabilities of 
a/(a+b) and b/(a+b). There is often no serious thought ofrepetitions ofthe 
event, or a "random selection from an ensemble of similar events," rather it 
is the feeling that your "hunches" or "insights" are better than those of the 
opponent. Both sides recognize the subjective aspect, that two people with 
apparently the same information can have different probability assignments 
for the same event. The argument that they have different amounts of infor­
mation is unconvincing; it is often merely a temporary mood that produces 
the difference. 

The frequency approach (the ratio of the number of successes to the 
total number of equally likely possible outcomes) seems to be favored by most 
statistically inclined people, but it has severe scientific difficulties. The main 
difficulty with the frequency approach is that no one can say how many (neces­
sarily finite) number of trials to make, and it is not practical science to define 
the probability as the limit of the ratio as the number of trials approaches 
infinity. Furthermore, the statement of the limiting frequency, in a careful 
form, will often include the words that you will for any long, finite sequence 
be only probably dose! It is circular to say the least! And you can't know 
whether you are looking at an exceptional case or a likely case. It is also true 
that to get even reasonable accuracy usually requires a discouragingly large 
number of trials. Finally, there are models, as we shall show in Section 8.7 
for which the single event probability has meaning and at the same time the 
average of n samples has more variability than the original distribution! 
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For a long time there has been in science a strong trend towards ac­
cepting in our theories only objectively measureable quantities and of exclud­
ing purely conceptual ones that are only props (like the "ether" in classical 
physics). The extreme of allowing only measureable quantities is perhaps 
too rigid an attitude (though a whole school of philosophy maintains this 
position); yet it is a useful criterion in doing science. 

Similarly, there are many mathematical theorems in the literature whose 
hypotheses cannot be known, even in an intuitive sense, to be close let alone 
be either exactly true or false within the framework of the intended applica­
tion; hence these theorems are not likely to be very useful in these practical 
applications of the theory. Such theorems may be interesting and beautiful 
pure mathematics but are of dubious applicability. 

This "practical use" attitude tends to push one towards "constructive 
mathematics" [8] and away from the conventional mathematics. The increas­
ing use of computers tends to make many people favor "computable" numbers 
as a basis for the development of probability theory. Without careful atten­
tion to the problem for which it is being used it is not a priori obvious which 
approach to the real number system we should adopt. And there are some 
people who regard the continuous mathematics as merely a useful approxi­
mation to the discrete since usually the equivalent operations are easier in 
the continuous model than they are in the discrete. Furthermore, quantum 
mechanics suggests, at least to some people, that ultimately the universe is 
discrete rather than continuous. 

Whenever a new field of application of mathematics arises it is always an 
open question as to the applicability of the mathematics which was developed 
earlier; if we are to avoid serious blunders it must be carefully rethought. This 
point will be raised repeatedly in this book. 

For these and other reasons we will not begin with the frequency ap­
proach, but rather deduce (Sections 2.8 and Appendix 2.A) the frequency 
model along with its limitations. For this present Section see [Ke], especially 
Chapter 8. 

1.4 The Single Event Model 

In most fields of knowledge it is necessary, sooner or later, to introduce some 
technical notation and jargon so that what is being talked about is fairly pre­
cise and we can get rid of the vagueness of words as used in normal language. 
We have used some of these words already! 

At first a trial is a single unit, like the toss of a coin, the roll of a die 
(singular of dice), or the draw of a single card from a well shuffled deck. 
The elementary events of a trial are the possible outcomes of the trial. For 
example, for the toss of a coin the elementary events are "head" and "tail." 
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For the roll of a die the elementary events are the names of the six faces, 
1,2,3,4,5,6. The elementary events are considered to be indivisible, atomic, 
events from which more complex events (sayan even numbered face of a die) 
may be built. We will label the possible outcomes of a trial by the symbols Zi, 

where i runs from 1 to n (or possibly 0 to n). Thus as a first approximation, 
to be modified later, we have the trial labeled X whose outcome is some 
particular Zi' The capital letter X represents the trial, and the set {Zi} 

represents the possible outcomes of the trial; some particular Zi will be the 
actual outcome of the trial X being conducted. In some circumstances the 
symbol X may be thought of as being the whole set {Zi} just as the function 
sin Z may be thought of as the entire function. This list of possible outcomes 
is an idealization of reality. Initially we assume that this list is finite in length. 

Later on a trial may be a sequence of these simple trials; the roll of, say, 
four dice at one time will be a single trial. Still later we will continue for an 
indefinite number of times until some condition is reached such as tossing a 
coin until three heads occur in a row. In such cases the entire run will be con­
sidered a single trial, and the number of possible events will not be finite but 
rather countably infinite. Still later, we will examine a continuum of events, 
a classically non-countable number of events. 

In principle the first step in a discrete probability problem is, for the 
trial (named) X, to get the corresponding list (or set) X of all the possible 
outcomes Zi. Thus X has two meanings; it is the name of the trial and it is 
also the list of possible the outcomes of the trial. The name of the outcome 
should not be logically confused with any value associated with the outcome. 
Thus logically the face "the number of spots," say 4, on a die is a label and 
should not be confused with the name "four," nor with the value "4" that is 
usually associated with this outcome. In practice these are often carelessly 
treated as being the same thing. 

The beginner is often confused between the model and reality. When 
tossing a coin the model will generally not include the result that the coin 
ends up on its edge, nor that it is lost when it rolls off the table, nor that 
the experimenter drops dead in the middle of the trial. We could allow for 
such outcomes if we wished, but they are generally excluded from simple 
problems. 

In a typical mathematical fashion these events (outcomes) Zi are con­
sidered to be points in the sample space X; each elementary event Zi is a 
point in the (at present) finite, discrete sample space. To get a particular 
realization of a trial X we "sample" the sample space and select "at random" 
(to be explained in more detail in Section 1.9) an event Zi. The space is also 
called a list (as was stated above) and we choose (at random) one member 
(some Zi) of the list X as the outcome of the trial. 
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1.5 Symmetry as the Measure of Probability 

With this notation we now turn to the assignment of a measure (the numerical 
value) of the probability Pi to be associated with (assigned to) the event Zi of 
the trial. 

Our first tool is symmetry. For the ideal die that we have in our mind 
we see that (except for the labels) the six possible faces are all the same, that 
they are equivalent, that they are symmetric, that they are interchangeable. 
Only one of the elementary events Zi can occur on one (elementary) trial and 
it will have the probability Pi. If anyone of several different outcomes Zi 

is allowed on a trial (say either a 4 or a 6 on a roll of a die) then we must 
have the "additivity" of probabilities Pi. For the original sample space we will 
get the same probability, due to the assumed symmetry, for the occurences 
of each of the elementary events. We will scale this probability measure so 
that the sum of all the probabilities over the sample space of the elementary 
events must add up to 1. 

If you do not make equal probability assignments to the interchangeable 
outcomes then you will be embarrassed by interchanging a pair of the nonequal 
values. Since the six faces of an ideal die are all symmetric, interchangeable if 
you prefer, then each face must have the probability of 1/6 (so that the total 
probability is 1). For a well shuffled ideal deck of cards we believe that each 
of the 52 cards are interchangeable with every other card so each card must 
have a probability of 1/52. For a well balanced coin having two symmetric 
faces each side must have probability 1/2. 

Let us stop and examine this crucial step of assigning a measure (num­
ber) Pi called "the probability" to each possible outcome Zi of a trial X. These 
numbers are the probabilities of the elementary events. From the perceived 
symmetry we deduced interchangeability, hence the equality of the measure of 
probability of each of the possible events. The reasonableness of this clearly 
reinforces our belief in this approach to assigning a measure of probability to 
elementary events in the sample space. 

This perception of symmetry is subjective; either you see that it is there 
or you do not. But at least we have isolated any differences that may arise so 
that the difference can be debated sensibly. We have proceeded in as objective 
a fashion as we can in this matter. 

However, we should first note that, "Symmetric problems always have 
symmetric solutions." is false [W]. Second, when we say symmetric, equiv­
alent, or interchangable, is it based on perfect knowledge of all the relevant 
facts, or is it merely saying that we are not aware of any lack thereof? The 
first case being clearly impossible, we must settle for the second; but since 
the second case is vague as to how much we have considered, this leaves a lot 
to be desired. We will always have to admit that if we examined things more 
closely we might find reason to doubt the assumed symmetry. 

We now have two general rules: (1) if there are exactly n different inter-
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changeable (symmetric in some sense) elementary events Zi, then each event 
Zi has probability Pi = l/n since (2) the probabilities of the elementary events 
in the sample space are additive with a total probability of 1. 

Again, from the additivity of the probabilities of the elementary events 
it follows that for more complex situations when there is more than one point 
in the sample space that satisfies the condition then we add the individual 
probabilities. 

For the moment we will use the words "at random" to mean equally likely 
choices in the sample space; but even a beginner can see that this is circular­
what can "equally likely" mean except equally probable, (which is what we 
are trying to define)? Section 1.9 will discuss the matter more carefully; for 
the moment the intuitive notion will suffice to do a few simple problems. 

Example 1.5-1 Selected Faces of a Die 

Suppose we have a well balanced die and ask for the probability that on a 
random throw the upper face is less than or equal to 4. 

The admissible set of events (outcomes) is {zd = {I, 2, 3, 4}. Since each 
has probability Pi = 1/6, we have 

Prob {Zi ~ 4} = 1/6 + 1/6 + 1/6 + 1/6 = 4/6 = 2/3 

If instead we ask for the probability that the face is an even number, 
then we have the acceptable set {2, 4, 6}, and hence 

Prob {Zi even} = 1/6 + 1/6 + 1/6 = 3/6 = 1/2 

Example 1.5-2 A Card With the Face 1 

What is the probability that on the random draw of a card from the standard 
card deck of 52 cards (of 4 suits of 13 cards each) that the card drawn has 
the number 7 on it? 

We argue that there are exactly 4 cards with a 7 on their face, one card 
from each of the four suits, hence since the probability of a single card is 1/52 
we must have the probability 

Prob {face = 7} = 4/52 = 1/13. 

There are other simple arguments that will lead to the same result. 
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Example 1.5-3 Probability of a Spade 

What is the probability of drawing a spade on a random draw from a deck of 
cards? 

We observe that the probability of any card drawn at random is 1/52. 
Since there are 13 spades in the deck we have the combined probability of 

P(spade) = (13) (1/52) = 1/4 

Exercises 1.5 

1.5-1. If there are 26 chips each labeled with a different letter of the alphabet 
what is the probability of choosing the chip labeled Q when a chip is drawn at 
random? Of drawing a vowel (A,E,I,O,U)? Of not drawing a vowel? Ana. 
1/26, 5/26, 21/26. 

1.5-2. If 49 chips are labeled 1,2, ... 49, what is the probability of drawing 
the 7 at random? A number greater or equal to 7? Ans. 1/49, 43/49. 

1.5-3. If 49 chips are labeled 2,4, ... 98, what is the probability of drawing 
the chip 14 at random? Of a number greater than 20? 

1.5-4 A plane lattice of points in the shape of a square of size n > 2 has n 2 

points. What is the probability of picking a corner point? The probability of 
picking an inner point? Ans. 4/n2

, [(n - 2}/n? 

1.5-5 A day of the week is chosen at random, what is the probability that it 
is Tuesday? A "weekday"? 

1.5-6 We have n3 items arranged in the form of a lattice in a cube, and 
we pick at random an item from an edge (not on the bottom). What is the 
probability that it is a corner item? Ans. 1/(2n - 3). 

1.5-7 In a set of 100 chips 10 are red; what is the probability of picking a red 
chip at random? Ans. 1/10. 

1.5-8 If there are r red balls, w white balls, and b blue balls in an urn and 
a ball is drawn at random, what is the probability that the ball is red? Is 
white? Is blue? Ans. r/(r + w + b), w/(r + w + b), b/(r + w + b). 

1.5-9 There are 38 similar holes in a roulette wheel. What is the probability 
of the ball falling in any given hole? 

1.5-10 In a deck of 52 cards what is the probability of a random drawing 
being the 1 (ace) of spades? Of drawing at random a heart? Ans. 1/52,1/4 

1.5-11 There are 7 bus routes stopping at a given point in the center of town. 
If you pick a bus at random what is the probability that it will be the one to 
your house? 

1.5-12 In a box of 100 items there are 4 defective ones. If you pick one at 
random what is the probability that it is defective? Ans. 1/25 
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1.5-13 If 3% of a population has a certain disease what is the probability 
that the next person you pass on the street has it? Ans. 0.03 

1.5-14 Due to a malajustment a certain machine produces every fifth item 
defective. What is the probability that an item taken at random is defective? 

1.5-15 In a certain class of 47 students there are 7 with last names beginning 
with the letter S. What is the probability that a random student's name will 
begin with the letter S? Ans. 7/47 

1.6 Independence 

The next idea we need is independence. If we toss a coin and then roll a die 
we feel that the two outcomes are independent, that the outcome of the coin 
has no influence on the outcome of the die. The sample space is now 

H 
T 

1 

HI 
T1 

2 3 4 

H2 H3 H4 
T2 T3 T4 

5 6 

H5 H6 
T5 T6 

We regard this sample space as the product of the two elemetary sample 
spaces. This is often called the Cartesian (or direct) product by analogy with 
cartesian coordinates of the two original sample spaces, {H, T} for the coin, 
and {I, 2, 3,4,5, 6} for the die. Since we believe that the outcomes of the 
die and coin are independent we believe (from symmetry) that the events in 
the product sample space are all equally likely, hence each has probability 
1/(2 x 6) = 1/12. We see that the probability of the compound events in 
the product sample space are (for independent events) just the product of the 
corresponding probabilities of the separate original events, that 

1/12 = (1/2) (1/6). 

Clearly the product space (meaning the product ofthe sample spaces) of 
the coin with the die is the same as the product space of the die with the coin. 

We immediately generalize to any two independent events, each of these 
being from an equally likely sample space. If there are Rl of the first kind of 
event and R2 of the second, then the product space of the combined trial has 
RlR2 events each of the same probability 1/RlR2 = (l/Rl) (1/R2). 
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Example 1.6-1 The Sample Space of Two Dice 

Consider the toss of two independently rolled dice. The sample space has 
6 x 6 = 36 events each of probability 1/36, and the sample space is: 

1,1 1,2 1,3 1,6 
2,1 2,2 2,3 2,6 

6,1 6,2 6,3 6,6 

Clearly the idea of a product space may be extended to more than two 
independent things. 

Example 1.6-2 The Sample Space of Three Coins 

Consider the toss of three coins. We have 2 x 2 X 2 = 8 equally likely outcomes. 
It is awkward to draw 3 dimensional sample spaces, and it is not feasible to 
draw higher dimensional sample spaces, so we resort to listing the elementary 
events. For the three coins we have a list (equivalent to the product sample 
space) 

HHH HHT HTH THH HTT THT TTH TTT 

each of probability (1/2)(1/2)(1/2) = 1/8. 

The extension to m different independent trials each having ni(i = 
1,2, .. , , m) equally likely outcomes leads to a product space of size equal 
to the product n1 n2 ... nm of the dimensions of the original spaces. The 
probabjJjtjes of the events in the product space are equal to the correspond­
ing products of the probabilities of the original events making up the original 
spaces, hence the product space events are also equaJJy likely (since the orig­
inal ones were equally likely). 

Example 1.6-3 The Number of Paths 

If you can go from A to B in 6 ways, from B to C in 7 ways, and from C 
to D in 5 ways, then there are 6 x 7 x 5 = 210 ways of going from A to D, 
Figure 1.6-1. If each of the original ways were equally likely and independent 
then each of the 210 ways is also equally likely and has a probability of 1/210. 

FIGURE 1.6-1 
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Notice again, the probabilities of the equally likely events in the product 
sample space can be found by either: (1) computing the number of events Zi 

in the product space and assigning the same probability Pi = Ij(the number 
of events) to each event in the product space, or (2) assign the product of 
the probabilities of the separate parts to each compound event in the product 
space. 

Notice also that we are always assuming that the elementary points in 
the sample space are independent of each other, that one outcome is not 
influenced by earlier choices. However, in this universe in which we live ap­
parently all things are interrelated ("intertwined" is the current jargon in 
quantum mechanics); if so then independence is an idealization of reality, and 
is not reality. 

It is easy to make up simple examples illustrating this kind of probability 
problem, and working out a large number of them is not likely to teach you 
as much as carefully reviewing in your mind why they work out as they do. 

Exercises 1.6 

1.6-1 What is the probability of H H H on the toss of three coins when the 
order of the outcomes is important? Of HTH? OfTTH? Ans. 1/8. 

1.6-2 Describe the product space of the draw of a card and the roll of a die. 

1.6-3 What is the size of the product space of the roll of three dice? Ans.63 = 
216. 

1.6-4 What is the size of the product space of the toss of n coins? Ans. 2n. 

1.6-5 What is the size of the product space of the toss of n dice? 

1.6-6 What is the product space of a draw from each of two decks of cards? 
Ans. Size= (52)2. 

1.6-7 What is the size of the sample space of independent toss of a coin, roll 
of a die, and the draw of a card? 

1. 7 Subsets of a Sample Space 

We are often interested not in all the individual outcomes in a product space 
but rather only those outcomes which have some specific property. We have 
already done a few such cases. 
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Example 1.7-1 Exactly One Head in Tbree Tosses 

Suppose we ask in how many ways can exactly one head turn up in the toss of 
three coins, or equivalently, what is the probability of the event. We see that 
in the complete sample space of 8 possible outcomes we are only interested in 
the three events 

HTT THT TTH 

Each of these has a probability of 1/8, so that the sum of these will be 3/8 
which is the corresponding probability. 

Clearly we are using the additivity of the probabilities of the events in 
the sample space. We need to know the size of the sample space, but we need 
not list the whole original sample space, we need only count the number of 
successes. Listing things is merely one way of counting them. 

Example 1.7-2 Sum of Two Dice 

What is the probability that the sum of the faces of two independently thrown 
dice total 7? We have only the six successful possibilities 

1 + 6, 2 + 5, 3 + 4, 4 + 3, 5 + 2, 6 + 1 

in the total sample space of62 = 36 possible outcomes. See Figure 1.7-1. Each 
possible outcome has probability of 1/36, hence the probability of a total of 7 
is 6/36 = 1/6. 

First die 

2 3 4 5 6 

1 • 
2 • 

Second 3 • 
die 4 • 

5 • 
6 • 

Stirn of two dice 

FIGURE 1.7-1 

We can look at this in another way. Regardless of what turns up on the 
first die, there is exactly one face of the second that will make the total equal 
to 7, hence the probability of this unique face is 1/6. 

If we were to ask in how many ways, (or equivalently what is the prob­
ability), can the sum of three or four, or more dice add up to a given number 
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then we would have a good deal of trouble in constructing the complete sam­
ple space and of picking out the cases which are of interest. It is the purpose 
of the next two chapters to develop some of the mathematical tools to carry 
out this work; the purpose of the present chapter is to introduce the main 
ideas of probability theory and not to confuse you by technical details, so we 
will not now pursue the matter much further. 

We now have the simple rule: count the number of different ways the 
compound event can occur in the original sample space of equally likely events 
(outcomes), then the probability of this compound event is the ratio of the 
number of successes in the sample space to the total number of events in the 
original sample space. 

Aside: Probability Scales 
We have evidently chosen to measure probability on a scale from 0 to 1, with 0 
being impossibility and 1 being certainty. A scale that might occur to you is 
from 1 to infinity, which is merely the reciprocal of the first range, (you might 
also consider 0 to infinity). In these cases you will find that the addition of 
probabilities is not simple. There are other objections that you can find if 
you choose to explore these scales. 

Venn Diagram 

FIGURE 1.7-2 

A Venn diagram is mainly a symbolic representation of the subsets of 
a sample space. Typically circles are used to represent the subsets, see Fig­
ure 1.7-2. The subsets represented are the insides of the circles A, Band C. 
Now consider those events which have both properties A and B, shown by the 
region AB. Similarly for the sets AC and BC. Finally, consider the events 
which have the properties of A, Band C at the same time; this is the inner 
piece in the diagram, ABC. In this simple case the representation is very 
illuminating. But if you try to go to very many subsets then the problem of 
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drawing a diagram which will show clearly what you are doing is often dif­
ficult; circles are not, of course, necessary, but when you are forced to draw 
very snake-like regions then the diagram is of little help in visualizing the sit­
uation. In the Venn diagram the members of a set are often scattered around 
(in any natural display of the elements of the sample space), hence we will 
net use Venn diagrams in this book. 

Exercises 1.7 

1.7-1 What is the probability of a die showing an odd digit? 

1.7-2 What is the probability of drawing a "diamond" when drawing a card 
from a deck of 52 cards? Ans. 1/4. 

1.7-3 On the roll of two dice what is the probability of getting at least one 
face as a 4? Ans. 11/36. 

1.7-4 What is the probability of two H's in two tosses of a coin? 

1.7-5 On the roll of two independent dice what is the probability of a total 
of 6? Ans. 5/36. 

1.7-6 Make a Venn diagram for four sets. 

1.7-7 In a toss of three coins what are the probabilities of 0,1,2, or 3 heads? 
Ans. 1/8,3/8,3/8,1/8. 

1.7-8 What is the probability of drawing either the 10 of diamonds or the 
jack of spades? 

1.7-9 What is the probability of drawing an "ace" (ace= 1), jack, queen or 
king from a deck of 52 cards? Ans. 4/13. 

1.7-10 What is the probability of drawing a black card from the deck? 

1.7-11 If two dice are rolled what is the probability both faces are the same? 
Ans. 1/6. 

1.7-12 If three dice are rolled what is the probability that all three faces are 
the same? Ans. 1/36. 

1.7-13 If a coin is tossed n times what is the probability that all the faces 
are the same? Ans. 1/2"-1 

1.7-14 If one card is drawn at random from each of two decks of cards what 
is the probability that the two cards are the same? Ans. 1/52. 

1.7-15 Odd man out. Three people each toss a coin. What is the probability 
of some person being the "odd man out"? Ans. 3/4. 

1.7-16 If 4 people play odd man out what is the probability that on a round 
of tosses one person will be eliminated? Ans. 1/2. 

1.7-17 On the toss of two dice what is the probabilty that at least one face 
has a 4 or else that the sum of the faces is 4? Ans. 1/18. 

1.7-18 Same as 1.7-17 except the number is 6 (not 4). Ans. 4/9. 
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1.8 Conditional Probability 

Frequently the probability we want to know is conditional on some event. The 
effect of the condition is to remove some of the events in the sample space 
(list), or equivalently to confine the admissable items of the sample space to 
a limited region. 

Example 1.8-1 At Least Two Heads in Ten Tosses 

What is the probability of at least two heads in the toss of 10 coins, given 
that we know that there is at least one head. 

The initial sample space of 210 = 1024 points is uncomfortably large 
for us to list all the sample points, even when some are excluded; and we do 
not care to list even the successes. Instead of counting we will calculate the 
number of successes and the size of the entire sample space. 

We may compute this probability in two different ways. First we may 
reason that the sample space now excludes the case of all tails, which can 
occur in only one way in the sample space of 210 points; there are now only 
210 - 1 equally likely events in the sample space. Of these there are 10 ways 
in which exactly one head can occur, namely in anyone of the ten possible 
positions, first, second, ... , tenth. To count the number of events with two 
or more heads we remove from the counting (but not from the sample space) 
these 10 cases of a single head. The probability of at least two heads is 
therefore the ratio of the number of successes (at least 2 heads) to the total 
number of events (at least one head) 

(210 
- 1 - 10)/(210 

- 1) = 1013/1023 = 0.9902 ... 

Secondly, we could use a standard method of computing not what is 
wanted but the opposite. Since this method is so convenient, we need to 
introduce a suitable notation. If p is the probability of some simple event 
then we write q = 1 - p as the probability of it not happening, and call it the 
complement probability. Given the above ten coin problem we can compute 
the complement event, the probability Q that there was one head, and then 
subtract this from 1 to get 

P = 1 - Q = 1 - 10/(210 
- 1) 

As a matter of convenient notation we will often use lower case letters 
for the sample space probabilities and upper case letters for the probabilities 
of the compound events. 
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Example 1.8-2 An Even Sum on Two Dice 

On the roll of two independent dice, if at least one face is known to be an 
even number, what is the probability of a total of 8? 

We reason as follows. One die being even and the sum is to be 8 hence 
the second die must also be even. Hence the three equally likely successes 
(the sum is 8) in the sample space are 

2,6 4,4 6,2 

out of a total sample space of {36 - (both faces odd)} 
Hence the probability is 3/27 = 1/9. 

36 - 3 x 3 = 27. 

Example 1.8-3 Probability of Exactly Three Heads Given 
that there are at Least Two Heads 

What is the probability of exactly three heads knowing that there are at least 
two heads in the toss of 4 coins? 

We reason as follows. First, how many cases are removed from the 
original complete sample space 24 = 16 points? There is the single case of 
all tails, and the four cases of exactly 1 head, a total of 5 cases are to be 
excluded from the original 16 equally likely possible cases; this leaves 11 still 
equally likely events in the sample space. Second, for the three heads there 
are exactly 4 ways that the corresponding 1 tail can arise, (H H HT, H HT H , 
HT H H, T H H H), so there are exactly 4 successes. The ratio is therefore 
4/11 = the probability of exactly three heads given that there are at least 
two heads. 

Exercises 1.8 

1.8-1 If a fair coin is tossed 10 times what is the probabilty that the first 
five are the same side? Ans. 1/16 = 6.25%. 

1.8-2 Given that the sum of the two faces of a pair of dice is greater than 10, 
what is the probability that the sum is 12? Ans. 1/3. 

1.8-3 In drawing two cards from a deck (without returning the first card) 
what is the probability of two aces when you get at least one ace? 

1.8-4 What is the probability of different faces turning up on two tosses of 
a die? Ans. 5/6. 

1.8-5 What is the probability of no two faces being the same on three tosses 
of a die? Ans. 5/9. 

1.8-6 What is the probability that at least one face is a 6 on the toss of a 
pair of dice, given that the sum is ~ 10? Ans. 5/6. 

1.8-7 Given that in four tosses of a coin there are at least two heads, what 
is the probability that there are at least three heads? 

1.8-9 Given that both faces on the toss of two dice are odd, what is the 
probability of at least one face being a 5? Ans. 5/9. 
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1.8-10 In n tosses of a coin, given that there are at least two heads, what is 
the probability of n or n - 1 heads? 

1.8-11 Given that two cards are honor cards (10, J, Q, K, A) in spades what 
is the probability that exactly one of them is the ace? Ans. 8/25. 

1.8-12 Given that a randomly drawn card is black, what is the probability 
that it is an honor card? Ans. 10/26 = 5/13. 

1.8-13 Given that an even number of heads show on the toss of 4 coins (0 is 
an even number), what is the probability of exactly 2 heads? Ans. 3/4. 

1.8-14 On the toss of three coins what is the probability of an even number 
of heads? Ans. 1/2. 

1.8-15 On the toss of 4 coins what is the probability of an even number of 
heads? 

1.8-16 From the previous two problems what is the probability of an even 
number of heads on the toss of n coins? Ans. 1/2. 

1.8-19 Given that the sum of the faces on two dice is 6, what is the probability 
that one face is a 4? Ans. 2/5. 

1.8-20 Given that each of the faces on three dice show even number, what 
is the probability of at least one face being a 6? 

1.9 Randomness 

Randomness is a negative property; it is the absence of any pattern (we re­
ject the idea that the absence of a pattern is a pattern and for set theory 
formalists this should be considered carefully). Randomness can never be 
proved, only the lack of it can be shown. We use the absence of a pattern to 
assert that the past is of no help in predicting the future, the outcome of the 
next trial. A random sequence of trials is the realization of the assumption 
of independence-they are the same thing in different forms. Randomness is 
"a priori" (before) and not "a posteriori" (after). 

We have not defined "pattern." At present it is the intuitive idea that 
if there is a pattern then it must have a simple description-at least simpler 
than listing every element of the pattern. 

Randomness is a mathematical concept, not a physical one. Mathemat­
ically we think of random numbers as coming from a random source. Any 
particular sequence of numbers, once known, is then predictable and hence 
cannot be random. A reviewer of the famous RAND [R] Table of a Million 
Random Numbers caught himselfin mid review with the observation that now 
that they had been published the numbers were perfectly predictable (if you 
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had the table) and therefore could not be random! Thus the abstract math­
ematical concept of a random sequence of numbers needs to be significantly 
modified when we actually try to handle particular realizations of randomness. 

In practice, of course, you can have only a finite sequence of numbers, 
and again, of course, the sequence will have a pattern, if only itself! There is 
a built in contradiction in the words, "I picked a random number between 1 
and 10 and got 7." Once selected (a posteriori) the 7 is definite and is not 
random. Thus the mathematical idea of random (which is a priori) does not 
match closely what we do in practice where we say that we have a random 
sample since once obtained the random sample is now definite and is not 
mathematically random. Before the roll of a die the outcome is any of the 6 
possible faces; after the roll it is exactly one of them. Similarly, in quantum 
mechanics before a measurement on a particle there is the set of possible 
outcomes (states); after the measurement the particle is (usually) in exactly 
one state. 

On most computers we have simple programs that generate a sequence 
of "pseudo random numbers" although the word "pseudo" is often omitted. If 
you do not know that they are being generated by a simple formula then you 
are apt to think that the numbers are from a random source since they will 
pass many reasonable tests of randomness; each new pseudo random number 
appears to be unpredictable from the previous ones and there appears to be 
no pattern (except that for many random number generators they are all odd 
integers!), but if you know the kind of generating formula being used, and 
have a few numbers, then all the rest are perfectly predictable. Thus whether 
or not a particular stream of numbers is to be regarded as coming from a 
random source or not depends on your state of knowledge-an unsatisfactory 
state of affairs! 

For practical purposes we are forced to accept the awkward concept of 
"relatively random" meaning that with regard to the proposed use we can 
see no reason why they will not perform as if they were random (as the 
theory usually requires). This is highly subjective and is not very palatable 
to purists, but it is what statisticians regularly appeal to when they take 
"a random sample" which once chosen is finite and definite, and is then not 
random-they hope that any results they use will have approximately the 
same properties as a complete counting of the whole sample space that occurs 
in their theory. 

There has arisen in computing circles the idea that the measure of ran­
domness (or if you wish, nonrandomness) should be via the shortest program 
that will generate the set of numbers (without having carefully specified the 
language used to program the machine!). This tends to agree with many peo­
ple's intuitive feelings - it should not be easy to describe the lack of a pattern 
in any simple fashion, it ought to be about as hard as listing all the random 
numbers. Thus the sequence 
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o 1 0 1 0 1 0 1 0 ... 

is "more random" than is the sequence 

o 0 0 0 0 0 0 0 0 ... 

but is less random than the sequence 

o 1 0 0 0 1 1 0 1 1 0 0 0 0 0 1 ... 

In this approach pseudo random numbers are only slightly random since the 
program that generates them is usually quite short! It would appear that a 
genuinely mathematically random number generator cannot be written in any 
finite number of symbols! 

We will use the convenient expression "chosen at random" to mean that 
the probabilities of the events in the sample space are all the same unless 
some modifying words are near to the words "at random." Usually we will 
compute the probability of the outcome based on the uniform probability 
model since that is very common in modeling simple situations. However, a 
uniform distribution does not imply that it comes from a random source; the 
numbers 1,2,3, ... , 6n when divided in this order by 6 and the remainders 
(0,1,2,3,4,5) tabulated, gives a uniform distribution but the remainders are 
not random, they are highly regular! 

These various ideas of randomness (likeliness) are not all in agreement 
with our intuitive ideas, nor with each other. From the sample space approach 
we see that any hand of 13 cards dealt from a deck of 52 cards is as likely as 
any other hand (as probable-as random). But the description of a hand as 
being 13 spades is much shorter than that of the typical hand that is dealt. 
Furthermore, the shortness of the description must depend on the vocabulary 
available-of which the game of bridge provides many special words. We will 
stick to the sample space approach. Note that the probability of getting a 
particular hand is not connected with the "randomness of the hand" so there 
is no fundamental conflict between the two ideas. 

If this idea of a random choice seems confusing then you can take comfort 
in this observation: while we will often speak of "picking at random" we will 
always end up averaging over the whole sample space, or a part of it; we do 
not actually compute with a single "random sample." This is quite different 
from what is done in statistics where we usually take a small "sample" from 
the sample space and hope that the results we compute from the sample are 
close to the ideal of computing over the complete sample space. 
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Example 1.9-1 The Two Gold Coins Problem 

There is a box with three drawers, one with two gold coins, one with a gold 
and a silver coin, and one with two silver coins. A drawer is chosen at random 
and then a coin in the drawer is chosen at random. The observed coin is gold. 
What is the probability that the other coin is also gold? 

The original sample space before the observation is clearly the product 
space of the three random drawers and the two random choices of which coin, 
(in order to count carefully we will give the coins marks 1 and 2 when there 
are two of the same kind, but see Section 2.4) 

drawer 1 
drawer 2 
drawer 3 

Order 

first/second first/second 

These six cases, choice of drawer (p = 1/3), and then choice of which coin 
(p = 1/2), exhaust the sample space. Thus each compound event has a 
probability of 1/6. Since, as we observed, high dimensional spaces are hard to 
draw, we shift to a listing of the elementary events as a standard approach. 

first drawer 
G1G2 , G2G1 , 

second drawer 

G8,8G*, 

third drawer 

8182*, 8281 * 

In this sample space the probability of drawing a gold coin on the first draw 
(or on the second) is 1/2. 

However, the observation that the first drawn coin is gold eliminates 
the three "starred" possibilities. The remainding three points in the sample 
space G1G2,G2Gl,G8, are still equally likely since originally each had the 
same probability 1/6 so now each has the conditional probability of 

Successes/total in the reduced sample space 

= (1/6)/(1/6 + 1/6 + 1/6) = 1/3 

Of these three possibilities two give a gold coin on the second draw and only 
one gives a silver coin, hence the probability of a second gold coin is 2/3. 

If this result seems strange to you (after all the second coin is either G 
or 8 so why not p = 1/2?), then think through how you would do a corre­
sponding experiment. Note the false starts when you get silver coin on the 
first trial and you have to abandon those trials. 
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There are many ways of designing this experiment. First imagine 6000 
cards, 1000 marked with each of the 6 "initial choice of drawer and coin dis­
tribution in the drawer." We imagine putting these 6000 cards in a container, 
stirring thoroughly, and drawing a card to represent one experimental trial of 
selecting a drawer and then a coin, and then after looking at the card either 
discarding the trial if an S showed as the first coin, and if not then going on 
to see what second coin is marked on the card. We can then return the card, 
stir the cards and try again and again, until we have done enough trials to 
convince ourselves of the result. There will, in this version of the experiment, 
be sampling fluctuations. Here we are (improperly) appealing to you sense 
that probability is the same as frequency of occurring. 

Second, if we go through this mental experiment, but do not return the 
card to the container, then we will see that after 6000 trials we will have 
discarded 3000 cards, and of the 3000 we kept 1000 will have the second coin 
silver, and 2000 will be gold. This agrees with the calculation made above. 

A third alternate experiment is to search the container of 6000 cards 
and remove those for which the silver coin occurs first. Then the remainding 
3000 cards will give the right ratio. 

Finally there is the very simple experiment, write out one card for each 
possible situation, remove the failures and simply count, as we did in the 
above Example 1.9-1. 

These thought experiments are one route from the original equally likely 
sample space to the equally likely censored sample space. The use of math­
ematical symbols will not replace your thinking whether or not you believe 
that the censoring can affect the relative probabilities assigned to the events 
left; whether or not you believe the above arguments are relevant. 

To the beginner the whole matter seems obvious, but the more you 
carefully think about it the less obvious it becomes (sometimes!). How certain 
are you that the removal of some cases can not affect the relative probabilities 
of the other cases left in the sample space? In the end it is an assumption 
that is not mathematically provable but must rest on your intuition of the 
symmetry and independence in the problem. 

Example 1.9-2 Tbe Two Cbildren Problem 

It is known that the family has two children. You observe one child and that 
it is a boy, then what is the probability that the other is a boy? 

The sample space, listed with the order of observation indicated (first 
on the left, second on the right), is 

(B,B) (B,G) (G,B) (G,G) 

and assuming for the moment both that: (1) the probability of a boy is 1/2 
and (2) the sexes in a family are independent, then each point in the sample 
space occurs with probability (1/2)(1/2) = 1/4. The observation that the 
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chosen (first observed) child is a boy eliminates the last two cases, and being 
equally likely the others both have the conditional probability 1/2. In only 
one case is the second child a boy, so the probability of the other being a boy 
is 1/2. 

But if you assert only that at least one child in the family is a boy then 
you remove only one point, GG, from the sample space, and the probability 
of the other child being a boy is 1/3. 

If you are to develop your intuition for probability problems then it is 
worth your attention to see why the two cases in Example 1.9-2 differ in the 
result, why in one case the first observation does not affect the second obser­
vation while for the conditional probability it does. See also Example 1.9-1. 
The following Example further illustrates this point. 

Example 1.9-3 Tbe Four Card Deck 

A deck has four cards (either red or black, with face value of 1 or 2). The 
cards are 

Rl, Bl, R2, B2 

You deal two cards at random. 
First question, if one card is known to be a 1, then what is the probability 

that the other card is also a I? To be careful we list the complete sample space 
(of size 4 x 3 = 12, the first choice controls the row and the second the column) 

Rl,Bl Rl,R2 Rl,B2 
Bl,Rl Bl,R2 Bl,B2 
R2, Rl R2, Bl R2, B2 

B2, Rl B2, Bl B2, R2 

in table form. The fact that there is a 1 (the order of the cards does not 
matter) eliminates two cases, R2, B2 and B2, R2, so the sample space is now 
of size 10. Of these only two cases, Rl, Bl and Bl, Rl, have a second 1. 
Hence the probability is 2/10 = 1/5. 

We could also observe at the start that since the order of the cards does 
not matter then Rl,Bl is the same as Bl,Rl and that there are then only 6 
cases in the sample space 

Rl,Bl Rl,R2 Rl,B2 Bl,R2 Bl,B2 R2,B2 

and each arises by combining two of the original 12 equally likely cases, hence 
each must now have probability 1/6. 

Second question, if the color of the observed card is also known, say, 
the Rl, then what is the probability that the other is a I? In this case only 
the first row and first column are to be kept, and these total exactly 6 cases. 
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Of these 6 only 2 cases meet the condition that the second card is a 1. Hence 
the probability is 2/6 = 1/3. 

The two answers are different, 1/5 and 1/3, and the difference is simply 
that the amount of information (which cases were eliminated from the original 
sample space) is different in the two examples. 

It is important to be sensitive to the effect of different amounts of infor­
mation in the given statement of the problem so that you develop a feeling 
for what effects result from slightly different conditions. It is evident that the 
more restricting the information is, then the more it reduces the sample space 
and hence can possibly change the probability. 

Example 1.9-4 Two Headed Coin 

In a bag of N coins one is known to be a 2-headed coin, and the others are 
all normal coins. A coin is drawn at random and tossed for k trials. You get 
all heads. At what k do you decide that it is the 2-headed coin? 

To be careful we sketch the sample space 

Thai 

1st 2nd 3rd 4th kth 

H H H H H 
1 case the 2-headed coin p= 1 1 1 1 1 
(n - 1) cases p= 1/2 1/4 1/8 1/16 1/2" 

In particular, for k (heads in a row) we have for the false coin the probability 
of (l/n = probability of getting the false coin) 

(l/n) (1) 

while for a good coin 
{(n - l)/n} {1/2"} 

Let us take their ratio 

false coin/(good coin) = 2" /(n - 1) 

When n is large you need a reasonably large number k of trials of tossing 
the chosen coin so that you can safely decide that you probably have a false 
coin, (you need k -log2(n - 1) to have the ratio 1), and to have some safety 
on your side you need more than that number. How many tosses you want 
to make depends on how much risk you are willing to take and how costly 
another trial is; there can be no certainty. 
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Example 1.9-5 No Information 

You draw a card from a well shuffled deck, but do not look at it. Without 
replacing it you then draw the second card. What is the probability that the 
second card is the ace of spades? 

The probability that the first card was the ace of spades is 1/52 and in 
that case you cannot get it on the second draw. If it was not the ace of spaces, 
probability 51/52, then your chance of the ace on the second draw is 1/51. 
Hence the total probability is 

(1/52)(0) + (51/52)(1/51) = 1/52 

and it is as if the first card had never been drawn! You learned nothing from 
the first draw so it has no effect on your estimate of the outcome of the second 
draw. 

Evidently, by a slight extension to a deck of n cards and induction on 
the number of cards removed from the deck and not looked at, then no matter 
how many cards (Jess than n) were drawn and not looked at, the probability 
of then drawing any specified card is l/n. 

In most situations if one person knows something and uses it to compute 
a probability then this probability will differ from that computed by another 
person who either does not have that information or does not use it. See also 
Example 1.9-8. 

Example 1.9-6 Tbe Birtbday Problem 

The famous birthday problem asks the question, "What is the fewest number 
of people that can be assembled in a room so there is a probability greater 
than 1/2 of a duplicate birthday." 

We, of course, must make some assumptions about the distribution of 
birthdays throughout the year. For convenience it is natural to assume that 
there are exactly 365 days in a year (neglect the leap year effects) and assume 
that all birthdays are equally likely, namely each date has a probability 1/365. 
We also assume that the birthdays are independent (there are no known twins, 
etc.). 

There are the cases of one pair of duplicate birthdays, two pairs of 
duplicate birthdays, triples, etc.-many different cases to be combined. This 
is the typical situation where you use the complement probability approach 
and compute the probability that there are no duplicates. We therefore first 
compute the complement probability Q(k) that k people have no duplicate 
birthdays. 

To find Q(k), the first person can be chosen in 365 equally likely ways-
365/365 is the correct probability of no duplication in the selection of only 
one person. The second person can next be chosen for no duplicate in only 
364 ways-with probability 364/365. The third person must not fall on either 
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of the first two dates so there are only 363 ways, the next 362 ways, ... and 
the kth in 365 - (k - 1) = 365 - k + 1 ways. We have, therefore, for these 
independent selections 

P(k) = 1 - Q(k) 

= 1 - (365/365)(364/365) ... [(365 - k + 1)/365] 

To check this formula consider the cases: (1), P(365) f:. 1; (2), Q(366) = 
0, hence, as must be, P(366) = 1, there is certainly at least one duplicate! 
Another check is k = 1 where Q(I) = 1, hence P(I) = 0 as it should. Thus 
the formula seems to be correct. 

Alternately, to compute Q(k) we could have argued along counting lines. 
We count the number of cases where there is no duplicate and divide by the 
total number of possible cases. The first person can be chosen in 365 ways, 
the second (non duplicate) in 364 ways, the third in 363 ways, ... the kth in 
365 - k + 1 ways. The total number of ways (the size of the product space) 
is 365" and we have the same number for Q(k), the complement probability. 

It is difficult for the average person to believe the results of this com­
putation so we append a short table of P(k) at a spacing of 5 and display on 
the right in more detail the part where P(k) is approximately 1/2. 

P(k) 

P(5) = 0.02714 
P(10) = 0.11695 
P(15) = 0.25290 
P(20) = 0.41144 
P(25) = 0.56870 
P(30) = 0.70632 
P(35) = 0.81438 
P( 40) = 0.89123 
P(45) = 0.94098 
P(50) = 0.97037 
P(55) = 0.98626 
P(60) = 0.99412 
P(65) = 0.99768 
P(70) = 0.99916 
P(75) = 0.99972 
P(80) = 0.99991 
P(85) = 0.99998 
P(90) = 0.99999 

TABLE 1.9-1 

Table of P(k) for selected values 

10glO P/(1 - P) 

-1.55441 
-0.87799 
-0.47043 
-0.15545 
+0.12010 

0.38113 
0.64220 
0.91348 
1.2026 
1.5152 
1.8560 
2.2281 
2.6335 
3.0754 
3.5527 
4.0457 
4.6990 
4.9999 

P(k) 

P(21) = 0.44369 
P(22) = 0.47570 
P(23) = 0.50730 
P(24) = 0.53834 
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The result that for 23 people (and our assumptions) the probability of 
a duplicate birthday exceeds 1/2 is surprising until you remember that any 
two people can have the same birthday, and it is not just a duplicate of your 
birthday. There are C(n,2) = n(n - 1)/2 pairs of people each pair with a 
probability of approximately 1/365 of a coincidence, hence the average number 
of coincidences is, for n = 28, 

(28 x 27)/2(365) = 1.0356 ... 

hence again the result is reasonable, but see Example 1.9-7. 

10 
P(k) 

9 
8 
7 
6 
5 
4 
3 
2 
I 

o 10 20 30 40 50 60 70 80 90 k 

The birthday problem 

FIGURE 1.9-1 

The curve of this data is plotted in Figure 1.9-1 and.shows a character­
istic shape for many probability problems; there is a slow beginning, followed 
by a steep rise, and then a flattening at the end. This illustrates a kind of 
"saturation phenomenon" -at some point you pass rapidly from unlikely to 
very likely. In Figure 1.9-2 we plot log{P/(1- PH to get a closer look at the 
two ends of the table. 

loS,o (,::p) 

4 

3 

2 

k 

-1 

-2 

-3 

FIGURE 1.9-2 
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The sequence of numbers we have introduced has the convenient notation 
of descending factorials 

(n)A, = n(n - l)(n - 2) ... (n - k + 1) (1.9-1) 

which is the product, beginning with n, of k successive terms each 1 less than 
the preceeding one and ends with n - (k - 1). 

Example 1.9-7 Tbe General Case of Coincidences 

If we draw at random from a collection of n distinct items, and replace the 
drawn item each time before drawing again, what is the probability of no 
duplicate in k trials? 

The reasoning is the same as in the previous problem. The first has a 
probability of no duplicate is n/n, the second for no duplicate is (n - l)/n, 
and so on to the kth (where you must avoid all the previous k - 1 samples) 
which is (n - k + l)/n; hence we have the probability for all k independent 
trials 

Qn(k) = n(n - l)(n - 2) ... (n - k + l)/n" = (n),,/n" 

= n!/n"(n - k)! 

= [1 - l/n][l - 2/n] ... [1 - (n - k + l)/n] 

The numerator in the top of these three equations is the falling (descending) 
factorial with exactly k terms. For n = 365 we have the Q(k) of the birthday 
problem. 

To evaluate this expression easily we use the third line and an inequality 
from Appendix 1.B, namely that for z > 0 

on each term of the abovp product. This gives 

Qn(k) < exp[-{l/n + 2/n + ... + (k - l)/n}] = exp[-k(k - 1)/2n] 

For the probability of the bound to be 1/2 we get 

In2 = k(k - 1)/2n 

k2 
- k - 2n In 2 = 0 

For the birthday problem n = 365, and we solve the quadratic to get 23.000 
within roundoff. 

To get a feeling for the function y(k) = (n),,/n" we look for the place 
where it rises most steeply. This occurs close to where the second central 
difference is 0, that is where 

y(k + 1) - 2y(k) + y(k - 1) '" 0 
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We can i,nmediateiy factor out the y(k) to get (remember k > 0) 

y(k)[(n - k)/n - 2 + n/(n - k + 1)] = 0 

(n - k)2 + n - k - 2n2 + 2nk - 2n + n 2 = 0 

k 2 - k - n = 0 

k = {1 ± J(1 + 4n)}/2 = {1 + J(4n+ 1)}/2 

-...;n + 1/2 

For the birthday problem n = 365, and we have the approximate place of 
steepest rise is 

k"'"' ...;n + 1/2 = 19.10 + 1/2 = 19.6 

and this indeed we see in Table 1.9-1, and Figure 1.9-1 where the steepest 
rise precedes the 50% point of k = 23. 

Example 1.9-8 Tile Information Depends on Your State 
of Knowledge 

There is (was?) a TV game in which you guess behind which of three curtains 
the prize you might win is placed. Your chance of success is 1/3 because of 
the obvious assumption that there is no pattern in the placing of the prize 
(otherwise long term watchers would recognize it). The next step is that the 
host of the show pulls back a curtain, other than the one you indicated, and 
reveals that there is no prize there. You are then given the chance of changing 
your choice for the payment of a fixed sum. What should you do? 

Your action logically depends on what you think the host knows and 
does. If you assume that the host does not know where the prize is and 
draws the curtain at random (one of the two left) then the sample space has 
only six possibilities. If we assume that the prize is behind A but you do 
not know which is A, (hence any pattern you might use is equivalent to your 
choosing A, B or C at random), then the sample space (you, host) is 

(A,B) (A, C) (B,A) (B,C) (C,A) (C,B) 

each with probability 1/6. In the case we are supposing, the host's curtain 
reveals no prize and this eliminates the points (B, A) and (C, A) from the 
sample space, so that your probability is now 

P = 2(1/6)/{1- 1/3} = 1/(3 - 1) = 1/2 

Your probability passed from 1/3 to 1/2 because you learned that the prize 
was not in one of the places and hence it is in one of the remaining two places. 
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But it is unlikely that the host would ever pull the curtain with the 
prize behind it, hence your more natural assumption is that he does not pull 
the curtain at random, but rather knows where the prize is and will never 
draw that one. Now the situation is that if you happened to pick A (with 
probability 1/3) the host will pull a curtain at random and the two cases 

(A,B) and (A,C) 

will each have a probability 1/6. But if you pick either B or C then the host 
is forced to choose the other curtain behind which the prize is not located. 
Your choices B or C each remain of probability 1/3. Although you now know 
that the prize is either behind your choice or the other one you have learned 
nothing since you knew that the curtain drawn would not show the prize. You 
have no reason to change from you original choice having probability of 1/3. 
Hence the other curtain must have probability 2/3. 

If this seems strange, let us analyse the matter when the host chooses 
with a probability p the curtain that does not have the prize. Then the host 
chooses the curtain with the prize q = 1 - p. Now the cases in the sample 
space are: 

p(AB) = 1/6 = p(AC) 

p(BA) = (1 - p)/3 = p(CA) 

p(BC) = p/3 = p(CB) 
As a check we see that the total probability is still 1. The fact that the 
curtain was drawn and did not reveal the prize means that the cases p(BA) 
and p(CA) are removed from the sample space. So now your probability of 
winning is 

P = {p(AB) + p(AC)}/{I- p(BA) - p(CA)} = {1/3}/{1- 2(1- p)/3} 

= {1/3}/{1/3 + 2p/3} = 1/{1 + 2p} 

We make a short table to illustrate things and check our understanding of the 
situation. 

p P meaning 

1 1/3 Host never reveals the prize. 
1/2 1/2 Host randomly reveals the prize. 
o 1 Host must reveal it if it can be done and since he 

did not you must have won. 

Hence what you think the host does influences whether you should switch 
your choice or not. The probabilities of the problem depend on your state of 
knowledge. 

It should be evident from the above Examples that we need to develop 
systematic methods for computing such things. The patient reasoning we are 
using will not work very well in larger, more difficult problems. 
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Exercises 1.9 

1.9-1 Consider the birthday problem except that you ask for duplicate days 
of the month (assume that each month has exactly 30 days). Ans. P(7) = 
0.5308 

1.0-2 If there are only 10 possible equally likely outcomes how long will 
you expect to wait until the probability of a duplicate is > 1/2? Assume 
that the trials are independent. Make the complete table. Ans. P(l) = 
0, P(2) .1, P(3) = .28, P(4) = .496, P(5) = .6976, P(6) .8488, P(7) = 
.93952, P(8) = .981856, P(9) = .9963712, P(lO) = .99963712. 

1.0-3 There are three children in a family and you observe that a randomly 
chosen one is a boy, what is the probability that the other two children have 
a common sex? 

1.0-4 There is a box with four drawers. The contents are respectively 
GGG, GGS, GSS, and SSS. You pick a drawer at random and a coin at 
random. The coin is gold. What is the probability that there is another gold 
coin in the drawer? That a second drawing from the drawer will give a gold 
coin? Ans. 5/6, 2/3. 

1.9-5 Generalize the previous problem to the case of n coins per drawer. 
Find the probability that the first two coins drawn are both gold. Ans. 2/3 

1.9-6 If you suppose that a leap year OCCurs exactly every fourth year, what 
is the probability of a person being born on Feb. 29? 

1.9-7 In Example 1.9-6 use '1/" = 0('1/" = second derivative) in place of the 
second difference to obtain a similar result. 

1.0-8 You have 2n pieces of string hanging down in your hand and you knot 
pairs of them, tying at random an end above with and end above and below 
with below, also at random. What is the probability that you end up with 
a single loop? [Hint: Knotting pairs at random above has no effect on the 
problem and you are reduced to n U shaped pieces of string. Proceed as in 
the birthday problem with suitable modifications (of course)]. 

1.9-9 From a standard deck k cards are drawn at random. What is the 
probability that no two have the same number? Ans. 4k(13)J.f(52)k 

1.9-10 One card is drawn from each of two shuffled decks of cards. What 
is the probability: 

1. the card from the first deck is black? 
2. at least one of the two cards is black? 
3. if you know that at least one is black, that both are black? 
4. that the two cards are of opposite color? 

1.9-11 In Appendix I.B get one more term in the approximation for 1 - x 
using e-'" exp( -x2 /2). 

1.9-12 Apply Exercise 1.9-11 to Example 1.9-7. 

1.9-13 There are w white balls and b black balls in an urn. If w + 6 - 1 
balls are drawn at random and not looked at what is the probability that the 
last ball is white? Ans. w/(w + 6). 
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1.9-14 Show that a bridge hand can be easily described by 64 bits. [Hint: 
give three 4 bit numbers to tell the number of cards in spades, hearts, and 
diamonds (the number of dubs is obvious then) and then list the 13 card face 
values in the suits. The minimum representation is much harder to convert to 
and from the hand values.] 

1.10 Critique of the model 

Let us review this model of probability. It uses only the simple concepts of 
symmetry and interchangeability to assign a probability measure to the finite 
number of possible events. The concept of the sample space is very useful, 
whether we take the entire sample space, which may often be built up by 
constructing the product space from the simpler independent sample spaces, 
or take some subspace of the sample space. 

The model of equally likely situations, which is typical of gambling, is 
well verified in practice. But we see that all probabilities must turn out to 
be rational numbers. This greatly limits the possible applications since, for 
example, the toss of a thumb tack to see if the point is up or it is on its side 
(Figure 1.10-1) seems unlikely to have a rational number as its probability. 
Furthermore, there are many situations in which there are a potentially infi­
nite number of trials, for example tossing a coin until the first head appears, 
and so far we have limited the model to finite sample spaces. It is therefore 
clear that we must extend this model if we are to apply probability to many 
practical situations; this we will do in subsequent chapters beginning with 
Chapter 4. 

Thumb tack 

FIGURE 1.10-1 

It is difficult to quarrel with this model on its own grounds, but it is still 
necessary to connect this model with our intuitive concept of probability as 
a long term frequency of occurrence, and this we will do in the next chapter 
where we develop some of the consequences of this model that involve more 
mathematical tools. The purpose of separating the concepts of probability 
from the mathematics connected with it, is both for philosophical clarity 
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(which is often sadly lacking in many presentations of probability) and the 
fact that the mathematical tools have much wider applications to later models 
of probability that we will develop. 

Remember, so far we have introduced a formal measure of probability 
based on symmetry and it has no other significant interpretation at this point. 
We used this measure of probability to show how to compute the probabilites 
of more complex situations from the uniform probability of the sample space. 
As yet we have shown no relationship to the common view that probability is 
connected with the long term ratio of successes to the total number of trials. 
Although very likely you have been interpreting many of the results in terms 
of "frequencies," probability is still a measure derived from the symmetry of 
the initial situation. The frequency relationship will be derived in Section 2.8. 

Appendix 1.A Bounds on Sums 

We often need to get reasonable bounds on sums that arise in probability 
problems. The following is a very elementary way of getting such bounds, 
and they are often adequate. 

Suppose we have the continuous function 

y= f(x) 

and want to estimate the sum 

N 

S(N) = Lf(n) 
n=1 

We also suppose that the second derivative f"(X) is of constant sign. 
Suppose first that 

f"(x) > 0 

The trapezoid rule overestimates the integral, Figure l.A -1, 

Hence add (1/2)[f(l) + f(O)] to both sides to get 

N N 

1 f(x)dx + {J(I) + f(N)}/2 ~ Lf(n) 
1 1 

(l.A-I) 

On the other hand the midpoint integration formula underestimates the 
integral. We handle the two half intervals at the ends by fitting the tangent 
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1 2 4 

Trapezoid Rule 
n -1 n 

FIGURE l.A-l 

line at the ends (see Figure l.A-2). 

1
N 13/2 

1 f(x)dx'? 1 {I(I) + (x -1)1'(I)}dx 

CHAPTER 1 

+ f(2) + f(3) + ... + feN - 1) + fN {I(N) + (x - N)I'(N)} dx 
IN-l/2 

N-l 

'? f(I)/2 + (1/2)21'(1)/2 + L fen) + f(N)/2 - (1/2)21'( N)/2 
2 

I(x) 
f p..;"f---Tangent 

line 

FIGURE l.A-2 
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Rearranging things we have 

N N 
Lf(n) 51 f(z)dz + [f(l) + f(N)]/2+ [I/(N) -1'(1)]/8 (LA-2) 

1 1 

If I"(z) < 0 the inequalities are reversed. 

The two bounds LA-l and LA-2 differ by the term 

[I'(N) -1'(1)]/8 (LA-3) 

Since most of the error generally occurs for the early terms you can sum 
the first k terms separately and then apply the formulas to the rest of the 
sum. Often the result is much tighter bounds since /,(1) becomes /,(k + 1) 
in the error term and I'(k) is generally a decreasing function of k. 

We now apply these formulas to three examples which are useful in 
practice. First we choose fez) l/z. We have /'(z) = -1/z2 and I"(z) = 
2 / z3 > O. The indefinite integral is, of course, merely InN. Hence from I.A-l 
and LA-2 we have for the harmonic series 

N 

In N + (N + 1)/2N 5 L l/n 5 In N + (N + 1)/2N + (1-I/N 2)/8 (l.A-4) 
1 

The sunl 

N 

L l/n = H(N) (l.A-5) 
n=1 

occurs frequently, hence,a short table of the exact values is useful to have. 
Similarly, the sums 

N 

L l/n2 = D(N} (l.A-6) 
n=l 

are also useful to have. Since most of the error arises from the early terms, 
using these exact values and then starting the approximation formulas at the 
value n = 11 will give much better bounds. 
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A Short Table of H(N) and D(N) 

N 
H(N) D(N) 

fraction decimal decimal 

1 1 1.00000 1.00000 
2 3/2 1.50000 1.25000 
3 11/6 1.83333 1.36111 
4 25/12 2.08333 1.42361 
5 137/60 2.28333 1.46361 
6 147/60 2.45000 1.49133 
7 1089/420 2.59285 1.51180 
8 2283/840 2.71786 1.52742 
9 7129/2520 2.82897 1.53977 

10 7391/2520 2.92897 1.54977 

At N = 10 the limits of the bounds are 2.85207 < H(N) < 2.97634. The 
limiting value of D(N) = 11"2/6 = 1.64493 .... 

There is also a useful analytic expression for H(N) which we will not 
derive here, namely 

H(N) = In N + 'Y + 1/2N - 1/12N2 + 1/120N3 + ... (l.A-7) 

where'Y = 0.57721 56649 ... is Euler's constant. If we use this formula through 
the I/N2 term for N = 10 we get H(10) = 2.92897 which is the correct 
rounded off number. 

For the second example we use f(x) = l/x 2 , for which f'(x) = -2/x3 

and f"(x) = 6/x4 > O. The formulas give 

N 

3/2-1/N + 1/2N2 ~ I)/n2 ~ 3/2-1/N + 1/2N2 +(N3 -1)/N3 (l.A-8) 
1 

For the third example we pick f(x) = In x, for which f'(x) = l/x and 
f"(x) = -1/x2 < O. Hence the inequalities are reversed. We get for the 
integral (using integration by parts) 

iN In x dx = N In N - N + 1 

and for the formula for the bounds 
N 

N In N - N + 1 + (1/2)/n N 2: Lin n = In N! 
n=l 

2: N In N - N + (1/2)/n N + 7/8 + 1/8N 

Dropping the last term on the right strengthens the inequality and taking 
exponentials we get the more usual form for the factorial function 
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(1.A-9) 

These bounds may be compared with the asymptotic form of Stirling's 
factorial approximation 

(1.A-tO) 

Note that e = 2.71828, ';(211") = 2.50663, and e7/ S = 2.39887 (all to five 
decimal places). 

Bounds are almost essential in "deep" computations where approxima­
tions are combined in many ways. On the other hand for "shallow" compu­
tations Stirling's and other approximations are often very useful. 

A particularly simple approximation is the midpoint formula 

1>+1/2 n=1> 

1-1/2 f(x)dx '" ~f(n) (1.A-H) 

In the three earlier cases we get for f(x) = l/x 

N 

:L l/n -In(2N + 1) (1.A-12) 

for f(x) = l/x2 we get 

N 

:L l/n2 
'" 4N/(2N + 1) (l.A-13) 

and for f(x) = Inx we get 

N 

:L In n - (N + 1/2)/n(N + 1/2) - N + (1/2)ln 2 (1.A-14) 

Taking exponentials we get the formula 

(l.A-IS) 
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Appendix 1.D A Useful Bound 

If we compute the tangent line to the curve 

y(z) = e- r = exp(-z) 

at z = 0 we get for the first derivative 

hence 
y'(O) = 1 

and the tangent line is 

y(z) -1 (-I)(z 0) 

Y 1 z. 

Since y"(z) = exp( -z) > 0 we deduce, or else from a sketch of the curve 
Figure l.B-l, 

e- r = exp(-z) 2: 1- z (l.B-l) 
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Some Mathematical Tools 

2.1 Introduction 

C. S. Peirce (1839-1914) observed [N, p.1334] that: 

"This branch of mathematics [probability] is the only one, I believe, 
in which good writers frequently get results entirely erroneous. In 
elementary geometry the reasoning is frequently fallacious, but er­
roneous conclusions are avoided; but it may be doubted if there is 
a single extensive treatise on probabilities in existence which does 
not contain solutions absolutely indefensible. This is partly owing 
to the want of any regular methods of procedure; for the subject 
involves too many subtleties to make it easy to put problems into 
equations without such aid." 

There were, I believe, two additional important reasons for this state of 
affairs at that time and to some extent even now; first there was a lack of 
clarity on just what model of probability was being assumed and of its known 
faults, and second, there was a lack of intuition to protect the person from 
foolish results. Feller [F, p.67] is quite eloquent on this point. Thus among the 
aims of this book are to provide: (1) careful discussions of the models assumed 
and any approach adopted; (2) the use of "regular methods" in preference to 
trick methods that apply to isolated problems; (3) the deliberate development 
of intuition by the selection of problems, (4) the analysis of the results, and 
(5) the systematic use of reasonableness tests of equations and results. By 
these methods we hope to mitigate the statement of C. S. Peirce just quoted. 

In the previous chapter we created a probability model based on sym­
metry, and noted that it could only give rational values for the assignment 

[41] 
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of the probability to the events, and that all the elementary events had the 
same probability. We will later be able to handle a wider range of proba­
bilities, namely any real number between 0 and 1 (and complex numbers in 
Section 8.13) as well as nonuniform probability distributions, hence we will 
now assume this use and not have to repeat the development of the mathe­
matical tools for handling probability problems. The relevant rules we have 
developed apply to these nonrational probabilities as can be easily seen by 
rereading the material. 

We saw that the central problem in computing the probability of a com­
plex event is to find all the equally likely elementary successful events in the 
sample space (those that meet the given conditions), or else the failing events 
(those that do not), count the successes, or failures, and then divide by the 
size of the whole sample space. Instead of counting the successes in the uni­
form sample space and dividing by the total we can add the probabilities 
of all the individual successes; this is equivalent to assigning to each point 
in the uniform sample space the probabilty 1/(total number of points in the 
sample space). 

If the probabilities are not uniform in the sample space we cannot simply 
count and divide by the total, but as just noted we must add the probabilities 
of the individual successful events to get the total probability to assign to 
the complex event since the probability of the sum is additive (we pick our 
sample space points to be independent hence the probability of a complex 
event involving sums of points is the sum of the probabilities of its independent 
parts). Since the total probability is 1 there is no need to divide by the sum 
of the probabilities (which is 1). 

We also saw that the probabilities assigned to the points in the product 
space could often be found as the product of the probabilities of the basic 
events that make up the corresponding point in the product space. We adopt 
a colorful language to use while computing probability problems; we say, for 
example, "Select at random ... " and mean "Count the number of successes 
(in the case of a uniform probability assignment)." As an example, "Select 
a random day in a year of 365 days." means that since any day of the year 
meets this condition there are 365 choices, and the corresponding probability 
that you select a (some) day is 365/365 = 1. The probability of getting a 
specific day if it is named in advance is, of course, 1/365. If we want to select 
at random, from the possible 365 days in a year, a day that falls in a certain 
month of 30 days, then there are only 30 successful possible selections, and 
the corresponding probability is 30/365 = 6/73. We say that we can select at 
random a day in the year that falls in the given month in 30 successful ways, 
hence with probability of 30/365. 

The language "select at random" enables us to pass easily from the 
uniform probability spaces to nonuniform probability spaces, since in both 
cases we use the same colorful language and the results are the same; of 
course for the nonuniform case we must add the probabilities of the successes. 
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A "random selection" is only a colorful way of talking, and when the word 
"random" is used without any modifier it implies that the probability assign­
ment is uniform. 

The purpose of this chapter is to introduce the main tools for comput­
ing simple probability problems which have a finite, discrete sample space, 
and to begin the development of uniform methods of solution as well as the 
development of your intuition. This Chapter also shows a connection to the 
frequency approach to probability. Chapter 3 will further develop, in a more 
systematic way, the mathematical tools needed for finite sample spaces. There 
is a deliberate separation between the model of probability being assumed, 
the concepts needed for solving problems in that area, and the mathematical 
tools needed for their solution. 

2.2 Permutations 

You have already seen that the main difficulty, in simple probability problems, 
is to count the number of ways something can be done. Hence we begin with 
this topic (actually partially repeat). 

Suppose you have a collection of n distinct things (unspecified in detail, 
but whatever you care to think about). From these n items you then select 
at random I: times, replacing the selected item each time before the next 
selection. The sample space is the product space n x n x n ... x n (I: times) 
with exactly (we "star" important equations) 

(2.2-1)* 

items in the product space. This is called sampling with replacement. The 
probability distribution for a random selection is uniform, hence each item in 
the sample space will have the probability lin"'. 

Again, suppose you have n things and sample I: times, but now you 
do not replace the sampled items before the next selection. When the order 
of selection is important then we call the selection without replacement a 
permutation. The number of these permutations is written as 

P(n, 1:) 

and is called "the permutation of n things taken I: at a time." To find 
the numerical value for a random (uniform) selection we argue as before, 
(Examples 1.9-6 and 1.9-7); the first item may be selected in n ways, the 
second distinct item in n - 1 ways, the third in n - 2 ways, and the I:th III 

n - I: + 1 ways. The product space is of size 

P(n, 1:) = n(n - l)(n - 2) ... (n - I: + 1) = (n)", (2.2-2)* 
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where (n)k is the standard notation for the falling factorial, (see Equation 1.9-
1). By our method of selection ofthe individual cases in the (n)k are uniformly 
probable hence we add the number of cases to get the pen, k). 

To partially check this formula we note that when k ;; 1 the answer is 
correct, and when k ;; n + 1 we must have zero since it is impossible to select 
n + 1 items from the set of n items. 

A useful bound on pen, k) can be found by multiplying and dividing the 
right hand side of (2.2-2) by n k 

pen, k) ;; nk (l)(l - l/n)(l- 2/n) ... (1- (k - 1)/n) 

and then using the result in Appendix 1.B (see also Example 1.9-7) 
1 - x:::::; e-% 

for each factor (1 - i/n), (i ;; 1,2, ... , k - 1). Summing this arithmetic 
progression in the exponent 

-{l/n + 2/n + ... + (k - l)/n} ;; -k(k - 1)/2n 

we get the result 
pen, k) :::::; nk exp{-k(k -1)/2n} (2.2-3) 

For an alternate proof that all the P( n, k) individual cases are uniformly 
probable note that from the sample space of all possible choices of k items, 
which we saw (2.2-1) was uniformly probable and of size nk, we excluded all 
those which have the same item twice or more, and we deduced that there are 
exactly pen, k) such points left in the sample space. Since a random choice 
leads to a uniform distribution in the original product space, the distribution 
is still uniform after the removal of the samples with duplicates (see Exam­
ple 1.9-1, the gold coin problem). All the permutations in the pen, k) are 
equally likely to occur when the items are selected at random. The exponen­
tial gives an estimate of the modifying factor for the number of terms in going 
from the sample space of sampling with replacement to sampling without 
replacement. 

The expression pen, k) is the beginning of a factoriaL If we multiply 
both numerator and denominator by (n - k)! the numerator becomes n!, and 
we have 

n! 
pen, k) = (n _ k)! (2.2-4)* 

as a useful formula for the permutations of n things taken k at a time. Recall 
that by convention o! = 1 and that P( n, n) = n!. We need also to observe 
that when k ;; ° we have 

n! 
P(n,O) = - = 1 = (n)o 

n! 
(2.2-5) 

At first this seems like a curious result of no interest in practice, but when 
programming a descending factorial on a computer you initialize the iterative 
loop of computation for P(n,k) with P(n,O) = 1; then and only then will each 
cycle of the computing loop give the proper number and be suitably recursive. 
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Example 2.2-1 Arrange Three Books on a Shelf 

In how many ways can you arrange 3 books on a shelf out of 10 (distinct) 
books? Since we are assuming that the order of the books on the shelf matters 
(the word "arrange"), we have 

P(1O,3) = 10 x 9 x 8 = 720 

ways. 

Example 2.2-2 Arrange Six Books on a Shelf 

In how many ways can you arrange on a shelf 6 books out of 10 (distinct) 
books? You have 

P(1O,6) = 10 x 9 x 8 x 7 x 6 x 5 = 151,200 

possible ways of arranging them. 

Example 2.2-3 Arange Ten Books on a Shelf 

In how may ways can you arrange on a shelf a set of 10 distinct books? You 
have 

P(lO, 10) = 1O! = 3,628,800 

and you see how fast permutations can rise as the number of items selected in­
creases. The Stirling approximation from Appendix 1.A gives 1O! 
3,598,695.6 and the ratio of Stirling to true is 0.99170. 

Example 2.2-4 Two Out of Tllree Items Identical 

Suppose you have three items, two of which are indistinguishable. How many 
permutations can you make? First we carefully write out the sample space 
with elements ai, a2, b supposing we have three distinct elements. 

ala2 b 

alba2 

a2al b 

a2bal 

bala2 

ba2al 

Now if al and a2 are indistiguishable then items on lines 1 and 3, 2 and 4, 
and 5 and 6 are each the same; the reduction of the sample space from 6 to 3 
is uniform. The following formula gives the proper result 

3!/2 = 6/2 = 3 
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Example 2.2-5 Another Case of Identical Items 

In permutation problems there are often (as in the previous Example) some 
indistinguishable items. For example you may have 7 items, a, a, a, b, b, c, d. 
How many permutations of these 7 items are there? 

We again attack the problem by throwing it back on known methods; 
we first make the 3 a's distinct, calling them ai, a2, a3, and similarly the 
2 b's are now to be thought of as b1> and b2 • Now we have P(7,7) = 71 
permutations. But of these there are P(3, 3) = 3! permutations which will all 
become the same when we remove the distinguishing subscripts on the a's, 
and this applies uniformly throughout the sample space, hence we have to 
divide the number in the total sample space by P(3,3) = 31, Similarly, for 
the b's we get P(2, 2) = 21 as the dividing factor. Hence we have, finally, the 
sample space of distinct permutations 

7! 
3!2!1!1! = 7 x 6 x 5 x 4/2 = 420 

as the number of permutations with the given repetitions of indistinguishable 
items (we have put II twice in the denominator for symmetry and checking 
reasons, 3 + 2 + 1 + 1 = 7). Since the reduction from distinct items in 
the original permutation sample space to those in the reduced permutation 
space is uniform over the whole sample space, the probabilities of the random 
selection of a permutation with repetitions are still uniform. If this is not 
clear see the previous Example 2.2-4. 

The general case is easily seen to follow from these two special cases, 
Examples 2.2-4 and 2.2-5. If we have nl of the first kind, n2 of the second, 
... , and n" of the kth , and if 

then there are 
n! 

I I 1= C(n;nl,n2, ... n,,) (2.2-6)* 
nl.n2 .... n". 

permutations all of equal probability of a random selection. 
These numbers, C(n;nl,n2, ... n,,), are called the multinomial coeffi­

cients in the expansion 

They occur when you expand the multinomial and select the term in t. to 
the power nl, t2 to the power n2," . ,t" to the power n", and then examine 
its coefficient. The coefficient is the number of ways that this combination 
of powers can arise; this coefficient is the number of permutations with the 
given duplication of items. Note that if nl = k and all the other nj = 1, then 
this is P(n, k). 
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This formula applies to the case when all the terms are selected. If only 
a part of them are to be selected then it is much more complex in detail, but 
the ideas are not more complex. You have to eliminate the "over counting" 
that occurs when the items are first thought of being distinct because the 
reductions are not necessarily uniform over the sample space. We will not 
discuss this further as it seems to seldom arise in practice. Simple cases can 
be done by merely listing the sample space. 

Exercises 2.2 

2.2-1 How many arrangements on a platform can be made when there are 
10 people to be seated? 

2.2-2 How many arrangements can you make by selecting 3 items from a 
set of 20? Ans. 570. 

2.2-3 In a standard deck of 52 cards what is the probability that on drawing 
two cards you will get the same number (but not suit)? Ans. 3/51. 

2.2--4 In drawing three cards what is the probability that all three are in 
the same suit? Ans. (12/51)(11/50) = 22/425. 

2.2-5 In drawing 1. :5 13 cards what is the probability that all are in the 
same suit? 

2.2-6 Show that P(n, 1.) = nP(n -1,1. -1). 

2.2-7 You are to place 5 distinct items in 10 slots; in how many ways can 
this be done? 

2.2-8 Tabulate P(10, 1.)/10" for 1. = 0,1, ... 10. Ans. 1,0.9,0.72,0.504, etc. 

2.2-9 Estimate P(100, 10) using (2.2-3). 

2.2-10 Estimate P(100,100) using both (2.2-3) and Stirling's formula 
(l.A-lO). Explain the difference. 

2.2-11 Given a circle with n places on the circumference, in how many ways 
can you arrange 1. items? Ans. P( n, 1. lIn 

2.2-12 If in 2.2-11 you also ignore orientation, and n is an odd number, in 
how many ways can you arrange the 1. items? 

2.2-13 Using aU the letters how many distinct sequences can you make from 
the letters of the word "success"? Ans. 420. 

2.2-14 Using all the letters how many distinct sequences can you make from 
the letters of the word "Mississippi"? Ans. C(l1; 4, 4,2,1) = 4950. 

2.2-15 Using all the letters how many distinct sequences can you make from 
the letters of the word "Constantinople"? 

2.2-16 How many distinct three letter combinations can you make from the 
letters of Mississippi? Ans. 38. 

2.2-17 How many four letter words can you make from the letters of Mis­
sissippi? 

2.2-18 If an urn has 7 w (white) and 4 b (black) balls show that on drawing 
two balls Pr{w, w} = 21/55, Pr{b, w} = 14/55 = Pr{w, b}, Pr{b, b} = 6/55. 
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2.2-19 If you put 5 balls in three bins at random what is the probablity of 
exactly 1 empty bin? 

2.2-20 There are three plumbers in town and on one day 6 people called at 
random for a plumber. What is the probability 3, 2 or only one plumber was 
called? Show that the Pr{3, 2, I} = 20/343. 

2.2-21 Discuss the accuracy of (2.2-3) when Ii; is small with respect to n. 
When Ii; is large. 

2.3 Combinations 

A combination is a permutation when the order is ignored. A special case 
of the multinomial coefficients occurs when there are only two kinds of items 
to be selected; they are then called the binomial (bi = two, nomial = term) 
coefficients C(n, k). The formula (2.2-6) becomes 

n! 
C(n, k) = k!(n _ k)! = C(n, n - k) (2.3-1)* 

where there are k items of the first kind (selected) and n - k items of the other 
kind (rejected). We use the older notation C(n,k) in place of the currently 
popular notation 

because: (1) it is easier to type (especially for computer terminals), (2) does 
not involve a lot of special line spacing when the symbol occurs in the middle 
of a line of type, and (3) simple computer input and output programs can 
recognize and handle it easily when it occurs in a formula. Note that (2.3-1) 
is a special case of (2.2-6) when you use k2 = n - k1 . Note also (2.3-1) says 
that what you select is uniquely determined by what you leave. 

Recurrence relations are easy to find for the C(n, k) and often shed more 
light on the numbers than an actual table of them. For the index k we have, 
by adjusting the factorials, 

n! 
C(n,k+l)= (k+l)!(n-k-l)! 

n!(n - k) 
(k + l)k!(n - k)(n - k - I)! 

(n - k) 
= (k + 1) C(n,k) 

(2.3-2)* 
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Clearly the largest G(n,k) occurs around (n - k)/(k + 1) "" 1, that is k "" 
(n - 1)/2. 

For the index n we have the recurrence relation 

(n + 1)' (n + l)n! 
G(n+l,k)= k!(n+l-k)! = k!(n+l-k)(n-k)! 

(n+ 1) 
= (n + 1 _ k) G(n, k) 

(2.3-3)* 

The binomial coefficients G(n, k) arise from 

n 

(t l + t2)n = I: G(n, k)t1-l:t~ 
l:=0 

In a more familiar form we have (tl = 1, t2 = t) 

n(n - 1) 2 
(1 + t)n = 1 + nt + t + ... + tn 

2 
n (2.3-4)* 

where the G( n, k) are the number of ways k items can be selected out of n with­
out regard to order. The equation (2.3-4) generates the binomial coefficients. 

From this generating function (2.3-4) and the observation that 

(1 + tt+1 = (1 + t)(l + tt 

we can equate like powers oftl: on both sides (since the powers of t are linearly 
independent) to get the important relation 

C(n + 1, k) = G(n, k) + G(n, k - 1) (2.3-5)* 

with the side conditions that 

G(n, 0) = C(n,n) = 1 

An alternate derivation goes as follows. Suppose we have n + 1 items. 
All possible subsets of size k can be broken into two classes, those without 
the (n + l)st item and those with it. Those without the (n + l)st item total 
simply G(n, k), while those with it require selection only k - 1 more items, 
and these total G(n,k -1). Thus we have (2.3-5). 
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This identity leads to the famous Pascal triangle where each number is 
the sum of the two numbers immediately above, and the edge values are all 1. 

1 
1 1 

1 2 1 
1 3 3 1 

1 4 6 4 1 
1 5 10 10 5 1 

1 6 15 20 15 6 1 

1 7 21 35 35 21 7 1 

1 8 28 56 70 56 28 8 1 

1 9 36 84 126 126 84 36 9 1 

1 10 45 120 210 252 210 120 45 10 1 
The Pascal Triangle 

It might be thought that to get a single line of the binomial coefficients 
of order n the triangle computation would be inefficient as compared to the 
recurrence relation (2.3-2). If we estimate the time of a fixed point multi­
plication as about 3 additions and a division as about two multiplications, 
then we see that for each term on the nth line we have two additions, one 
multiplication and one division, or about 11 addition times per term. There 
being n - 1 terms to compute on the nth line we have to compare this with 
the triangle down to the nth line, namely n(n - 1)/2 additions. This leads to 
comparing 

n/2 with 11 --+ n = 22 

(Floating point arithmetic would give, of course, different results.) This sug­
gests that as far as the amount of computing arithmetic is concerned it is 
favorable to compute the whole triangle rather than the one line you want 
until n = 22-which is quite surprising and depends, of course, on the ac­
tual machine times for the various operations. Symmetry reduces the amount 
of computation necessary by 1/2 in both approaches. One can squeeze out 
time for the one line approach by various tricks depending on the particular 
machine-the point is only that the Pascal triangle is surprisingly efficient on 
computers as contrasted with human computation. 

From the generating function (2.3-4) we can get a number of interesting 
relationships among the binomial coefficients. 
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Example 2.3-1 Sums of Binomial Coefficients 

If we set t = 1 in (2.3-2) we get 

n 

(1 + It = EC(n,k) = 2n 

1:=0 

(2.3-6)* 

In words, the sum of all the binomial coefficients of index n is exactly 2n. 
If we set t = -1 we get the corresponding sum with alternating signs 

n 

E(-I)I:C(n,k) = 0 (2.3-7) 
1:=0 

The alternating sum of the binomial coefficients is exactly 0 for all n. Thus 
the sum of all the even indexed coefficients is the same as the sum of all the 
odd indexed coefficients. 

If we differentiate the generating function (2.3-4) with respect to t we 
get the identity 

n 

n(1 + t)n-1 = E kC(n, k)tl:- 1 

1:=1 

and when we put t = 1 we get 

n 

n2n
-

1 = EkC(n,k) (2.3-8)* 
1:=1 

Many other useful relationships can be found by: (1) suitably picking a 
function of t to multiply through by, (2) differentiating or integrating one or 
more times, and finally (3) picking a suitable value for t. The difficulty is to 
decide what to do to get the identity you want. See Appendix 2.B. 

Example 2.3-2 Bridge Hands 

In the game of bridge each hand is dealt 13 cards at random from a deck of 52 
cards with four suits. How many different sets of 4 hands are there (the order 
of the receiving the cards does not matter)? 

Evidently we have the combination (since order in the hands does not 
matter) 

52!/(13!)" = 5.36447 ... X 1028 

when you assume that the hands are given but not the positions around the 
bridge table. Thus you see the enormous number of possible bridge dealings. 
The Stirling approximation (A.l) gives 5.49 ... X 1028 • 
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Example 2.3-3 3 Out of 7 Books 

A student grabs at random 3 of his 7 text books and dashes for school. If 
indeed the student has 3 classes that day what is the probability that the 
correct three books were selected? 

We can argue in either of two ways. First, we can say that there are 
exactly C(7, 3) equally likely selections possible out of the set of 7 books and 
that only 1 combination is correct, hence the probability is 

1/C(7,3) = 3!/(7 x 6 x 5) = 1/35 

We can also argue (repeating the basic derivation of the binomial coef­
ficients) that the first book can be successfully selected in 3 out of 7 ways, 
hence with probability 3/7. Then the second book can independently be suc­
cessfully selected in 2 out of 6 ways with probability 2/6. The third book 
in lout of 5 ways with probability 1/5. The probability of making all three 
independent choices correctly is, therefore, 

(~) (~) (~) = ;5 
which agrees with the result of the first approach. 

Example 2.3-4 Probability of n Heads in 2n Tosses of a Coin 

The number of ways of getting exactly n successes in 2n equally likely trials 
IS 

C(2n,n) 

and the probability of getting this is 

C(2n, n)/22n 

because the sum of all the binomial coefficients is 22n 
I by equation (2.3-6), 

(alternately each trial outcome has a probability of 1/2). 

get 
To get an idea of this number we apply Stirling's formula (LA-7). We 

(2n)!/{n!n!22n} "" (2n)2ne-2nJ211"2n/{nne-n"f211"n nne-n J211"n 22n} 

"" 1/V(1I"n) 

Thus the exact balancing of heads and tails in 2n tosses of a coin becomes 
increasingly unlikely as n increases-but slowly! At n = 5, (10 tosses), this 
approximation gives 0.24609 vs. the exact answer 0.25231, about 1 in 4 trials. 
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Example 2.3-5 Probability of a Void in Bridge 

What is the probability when drawing 13 cards at random from a deck of 52 
cards of having at least one suit missing? 

For each success we must have drawn from one of 4 decks with only 39 
cards (one suit missing). Hence the probability is 

P = 4C(39, 13)/C(52, 13) = 4(39!)(390/(26!)(52!) 

= 0.05116 ... "" 1/20 

If your computer cannot handle a 52! then Stirling's approximation will yield 
P = .05119 ... 

Example 2.3-6 Similar Items in Bins 

In how many ways can you put r indistinguishable items into n bins? 
An example might be rolling r dice and counting how many have each 

possible face (are in each bin). The solution is simple once we realize that by 
adding to the r items n - 1 dividers ( 1 ) between bins; thus we are arranging 
n+ r -1 items 

* * *1 * *1 * * * * * 1 * *1 * * * * * * * 1 * ... * 1*** 

and this can be done in 

C(n + r - 1, r) = C(n + r - 1, n - 1) 

different ways. 

Example 2.3-7 With at Least 1 in Each Bin 

If in the above distribution we have to put at least one ball into each bin then 
of the r balls we distribute the first n into the n bins leaving r - n balls and 
then proceed as before. This gives 

C(r 1, n 1) 

and we are assured of at least one in each bin. 
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Exercises 2.3 

Write out the eleventh line of the Pascal triangle. 2.3-1 

2.3-2 

2.3-3 

2.3-4 

2.3-5 

2.3-6 

2.3-7 

2.3-8 

2.3-9 

Use 2.3-2 to compute the eleventh line of the Pascal triangle. 

What is the sum of the coefficients of the 11 th line? 

Compute C(10, 5) directly. 

Find 2:~~1 kC(l1, k). 
Find 2:k2C(n, k). Ans. n(n + 1)2n-2. 

Find an algebraic expression for C(n, n - 1). 

Show that C(n, n - 2) = n(n - 1)/2. 

Show that the ratio of C(n, n - 3)/C(n, n - 2) = (n - 2)/3. 

2.3-10 How many different bridge hands might you possibly get? 

2.3-11 Discuss the fa.ct that equation 2.3-1 always gives integers, that the 
indicated divisions always can be done. 

2.3-12 For your ma.chine find the comparative operation times and compute 
when the Pascal triangle is preferable to the direct computation of one line. 

2.3-13 Show that if there are m Democrats and n Republicans then a com­
mittee consisting of k members from ea.ch party can be selected in C(m, k)x 
C(n, k) = n!m!/(n - k)! (m - k)!{k!}2 different ways. 

2.3-14 Make a table of the probabilities of the number of heads in 6 tosses 
of a well balanced coin. 

2.3-15 For 20 tosses (n = 10) compare the Stirling approximation for 10 
heads with the exa.ct result. Ans. Exa.ct =.176197, Est. =.178412. 

2.3-16 What is the probability of a bridge hand having no cards other than 
2, 3, 4, 5, 6, 7, 8, 9 and 10? Ans. .003639 .... 

2.3-17 Find the sum of the terms of the form k3 C(n, k). 

2.3-18 Compute 2::=0 C(n, k)/(n + 1). 
2.3-19 If ea.ch of two people toss n coins what is the probability that both 
will have the same number of heads? (See 2.B-4) Ans. C(2n, n)/22n. Check 
this for n = 1,2,3. 

2.3-20 In a deck of 52 cards one bla.ck card is removed. There are then 13 
cards dealt and it is observed that all are the same color. Show that the 
probability that they are all red is 2/3. 

2.3-21 If n items are put into m cells show that the expected number of 
empty cells is (m - l)n/m n-l 

2.3-22 If you expect 100 babies to be delivered in a hospital during the 
next 90 days, show that the expected number of days that the delivery room 
will not be in use is approximately 29.44 or about 1/3 of the time. 

2.3-23 Balls are put into three cells until all are occupied. Give the distri­
bution of the waiting time n. Ans. (2n- 1 

- 2)/3n- 1
, (n > 2). 

2.3-24 Show that the probability of a hand in bridge of all the same color 
is 2C(26, 13)/C(52, 13) = 19/(47)(43)(41)(7) = 0.000032757 .... 

2.3-25 What is the approximate number of tosses of a coin when you can 
expect a 10% chance of half of the outcomes being heads? 
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2.4 The Binomial Distribution-Bernoulli Trials 

Since the binomial distribution is so important we will repeat, in a slightly dif­
ferent form, much of the material just covered. Suppose that the probability 
of some event occurring is p, and of its not occurring is q = 1 - p. Con­
sider n independent, repeated trials, called Bernoulli trials, in which there are 
exactly k successes, and of course n - k failures. What is the probability of 
observing exactly k successes? 

To begin we suppose that the first k trials are all successes and that the 
rest are all failures. The probability of this event is 

Ie n-Ie ppp ... pqqq ... q=p q 

Next, consider any other particular sequence of k successes whose po­
sitions in the run are fixed in advance, and n - k failures in the remainding 
positions. When you pick that sequence of k p's and (n - k)q's you will find 
that you have the same probability as in the first case. 

Finally, we ask in how many ways the k successes and (n - k) failures 
can occur in a total of n trials; the answer is, of course, C(n,k). Hence 
when we add all these probabilities together, each having the same individual 
probability, we get 

(2.4-1t 

as the probability of exactly k successes in n independent trials of probabil­
ity p. This is often written as 

(0:$ k:$ n) (2.4-2t 

In words, "the binomial probability of k successes in n independent trials each 
of probability p." This gathers together all the C(n, k) equally likely, pleqn-le, 
individual events in the original product sample space and groups them as one 
term. The result is the probability of exactly k successes in n independent 
trials, each single trial with probability of success p. 

We now have the probability distribution for b(k; n,p) as a function of 
the variable k. We see that this new distribution is not uniform. Even if 
p = 1/2 and the original sample space is uniform the grouped results are not. 

There is a useful relationship between successive terms of this distribu­
tion which may be found as follows (from 2.3-2): 

b(k + 1; n,p) = C(n, k + l)plc+lqn-le-l 

= (~ ~ ~) (~) C(n,k)pleqn-Ie (2.4-3) 

= (~) (E) b(k· n p) 
k + 1 q " 
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With this we can easily compute the successive terms of the distribution. 

For example, suppose n = 10, and p = 2/3, then as a function of k we 
have (using 2.4-3) 

TABLE 2.4-1 

P(k) =b(kjIO,2/3) 

P(O) = 0.00002 
P(I) = 0.00034 
P(2) = 0.00305 
P(3) = 0.01626 
P(4) = 0.05690 
P(5) = 0.13658 
P(6) = 0.22761 
P(7) = 0.26012 
P(8) = 0.19509 
P(9) = 0.08671 
P(10) = 0.01734 

Total = 1.00000 

b(k; la, 2/3} 
0.3 

0.2 

0.1 

1 2 

FIGURE 2.4-1 

k 

This is the distribution of the probability function b(kj 10,2/3), see Figure 
2.4-1. The total probability must be 1, of course. To show that this is true in 
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general we observe that the generating function of b(k; n,p) can be found by 

n 

(q+ptt = I:C(n,k){pt)l:qn-1: 
1:=0 

n 

= I:{C{n, k)pl:qn-I:}tl: (2.4-5)* 
1:=0 

n 

= I: b{k; n, p)tl: 
1:=0 

where the coefficient of tl: is b(k; n,p) = P(k). Now putting t = 1 we have 

n 

(q + p)n = 1 = I:b(k; n,p) 
1:=0 

From the table we see that (within roundoff) the sum is indeed 1. 
The sequence b(k; n,p) is called the binomial distribution from its obvi­

ous source. It is also called the Bernoulli distribution; it arises whenever there 
are n independent binary (two way) choices, each having the same probabil­
ity p of success, and you are interested in exactly k successes in the n trials. 

For p = 1/2 the maximum of the binomial distribution is at the middle, 
k = n/2, (if n is even). The approximate inflection points of this important 
binomial distribution for p = 1/2, (which is a discrete distribution) can be 
found by setting the second difference approximately equal to 0 (see 2.3-1) 

C(n, k + 1) - 2C(n, k) + C(n, k 1) 

[
n - k k] 

= C(n, k) k + 1 - 2 + n _ Ie + 1 '" 0 

Clearing the square bracket of fractions we have 

n2 
- nk - nk + le2 + n - Ie - 2( nk - e + k + n - Ie + 1) + le2 + k '" 0 

We arrange this in the form 

4k2 - 4nk + n2 - n - 2 ,..., 0 

n .jii. 
k"", ![n ± y(n + 2)] '" 2' ±"2 

and the inflection points for large n are symmetrically placed with respect to 
the position of the maximum, n/2, are at a distance approximately equal to 
.jii./2. 
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Example 2.4-1 Inspection of Parts 

If the probability of a defective part is 1/1000, what is the probability of 
exactly one defect in a shipment of 1000 items? 

We reason as follows; the value from (2.4-1) is 

b(l; 1000, 1/1000) = C(1000, 1)[(1/1000)(1- 1/1000)999] 

= ~ (1 - 1/1000)1000/(1 - 1/1000) 

But remembering the limit from the calculus 

lim (1- l/n)" l/e 
n-oo 

we apply this to the expression to get 

(l/e)(l- 1/1000),.,. l/e (2.4-7)* 

This is a passable (not very good) approximation in many situations as can 
be seen from the following Table 2.4-2. 

TABLE 2.4-2 

n (1 - l/n)" Exact Error in using lie 

1 0 = 0 
2 (1/2)2 = 1/4 = 0.25 0.178794 
3 (2/3)3 = 8/27 = 0.296296 0.071583 
4 (3/4)4 = 81/256 = 0.316406 0.051473 
5 (4/5)5 = 1024/3125 = 0.327680 0.040199 

10 (9/10)10 = 0.348678 0.019201 
20 (19/20)20 = 0.358486 0.009393 
50 (49/50)50 = 0.364170 0.003709 

100 (99/100)100 = 0.366032 0.001847 
200 (199/200)200 = 0.366958 0.000921 
500 ( 499)/500)500 = 0.367511 0.000386 

1000 (999/1000)1000 = 0.367695 0.000184 
2000 (1999/2000)2000 = 0.367787 0.000092 
5000 ( 4999 /5000 )5000 = 0.367843 0.000036 

10000 ( .9999)10,000 = 0.367861 0.000018 
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The limiting value is l/e = 0.367879. At n = 101: you get about k decimal 
places correct. 

Example 2.4-2 Continued 

Suppose the p < 1 (very much less) and n ~ 1. What is the probability of 
one or more defective parts in the sample? 

This situation ("one or more") calls naturally for the complement prob­
ability approach and we set 

p= l-Q 

where Q = probability of no defects = (1 - p)n. Then 

p = 1- (1- p)n 

= 1 - [(1 _ p)l/p]np 

'" 1 - e-np 

If np < 1 then using the series expansion of exp( x) 

P", 1 - e-np = 1 - [1- np + (np)2/2 - ... ] 

'" np - (np)2/2 + ... 

The expected number of defects is np, and the next term is the first correction 
term for the multiple occurences. 

Example 2.4-3 Floppy Discs 

You are manufacturing floppy discs. Past experience indicates that about 1 in 
10,000 discs that get out into the field are defective. Suddenly your processing 
and control systems change to about 1 in 100 defective. It is suggested that 
until the manufacturing process gets back into control you include in each 
package of 10 discs a note plus one extra disc, or maybe 2 extra discs. How 
effective do you estimate this to be? 

Clearly the assumed probabilities are estimates and not exact numbers, 
hence we need only estimate things and do not need to use exact formulas. 
The ratio of the bad discs to the total in a pack is around 1/10 in the new 
situation, and the first error term beyond what we are covering will give a 
valid estimate; we could find the exact computations by the "complement" 
approach if we thought it worth the trouble. 

You were selling bad packages of 10 discs with a probability of about 

1 - probability that there are no bad discs in the 10 

This is, using the binomial expansion, 

P = 1- (1- 1/10,000)10", 1- (1- 10/10,000) '" 1/1000 
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which is about the probability of one bad disc in 1000 packages 
Since we will need estimates for various numbers we write out the general 

case, 
Prob {k bad discs} = b(k; n,p) = C(n, k)pk(1- p)n-k 

For 11 discs in a package, n = 11, we have the probability of two bad 
discs (with the new failure rate, p = 1/100) 

C(11, 2){1/1002}{1 - 1/100} = 55{99/100}/104 
..... 5.4 X 10-3 

which is about 5 times as bad as you were doing before the changes in the 
production line. 

For 12 discs in a package the probability of 3 failures is 

C(12,3)p3(1- p)9 ..... {12 x 11 x 10/6}10-6{1- 9 x 1O-2} 

= {220/106}{0.91} ..... 2 x 10-4 

which is about 5 times better than you were doing! 

Example 2.4-4 The Distribution of the sum of Three Dice 

Sometime before the year 1642 Galileo was asked about the ratio of the prob­
abilities of three dice having either a sum of 9 or else a sum of 10. We will go 
further and examine the whole probability distribution for the sum of three 
faces of three dice. Since the probability is not obvious we will use elementary 
methods. 

We begin, as usual, with the sample space of the equally likely events; 
the roll of a single die at random means that we believe that each of the six 
faces has the same probability, 1/6. The second die makes the product space 
into 36 equally probable outcomes, each with probability 1/36. The third die 
leads to the product space of these 36 by its 6 giving 63 = 216 events in the 
final product space, each with probability 1/216. Notice that the product 
space is the same whether we imagine the dice rolled one at a time or all at 
one time. 

We do not want to write out all these 216 cases, rather we would like 
to get the sample space by a suitable grouping of events. If we label the sum 
(total value) of the three faces by S having values running from 3 to 18, then 
we want to find the probability distribution of S. The probability that Swill 
have the value k is written as 

Pr{S = k} (k = 3,4, ... ,18) 

In our approach for fixed k we partition the value k into a sum of three 
integers, each in the range 1 to 6. We will first consider the canonical partitions 
where the partition values are monotonely increasing (or else monotonely 
decreasing). Once we have these we will then ask, "In how many places in 
the sample space will there be equivalent partitions?" We make the entries 
for the canonical partitions in the table on the right. 
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k 

3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 

THE BINOMIAL DISTRIBUTION-BERNOULLI TRIALS 

TABLE 2.4-3 

Table of canonical partitions of k on three dice 

canonical partitions 

(1,1,1) 1 
(1,1,2) 3 
(1,1,3) (1,2,2) 6 
(1,1,4) (1,2,3) (2,2,2) 10 
(1,1,5) (1,2,4) (1,3,3) (2,2,3) 15 
(1,1,6) (1,2,5) (1,3,4) (2,2,4) (2,3,3) 21 
(1,2,6) (1,3,5) (1,4,4) (2,2,5) (2,3,4) (3,3,3) 25 
(1,3,6) (1,4,5) (2,2,6) (2,3,5) (2,4,4) (3,3,4) 27 
(1,4,6) (1,5,5) (2,3,6) (2,4,5) (3,3,5) (3,4,4) 27 
(1,5,6) (2,4,6) (2,5,5) (3,3,6) (3,4,5) (4,4,4) 25 
(1,6,6) (2,5,6) (3,4,6) (3,5,5) (4,4,5) 21 
(2,6,6) (3,5,6) (4,4,6) (4,5,5) 15 
(3,6,6) (4,5,6) (5,5,5) 10 
(4,6,6) (5,5,6) 6 
(5,6,6) 3 
(6,6,6) 1 

total = 216 
These are the increasing canonical partitions; in how many equivalent 

ways can each be written? If the three indices are distinct then there are 
evidently exactly 3! = 6 equivalent sequences in the entire sample space. If 
two indices are the same then the other index may be put in any of 3 places, 
hence there are 3 equivalent sequences in the sample space. Finally, if all three 
indices are the same then there is only one such sequence in the sample space. 
Thus we have to multiply each partition on the left by its multiplication factor 
(6, 3, or 1) and then sum across the line to get the total number of partitions 
that are in the original sample space and that also have the value k. These 
totals are given on the right. Dividing these sums by the total 216 we get 
the corresponding probabilities. When we notice the structure of the table, 
the symmetry of the totals above and below the middle, and check by adding 
all the numbers to see that we have not missed any, then we are reasonably 
confident that we have not made any mistakes. 

The answer to the question asked of Galileo, the ratio of the probabilities 
of a sum of 9 or 10, is clearly 25/27 '" 0.926. Although there are the same 
number of canonical partitions in these two cases, the partitions do not have 
the same total number of representatives in the original sample space. 

At the time of Galileo there were claims that the canonical partitions 
are the equally likely elements of the sample space. Hence you should review 
the argument we gave for the product sample space of probabilities to see if 
it convinces you. 

The reader needs to be careful! The distribution we have used is known 

[61] 
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as the Maxwell-Boltzmann distribution. If we take the canonical partitions as 
the equally likely elements then the distribution is known as the Bose-Einstein 
distribution, which assumes that it is the entries on the left hand side of 
Table 2.4-1 that are the equally likely events and they have no corresponding 
multiplicative factors. Thus the right hand column would be the sequence (1, 
1, 2, 3, 4, 5, 6, 6, 6, 6, 5, 4, 3, 2, 1, 1). The total number of equally likely 
cases is 56. 

Finally, if we consider the Pauli exclusion principle of quantum mechan­
ics then only the canonical partitions for which the three entries are distinct 
can occur and these are the equally likely events. We then have the Fermi­
Dirac distribution. Thus in Table 2.4-1 we must eliminate all the entries for 
which two of the numbers are the same. When we do this we find, beginning 
with the sum 6 and going to the sum 15, sequence (1, 1, 2,3,3,3,3,2,1, 1). 
The total number of cases is 20. 

Only the last two distributions, the Bose-Einstein and the Fermi-Dirac, 
are obeyed by the particles of physics. Thus you cannot argue solely from ab­
stract mathematical principles as to which items are to be taken as the equally 
likely events; we must adopt the scientific approach and look at what reality 
indicates. If we wish to escape the medieval scholastic way of thinking then we 
must make a model, compute what to expect, and then verify that our model 
is (or is not) closely realized in practice (except when using "loaded dice"). 

Example 2.4-5 Bose-Einstein Statistics 

If we put n indistinguishable balls in k cells then the number of ways we 
can do this is C(n;h,h, .. . i.:) equally likely ways, where the sum of the i, 
is n. Hence anyone configuration has the probability of the reciprocal of this 
number. 

Example 2.4-6 Fermi-Dirac Statistics 

Suppose we have k (indistinguishable) balls to put into n distinct boxes, (k ::; 
n), and ask, "In how many ways can this be done so that at most one ball 
goes into anyone box?" 

We can select the k places from the n possible ones in exactly 

C(n,k) 

ways, and each way is equally likely. Hence the probability of anyone config­
uration is 

1/C(n, k) 
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Exercises 2.4 

2.4-1 Write out the table corresponding to (2.4-2) for the Bose-Einstein 
statistics. 

2.4-2 Write out the table corresponding to (2.4-2) for the Fermi-Dirac 
statistics. 

2.4-3 What is the probability of no defects in n items each having a prob­
ability of a defect p? 

2.4-4 Using Exercise 2.4-3 what is the probability of two or more defective 
pieces? 

2.4-5 Show that for large n b(l; n,I/n) - I/e. 

2.4-6 Similarly show that b(2; n,I/n) - I/2e, and b(3; n,I/n) - I/6e = 
1/3!e. 

2.4-7 If p is the probability of a Bernoulli event and we make n trials show 
that the probability of an even number of events is [1 + (2p - 1)"]/2. 

2.4-8 Corresponding to Table 2.4-1 make a table of b(l, 10,3/5). 

2.4-9 If a coin is biased with probability p(H) = p then in the game of "odd 
man out" (see Exercise 1.7-15) what is the probability of a decision? Ans.3pg. 

2.4-10 From an n-dimensional cube of lattice points and with a side n we 
select a random point. Show that the probability of the point being inside the 
cube is [en - 2)/n]" _ e-2 • 

2.4-11 Expand the binomials in the probabilities of 0, I, 2, and 3 occur­
rences, and show that the expansions cancel out to the next term provided 
np < 1. Hence if np <: 1 the first term neglected in the expansion is close to 
the exact result for 4 or more events. 

2.4-12 Show by exact calculation that the floppy disc estimates in Exam­
ple 2.4-3 are sufficiently accurate. 

2.4-13 Find the distribution of the sum of two dice following the method 
used for three dice for the three distributions, Maxwell-Boltzmann, Bose­
Einstein, and Fermi-Dirac. 

2.4-14 If a coin has probabilty p of being a head show that the probability 
of 1 tosses of the coin will have the same side is pic + glc. For what p is this a 
minimum? 

2.4-15 Quality Control In a set of 100 items 10 are defective. What is the 
probability that a sample of 10 will all be good? Ans. - I/e. 

2.4-16 Using the approximation exp(x) '" (1 +I/n)"'" and a similar one for 
exp(-x), discuss their product and what it indicates. 
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2.5 Random Variables, Mean and the Expected Value 

We now introduce the idea of a random variable. We have, so far, discussed 
carefully the elementary events and the probabilities to assign to each. We 
now assign a value to the outcome of the event. For example, when we 
discussed the sum of the faces of three dice (Example 2.4-4) we had the 
value k associated with selected outcomes, namely where the sum of the three 
faces was equal to k. Thus we were assigning both a value 1,2, ... ,6 to each 
of the corresponding faces of a die and also a value to the sum of the three 
faces. We wrote 

Pr{S = k} 

and we now understand S to be a random variable having values running from 
3 to 18 with the corresponding probabilities Pr{S = k}. S is regarded as a 
function over the subsets of the sample space and 

Pr{S = k} 

is the sum of the probabilities of all outcomes which have the corresponding 
value k. This idea will be used extensively in the future, and if it is at first 
confusing this is the normal situation. The random variable idea arises because 
we assign values to the outcomes-the use of only names greatly restricts what 
we can compute. 

Sometimes we want to know only a specific probability, but often we 
want to know the whole distribution for the random variable 1< which takes 
on the integer values k= 0,1, ... , n with probabilities P( k) = Pr{J< = k} of 
exactly k successes in n trials (recall Table 2.4-1). In many cases, however, the 
actual numbers that make up the distribution are not easily assimilated by the 
human mind, and we need some summarizing descriptions of the distribution. 

The first useful summarizing number is the mean (average) 

n 

L kp(k) = Op(O) + Ip(l) + 2p(2) + ... + np(n) = I-' (2.5-1)* 
k=O 

which is the mean value of the random variable 1< whose values are k = 
0,1, ... , n, each with the corresponding probability p(k). This is usually la­
beled by the Greek lower case letter I-' (mu), especially in statistics. It mea­
sures the position of the "center of the distribution." It is the mean value of 
the random variable 1<. It is also called the average or expected value of the 
random variable, or of the distribution. 
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Example 2.5-1 

RANDOM VARIABLES, MEAN AND THE EXPECTED VALUE [65] 

The Expected (Mean) Value from the 
Roll of a Die 

The random roll of a die gives the faces I, 2, 3, 4, 5, 6 each with probabil­
ity 1/6. If we assign the values 1, 2, 3,4,5, 6 to the corresponding faces then 
the expected (average, mean) value 

I' = HI + 2 + 3 + 4 + 5 + 6] = H6 x 7/2] = 3.5 

which is not a possible value from any roll. The expected value is not neces­
sarily a value that can be "expected" to turn up! It is, at the moment, only 
a technical definition and not necessarily what a normal human would think! 
You have to be a very poor statistician to believe an expected value is a value 
you can always expect to see. 

Example 2.5-2 The Expected Value of a Coin Toss 

The random toss of a coin may be given the values: head = 1 and tail = O. 
Thus the expected value of a toss (p = 1/2) is 

However, we might have assigned the values: head = 1 and tail = -l. 
In this case the expected value would be 

I' = ;[1- 1] = 0 

Which of these two assignments of values for the faces of the coin to 
use depends on the particular application-the assignment of values to the 
outcomes of the trials depends on the use you intend to make of the result. 
If you are counting the number of heads in a sequence of n tosses then the 
first assignment is reasonable and I' = 1/2 is appropriate, but if you win one 
unit on a head and lose one unit on a tail then I' = 0 is more reasonable; on 
a single toss you expect neither a gain nor a loss. 
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Example 2.5-3 The Sum of Two Dice 

What is the expected value of the sum of the faces of two randomly thrown 
dice? We start with the sample space of6x6 = 36 events each with probability 
of 1/36, (Exercise 1.6). We are interested in the sum so we now group together 
all events that have the same sum of the two faces, a value running from 2 
to 12. This sum S is a random variable, say S = Xl + X2 where the Xl is 
the random variable for the first die and X2 is the random variable for the 
second die. We have the following Table 2.5-1: 

TABLE 2.5-1 

Table of S = Xl + X2 

P(S = 2) = 1/36 (1,1 ) 
P(S = 3) = 2/36 (1,2) (2,1 ) 
P(S = 4) = 3/36 (1,3) (2,2) (3,1) 
P(S = 5) = 4/36 (1,4) (2,3) (3,2) ( 4,1) 
P(S = 6) = 5/36 (1,5) (2,4) (3,3) (4,2) (5,1) 
P(S = 7) = 6/36 (1,6) (2,5) (3,4) (4,3) (5,2) (6,1 ) 
P(S = 8) = 5/36 (2,6) (3,5) (4,4) (5,3) (6,2) 
P(S = 9) = 4/36 (3,6) (4,5) (5,4) (6,3) 
P(S = 10) = 3/36 (4,6) (5,5) (6,4) 
P(S = 11) = 2/36 (5,6) (6,5) 
P(S = 12) :: 1/36 (6,6) 

The table on the right lists the 36 equally likely entries in the sample space in 
a convenient order. The derived random variable S does not have a uniform 
distribution though it comes from a uniform distribution via grouping vari­
ous terms having the same value for the random variable S (the sum). The 
expected value of the distribution of S is (for the standard value assignment 
to the outcomes) 

~=[2xl+3x3+4x3+5x4+6x5+7x6+8x5+9x4 

+ 10 x 3 + 11 x 2 + 12 x 1]/36 = 252/36 = 7 

But this is just the sum of the expected values from each of the two 
independently thrown dice! This is not a coincidence as we will see below. 
Thus further investigation of the expected value of a distribution (with a given 
value assignment) is worth some effort. 

We see that the mean (average) or expected value is merely the sum 
of the values assigned to the outcomes of each trial when each outcome is 
weighted by the probability of its occurrence. This weighting of the values of 
the outcomes of the occurrences by their corresponding probabilities happens 
frequently and we need, therefore, a notation and some simple results to relieve 
us of rethinking the details every time we compute a mean. Given a random 
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variable X whose outcomes have probabilities p(i), and have the values Xi, 

(i = 1,2, ... , n), then the expected value of the random variable X is defined 
to be (E is for expectation) 

n 

E{X} = L xiP(i) (2.5-2)* 
i=1 

This is the average computed over the sample space, each outcome value Xi 

is weighted by its probability p(i). 
The expected value operator E {.} is a linear operator whose properties 

are worth investigating. We first examine the expected value of the product 
of two random independent variables X and Y, and then examine the sum. 

For the product XY, of the two random, independent variables X and Y, 
the probability of the pair of outcomes Xi and Yi will by definition (2.5-2) be 

E{XY} Lkp{XY = k} (2.5-3) 
k 

How do we get the p{ XY = k}? By definition (2.5-2) we must first sum all 
the px( i)py (j) in the sample space for which xiYi k, where the subscripts 
on the probabilities indicate the corresponding variable. Hence we have 

E{XY} = L k L px(i)py(j) 
k r,y,=k 

This formula is not easy to use so we seek an alternate approach to 
compute E{XY}. We go back to (2.5-2). The product XiYj arises with 
probability px(i)py(j), hence 

E{XY} = L XiYipx(i)py(j) 
.ample 
spAce 

= LLXiYiPx(i)py(j) 
i j 

(2.5-4) 

We need to convince ourselves that these two different expressions (2.5-3) 
and (2.5-4) for E{X} are the same. To see this take any point in the product 
sample space (Xi, Yj) and follow it through each computation; you will see 
that it enters into the result exactly once and only once either way, each time 
with weight px(i)py(j). Hence the two formulas represent alternate ways of 
finding the expected value. 

This proof of the equivalence is simple for a finite discrete sample space, 
but when we later face continuous sample spaces it brings up two separate 
ideas. First, the integral (corresponding to the finite summation) over the 
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whole sample space is the iterated integral (in either order) as in the calculus. 
Second, a change of variables (in this case from rectangluar to what will be 
an integration along a hyperbolic coordinate and then all the hyperbolas are 
integrated to cover the whole sample space) to new coordinates will involve 
the corresponding Jacobian of the transformation. 

We now return to the problem at hand. Taking it in the second form, 
(2.5-4), we have the expected value ofthe product ofthe independent variables 

E{XY} = LXiYiPX(i)py(j) 
i,; 

If we fix in our minds one of the variables, say Xi, and sum over the Y variable 
we will find that for each value Xi we will get the expected value of Y, namely 
E{Y}. This will factor out of each term in the variable Xi, hence out of the 
sum. What is left is the expected value of X. Thus we have the result that 
for independent random variables 

E{XY} = LXiPX(i) LYiPy(j) 
i i (2.5-5) 

= E{X}E{Y} 

A rather simple way to see this important result is to actually write 
out the product space of the random independent variables X and Y in a 
rectangular array. 

Xl YIPX( 1 )py (1) 
X2YIP x (2)py (1) 

XnYIPx(n)py(l) 

XIY2PX(1)py(2) 
X2Y2PX(2)py(2) 

XnY2PX (n )py (2) 

XIYnPX (l)py(n) 
X2YnPX (2)py(n) 

XnYnpx(n)py(n) 

Now consider summing by the rows; for the ith row the xiPx(i) value is fixed 
and you get for every row the same value E{Y}. Now sum what is left after 
factoring out the E{Y} and you get E{X}. Alternately, you can sum by the 
columns first to get E{X} and then sum the rest to get the E{Y}. In both 
cases you get the product of the expectations. 

Next we consider the sum of any two random variables X and Y, inde­
pendent or not. We have 

i 
E{X + Y} = L(Xi + Yi)p(i,j) 

i 

where p( i, j) is the probability of the pair Xi, Yi occurring. When you think 
about the two following equations you see why they are true: 

LP(i,j) = Px(i) 
i (2.5-6) 

Lp(i,j) = py(j) 
i 
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We have, therefore, on breaking up the sum into two sums and then inter­
changing the order of summation in the second sum, 

i 
E{X + Y} = ~)Xi + Yi)P(i,j) 

i 

= LXi LP(i,j) + LYi LP(i,j) 
iii i 

= L xiPx(i) + LYiPy(j) 
i i 

= E{X} + E{Y} 

This should be clearly understood because it is fundamental in many 
situations. We have the result that the expected value of the sum of two 
random variables, independent or not, is the sum of their expected values, 

E{X + Y} = E{X} + E{Y} (2.5-7) 

It is an easy extension to see that E {.} is a linear operator, that is 

E{aX + bY} = aE{X} + bE{Y} (2.5-8)* 

We have only to follow through the above argument with the constants a 
and b and notice how they factor out of each sum. This result shows why the 
expected value of the sum of the values of the two dice is the sum of their 
expected values. 

The fact that the expectation of a sum of random variables is the sum 
of the expectations no matter how the two variables are related explains why 
E {.} is such a useful linear operator. 

This method of summing over one of the variables and then over the 
other, and finding that the expected value factors out of the other sum and 
that then the other sum is exactly 1, is fundamental to much of the theory 
and should be mastered. If you do not see it clearly then look again at the 
product space (the rectangular array) and examine what happens as you sum 
(Xi + Yi) by rows and then by columns. 

Once we notice that the sum of two random variables is itself a random 
variable, then we can recursively apply the above formula and obtain result 
that for any finite sum of random variables Xi with constants Ci 

(2.5-9)* 

For products of independent random variables we have correspondingly 

E{II[Xi]} = II[E{X;}] (2.5-10)* 
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these generalize equations (2.5-7) and (2.5-5). 
Other measures of a distribution besides the expected value are often 

used by statisticians. One is the median which is the middle value when 
the :rj are ranked in order (the average of the middle two when there are 
an even number of values). Another measure is the mode which is the most 
frequent (most fashionable) value. The mode makes sense only when the 
distribution has a single, well defined, peak. The mid range (:rmax - :rmin)/2 

is occasionally used. 

Example 2.5-4 Gambling on an Unknown Bias 

You have a sequence of repeated, independent trials of unknown probability p, 
say betting on a biased coin. One strategy for betting is to bet on the face of 
the most recent outcome thus making your bets have the same frequency as 
the out comes of the trials. Your expected gain per trial is 

gain - loss = pp + qq _ {pq + qp} = (p _ q)2 

If you have the additional information that the bias is such that p > 1/2 
then an alternate strategy is to bet always on the event. Now your gain per 
toss is 

(p-q) 

Thus knowing only the side which the bias favors, you have a significant 
advantage (except for p = 1/2 and p = 1) as the following table shows. 

prob. p gain 1 gain 2 

.5 .00 .0 

.6 .04 .2 

.7 .09 .4 

.8 .16 .6 

.9 .64 .8 
1.0 1.00 1.0 

Mathematical aside: Sums of Powers of tIle Integers 
We often need some small mathematical details that are not easily recalled 
by the student. In particular we will often need the sums of the consecutive 
integers raised to low powers; we will need the formulas 

n 

I> = n(n + 1)/2 
k=l 

n 

2:1-2 = n(n + 1)(2n + 1)/6 
k=l 

n 

2:1-3 = [n(n + 1)/2]2 
k=l 
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These are all easy to prove by the use of mathematical induction. For example, 
for the sum of the cubes of successive integers we need to show: (1) for the 
basis of the induction, using n = 1, we get the same number on both sides, 
and (2) for the induction step from n - 1 to n we have an equality, namely 

old sum + next term = new sum 

[n(n - 1)/2]2 + n3 = n2 [(n 2 
- 2n + 1)/4 + n] 

= n2 [(n + 1)2/4] = [n(n + 1)/2]2 = new sum 

Exercises 2.5 

2.5-1 Ca.nnon balls a.re piled a.s a. pyra.mid with a. squa.re ba.se. If the side 
of the squa.re is n, then how ma.ny balls in the pile? 

2.5-2 Tria.ngula.r numbers a.re defined a.s f(n) = n(n - 1)/2. Find the sum 
of the first k tria.ngula.r numbers. 

2.5-3 Wha.t is the expected value for a. deck of ca.rds numbered (values) 1, 
2, ... , 52? 

2.5-4 Wha.t is the expected va.lue of the sum of four dice? 

2.5-5 Wha.t is the expected value of the sum of n coins? Ans. n/2 or O. 

2.5-6 Wha.t is the expected value of the sum of n dice? 

2.5-7 One a.nd only one key on a. key chain of n keys fits the lock. Compa.re 
finding the key by systema.tic or ra.ndom methods. 

2.5-8 A disc tra.ck is selected from a. set numbered 1,2, ... , n. Call this X. 
You now select Y from 1::; Y ::; X. Show tha.t E{Y} = (n + 3)/4. 

2.5-9 If p(k) = kilO, (0::; k ::; 4) find E(K). 

2.5-10 If p(k) = qplc(k = 0, 1, ... ) find E(K). 

2.5-11 Find the product of the values on the two faces of a. pair of indepen­
dently thrown dice. Ans. 49/4. 

2.5-12 Wha.t is the expected value of the product of three independently 
thrown dice? 
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2.6 The Variance 

The mean gives the location of the "center" of a distribution, but a little 
experience with distributions soon shows that some distributions are spread 
out and some are narrow; see Figure 2.6-1. The amount of the spread is often 
important so we need a measure of the "spread" of a distribution. The most 

Two distributions 

FIGURE 2.6-1 

useful one from the point of view of mathematics (meaning it can be handled 
easily) is the sum of the squares of the deviations from the mean, 1', each 
square of course multiplied by its probability p(i), 

Variance {X} = V {X} = l:)Xi -1')2p(i) = (1'2 (2.6-1)* 

The standard notation is (1'2, where (1' is often used as a measure for the spread 
of the distribution of the random variable X. A large variance means that the 
distribution is broad, and a small variance means that the all distribution is 
near the mean. Indeed, a zero variance means that the distribution is all at 
one point, the mean, 1'. Note, like the mean, the variance is computed over 
the whole sample space. 

It is immediately evident that the variance is independent of any shift 
in the coordinate axis, since it depends only on the difference of coordinates 
and not on the coordinates themselves. This is important because it allows 
us, many times, to simplify various derivations by assuming that the mean is 
zero. 

We need the facts that (c is a constant) 

V {c} = 0 (2.6-2)* 

The first follows because the variance is measured about the mean (which 
is c), and the second because by the definition a multiplying factor c will 
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also multiply the mean by c, and hence c2 comes out of the square of the 
differences. 

For theoretical work we often convert the formula for the variance to a 
more useful form. We simply expand the square term in (2.6-1) and note how 
the mean arises, (E{X} = J.l) 

(2.6-3)* 

Next, we prove that for a sum of independent random variables Xi we 
have (V {.} is a linear oper ator) 

(2.6-4)* 

The proof is easy. For convenience we assume that the mean of each random 
variable Xi is 0, E{X;} = o. Then we have, (using different summation 
indices to keep things straight) 

E{LX[} = E{LXi LXj} 

= E{LXiXj} 
iIi 

= E{LX[} + E{LXiXj } 
i i¢j 

where the squared terms are in the first summation and the cross products 
are in the second (each there twice). But for independent random variables 
from (2.5-5) E{XiXj } = E{X;}E{Xj } = 0 x 0 = 0 (since we assumed the 
means were 0). Hence the last sum is zero. Therefore, for independent random 
variables the variances simply add, a very useful property: 

(2.6-5)* 

Thus the variance of the sum of n samples of the same random variable has 
the variance nu2 • 

The mean and variance we have just computed are probability weighted 
averages of the values over the whole sample space. Often for just n random 
sample values from the distribution we want to know expected value and 
the variance of their average. Thus we need to study the average of the n 
samples. We do not want to actual handle the specific samples, so we write 
their corresponding random variables Xi, and examine the random variable 

S(n) = Xl + X2 + ... + Xn 
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We want to study the average so we use 

S(n)/n = [Xl + X2 + ... + Xn]/n 

For the expected value of the average S(n)/n we have 

E{S(n)/n} = [E{Xd + ... + E{Xn}]/n 

= (jJ + I' + I' + ... + p]/n = I' 

CHAPTER 2 

Thus the expected value of the average of n samples is exactly the expected 
value of the original random variable X -it is an unbiased estimate since it 
is neither too high nor too low. 

For the variance of thf' Ilverage of n independent samples we assume the 
mean is 0 and have 

V{S(n)/n} = [v{Xd + ... + V{Xn}]/n2 

Thus the variance of the average of n samples of a random variable decreases 
like l/n. The corresponding measure of the spread of the distribution (com­
pare 2.4-6) of the average of n samples is 

This means that if we want to decrease the spread of a distribution of the 
average of n samples by a factor of 10 we will need to take 100 times as many 
samples. 

How robust are these measures to small changes in the probabilities p( i)? 
If the p(i) are not exactly what we supposed they were but have errors e(i), 
then the true values are 

p(i) + e(i) 

where we have, of course, I: e( i) = O. We should have computed 

E{X}* = LZi[(p(i) + e(i)] = E{X} + LZie(i) 

and we lost the last sum. For convenience we write 

E{X}* = 1'* and E{X} = I' 

and we have 

1'* = I' + LZie(i) = I' + A or 1'* - I' = A 



26 THE VARIANCE [15] 

where we have set A = 2:; x;e(i) and A is therefore the shift in the mean. 
The variance is more complex. We should have computed 

Instead we computed 
v = I)xi - Jl)2 p(i) 

To get V· in terms of simpler expressions, especially V, we write things as 

Expand the binomials and get term by term 

V· = V - 2A 'L:(x; - Jl)p(i) + A2 

+ 'L:(Xi - Jl)2e(i) - 2A'L:(Xi - Jl)e(i) + A2 'L:e(i) 

The second and sixth terms and part of the fourth and fifth drop out and if 
we set 2:x[e(i) = B then we have 

V· = V + A 2 + B - 2JlA - 2A 2 

= V + B - A(2Jl + A) 

Example 2.6-1 The Variance of a Die 

The roll X of a die has, (from Example 2.5~1), E{X} = 7/2. The variance is 
the values measured from the mean, then squared, and finally summed over 
all the values weighted by their probabilities p(i). We get, for the standard 
assignment of values for the faces of the die, the differences from the mean 

-5/2, -3/2, -1/2, 1/2, 3/2, 5/2 

to be squared, multiplied each by p(i) = 1/6, and added. As a result we get 

(1/6)[25 + 9 + 1 + 1 + 9 + 25]/4 = 70/24 = 35/12 

Instead we can compute the squares of 1, 2, 3, 4, 5, 6, add, and then 
multiply the sum by the probability 1/6, to get E{X2} = 91/6. According 
to (2.6~3) we then subtract the square of the mean 

91/6 - (7/2)2 = 91/6 - 49/4 = (182 - 147)/12 = 35/12 

which is, of course, the same number. 
Notice that the formula (2.6-3) may (as in this example) give a difference 

of large numbers and hence be sensitive to roundoff errors, especially when 
the mean is large with respect to the variance. 
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Example 2.6-2 Variance of M Equally Likely Outcomes 

This is a generalization of Example 2.6-1. We have the Xi = i, (i = 1, ... , M), 
p(i) = I/M, and the sums 

Ll=M 

E{X} = (I/M) LXi = (I/M)M(M + 1)/2 = (M + 1)/2 

E{X2} = (I/M) LX; = (I/M)M(M + 1)(2M + 1)/6 

= (M + 1)(2M + 1)/6 

hence the variance is 

v = [(M + 1)][(2M + 1)/6 - (M + 1)/4] 

= (M + 1)[4M + 2 - 3M - 3]/12 

= (M + 1)(M - 1)/12 = (M2 - 1)/12 

For M = 6 this gives 35/12 as before, Example 2.6-1. 

Example 2.6-3 TIle Variance of the Sum of n Dice 

If we assume, as we should since nothing else is said, that the outcomes of the 
roll of n individual dice are independent and uniformly likely, then by (2.6-5) 
we merely take the variance of a single die and multiply by n 

(35/12)n 

to get the variance of the sum of n dice. 

There is a tendency to believe that the square root of the variance gives 
a good measure of the expected deviation from the mean. But remember that 
we "averaged" the squares of the deviations from the mean. In the sum of 
the squares the big deviations tend to dominate the sum (since the square 
of a large number is very large and the square of a small number is small, 
hence only the large numbers influence the total very much). Thus it should 
be clear that if the deviations from the mean vary a lot then the square root 
of the variance is not a good measure of the expected deviation, which should 
be given by a formula like (although JJ should probably be computed by a 
different formula, say the median) 

E I X - JJ I = L: I Xi - JJ I p( i) 
i 
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This is the average of the absolute differences from the mean (or maybe the 
median). It is not used much because it has difficult mathematical properties 
(but often good statistical properties!). 

Consider the equally likely data (p(i) = 1/10) 

The mean is (6 + 9)/10 = 1.5, hence the variance is 

Var = (1/10)[(4.5)2 + 9(0.5)2] = (20.25 + 2.25)/10 = 2.25 

Hence the root mean square (the square root of the mean of the quares) is 1.5. 
On the other hand the mean deviation from 1.5 (the mean) is 

(1/10) L 1 Xi - 1.5 1= (1/10)[4.5 + 9(1/2)] = 9/10 = 0.9 

The difference in the two answers is due mainly to the "outlier" Xl = 6. 
When is 1.5 a better measure of the deviation from a reasonable estimate of 
the center of the distribution than is 0.9 given nine values at 1 and one value 
at 6? It all depends on the use to be made of the result! Had we used the 
median, which is 1, and found the mean deviation from it we would, in this 
case, have found the result 1/2. 

The sequence E{I} = 1, E{X}, and E{X2} suggests that the general 
kth moment should be defined by 

(2.6-5)* 

If we want the kth moment about the mean (the kth central moment) then we 
have 

(2.6-6)* 

For most purposes all the moments determine, theoretically, the dis­
tribution, and playa significant role in both probability and statistics. In 
practice only the lower moments are used-because as noted above the larger 
terms dominate in the sum of the squares and this is even more true for 
higher powers. The third moment about the mean is called "skewness" and 
the fourth is called "kurtosis" (elongation, flatness); the higher ones, have not 
even been named! Similarly, 

E{f(n)} = Lf(i)p(i) (2.6-7)* 

for any reasonable function f(n). 
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Exercises 2.6 

2.6-1 For the formula (2.6-5) find for k = 3, 4, and 5 the central moments 
in terms of the moments about the origin. 

2.6-2 Carry out the derivation of the formula for the variance when the 
mean is p.. 

2.6-3 Find the variance of n trials from a sample space of M equally likely 
events. 

2.6-4 Conjecture that the sum of the fourth powers of the integers is a 
polynomial in n of degree five. Impose the induction hypothesis (and initial 
sum) and deduce the corresponding coefficients of the fifth degree polynomial. 

2.6-5 Find the mean and variance of a Bernoulli dlstribution. 

2.6-6 Find the third and fourth moments of a Bernoulli distribution. 

2.6-7 Find the mean and variance of the distribution {qpn} (n = 0,1, ... ). 
Ans. p and plq2. 

2.6-8 For the distribution p(k) = kIlO (k = 0, .... 4) find the mean and 
variance. 

2.7 The Generating Function 

Given a probability distribution p(k) (for integer values k) we can write it as 
a single expression by means of the generaHng functjon which is a polynomial 
in the variable t whose coefficients are the values p(k) 

G(t) ::: I>(k)t k 
::: E{tl:} (2.7-1)* 

k 

For example, for a die with six faces each of probability 1/6, we have the 
generating function 

G(t) ::: (t + t 2 + t3 + t4 + t5 + t6 )/6 

::: t(l - t6 )/6(1- t) 

We have seen the generating function before, but in the form used for 
counting or enumerating. For example, for the binomial coefficients we had 
(2.3-2) the generating function 

n 

G(t) ::: (1 + t)" ::: L C(n, k)t k 

1:=0 
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This suggests immediately that for the binomial (Bernoulli) probability 
distribution (2.4-2) 

b(k;n,p) = C(n,k)pl:qn-I: 

we will have the generating function (see 2.4-5) 

n 

G(t) = I)C(n, k)pl:qn-I:}tl: = (q + pt)n (2.7-2) 
1:=0 

The generating function representation of a probability distribution is 
very useful in many situations; the whole probability distribution is contained 
in a single expression. It should be evident from (2.7-1) that 

G(I) = LP(k) = 1 
I: 

If we differentiate the generating function with respect to t we get 

G'(t) = L kp(k )tl:- 1 

I: 

and hence 
G'(I) = JJ = E{X} 

If we multiply G'(t) by t and then differentiate again we will get 

[tG'(t)]' = tG"(t) + G'(t) = Lk2p(k)tl:-1 
I: 

and hence we have (set t = 1 again) 

E{X2} = G"(I) + G'(I) 

Therefore, the second moment about the mean is simply (2.6-3) 

v {X} = G"(I) + G'(I) - [G'(1W = q2 

(2.7-3)* 

(2.7-4)* 

We see that from the generating function alone we can get by formal 
differentiation both the mean and variance of a distribution (as well as higher 
moments if we wish). Thus the generating function is a fundamental tool in 
handling distributions and solving probability problems. 
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Example 2.1-1 The Mean and Variance of the Binomial 
Distribution 

From (2.7-2) the generating function for the binomial distribution and its first 
two derivatives are 

G(t) = (q + pt)" 

G'(t) = np(q + pt)"-l 

G"(t) = n(n - 1)p2(q + pt)"-2 

We now set t = 1 and get the val ues (remember that p + q = 1) 

G(l) = 1 

G'(l) = I' = np 

G"(l) = n(n - 1)p2 

hence we have for the binomial distribution (use (2.7-4)) 

mean = I' = np 

variance = 0'2 = n(n - 1)p2 + (np) _ (np)2 

= np(l - p) = npq 

(2.7-5)* 

(2.7-6)* 

The generating function allows us to do much more. If we ask how the 
sum of the faces of two dice can arise we see that it is the product of the 
generating function with itself 

G(t)G(t) = (t + t 2 + ... + t6 )(t + t 2 + ... + t6
) 

= t2 + 2t3 + 3.f4 + ... + t 12 

The coefficient of any power of t, say the kth power, is the number of ways 
that the sums of the original exponents can produce that k. The number of 
ways this can happen is exactly the coefficient of tk. The coefficient counts 
the number of ways the sum can arise. Thus we have the result that the 
generating function for the sum of the faces of two dice is simply the square 
of the generating function for a single die. 

This is a general result. Since the exponent of t is the same as the 
value assigned to the outcome of the trial, the power series product of two 
generating functions (where the exponents are automatically arranged for us 
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when we arrange things in powers of t) has for each power of t a coefficient 
that counts how often that sum can occur. In general, if 

(3.7-8) 

where the summations begin with index 0 to allow for a possible constant 
term), then for the product we have 

where 

G(t)H(t) = L c"t" 

" 
" c" = L aibj = L aib"-i 

i+i;:" i=O 

(3.7-9)* 

(3.7-10)* 

This sequence {c,,} is called the convolution of the sequence {ad with the 
sequence {bi }. 

The concept of a convolution is very useful, so we will linger over it a bit 
more to improve your understanding of it. We can easily picture a convolution 
of two sequences, one belonging to G(t) and the other to H(t). We imagine 
one written from left to right on a strip, beginning with the zeroth term, and 
the other sequence written in the reverse direction (right to left) on the other 

b. b3 I b2 I bl bo 

ao al I a21 a31 a4 I a~ I 
A convolution 

FIGURE 2.7-1 

strip, as shown in Figure 2.7-1. The second is placed below the first and 
is also displaced so that the kth term of one is opposite the zeroth term of 
the other. The sum of the products of the overlapping terms is exactly the 
convolution of the two corresponding sequences. In more detail we start with 
the zeroth terms opposite each other, compute to get the value for Co = aobo; 
shift one strip one unit, compute to get the value for CI = aObl + albo; shift, 
compute C2 = aOb2 + alb! + a2bO; ... until we get all the coefficients c" we 
want. The convolution of G(t) with H(t) is the same as the convolution of 
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H(t) with G(t) as can be seen from the figure or else from the formula (3.7-10) 
by replacing the dummy summation index i by k - i. Hence the convolution 
operation is commutative {it must be since G(t)H(t) = H(t)G(t)}. 

Example 2.7-2 TIle Binomial Distribution Again 

With the idea of a convolution in mind we start with the simple observation 
that a single binomial choice with probabilities p and q has the generating 
function 

G(t) = (q + pt) 

hence the sum of n independent binomial choices will have this same gener­
ating function raised to the nth power, (2.7-2), 

Gn(t) ::::: (q + pt)" 

as we should. From the expression for G(t) = (q + pt) we see that G'(I) p 
and G"(I) ::::: 0, hence using (2.5-6) and (2.6-3) we have for the binomial 
distribution of order n 

p=np 

Var = n(O + p - p2) = np(l p) npq 

as before, Example 2.7-1. 

Example 2.7-3 TIle Distribution of tIle sum of Three Dice 

At the start of this Section we gave the generating function of the face values 
of the roll of a single die, 

G(t) = t(1 - t6 )/6(1 - t) 

To get the generating function for the roll of 3 dice we merely cube this. It 
is not going to be easy to get the coefficients of this generating function by 
a power series expansion, (but see Example 2.4-4). Instead we can use the 
idea of a convolution and observe that the roll of 2 dice is the convolution of 
the sequence with itself (neglecting the factor 1/6), where the" I" is at the 
beginning of the sequence (just before the Oth term) for the first die 

10, 1, 1, 1, 1, 1, 1,0,0,0 ... 

We have supplied ° coefficients as needed. Convolving this with itself (re­
member to reverse the order of the coefficients on the second strip) we see 
that we get, neglecting the factor 36 for the moment and merely counting the 
number of times, 

10, 0, 1, 2, 3, 4, 5, 6, 5, 4, 3, 2, 1, 0, 0, ... 
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To get the result for three dice we convolve this with the original sequence 
and get, 

10, 0, 0, 1, 3, 6, 10, 15, 21, 25, 27, 27, 25, 21, 15, 10, ... 

as we did in Table 2.4-1. To get the probabilities we divide by 63 = 216. A 
comparison of the details of the two methods of computing shows that we are 
making progress when we introduce the more advanced ideas of generating 
functions and convolution-they help make actual computation easy as well 
as making the thinking a lot easier. 

Two things should be noted about our definition of a generating function 
in terms of a probability distribution. In the first place, given any sequence 
of numbers a. we can define a generating function 

The derivatives at the value t = 1 are 

AI/(l) = I)(k - l)aA: 
A: 

There is an alternate form of a generating function that should perhaps 
be mentioned. The exponential generating function is defined by 

M(t) = I>A:t#: fA:! 
A: 

For some purposes the M(t) is useful, but the simple formulas for the mean 
and variance require modification. 

Exercises 2.7 

2.7-1 Find the generating function, mean and variance for four dice. 

2.7-2 Same for two dice with one biased. 

2.7-3 Same with both dice biased different amounts. 

2.7-4 Apply the convolution theorem to the Bernoulli distribution and de­
duce various identities among the h(k;n,p). 

2.7-5 Apply the generating function approach to the toss of coins. Show 
that for n coins you get the correct mean and variance. 

2.7-6 If the generating function G(t) is the k'h power of another generating 
function F( t) find the first and second derivatives of G( t). 
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2.7-7 You draw one spade and one heart. What is the distribution of the 
sum of the faces using values I, 2, ... , 13 if you draw one card from each of 
these suits? 

2.7-8 Find the distribution of a biased die rolled twice. 

2.7-9 A distribution has po, PI and P2 (with of course their sum being 1). 
Find the distribution of the sum of two and of three trials. Ans. For two trials, 
p~, 2pOPI, 2pOP2 + PIP~. 
2.7-10 For the distribution {qpn} find the distribution of the sum of two 
and of three events happening. 

2.8 The Weak Law of Large Numbers 

We now examine one of the most important results in the simple theory of 
probability, the weak law of large numbers. It answers the question, "What is 
the expected value for the average of n independent samples of the same ran­
dom variable X?" This law connects our postulated idea of probability, which 
is based on symmetry, with our intuitive feeling that the average approaches, 
in some sense, the expected value-that the formally defined expected value 
E{X} is actually the "expected value" from many trials. It is called the "weak 
law" because there is a stronger form of it which uses the limit as the number 
of samples approaches infinity. 

Before proving this important result we need a result called the Cheby­
shev inequality. Given a random variable X whose values, positive or nega­
tive, are the Xi with corresponding probabilities p(i), we form the sum 

E{X2} = Lxlp(i) 
i 

From this sum we exclude those values which are within a distance { (Greek 
lower case epsilon) of the origin. Hence we have the inequality 

E{X2} ~ L xlp(i) 
Ir;i?:e 

We next strengthen the inequality by reducing all the xl to the smallest value 
they can have, namely {2. We have 

E{X2} ~ (2 L p(i) 
Irl?:e 



28 THE WEAK LAW OF LARGE NUMBERS [85] 

and on writing Pr{.} as the probability of the condition in the {.} occurring 

This can be rearranged in the form 

(2.8-1)* 

which is known as the Chebyshev inequality. 
There is another form of the Chebyshev inequality that is often more 

useful for thinking; this measures the deviation in terms of the quantity (I. 

We merely replace f by (If. This gives us, corresponding to (2.8-1) 

(2.8-2)* 

If, as we have assumed, the mean is zero then we have 

In order to understand this important result we analyse the extreme 
of how the equality might arise. First, we dropped all the terms for which 
I Xi I < f. Second, we replaced all larger Xi by their minimum {. There might 
have been no terms dropped in the first step, and all the terms might have 
been of the minimum size in the second, so no reduction occurred and the 
equality held; all the values were piled up at the distance f from the origin, 
and there were no others, but this is unlikely! In this sense the Chebyshev 
inequality cannot be strengthened-but other forms can be found. We could, 
for example, use any nonnegative function in place of X; if we wish to get 
other inequalities. 

We now turn to a closer study of the average of n independent samples 
of a random variable X having values Xi. Since we do not want to talk about 
the individual sample values we will again treat the n samples as n random 
variables Xi, (i = 1,2, ... , n). The average is defined to be 

S(n)jn 

where 
(2.8-3) 

In the previous Section 2.7 we studied the mean and variance of S(n)jn 
when we averaged over the whole sample space and found their corresponding 
values p and (12 jn. 

Since E{.} is a linear operator, to get the expected value of the sample 
average S(n)jn we average over the whole sample space and get the individual 
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E{X}. We then apply the Chebyshev inequality (2.8-1) to the difference 
between S(n)/n and its expected value JI., 

Pr { I S(n)/n - Jl.1 ~ (} ~ V {S(n)/n} /(2n 

~ (l/n2)V{S(n)}/(2 

~ V{X}/(2n 

(2.8-5)* 

This is the desired result; the probability that the average of n independent 
samples of a random variable X differs from its expected value JI. by more 
than a given constant ( is controlled by the number on the right. We see that 
for a random variable X by picking n large enough we can probably have the 
average of n samples close to the expected value JI. of the random variable X. 

There is a complement form (since the total probability must be 1), and 
using ku in place of (, we get 

Pr {I Sin - a I} < ku} > 1- V{X}/(ku)2n (2.8-6)* 

that is often useful. One form says that it is unlikely that the sample average 
will be far out, the other that it is probable it will be close. 

The results may seem to apply only to binary choices, but consider a die. 
The application with p = 1/6 applies to each face in turn, (with probability 
5/6 for all the other faces), hence each face will have the ratio of 1 to 6 for 
success to total trials. Similarly, any multiple choice scheme can be broken 
down to a sequence of two way choices, one choice for one given outcome and 
the other for all the rest combined, and then applied to each outcome in turn. 

In this derivation we found an upper bound on the probability-but the 
earlier result for the binomial distribution 2.4-6 shows that the deviation of 
the average from the mean is actually 

1/2..;ri 

and suggests that this is the probable behavior in the general case; we can 
reasonably expect the square root of the variance to be a measure of the 
spread of a distribution of the average of n samples. 

The idea that we may take an infinite number of samples is not practical; 
we often have to first decide on the number of samples n we can afford to take 
and then settle for what we get. For a choice of ( we can be, probably, that 
close if we accept the corresponding low level of confidence; if we want a high 
level of confidence we must settle for a large deviation from the expected value; 
there is an "exchange," or "tradeoff," of accuracy for reliability, closeness for 
confidence. We also see the price we must pay in repetitions of the trials for 
increased confidence. To get another decimal place of accuracy we must reduce 
the k by 10 and the formula requires an n of 100 times as large to compensate. 
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It is the root mean square of the variance that estimates the mean distance 
and the accuracy goes like 1/..jTi; accuracy does not come cheap according to 
this formula! 

Since the law of large numbers is widely misunderstood it is necessary 
to review some of the misconceptions. First, it does not say that a run of 
extra large (or small) values will be compensated for later on. The trials are 
assumed to be independent so that the system has no "memory"; no toss of a 
coin or roll of a die "knows" what has happened up to that point so it cannot 
"compensate." If it did then where in the whole system would the information 
about the past be? The law merely says that in the long run, pr(\bably, any 
particular run will be "swamped," not compensated for. 

Second, the law is not a statement that the average wj]] be close to its 
expected value-it cannot say this because there is a finite, though small, 
chance that an unusual run will occur (for example that 100 heads in a row 
will occur with an unbiased coin and the average of this run will not be close 
to the expected value). The law says not only that probably you will be close 
but it also implies that you must expect to be far out occasionally. 

Third, we have an inequality and not an approximation. Often the 
Chebyshev inequality is very poor and hence makes a poor approximation 
when used that way. Still, as we have just seen, it can give useful results. 

At first glance it is strange that from the repeated independent events 
we can (and do) find statistical regularity. It is worth serious consideration on 
your part to understand how this happens; how out of random independent 
events comes some degree of regularity. 

Exercises 2.8 

2.8-1 In the derivation of the Chebyshev inequality use (x - 1l)2 in place 
of x .. : -,' -( 

2.8-2 In the derivation of the Chebyshev inequality use any g( x) ~ 0 you 
wish. 
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2.9 The Statistical Assignment of Probability 

From the concepts of symmetry and interchangability we derived the measure 
of something we called probability. We then introduced the concept of ex­
pected value of a random variable which is simply the probability weighted 
average of the values of the random variable over its sample space, and it is 
not necessarily what you think is the "expected value." 

From the model we deduced the weak law of large numbers which says 
that probably the average of many trials will be near to the expected value. 
From the model we found the probable frequency of occurrence. This is the 
justification, such as it is, for the use of the name "expected value." 

Statistics, among other things, attempts to go the other way, from the 
observations of the frequencies of the events to deduce the probabilities of 
the underlying mechanisms. The basic tool is the weak law of large numbers. 
Some people have postulated the existence of these limiting frequencies, (see 
Section 8.4), but in practice, as indicated earlier, one has to settle, more or 
less, for a finite number of trials, and cannot hope to go to the limit. The 
weakness of the weak law of large numbers is both in the limit of accuracy 
obtainable when a realistic number of trials is assumed, and the fact that the 
law has the words "with probability ... ". It contains no certainty when you 
approach the matter in a scientific spirit and do not invoke impossible things 
like an infinite number of trials. The law tells us that in any particular case 
we can have no certainty as to whether we just happen to fall in the range 
covered by the words "with probability ... " or not. The law also assumes that 
the variance exists and that we know it (but see Appendix 2.A), and that the 
average will settle down; we will later see (Chapter 8) that there are many 
interesting distributions for which the average does not even exist hence the 
weak law of large numbers does not apply! 

The law of large numbers is the justification for the frequency approach 
as a measure of the probability of an event. When the basic symmetry of the 
situation is not available, as in tossing a thumb tack to see if it ends up on its 
side or with the point up, Figure 1.10-1, there is little else we can do but make 
repeated trials and note the frequencies of each from which we will deduce the 
probabilities to assign to the two possible outcomes of a trial. In doing so you 
have abandoned certainty (if you believe in the symmetry) in exchange for 
the possibility of doing something that may be "reasonable." The proposal 
that we compute the details of the model involving the tossing mechanism, 
elasticity and roughness of coin and surface it falls on, etc., is hardly practical 
(see Chapters 5 and 6). 
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Example 2.9-1 Test of a Coin and Monte Carlo Methods 

The law of large numbers suggests that one way to find the probability of 
an event is to make many repeated trials and use the ratio of the number of 
successes to the total number of trials as a measure of the probability of a 
single event. Although we could toss a real coin many times we preferred to 
simulate it by using a pseudo random number generator (Section 1.9); the use 
of a computer tends to reduce the errors in an experiment using many trials 
(which after a while tends to become boring and induces carelessness). This 
simulation process assumes that we have a model that captures the essence 
of the situation. 

We used a pseudo random number generator and assigned those numbers 
greater than 1/2 as H and the others as T. The results of 2000 trials on two 
different computers using different pseudo random number generators gave 
Table 2.9-1. 

TABLE 2.9-1 

Deviations from expected 

n run #1 run #2 run#l run #2 
200 108 101 8 1 
400 213 219 13 19 
600 327 323 27 23 
800 434 419 34 19 

1000 530 513 30 13 
1200 619 614 19 14 
1400 709 715 9 15 
1600 799 814 -1 14 
1800 897 909 -3 9 
2000 1008 1011 8 11 

We used the deviation from p = 1/2 as the measure of error. Does what we see 
seem to be reasonable? The weak law of large numbers gave one inequality. 
We have seen that for binomial trials it is appropriate and will later show 
in Chapter 9 that it is reasonable, at times, to take the square root of the 
variance as a measure of the deviation. 

From (2.8-3) we have (where S is the sum) 

Pr {I Sin - 1/21 ~ f} ~ V{X}/f2n 

The variance V{X} is given by 

V{X} = (0 -1/2)2 + (1- 1/2)2 = 1/2 

Thus we have (mUltiply by n inside the probability) 

Pr { 1 S - n/21 ~ nf} ~ 1/2nf2 
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If we now pick { = 25/n then we have 

Pr { 1 S - n/21 ~ 25} ~ n/1250 

Thus the results seem reasonable. One sees the regularity of the deviations in 
each case because we are computing the cumulative sums. The law indicates 
that one should expect deviations frequently. The distributions are cummula­
tive and any early deviation tends to persist in the following lines of the table 
until it is "swamped" by the rest. 

As WE. will see, there are other things we can deduce from the model 
which will encourage us to adopt the reverse reasoning, to go from the fre­
quency data to the probabilities of the model. But when everything is faced, 
the path from the data back to the model is not as secure as we wish it were; 
but what else can we do? To do nothing in the face of uncertainty can be 
more dangerous than acting with reasonable prudence. Hence the important, 
highly developed field called statistics is worth cultivating, but it lies outside 
the province of this book. 

Example 2.9-2 Cllevalier de Mere Problem 

It is said that the Chevalier de Mere observed that the probability of getting 
at least one 6 in four tosses of a die is greater than the probability of getting 
at least one double 6 is 24 throws of two dice. 

The probability of not getting a 6 in four throws is 

(1 - 1/6)4 

hence the probability of getting at least one 6 is 

1 - (1 - 1/6)4 = 1 - (5/6)4 = 0.51775 ... 

The probability of getting at least one double 6 in 24 throws is similarly 

1 - (1 - 1/36)24 = 1 - (35/36)24 = 0.49140 ... 

We may well wonder how many trials de Mere must have made (if he 
did make the experimental observation at all) to find this delicate difference. 
This is not a book on statistics, yet the topic is of sufficient importance that 
we will make a crude estimate. 

As a first approach we note that each binomial distribution about its 
mean has a corresponding variance, and that it is reasonable to ask that 
the two distributions be separated by the sum of the variances-else the two 
distributions would appear as one single one, Figure 2.9-1. The difference of 
the means is 

0.51775 - 0.49140 = 0.02635 
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Sum 0/ two distributions 

x 

FIGURE 2.9-1 

and we allot one half of this amount, namely 0.0132, to the variability of each 
then we get from (3.7-5) and (3.7-6) 

J1. = np 

The product pq is in both cases about 1/4. Hence we estimate the number of 
trials as 

n =pq/(0.0132)2 ~ 1500 

If this is used we get a total of 6000 rolls for 4 tosses to get a 6. For the 24 
throws of two dice we have 48 rolls each, so we get 72,000 or a total of over 
78,000 rolls of a die. One can only wonder at the ability to keep such a record 
intuitively in one's head. Of course we could better allocate the total variance 
to minimize the total number of rolls, but this does not reduce things enough 
to make the difference being examined easy to recognize. 

2.10 The Representation of Information 

Now that we have a connection between the symmetry definition of probability 
and the commonly assumed frequency definition, we can see many situations 
in both forms (provided the mean exists). An important field of application 
is that of representing information. Due to technical reasons we currently use 
the binary form of representation, two marks, either a 0 and a 1, or as in the 
game of tic-tac-toe a circle and a cross. The amount of information is often 
called a bit (an abreviation of binary digit). 

The ASCII code is an example where each symbol in the alphabet is 
represented by a string of 7 bits. Thus there are 27 = 128 possible symbols, 
and these include in this code the Roman alphabet, both lower and upper case, 
the decimal digits, a lot of punctuation, and a large number of special codes. 

It is customary in sending the ASCII code symbols to append an eighth 
bit at the end, and choosing this digit to be such that the total number of 
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Is in the symbol is even (or odd). This permits error detection since a single 
change in a bit will be recognized at the receiving end. In the simple theory 
it is customary to assume "white noise" meaning simply the Bernoulli model 
of constant probability and independence of errors in various positions. This 
use of an even (odd) number of Is in the message is called a parity check. 

Similar error detecting codes are widely used in our society and the field 
is highly developed; hence we can mention only one simple case, the two-out­
of-five code that was widely used in the telephone system. It is based on the 
idea that since C(5,2) = 10, the decimal digits can be represented by exactly 
two Is in the five positions (of the block code in which each symbol is of length 
5 bits). 

We can go farther with parity checks and put in enough different parity 
checks to locate the position of the error, and hence be able to correct it at 
the receiving end by complementing the received bit in that position. We 
illustrate it by the simple case of four message positions and three parity 
checks. The checks are: 

check number positions of the parity check 

#1 1,3,5,7 
#2 2,3,6,7 
#3 4,5,6,7 

and for convenience we put the parity check bits in the positions 1, 2 and 4. To 
see how it works suppose we have the four bit message 1011 to send. It must 
go into positions 3, 5, 6, 7. We have the following table where we suppose 
that there is an error in position 6. 

positions 1 2 3 4 5 6 7 

message 1 0 1 1 

encoded message 0 1 1 0 0 1 1 

error x 

received message 0 1 1 0 0 0 1 

At the receiving end you apply the parity checks writing (from right to left) 
a 0 if the check is correct and a 1 if it is not. You get for the #1 check 0, for 
#2 aI, and for #3 a 1. From right to left this is the binary number 

110 which is decimal 6 

so you change the digit in position 6, strip off the parity checks and you have 
the message. 

This seems very inefficient for this short code, but a moment's reflection 
will show you that for k parity checks you get a total message length of 21: - 1 
(of which k positions are used for the parity checks. Thus at k = 10, there 
are 1023 positions of which 1013 are useful message positions. 
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Exercises 2.10 

2.10-1 In the code with n - 1 message positions and one check position 
what is the probability of no error? Ans. (1 - p)" 

2.10-2 In example 1 if n = IIp (large) what illl the probability of no error? 
Ans. lIe. 
2.10-3 In the 2-out-of-5 code what is the probability of an error? Ans. 
C(5,1)pq4 

2.10-4 In the 2-out-of-5 code what is the probabilty that two errors will not 
be detected? 

2.10-5 In a.n error correcting code with k = 10, what is the probability of 
an undetected error? Note that all odd numbers of errors will be detected. 

2.10-6 In the error correcting code if an additional parity check over the 
whhole message is added, show that double errors will be detected but will 
not be correctable. 

2.10-7 In the code of Exercise 2.10-6 estimate the probability of an unde­
tected error if p is small. 

2.10-8 Discuss the wisdom of using the extra parity check (see Exercise 
2.10-6) to detect double errors. 

2.11 Summary 

In Chapter 1 we introduced a simple model for the probability of an event 
based on symmetry, as well as several related ideas such as the sample space 
and randomness. 

In this chapter we have developed the mathematical concepts needed to 
proceed, such as permutations and combinations, the binomial distribution, 
random variables, the mean and variance, generating functions and convolu­
tions, and the weak law of large numbers which is central to the connection 
between the probability of a simple event and the frequency of occurence in 
a long run of identical and independent trials. We saw that the two concepts 
of probability, one based on symmetry and the other on the frequency of oc­
curence, are not equivalent, that for the law to apply the variance must exist 
(but see Appendix 2.A). 

In the next Chapter we will turn to developing five mathematical meth­
ods for solving problems. By examining the methods we will try to avoid 
Peirce's condemnation of the reliability of solving probability problems; we 
will see the methods more clearly and become more familiar with their use 
and misuse. 
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Appendix 2.A Derivation of the Weak Law of Large Numbers 

The weak law of large numbers was made to depend on the existence of the 
variance; it can be freed of this constraint as follows - though it still depends 
on the existence of the mean. 

The approach is the classical one of the calculus; treat the infinite range 
as a finite range, compute the result, and then examine the result as the range 
is allowed to approach infinity. 

The method is sometimes called the method of truncated variables and 
is quite useful in general. We assume we are looking at the average of n 
obervations of a random variable X. The expected value of X can be taken, 
for convenience, to be 0 since we could replace the random variable X by an 
new random variable X -1', where I' is the mean. We regard the average (as 
before) as the average of n random variables Xi, (1 = 1,2, ... , n). To cope 
with the limit these variables Xi are then truncated 

{ 
Ui = Xi 

Ui = 0 {
V; = 0 

V; = Xi 

if IXi I ~ kn 

if IXi I> kn 

where k is some (small) positive constant to be determined later. Thus we 
have for all i 

Xi = Ui + V; 

To prove the weak law of large numbers we need to show that for any 
e > 0 both 

P{ lUI + U2 + ... + Un I > w/2} -+ 0 

P{ I VI + V2 + ... + Vn I > w/2} -+ 0 

Notice that we are considering only finite n; for any given ( there is a corre­
sponding n. Let the possible values of Xi be Xl, X2, ••• and their corresponding 
probabilities be p(x;). Then the expected value of I Xi I is 

LIX; Ip(x;) = a 
; 

The bound on the Ui means that the x; are also bounded, hence since the Ui 
are bounded by kn we can take one factor out and have 

E {Un ~ kn L Ix; I p( x;) ~ akn 
; 

The variables Ui all have the same probability distribution and are indepen­
dent, hence 
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But from the definition of the truncated variables as n -+ 00 

E{U;} -+ E{X;}::;: 0 

Hence for sufficiently large n (since the Xi are independent the Ui are inde­
pendent) 

E{(U1 + ... + Un )2} ~ akn2 

We now apply the Chebyshev inequality to get 

P{ I U1 + ... + Un I > m/2} ;:::: 8ak/{2 

and by choosing the k small enough our first requirement on the truncated 
variables is realized. 

We now turn to the lti. We have immediately 

For arbitrary k > 0 we have 

P{lti "I O}::;: P{ lx, I > kn}::;: L p(Xj) 
Ir.l>kn 

~ (l/kn) L Ixdp(x,) 
Iril>kn 

and this sum approaches 0 as n becomes infinite. Both terms approach zero 
so that the sum may be made as small as desired. 

Appendix 2.B Useful Binomial Identities 

Binomial identities playa large role in probability and other fields of mathe­
matics, hence they are worth some attention. Since there are potentially an 
infinite number of identities among the binomial coefficients we will give only 
a few of the more useful ones. 

From the definition 

n! n!(n-k-l) 
C(n, k) ::;: k!(n _ k)! ::;: k(k - 1)I(n - k + I)! 

::;: (n-k+l)C(n,k_l) 
k 

(2.B-l) 

C(n,O)::;: 1 

we can compute the binomial coefficients recursively (as was used in (2.4-3». 
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We often need the binomia1 coefficients for negative order. In the defi­
nition 

G(n, k) = n(n - 1)(n - 21,'" (n - k + 1) 

we simply replace n by -n and get 

G( -n, k) = (_1)1: (n + k - 1 )i~ + k - 2) ... (n) = (_1)1: C( n + k _ 1, k) 

(2.B-2) 
If we multiply two binomial generating functions of different orders to­

gether we get 

(1 + t)m+n = (1 + t)m(1 + t)n 

LC(m+ n,k)tl: = LC(m,i)ti LC(n,j)ti 

i 

Pick out the kth power of t 

C(m+n,k) = LC(m,i)C(n,k-i) 
i 

For the specia1 case m = n = k we get 

C(2n, n) = L C(n, i)C(n, n - i) 
i 

(2.B-3) 

(2.B-4) 

In words, the sum of the squares of the binomial coefficients of order n is 
exactly the mid-coefficient of the expansion of order 2n. 

Simi1arly identities 1ike 

1 + C(m+ I,m) + C(m+ 2,m) + ... + C(m+ n,m) = C(m+ n, ,m+ 1) 

are easily proved. 
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Methods for Solving Problems 

"You know my methods, Watson." 
Sherlock Holmes 

3.1 The Five Methods 

It is widely believed that the only way to learn to do probability problems is by 
doing them. We have already used the method of "compute the complement" 
and the method of simulation. In this Chapter we will give and illustrate five 
widely used general methods for solving problems. They are: 

1. Total sample space. First write out the total sample space. 

(A) If the elementary events in the sample space are equally likely then 
the ratio of the number of successes to the total number of points in t.he 
sample space is the probability of a success. 

(B) If the elementary events in the sample space have different proba­
bilities then the probability of a success is the sum of all the probabilities of 
the elementary events that are successes. 

We see that (A) is a very common special case of (B). 

2. Enumerate. Enumerate (count) somehow only the equally likely 
successes and divide by the size of the total sample space to get the probability 
of a success (or add the probabilities of the successes). 

3. IIistorical. Follow the history of the independent choices and take 
the product of the probabilities of the individual independent steps. 

4. Recursive. Cast the problem in some recursive form and solve it by 
induction or recursion. This is often easiest done using state diagrams which 

[97] 



~8] METHODS FOR SOLVING PROBLEMS CHAPTER 3 

are increasingly used in many parts of science. We shall develop and elaborate 
this method in Chapter 4. 

5. Random Variables. In Section 2.5 we carefully introduced the idea of 
a random variable which conventionally written as X. It is used to indicate 
the value associated with the outcome of a general trial X (same label) whose 
possible outcomes are the points in the sample space. The outcomes are the XI: 

with probabilities p(k) and often having associated values that are simply k. 
Using the notation of Sections 2.5 and 2.6 we have for the expected value and 
variance (for XI: = k), (0 ~ k ~ K) 

K 

E{X} = Lkp(k) = Jl 
1:=0 

K 

V {X} = L(k - Jl)2p(k) = E{X2} - [E{X}]2 = (J'2 

1:=0 

It is often easy to solve fairly complex problems using random variables 
(and a different frame of mind from the usual approach to probability prob­
lems). 

We will first use a simple "occupancy" problem to illustrate the methods 
by solving the same problem by all five methods. Occupancy problems are 
the classic way of posing many probability problems-the standard form is: 
"In how many ways can a certain number of balls be put in a given number 
of places subject to the following restrictions?" The occupancy solution is 
readily converted to probabilities. 

Example 3.1-1 The Elevator Problem (Five Ways) 

The problem we will solve in this section is: suppose an elevator car has 3 
occupants, and there are 3 possible floors on which they can get out. What 
is the probability that exactly 1 person will get out on each floor? 

Since nothing else was said, we assume that each person acts indepen­
dently of the others, and that each person has an equally likely chance of 
getting off at each floor. Without some such assumptions there can be no 
definite problem to solve. Of course different assumptions generally lead to 
different results. 

Method 1. Total Sample Space. We first create the total sample 
space. Let the people be labeled a, band c, and list in some orderly fashion 
all possible choices of the exit floor for each person. One such ordering is 
shown in Table 3.1-1. 
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TABLE 3.1-1 

Total Sample Space 

The total sample space showing floor number (1, 2, or 3) 

a b c a b c a b c 

1 1 1 2 1 1 3 1 1 
1 1 2 2 1 2 3 1 2* 
1 1 3 2 1 3* 3 1 3 
1 2 1 2 2 1 3 2 h 
1 2 2 2 2 2 3 2 2 
1 2 3* 2 2 3 3 2 3 
1 3 1 2 3 h 3 3 1 
1 3 2* 2 3 2 3 3 2 
1 3 3 2 3 3 3 3 3 

The 33 = 27 different cases in the product sample space are all equally likely 
since we assumed both the independence of the people and the uniform prob­
ability choice for each floor. The six starred entries meet the criterion that 
all three floors are distinct, hence the probability we seek is 

6/27 = 2/9 

Method 2. Enumeration of Successes. In this method we write down 
only the 6 successes, (1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2), (3, 2, 1). 
We could also note that the number of ways of getting a success is exactly 
P(3,3) = 6. The total sample space is 3 x 3 x 3 = 27 (each person may choose 
any floor). Hence the probability sought is 

P(3, 3)/33 = 6/27 = 2/9 

Method 3. Historical. In this method we trace the history of the elevator. 
For a success at the first floor only one person can get off. For the second 
stop there is again a probability of success. For the third similarly-hence the 
answer is the product of these three probabilities. 

At the first floor if only one person gets off (and two do not) then, since 
there are 3 ways of choosing the person who gets off, we have 3[(1/3)(2/3)2] = 
4/9. Using the earlier notation (2.4-2) we get the same result 

b(I;3, 1/3) = C(3, 1)(1/3)(2/3)2 = 12/27 = 4/9 

[99] 
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If we have a success at the first floor then at the second floor we have 
only two people left, and hence we have 

2(1/2)(1/2) = 1/2 

or in the earlier notation 

b(l; 2,1/2) = C(2, 1)(1/2)(1/2) = 2/4 = 1/2 

At the third floor the probability of success (assuming that the first two are 
successes) is exactly 1, hence for all three floors to be successes 

(4/9)(1/2)(1) = 2/9 

as before. 

Method 4. Recursive. To make the recursive method easy to under­
stand we generalize the elevator problem to the case of n stops and n people. 
Let P( n) be the probability that exactly one person gets off at each of the n 
stops. Examining the first stop we have for a success on that floor that exactly 
one of the n persons gets off (with probability l/n) and the other n - 1 do 
not get off (with probability [en - 1)/n]n - I), then the recurrence formula is, 
since we have n - I persons left and n - 1 floors, 

pen) = (n)(l/n)[(n - 1)/n]n-l pen - 1) = [en - 1)/n]n-l pen - 1) 

P(I) = 1 

which is a simple recursion relation. From (2.4-2) we could have written the 
coeficient as b(l;n, lin) as we did the earlier ones. 

We now unravel the recursion. 

pen) = [en - 1)/nr-1 pen - 1) 

= [en - 1)/n]n-l[(n - 2)/(n - 1)]n-2 ... [1/2][1] 

= (n - 1)[I/n]n-l(n - 2)(n - 3) ... 1 

= (n - 1)!/nn-l = n!/nn 

For n = I this gives 1 as it should; for n = 2 we get 1/2 which is clearly 
correct as can be seen from the sample space of four points; and for n = 3 we 
get 6/27 = 2/9 as before. In some respects the general case is easier to solve 
than is the particular case of n = 3. 

The general solution usually provides simple checks along the way to 
increase our confidence in the answer. If we use Stirling's formula for the 
factorial (see Appendix 1.A) we get 

pen) "" e-n V211"n 
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and even at n = 3 the approximation is close. The following Table 3.1-2 
indicates both: (1) how rapidly the approximation approaches the true value, 
and (2) how rapidly the probability approaches 0 as the number of Boors 
increases. 

TABLE 3.1-2 

Elevator Problem 

n estimated true true estimate 

1 0.9221 ... 1.0000 0.0779 ... 
2 0.4798 ... 0.5000 ... = 1/2 0.0202 ... 
3 0.2161 ... 0.2222 ... = 2/9 0.0061 ... 
4 0.0918 ... 0.0937 ... = 3/32 0.0019 ... 
5 0.0377 ... 0.0384 ... = 24/625 0.0007 ... 
6 0.0152 ... 0.0154 ... = 5/324 0.0002 ... 
7 0.0060 ... 0.0061 ... = 6!/76 0.0001 ... 
8 0.0024 ... 0.0024 ... = 7!/87 

9 0.0009 ... 0.0009 ... = 8!/98 

10 0.0004 ... 0.0004 ... = 9!/109 

This table gives us some feeling for the situation as a function of n, the number 
of floors. 

The recursive method soon becomes the method of difference equations 
and leads to state diagrams, hence its importance is greater than it may seem 
now. 

Method 5. Random Variables. We begin by assigning the random 
variable X to be 1 if at each floor only one person gets off and 0 otherwise. 
Thus the expected value of X will be the probability we want. Next we ask, 
"How can we break down this random variable into smaller parts?" Let the 
random variable Yi,(i = 1, 2,3), be 1 ifthe ith floor is not used and 0 ifit is. 
Then we have the key equation 

We now have 

P = E{X} 

= E{1- [Y1 + Y2 + Y3] + [Y1Y2 + Y2Y3 + Y3Yd - Y1 Y2Y3 } 

= 1 - [P(I) + p(2) + p(3)] + [P(l, 2) + p(2, 3) + p(3, 1)] - p(l, 2, 3) 
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where 

p(i) = probability that the ith floor is not used 

p(i,j) = probability that both the ith and jth floors are not used 

p(i,j, k) = probability that none of the floors is used. 

The last sum is over distinct i, j and k, and is, of course, 0 since at least one 
floor must be used. We have 

p(i) = (2/3)3 

p(i,j) = (1/3)3 

p(i,j,k) = 0 

Putting these in the formula we get 

P = 1 - 3(2/3)3 + 3(1/3)3 - 0 = 1 - 8/9 + 1/9 = 2/9 

which is again the same answer. 
The method of random variables seems to be a bit laborious in this 

simple example, but in section 3.6 we will give other examples which begin to 
show the power of the method. It should be clear that it requires a different 
way (art) of thinking, and that you need to learn how to pick wisely the 
random variables you define. 

We now compare the five methods. When you can do the complete 
listing of the sample space it gives you a feeling of safety. When you try 
to enumerate the successes you are already a bit worried that you may have 
made an error. The historical approach also has some worries that you may 
have made an error but it seems to be relatively safe when you can use it. 
The recursive method, especially when you can generalize the problem, gives 
supporting checks of various cases and concentrates almost all the attention at 
two places, the setting up of the recurrence equation and the initial conditions. 
The random variable method is most effective in complex cases and has an 
elegance of method that makes it attractive once it is mastered. It seems to 
be relatively safe--when it works! 

We next turn to the development of the five methods, and along the way 
we introduce a number of other useful ideas that arise in probability. 
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3.2 Total Sample Space and Fair Games 

The method of laying out the total sample space and counting the successes 
is very simple to understand, hence in illustrating it we will introduce a new 
idea, that of a fair game. 

A "fair game" is usually defined to be one in which your expectation 
of winning (probability of winning times the amount you can win) is equal 
to your expectation of losing (probability of losing times the amount you can 
lose). Thus for a fair game your total expectation is exactly O. For example, 
betting a unit of money on the toss ofa "fair" coin, Pr{H} = 1/2, and getting 
two units of money if you win (you win one unit) and none if you lose (you 
do not get your money back) is a fair game. Your total expectation is 

(1/2)(1) + (1/2)(-1) = 0 

and it is by definition a fair game. There are in the literature much more 
elaborate and artificial definitions designed mainly to escape later paradoxes; 
we will stick to the common sense definition of a ffir game. 

Example 3.2-1 Matching Pennies (Coins) 

A common game to consume time is "matching pennies" in which two play­
ers A and B each toss a coin (at random and independently). If the two coins 
show the same face then A wins (gets both coins), and if they are opposite 
then B wins. Supposing that the coins are each "well balanced" (meaning 
that the probability of a head is exactly 1/2) then the complete sample space 
IS: 

HH HT TH TT 

each with probability of 1/4. A wins on H Hand TT so A has a probability 
of 1/2; so has B. Thus it is an unbiased trial and with the equal payoffs it is 
a fair trial. 

We will use random variables to handle the repeated (independent) tri­
als. Let Xi be the random variable that on the ith toss A wins. It has the 
values 

Xi = { 
1 win 

1 lose 

After n tosses we have the random variable Sn for the sum 

Sn = Xi + X 2 + ... + Xn 

as the value of the game to A. It is easy to see from the total sample space 
that for each i the E {Xi} = 0, and V {Xi} 1; each independent trial is fair 
and you either win or lose. Now for Sn we have 

E{Sn} = 0 
V{Sn} n 
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Since the expected value is 0 it is a fair game. Repeating a fair trial many 
times is clearly a fair game. 

But by the law of large numbers (Section 2.8) it is the average, Sn/n, 
that probably approaches 0, not Sn. Indeed, we have already remarked that it 
is reasonable to estimate the deviation from the expected sum by an amount 
proportional to the square root of the variance (since the variance is the 
mean square of the deviations from the expected value). Hence we more or 
less "expect" that one player will have gained, and the other player lost, an 
amount about .;Ti, though the expectation is O. Yes, it is a fair game, but we 
"expect" that after n games one of the players will have lost approximately 
the amount .;Ti of money. 

Example 3.2-2 Biased Coins 

Suppose in Example 3.2-1 that the two coins are not exactly evenly balanced; 
rather that for the first coin the probability of a head is 

and for the second coin it is 

1/2 + e2 I e21 < 1/2 

The probability that A wins-both coins are either heads or both tails-is 
now 

(1/2 + et)(1/2 + e2) + (1/2 - e. )(1/2 - e2) = 

= 1/2 + 2ele2 

and of course for B it is the complement probability 1/2 - 2ele2' 
In this case we see that the fairness of this game is not changed much by 

small biases in the coins-that the effect is of the order of the product of the 
two biases ej, which should be quite small in practice. Such a result is said 
to be robust-that it is relatively insensitive to small changes in the assumed 
probabilities. Such situations are of great importance since in practice we 
seldom know that the probabilites in the real world are exactly what we 
assume they are in the probability model we use. See Section 3.9. 



32 TOTAL SAMPLE SPACE AND FAIR GAMES [105] 

Example 3.2-3 Raffles and Lotteries 

We consider first the simple raffle. In a raffle there may be several prizes, but 
for simplicity we will suppose that there is only one prize of value A (in some 
units of money). Let there be n tickets sold, each of unit value. What is your 
expected gain (assuming that each ticket has an equally likely chance of being 
drawn)? The probability, per ticket, is lin, so your expected gain G is 

G = (A/n) (number of tickets you hold)-(cost of your tickets) 

If the total number of tickets sold (yours plus the others) were exactly 
n = A, and if you hold k tickets, then your expected gain would be 

G = (k/n)[A] k = k k = 0 

and it is "fair." If more tickets are sold then it is "unfair to you" and if less 
then it is an "advantage to you." 

If you enter many similar "fair" raffles then according to the weak law 
of large numbers you will corne close to balancing your losses and winnings, 
but the deviation between them will tend to go like ..;n. 

To review, in a "fair game" your expectation of winning (per independent 
trial) is the same as the price you pay-the net expectation is zero. Otherwise 
it is "unfair" one way or the other. You may, of course, engage in a game that 
is unfair to you for purposes of amusement, or to "kill time," and there are 
other reasons for buying raffle tickets-excitement, contributions to charity, 
easing your concience, obliging friends, etc. beyond just entering as a means 
of making money. As a general rule, there are far more tickets sold in a raffle 
than the value of the prize (prizes), and the raffle/lottery is thus unfair to 
you, but occasionally you see the opposite-due to charitable donations of 
prizes and/or the failure to sell enough tickets (possibly due to a stretch of 
bad weather) there may be a favorable raffle for you to enter. 

In some kinds of lotteries it may happen that for several times no one 
has won the prize and it has accumulated. Thus it is conceivable that a lottery 
may be advantageous to you-but it is unlikely! 

These are simple examples of looking at the total sample space; it is the 
number of tickets sold. Assuming the fair drawing of the tickets your chance 
of winning is the number you hold divided by the total sold (including yours). 
Your net expectation is this probability multiplied by the value of the prize 
minus your cost of buying tickets. This raises the following simple problem. 
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Example 3.2-4 How Many Tickets to Buy in a Raffle 

Assuming: (1) the value of the prize is A, (2) that you know the number n 
of tickets sold (of unit cost), and (3) that you can buy as many as you wish 
at the last moment (and no one else can follow after you), then how many 
tickets should you buy? 

Let the number to buy be k. After you buy k tickets then there are n+k 
tickets sold, and your probability of winning is k/(n + k). Your expectation 
of winning is Ak/(n + k), and your gain is 

G(k) Ak/(n + k) - k 

We want to maximize G(k). We first assume that G(k) is a continuous 
function of k so we can apply the calculus (though we know it is discrete 
because we must buy a whole ticket at a time-still it won't be far off, we 
hope). We can now scale the problem and isolate the size A of the prize. 
Using the value A of the prize as a measure, we introduce the relative number 
of tickets 

n/A = u, or n=uA 

k/A= v or k vA 

as new (relative) variables. We have, therefore, the corresponding continuous 
function 

G(vA) = AvA 
uA+vA 

vA= A [_v -v] 
u+v 

To find the maximum we set the derivative with respect to v (the variable of 
the problem; u is known) equal to zero. 

AG'(vA) = A [(u+V) -v -1] = 0 
(u + v)2 

We get, when we multiply through by the denominator, 

(u + v)2 = U 

from which we get 

v=vu-u 

Going back to the original variables nand k we have the number of 
tickets to buy is 

k = A[VU - u] = A[Jn/A - n/A] = VnA - n 
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Since we are imagining that u < 1 (or else we are not interested in the raffle) 
we have v > O. At this optimum the value (gain) of the raffle to us is, of 
course, 

= A[1 - ..jU - ..jU + u] = A(1 - ..jU)2 

= [VA - v'n]2 

We see that when u is near to 1, that is n is near A (the value of the tickets 
sold is almost the value of the prize) then the value of the raffle to us is 
very small indeed-especially if you look at the risk you take in making the 
investment. 

For the original discrete variable problem in integers these answers are 
not exactly correct since we replaced the discrete problem by a continuous 
one and solved the new problem. For example, in the extreme case of n = 0 
(no tickets sold) you should buy 1 ticket, but the formula indicates no tickets. 
When u = 1, namely n = A, there is no sense in buying a ticket since then 
your expectation for the first ticket is A/( n + 1) = n/( n + 1) and is less than 
what you will pay for the ticket. Indeed, at n = A-I it is doubtful that it is 
worth the effort, though the game is then fair. 

Exercises 3.2 

3.2-}' In Example 3.2-2 suppose that the two biases are exactly opposite, 
fl = -f2. Discuss why the answer is what it is. 

3.2-2 Consider Example 3.2-2 where only one coin is biased. What does 
this mean? Ans. The bias has no effect! 

3.2-3 Discuss the case when there are several prizes in a raffle of varying 
values. 

3.2-4 What is the probability of 3 or 1 heads on the toss of three biased 
coins? Discuss the solution. Ans. 1/2 + 4flf2f3, and at least one fair coin 
makes the game fair. 

3.2-5 Solve Example 3.2-5 in integers by using G(k + 1) - G(k). 

3.2-6 In the gold-silver coin problem (Example 1.9-1) suppose that there 
are three kinds of coins, gold, silver, and copper, with two to a drawer, and 6 
drawers. Show that the probability of a gold coin on the second draw is 1/2. 

3.2-7 In Example 1.9-1 suppose there are 4 drawers with GGG, GGS, GSS, 
and SSS. Show that the answer is still 2/3. 

3.2-8 If A has 3 tickets in a rame with 9 tickets sold, and B holds 1 in a 
raffle of 3, find the ratio of their probabilites of having a winning ticket. 

3.2-9 If there are three prizes in a raffle and A holds 3 of exactly 9 tickets 
sold, what is the probability that A will not get any prize? Ans. 16/21. 
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3.2-10 On the roll of a die you win the amount of the face. If tht> game is 
to be fair what should you pay for a trial? Ans. 7/2. 

3.2-11 You roll two dice and get paid the sum of the faces; what should you 
pay if it is to be fair? 

3.2-12 You draw a card at random from a deck. If you get paid 1 unit for 
each face card and 2 units for an ace (and nothing otherwise) what is a fair 
price for the game? Ans. 5/13. 

3.2-13 You toss 6 coins and win when you get exactly three heads. What 
is a fair price? 

3.2-14 You roll a die and toss a coin. You get the square of the face of the 
die if and only if you got a head on the coin. What is a fair price? 

3.2-15 You toss a coin and roll a die and are paid only if it is a H and a 4 
that shows. What is a fair price? Ans. 1/12. 

3.2-16 You roll three dice and are paid only if all three faces are even. What 
is a fair price? 

3.3 Enumeration 

In this method we do not try to layout the whole sample space of equally 
likely cases; rather we compute its size and find only the successes. 

Example 3.3-1 The Game of 6 dice 

There is a game in which you roll 6 dice and you are paid according to the 
following rule: 

if 1 face shows 6, 
if 2 faces show 6, 
if 3 faces show 6, 
if 4 faces show 6, 
if 5 faces show 6, 
if 6 faces show 6, 

you win 1 unit 
you win 1 1/2 units 
you win 2 units 
you win 2 1/2 units 
you win 3 units 
you win 3 1/2 units 

The argument (given by the gambler offering you the chance) for why you 
should play is that you expect that you will get at least one 6 on each roll of 
6 dice, and all the higher ones are gains, so that if you pay 1 unit to play then 
it is favorable to you. But is it? (It is fairly safe to assume that any widely 
played game is favorable to the person running it and not to the player.) 
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Using the earlier notation (2.4-2) we have the probability for exactly k 
faces is 

b(k; 6, 1/6) 

From the above table the formula for the payoff for tossing k 6s 

1/2 + k/2 (k = 1,2, ... 6) 

The expectation of the sum of the payoffs is 

is 1) 

6 

~(1/2+ k/2)b(k;6,1/6) 
k=l 

= (1/2) ~ b(k; 6,1/6) + (1/2) ~ kb(k; 6,1/6) 
k k 

The first summation is (since the sum of all the probabilities from 0 to 6 

1/2[1 - the zeroth term] = (1/2)[1 - b(O; 6,1/6)] 

= 1/2 - (1/2)(5/6)6 

= 1/2-0.16745 ... 

The second summation can be found from the generating function of the 
b(k; 6,1/6), namely (2.4-5) 

6 

(q + pt)6 = ~b(k; 6,p)t k 

k=O 

where p = 1/6 and q = 5/6. Differentiating with respect to t and setting t = 1 
we get (the expected value) 

6 

6p = 1 = ~ kb(k; 6,1/6) 
k=l 

hence we have for the payoff 

1/2[1 - b(O; 6,1/6)] + 1/2 = 1 - 0.16745 ... = 0.83255 ... 

and the game is decidedly unfair to the player! 
When you try to think about how this game can be unfair it may be 

confusing because the derivation is so slick. Hence to develop your intuition 
we write out some of the details in Table 3.3-1. 
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No. of 65 

o 
1 
2 
3 
4 
5 
6 

TABLE 3.3-1 

The Six Dice Game 

probability 

1(5/6)6 = .334 898 0 
6(5/6)5( 1/6) = .401 877 6 
15(5/6)4(1/6)2 = .200938 8 
20(5/6)3(1/6)3 = .053 583 7 
15(5/6)2(1/6)4 = .0080376 
6(5/6)(1/6)5 = .000643 0 
1(1/6)6 = .000021 4 

CHAPTER 3 

We see that only about 40% of the time do we get exactly one 6 and come 
out even, while about 33% of the time we get no 6s at all! The gains for the 
multiple 6s do not equal the losses. 

Perhaps why it is unfair is still not as clear as you could wish if you are 
to develop your intuition, 80 you do the standard scientific step and reduce 
the problem to a simpler one that appears to contain the difficulty. Consider 
tossing two fair coins, with payoffs of 1 for a single head and 3/2 for a double 
head. Now you have the simple situation 

TABLE 3.3-2 

The Two Coin Game 

Outcome 

TT 
TH 
HT 
HH 

probability 

1/4 
1/4 
1/4 
1/4 

payoff 

o 
1 
1 

3/2 

The total payoff (each multiplied by its probability of 1/4) is 

(1/4)[0 + 1 + 1 + 3/2) = (1/4)(7/2) = 7/8 

and you see that it is again unfair. But this time it is 80 simple that you 
see clearly how the result arises-it is the failure to payoff properly on the 
two heads, which should be one unit per head tossed. With the 6 dice the 
situation is sufficiently complicated that you might get lost in the details and 
not see that it is the failure to payoff 1 unit for each 6 that causes the loss. 
The smaller payments, by advancing by 1/2 instead of 1 each time another 6 
arises, is where the loss occurs. Since you expect one 6 on the average, you 
lose on the multiple cases where you are not paid 1 for each 6. 
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The problem of finding the successful cases among the mass of all pos­
sible cases closely resembles the problem of finding a good strategy in many 
AI (artificial intelligence) problems. The main difference is that in AI it is 
often necessary to find only one good solution, while we require finding all 
solutions that meet a criterion. Still, many of their methods may be adapted 
to our needs. 

An example of an AI technique is "backtracking" which systematically 
eliminates many branches where it is not worth searching. We will illustrate 
the method by a simple problem. 

Example 3.3-2 The Sum of Three Dice 

What is the probability that the sum of the faces on three dice thrown at 
random will total not more than 7? 

We begin by listing the canonical (increasing) representations in a sys­
tematic fashion. We start with the first two dice having faces 1,1, and then let 
the third one be in turn 1, 2, 3,4,5. We cannot allow 6 as the sum would be 
too large. We now "backtrack" and advance the immediately previous face to 
2, thus we have 1,2 and start with the third die running through 2, 3, 4, and 
that is all. And so we go, and when one face cannot be advanced further we 
advance the immediately previous die face one more. In this way we generate 
the table of canonical representations 

(1,1,1) 
(1,2,2) 
(1,3,3) 
(2,2,2) 

(1,1,2) 
(1,2,3) 

(2,2,3) 

(1,1,3) 
(1,2,4) 

(1,1,4) 

This can be easily checked from Table 2.4-3. 

(1,1,5) 

total = 

13 
15 
3 
4 

35 

These 11 are all the canonical cases that occur; we have only looked at 
about 5% of the 216 possible cases! We now multiply each canonical repre­
sentation by its correct factor to get the number of equivalent representations 
out of the total 216 representations; as before if all three entries are the same 
then the factor is 1, if two are the same and one different then the factor is 
3, and if all three are different then the factor is 6. We get the totals of each 
line on the right. The total number of possible outcomes is 63 = 216, and 
each outcome has the same probability 1/216. The probability that the sum 
is not more than 7 is therefore 35/216 = 0.162 .... 

Backtracking has clearly eliminated, in this case, a lot of the sample 
space as a place to search for successes. The use of the canonical represen­
tations reduced the initial number of cases from 35 to 11. In many problems 
backtracking, and similar methods from AI, can greatly simplify the search of 
the total sample space for the sucesses. 
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Exercises 3.3 

3.3-1 If on rolling two dice you win your point when either die has the 
number or when their sum is your number, then what are the probabilities for 
winning for each point (1 through 12)1 (Cardan) 

3.3-2 Extend the gold coin problem of Example 1.9-1 and Exercise 3.2-3 
to n coins in n + 1 dra.wers. Ans. 2/3. 

3.3-3 Extend Exercise 3.3-2 to drawing k gold coins and then estimating 
the probabilty of the next being gold. Ans. (k + 1)/(k + 2). 

3.3-4 Find directly the probability of the sum of three dice being less than 
or equal to 8. Check by Table 2.4-3. 

3.3-5 Find the probability of the sum of four dice being less than or equal 
to 7 

. 3.3-6 What is the probability of getting either a 7 or an 11 in the roll of 
two dice? Ans. 2/9 

3.3-7 What is the probability of getting a total of 7 on the roll of four dice? 

3.3-8 Using back tracking find a position on a chess board for which there 
are 8 queens each of which is not attacked by any other queen. 

3.3-9 Find all such board positions asked for in Exercise 3.3-8. 

3.3-10 If the face cards count J = 11, Q = 12, and K = 13 what is the 
probability of two random draws (with replacement) totaling more than 15? 

3.3-11 Same as 3.3-10 except without replacement. 

3.3-12 In the toss of 6 coins what is the probability of more than 3 heads? 

3.3-13 In a ha.nd of 13 cards four are aces. What is the probable number 
of face cards? 

3.3-14 In Exercise 3.3-13 what is the probability of no face cards? Ans. 
C(36, 9)/C48, 9) 

3.4 Historical Approach 

Early in the correspondence between Fermat and Pascal (which is often said 
to have begun the serious development of probability theory) the problem of 
points was discussed. The question was: in a fair game of chance two players 
each lack sufficient points in order to win. If they must separate without 
finishing the game, how should the stakes be divided between them? 
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Example 3.4-1 The Problem of Porn ts 

The historical approach, this time used backwards, provides a convenient 
approach. We draw figure 3.4-1 for the case n = 3 as the number of points 

1 

Problem 0/ points 

FIGURE 3.4-1 

o 

1 trial 

2 trials 

3 trials 

4 trials 

5 trials 

needed to win. The figure is the complete "tree" starting at the top with no 
trials made, and going to the left for each success of player A and to the right 
for a failure, each with the assumed probability of 1/2. At each level we have 
the situation after the indicated number of trials. The nodes that end with 
a win for A are marked with a payment of 1, and those for B are marked 
with 0, meaning that A gets nothing. We then "back up" the tree (as with a 
PERT chart) to get the values to assign earlier values (the average of the two 
descendant nodes). These derived values are marked on the nodes and give 
the value of the game to A at that position. At a symmetrical point (about 
the vertical middle line) the value for B is the complement (with respect to 1) 
of the marked value. The values for B are naturally the complements of those 
for A. 

Example 3.4-2 Three Point Game With Bias 

Suppose that in the game of points the probability is not 1/2 but rather A 
has a probability p of winning at each trial, and that the play is supposed to 
continue until one player has a total score of 3. 

We again draw a "tree," Figure 3.4-2, and mark the wins and losses as 
before. But this time when we "back up" the values we must consider the 
probabilities of the events. We get the indicated values for the game at each 
stage, including the interesting value at the top for the advantage A has at 
the start of the game. The coefficients of the terms at each node are actually 
the number of paths for reaching a win from that position, and the powers 
of p and q in the term are the number of steps in the corresponding directions. 
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3 points with a bias 

1 trial 

2 trials 

3 trials 

4 trials 

5 trials 

FIGURE 3.4-2 

This (backward this time) evolutionary approach to probability prob­
lems is very useful, and we have used it several times already. The above 
example shows a slight twist to the concept, examining how the winning po­
sitions can arise, and hence their probabilities. 

Example 3.4-3 Estimating tlle Bias 

If in the game of points one is forced to stop before the end, and if the outcome 
of a trial depends on skill rather than luck, then the ratio of successes to the 
total number of games so far played will give an indication of the probability p 
of a given player winning at a single trial. This has, of course, all the risk 
of any statistical estimate, but if the game depends on skill and you have no 
other data available to estimate the relative skills of the two players (at that 
moment in time), then what else is reasonable? Thus the ratio of games so 
far won to the total tried gives the estimates of the p to be used. 

We have used the historical approach a number of times before, for 
example in the birthday problem, so more examples are not needed now. 

Exercises 3.4 

3.4-1 Show that Figures 3.4-1 and 3.4-2 agree. 

3.4-2 Discuss interchanging p and q in Figure 3.4-2. 

3.4-3 Work out the details for Example 3.4-3. 

3.4-4 If there are 5 white balls and 4 black balls in an urn, what is the 
probability that on drawing them all out they will be alternating in color? 
Ans. p = 1/126. 

3.4-5 In Example 3.4-3 show how the proposal tends to make small differ­
ences in ability into greater differences. 
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3.4-6 There are 6 discs numbered 1, ... , 6. What is the probability of 
drawing them in a preassigned order? Ans. 1/6! 

3.4-7 In drawing the six discs in the previous problem what is the proba­
bility that you will get all the even numbered ones before the odd numbered 
ones? 

3.4-8 Previous problem with 2n discs. Ans. (n!)2/(2n)! 

3.4-9 In a bag of 2 red, 3 white, and 4 black balls what is the probability 
that you will get all the red, then the white, and finally the black balls in that 
order? 

3.5 Recursive Approach 

The recursive method of solving probability problems is very powerful, and 
often gives both: (1) valuable cross checks, and (2) a feeling for why the 
particular case comes out as it does. It is, in a sense, the historical approach 
with a great deal of regularity. 

Example 3.5-1 Permutations 

The simplest example of the recursive method is the derivation of the number 
of permutations. If P(n) is the number of permutations of n things, then 
clearly you can pick anyone of the n items and have left n - 1 items, 

P(n) = nP(n - 1) P(I) = 1 

We solve this recursion (difference equation) as follows: 

P(n) = n(n - l)P(n - 2) = n(n - l)(n - 2)P(n - 3) = ... = n! 

Our attention is focused at just two places, the recurrence relation and 
the intital condition; we do not need to repeat the same argument again and 
again. 
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Example 3.5-2 Runs of Heads 

What is the probability of a run of at least n heads? We have for a run of 
one head the probability p. This is a basis for the recursive approach. We 
assume that we have the probability P(n) of a run of n heads and ask for the 
probability of a run of n + 1 heads. It is clearly given by 

P(n + 1) = pP(n), P(I) = p or P(O) = 1 

whose solution (see Appendix 4.A) is p(n) = p" (using the first case to deter­
mine the arbitrary coefficient of the solution). 

If the run is to stop at exactly n heads then the next outcome must be 
a tail and we have 

p"q 

as the probability of exactly n heads. The sequence {p"q} is the distribution 
of exactly n successes. 

In Example 3.2-2 we examined the probability of getting two or no heads 
with two biased coins. In Exercise 3.2-4 we examined the probability of three 
or one heads in three tosses of a biased coin. Hence we next look at the general 
case of N tosses of a coin and getting exactly N heads or less than N by an 
even number. This problem again illustrates the recursive method. 

Example 3.5-3 N Biased Coins 

Given N biased coins, Pi( H) = 1/2 + ej, what is the probability PN of the 
number of heads being either N or less than N by an even number? We solve 
it, naturally, by a recursive method. We have the cases N = 1,2, and 3 as 
a basis for the induction on the number of coins N. We have the recurrence 
equation describing a success at stage N based on the success or failure at 
stage (N - 1) coins, 

PI = 1/2 + el 

PN = PN- 1(1/2 + eN) + (1- PN-I)(1/2 eN) 

If we set 

= (1/2)PN-I + PN-IeN + 1/2 - (1/2)PN- I - eN + PN-leN 

= (1/2) eN + 2PN- I eN 

Pk = 1/2+ Ek 

where Ek is the bias at stage k of the induction (note EI = ed. We have 
from the above equation 
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from which we get for the bias at stage N 

The solution of this recurrence relation is 

hence 
PN = 1/2 + 2N-Iele2 ... eN 

This solution checks for Po = 1, PI = 1/2 + el, and the previous results. 

Note 1. If anyone coin is unbiased, (some e,. = 0), then no matter how 
biased the other coins are (even if all the others are two headed or two tailed) 
the game is fair. 

Note 2. If you change the rule to "an even (odd) number of heads" the answer 
changes at most by minus signs only. 

Note 3. As long as some fraction of the coins have I e,. I < e < 1/2 then 
PN -+ 1/2 as N -+ 00. Notice that this does not involve the weak law of large 
numbers. 

Example 3.5-4 Random Distribution of Chips 

Suppose there are a men and b women, and that n chips are passed out to 
them at random. What is the probability that the total number of chips given 
to the men is an even number? 

We regard this as a problem depending on n. We start with n = O. The 
probability that the men have an even number of chips when no chips have 
been offered is (since 0 is an even number) 

P(O) = 1 

How can stage n arise? From stage n - 1, of course. We have (similar to the 
previous example) the recurence equation 

P(n) = [b/(a + b)]P(n - 1) + [a/(a + b)][1 - P(n - 1)] 

We write this difference equation in the cannonical form (see Appendix 4.A) 

b - a a 
P(n) - -P(n - 1) = -

b+a b+a 

For the moment we write 

(b-a)/(b+a)=A 
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The difference equation is now 
a 

P(n) - AP(n - 1) = -b+ a 
The homogeneous difference equation 

P( n) - AP( n - 1) = 0 

has the solution (it can also be found by simple recursion) 

P(n) = CAn 

for some constant C. 

CHAPTER 3 

For the particular solution of the complete equation we try an unknown 
constant B as a guessed solution. We get 

or 

a B-AB=-­b+a 
B= (b:a) I~A = (b:a) [a+ba_+(!_a)] 

= a/2a = 1/2 

Thus the general solution of the difference equation is 

{ 
b - a}n 

P(n) = 1/2 + C b + a 

We now fit the initial conditions P(O) = 1. We get immediately that 
C = 1/2, and the solution is 

which is more symmetric, and perhaps easier to understand. 
To check the solution, we note that if a = 0, meaning there are no men, 

then certainly (meaning P(n) = 1) the number of chips given to them is an 
even number as the formula shows. If a = b then we have for all n > 0 

P(n) = 1/2 

as it should from symmetry. Finally, if there are no women, b = 0, then 

P(n) = 1 + (_I)n 
2 

which alternates 0 and 1 as it should. Thus we have considerable faith in the 
solution obtained. 
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Example 3.5-5 The Gambler's Ruin 

Suppose gambler A holds a units of money and gambler B holds b units. If 
the probabilty of A winning on a single Bernoulli trial is p and they play until 
one of them has all the money, T = a + b, (T = total money) what is A's 
chances of winning? 

We begin with the observation that we are concerned with a probability 
P( n) if A holds exactly n units for all n (0 :5 n :5 T) since all such states may 
arise in the course of the game. We set up the standard equation, which gives 
the probability of A being in the state of holding n units; namely by either 
winning one trial and going from holding n - 1 to holding n, or else by losing 
and going from holding n + 1 to holding n. The difference equation is clearly 

P(n) = pP(n - 1) + qP(n + 1) (n = 1,2, .. . ,T-l) 

We next need the end conditions. When n = 0 (the gambler has no 
money, P(O) = 0) we know that A is certain to lose-A has no money to play. 
For n = T we know A is certain to win (B has no money to play) so P(T) = 1. 
Thus the end conditions are 

P(O) = 0, and P(T) = 1 

To solve the difference equation (in its standard form) 

qP(n + 1) - P(n) + pP(n - 1) = 0 

we naturally try P(n) = rn. This gives the characteristic equation (provided 
pq:f 0) 

qr2 - r+ p = 0 

whose roots are 
1 ± y'1 - 4pq 

r = -----!--..:.....:. 
2q 

We first look at the important special case of p = 1/2 = q. For this we 
have multiple characteristic roots 

r = 1,1 

and the solution of the difference equation is 

From P(O) = 0 we get C1 = 0, and from P(T) = 1 we get C2 = liT. Hence 
the solution is 

P(n) = niT. 
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Correspondingly A's probabilty of ruin is 1 - niT. At the start of the 
game (n = a, the original. amount of money he had) this probability of winning 
IS 

a 
P(a)=a+b 

Of course B's probabilties are the complements, (or interchange a and b). 
We now return to the general case where p is not 0, 1/2, or 1. The term 

in the radical 

1 - 4pq = 1 - 4p(1 - p) = 1 - 4p + 4p2 = (1 - 2p)2 

so the characteristic roots are 

{I ± (1- 2p)}/2q = l,plq 

Hence the general solution is 

We need to fit the boundary conditions. For P(O) = 0 we get 

o = C1 + C2 => C1 = -C2 

and for P(T) = 1 we have 

1 = C2 { (~) T _ 1 } 

C2 = 1/ { (~) T _ I} 
and 

P( n) = { (~) n _ 1 } / { (~) T _ 1 } 

At the start n = a and T = a + band 

The probability of ruin is the complement 

Q(n) = 1 - P(n) 

Alternately, A's probability of losing is exactly B's probability of winning. 
For more material on the gambler's ruin, such as the probable length of 

play, see [F, p.345ff]. 
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Exercises 3.5 

3.5-1 Suppose the game in Example 3.5-4 is changed to an even number 
for a win. Find the sign to be properly attached at each stage N. 

3.5-2 Check algebraically that the last statement in this section is correct. 

3.5-3 Discuss the cases in Example 3.5-5 when pq = O. 

3.5-4 If in Example 3.5-4 there are twice as many women as men what is 
the answer? Is it reasonable? If there are k times as many? 

3.5-5 Discuss the convergence of the solution in Example 3.5-4 as the num­
ber of chips grows larger and larger. 

3.5-6 Discuss the "drunken sailor" random walk along a line starting at 
x = o. What is the probable distance from x = 0 after N steps? 

3.5-7 The gamma function is defined by the integral fooo xn
-

1 e -% dx For 
integral n find the recurrence formula and the value of the integral. Ans. (n-
1 )! 

3.5-8 Evaluate Ln = fo1(lnx)ndx by a recursion method. 

3.5-9 The Catalan numbers are defined by C(2n, n)/(n + 1). Find the re­
cursion formula and evaluate the first five numbers. 

3.6 The Method of Random Variables 

We illustrate this important method of random variables by several examples. 
We have already in this Chapter, Section 3.1 and Example 3.2-1, used this 
method. 

Example 3.6-1 Pairs of socks 

Suppose there are n pairs of socks in a dryer and you pick out k socks. What 
is the average number of pairs of socks that you will have? 

Let the random variable Xj,j be defined by 

{
I if the jth and ph socks form a pair 

Xj,j = 
o otherwise 

Let the ith sock be drawn by chance; since there are now 2n - 1 socks left the 
probability that the jth sock will form a pair with it is Ij(2n - 1), that is 

1 
P{X .} = E{X .} = --

I,} I,} 2n _ 1 
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Now let the random variable X be the sum 

hence we have 

X = L Xu 
l:5i.i:5 k 

(i :f. i) 

E{X} = '" E{X .. } = C(k,2) 
L....,; t,) 2n - 1 
i,i 

_ k(k - 1) 
- 2(2n - 1) 

CHAPTER 3 

We make a small table of the values of E{X}, both to check the formula 
and get a better understanding of how the problem depends on the parameters 
k and n. 

TABLE 3.6-1 

The Random Socks Problem 

k\n n = 1 
k = 2 (2 x 1 )/(2 x 1) = 1 

k=3 
k=4 
k=5 
k=6 

n=2 
(2 x 1)/(2 x 3) = 113 
(3 x 2)/(2 x 3) = 1 
(4 x 3)/(2 x 3) = 2 

n=3 
(2 x 1)/(2 x 5) = 115 
(3 x 2)/(2 x 5) = 315 
(4 x 3)/(2 x 5) = 615 
(5 x 4)/(2 x 5) = 2 
(6 x 5)/(2 x 5) = 3 

Many of the values in the table agree with plain thinking. For larger values, 
if k = 2n (all the socks are drawn) we get 

E(X) = 2n(2n - 1) = n 
2(2n - 1) 

and we have n pairs of socks. If k = 2n - 1 (we leave exactly one sock) then 
we have 

E(X) = (2n - 1)(2n - 2) = n _ 1 
2(2n - 1) 

pairs of socks. Hence we decide that the answer is probably right. 
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Example 3.6-2 Problem de Recontre 

This famous matching problem may be stated in many forms. At a dance n 
men draw names of the wives at random; what is the probability that no man 
dances with his wife? Or n letters and envelopes are addressed, and then the 
letters are put in envelopes at random; what is the probabilty that no letter 
is in its envelope? Again, at an office party where each person puts a gift in 
a bag and later draws at random the gift, what is the chance that no one will 
get the gift they put in? These are the same question as the probability of 
no match when turning up cards from two well shuffled decks of cards and 
asking for the probability of no match. Indeed, it is the same as calling the 
cards in order and looking for no match from a well shuffled deck. There are 
many other equivalent versions of the problem. 

Let the random variable Xi be defined by 

Xi = {I if the ith letter is in the ith envelope 

o otherwise 

The random variable X we are interested in is defined by 

" 
X = 11(1- X;) 

;=1 

which is 1 if no letter is in its envelope and 0 otherwise. We have, on expanding 
the product 

X = 1 - LX; + LX;Xj - LXiXjXk + ... 

E{X} = 1- n{l/n} + C(n,2){l/n(n -I)} - C(n,3){l/n(n - 1)(n - 2)} 

+ ... 

= 1 - 1 + 1/2! - 1/3! - ... + (-1)" In! 

'" lie = 0.367879 ... 

The probability of at least one letter in its proper place is 

1 - E{X} '" 1 - lie = 0.632120558 .... 

The approach to the limiting value I-lie is very rapid as the following short 
table for at least one in the correct envelope shows; 
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TABLE 3.6-2 

n exact value 

1 1.0 
2 0.5 
3 0.666667 
4 0.625 
5 0.633333 
6 0.631944 
7 0.631429 
8 0.632118 
9 0.632121 
10 0.632121 

Thinking about the table you soon realize that the larger n is the easier it is 
for anyone letter to miss its envelope, but the more letters give more chances 
for at least one hit; the table shows that in this case the two effects almost 
exactly cancel each other, once n is reasonably large. 

Example 3.6-3 Selection of N Items From a set of N 

Evidently if we did not replace an item after drawing it then after N draws we 
would have the complete set. But with replacement after each draw we can 
anticipate getting some items several times and hence missing some others. 
How many can we expect to miss? 

Let the random variable Xi be 

{
I if the ith item is not taken 

Xi= 
o if the ith item is taken 

Therefore defining X Xl + X 2 + ... + XN 

E{X} = L E{Xi} 

But the Xi are interchangable, hence 

E{X} = N E{Xi} 

Now what is the probability of missing the ith item in the N trials? If each 
trial must miss then we have 

[(N 1)IN]N = [1- 1IN]N "" lie = 0.3678 ... 

(see Table 2.4-2). Hence the expected number of misses is 

Nle 

and we miss getting about 1/3 of the items when replacing each item imme­
diately after each triaL 
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Exercises 3.6 

3.6-1 Explain the oscillation in Table 3.6-2 in terms of the problem posed. 

3.6-2 Give another example of the application of Example 3.6-2. 

3.6-3 There are n sets of three matching items thrown in a bag. If you draw 
them out one at a time what is the expected number of matching sets? 

3.6-4 In sampling n times with replacement what is the probability of get­
ting all the items from a collection of n when is n = 1,2,3, ... , n? 

3.7 Critique of the Notion of a Fair Game 

Galileo was once asked, "In estimating the value of a horse, if one man esti­
mated the value at 10 units of money and the other at 1000 units, which of 
two made the greater error in estimating the value ifthe true value is 100 units 
of money?" After some consideration Galileo said that both were equally ac­
curate, that it is the ratio of the estimate to the true value, rather than the 
difference, that is important. 

To put the matter on a more personal level, suppose you have 1 million 
dollars and stand to either win or lose that amount on an even bet (p = 1/2). 
Most people do not feel that the gain in going from 1 million to 2 million 
dollars is as great as is the loss in going from 1 million dollars to nothing. 

Thus we see that the definition of a fair game involving money, where the 
expectation of the loss is equal to the expectation of gain, does not represent 
reality for most people. Bernoulli faced this matter and suggested that the 
log of the amount you have after the gain or loss relative to what you had 
originally, is more realistic-but the log 0 -00 and this may seem to be 
a bit too strong (so you might use the log of a constant plus the amount). 
Yet the log is not a bad measure to use in place of the amount itself. In any 
case we see that, except for very small amounts (small relative to the total 
a.mount possessed), the definion of a. fair game is often not appropriate to life 
as we lead it. It has nice mathematical properties, that is true, but to apply it 
without thought of its implications is foolish; the concept needs to be watched 
very carefully when it is used in various arguments. 

However, there is another side to the argument. People who engage 
in State Lotteries, when asked why they accept such unfavorable odds, give 
arguments (if they reply at all) such as, "Buying a ticket a week and losing 
each time will hardly change my life style, but if I win then it will make a great 
deal of difference to me." Thus they feel that the slight loss in the expected 
value of their life style that they will suffer if they always lose is more than 
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compensated for by the possibility (not the probability) that they will win a 
large amount on the lottery. They also often believe in a "personal luck" and 
not in the kinds of dispassionate, impersonal, objective probabilities that are 
expounded in this book. 

One may also say about the usual concept of insurance, for the person 
taking out the policy there is a slight loss in the expected quality in their life 
(due to the premium paid) but a greatly reduced possible loss. Gambling may 
be viewed as the opposite of insurance, for a moderate loss in the expected 
value, the possible gain in their life is greatly raised. These opinions are to 
be considered more on an emotional level than on a rational level since we 
cannot know the nonmeasureable values attributed to them by the individual 
making the choice. 

As we will show in Section 3.8, using the Bernoulli evaluation, the log of 
the amount of money posessed, leads to the reasonable results that gambling 
in fair games is foolish, and that ideally (no overhead) insurance is a good idea. 
Bernoulli used the log of the amount as the evaluation function, but it will be 
easy to see that any reasonable convex function would give similar results. 

While we have just argued that the Bernoulli value of money, or some 
similar function, is the proper one to use when dealing with money, it does 
not follow that for other quantities, such as time, it is appropriate. In each 
case we must examine the appropriateness of using the expected value as the 
proper measure before acting on a computation involving the expected value. 

3.8 Bernoulli Evaluation 

In this section we give several examples of the Bernoulli evaluation of a fair 
game. 

Mathematical Aside: Log Expansions. We often need the following 
simple results. From the expansion (that can be found by simple division if 
necessary) 

1/(1 - x) = 1 + x + x2 + x3 + ... ( I x I < 1) 

we can integrate (from 0 to x) to get (recall that In1 = 0) 

In(l-x) -(x+x2/2+x3/3+ .. -) 

Replace x by -x to get 

In( 1 + x) = x - x 2/2 + x3/3 - ... 

Subtract (3.8-1) from (3.8-2) to get 

In{(l + x)/(l- x)} = 2(x + x 3/3 + x5/5 + ... ) 

(3.8-1) 

(3.8-2) 

(3.8-3) 

You can, if you wish, use finite expansions with a remainder in all the above, 
and finally go to the limit; the result will be the same. 
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Example 3.8-1 Coin Toss 

Let p = 1/2 for a fair game with a gain or loss of one unit of money on the 
toss. Then the value of the game according to Bernoulli is, if you have N 
units of money at the start, (VB = value Bernoulli) 

VB = !In(N + 1) + !In(N - 1) 

The change in your value (you had In N value before the game) by the toss is 

aVB = ![In(N + 1) + In(N - 1) - 2/n(N)] 

= ![In(l + lIN) + In(l lIN)] 

= !In(l- 11N2) < 0 

Hence by (3.8-1) there is approximately a change of -1/2N2 in your value, 
and it is foolish (in an economic sense) to play the game. 

From the previous example we can fairly easily see that if the payoff is 
symmetric in a fair game then each matching pair in the payoff is unfavorable, 
hence repeated trials are also unfavorable, and playing the game repeatedly 
is foolish. We show this in more detail in the next Example. 

Example 3.8-2 Symmetric Payoff 

For the toss or three coins (the order of the coins does not matter) let the 
payoff be the number of heads minus the number of tails, and suppose you 
start with N units or money. 

outcome payoff probability 
HHH 3A 1/8 
HHT A 3/8 
HTT -A 3/8 
TTT -3A 1/8 

Is the game fair both in the classical sense and in the Bernoulli sense? 
The game is clearly fair in the classical sense. However, the change in 

the Bernoulli value is 

change = HJn(N + 3A) + In(N - 3A)] 

+ illn(N + A) + In(N - A)] -InN 

:::: t[ln{l - (3AI N)2} + 31n{1 - (AI N)2}] 

and by 3.8-1 this is negative. 
We are now ready to look at the general case of a rair game. 
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Example 3.8-3 Fair Games 

If you have N units of money and 

p = probability of winning A units 

q = probability of losing B units, 

then for a classic fair game you must have 

pA = qB = C 

and the net gain (Bernoulli) is 

CHAPTER 3 

(B < N) 

Gain (N) = G(N) = p In(N + A) + q In(N - B) -In N 

= p In(1 + AIN) + q In(l- BIN) 

To study the function G(N) as a function of N we note that G(oo) = 0 
regardless of the other parameter values p, q, A, and B. Next we examine the 
derivative with respect to N 

G'(N) = p [ ~~A 1 + q [ ! ~ 1 
1+- 1--

N N 

1 [ -C C] 
=N N+A+N-B 

C[ A+B ] 
= N (N-B)(N+A) >0 

The derivative is always> 0, hence the curve must be rising, and since it is 0 
at infinity we must have, for all finite N, 

G (finite) < 0 (for N > B) 
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Example 3.8-4 Insurance (Ideal-no Extra Costs) 

In the insurance case, you are already in the game of life and you stand to 
lose an amount A < N (Where N = your total assets) with some probability 
p. In this game of life your current Bernoulli value is 

pln(N-A)+qlnN 

If you took out insurance so that you would get back the amount A, 
then a (classical) fair fee would be (ideally) 

pA 

and your Bernoulli value would then be 

In(N - pA) 

Computing the gain in taking the insurance 

(insurance) - (no insurance) 

you get the gain 

G(N) = In(N - pA) - [p In(N - A) + q In N] 

= In(N - pA) - p In(N - A) - (1 - p)/n N 

= In(1 - pAIN) - p In(1 - AIN) 

Again we observe that 

but this time 

G(oo) = 0 

pA pA 

G'(N) = N2 A - _N_2A­

I- PN 1- N 

pA [1 1] 
= Ii N-pA - N-A 

pA(-qA) <0 
N(N - A)(N - pA) 

Hence the curve always falls as a function of N, and therefore the function val­
ues must have been positive. Thus taking insurance is always good (assuming 
no overhead and that the insurance is priced fairly!). 
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Since there are actually fixed overheads in insurance policies the results 
must be slightly modified. It is easy to see that if your N is large it does 
not pay you to insure against a small loss, but when the loss is near to N is 
generally pays to take insurance. As a result the richer people tend to have 
fewer insurance policies than do the poorer people. 

An examination of the last two proofs shows that any reasonable convex 
function that is differentiable in place of the log would not change the results. 
Hence the Bernoulli (log) value of money is not essential to the conclusions. 
The conclusion is that the classical "fair game" involving money is simply not 
"fair" will still hold for convex value functions. Thus the wide spread use of 
the expected value in probability can, at times, be grossly misleading. 

Exercises 3.8 

3.8-1 For the roll of a die if the payoff is 6 units for "hitting your point" 
show that the game is fair but the Bernoulli evaluation is not. 

3.8-2 For the toss of a coin twice with (in order) II II payoff 2A, lIT payoff 
A, Til payoff -A and TT payoff -2A, show that the game is fair but the 
Bernoulli evaluation is not. 

3.8-3 What would the payoff have to be in a coin toss for the Bernoulli 
value to be zero? Note that it involves your present value. 

3.8-4 Can a game be both fair and have a Bernoulli evaluation of zero? 

3.8-5 Calculate the Bernoulli value of 2n fair games. 

3.8-6 Replace the 10gN value with 10g(N + 1) and carry out the details, 
thus avoiding the infinite value when ending up with nothing. 

3.9 Robustness 

As you have seen, the first modelling of a situation often asumes that the 
probability distribution is uniform. It may in fact be only close to uniform 
distribution, so it is natural to ask how much the answer changes and in 
what direction it changes if there are slight differences from uniform in the 
distribution assumed. This is usually called "robustness" of the model, or 
"sensitivity" if you prefer. If we are to use the results of a probability compu­
tation in many practical situations we must not neglect this important aspect 
of practical mathematics. We will take the birthday problem of Example 
1.9-6 as an example. 
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Example 3.9-1 The Robust Birtllday Problem 

Suppose that the distribution of birthdays in the year is not uniform, but 
assume that the probabilities deviate from 1/365 by small amounts ei, that is 
(still using 365 days in the year and neglecting leap years) the probability of 
being born on the ith day of the year is 

Pi = 1/365 + ei (i = 1,2, ... 365) (3.9-1) 

For generality we replace 365 by an arbitrary n. 
We have, of course, 

(3.9-2) 

Therefore 

by expanding the square of the series and transposing the squared terms we 
have the important relationship 

Leiej = - Lel 
i-;'j 

(3.9-3) 

Now the probability we seek Pm for no duplicate birthdays in m choices 
must be a symmetric function in the ei and consist of all terms of the form 

Pi(l}Pi(2) ... Pi(m) 

such that i,j f. i, k, for j f. k. We make a Taylor expansion in the variables 
ei of this function Pm(Pi) about the values ei = O. We have 

Il/n ei 

+ L Ld2Pm/dPidPj I eiej + ... 
lin 

We now note that due to symmetry all the 

hence 

by (3.9-2). 

dPm/dpi I = same number for all i 
lin 

LdPm/dpi I ei = dPm/dpi I Lei = 0 
lin lin 
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For the next term, the second derivatives evaluated at l/n, we have for 
i::l j, 

2 I = {1/n
m

-
2 if both Pi and Pj are there 

d Pm/dpidPj 
lin 0 otherwise 

and that 

Hence 
Pm(Pi) = Pm{1/n) + (1/nm- 2

) Leiej + ... 
Using (3.9-3) we get, finally, 

= (original answer) - (1/nm
- 3 )Var {ed + ... 

and we have found the major correction term in a very convenient form. 
The equations (3.9-2) and (3.9-3) are the key ones in the reduction 

to the simple form; for such a symmetric problem the first order term will 
always cancel out, and the cross derivatives can sometimes be reduced to 
the second order ones and then the variance will emerge as the measure of 
the main correction term. We have, therefore, a convenient way of attacking 
the robustness of many symmetric problems when small deviations from the 
uniform distribution occur. For other kinds of problems we will need other 
tools, but equations (3.9-2) and (3.9-3) remain central. 

The birthday problem is one of sampling with replacement; we next look 
at the elevator problem (Section 3.1) which samples without replacement and 
has a double index probability distribution. 

Example 3.9-2 The Robust Elevator Problem 

Looking back at the first solution (or the second one) we can take the six 
successes from the sample space 

a1 b2 c3 
a1 b3 c2 
a2 b1 c3 
a2 b3 c1 
a3 b1 c2 
a3 b2 c1 

and compute their total probability as the probability of a success. Let the 
probability of the ith person getting off on the ph floor be 

p( i, j) with L p(i,j) = 1 (for i = 1,2,3) 
j=I,2,3 
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This sum merely says that the ith person gets off on some floor. 
For use as perturbations we set 

p(i,j) = 1/3 + e(i,j) (all i and j) 

with 
E e(i,j) = 0 (i = 1,2,3) (3.9-4) 

j=I,2,3 

The total probability is the sum of six terms of the form 

p(l, i)p(2, j)p(3, k) = [1/3 + e(l, i)][I/3 + e(2, j)][I/3 + e(3, k)] 

To get the Taylor series expansion of the sum we need the derivatives 
with respect to the e(i,j) evaluated at e(i,j) = O. We have 

P(O) = 6/27 = 2/9 

dP(O) = A = 1/9 
de(i,j) 

d
2
P(0) = B = 1/3 

de(i,j)de(k, m) 

d2P(0) 
d ( . ·)2 = 0 e I,) 

The Taylor expansion is, therefore, since again the first order terms must 
cancel, 

P(e) = ~ + ~ (~) E e(i,j)e(k,m) 
i"/-k,j"/.m 

If we sum on the m for fixed i, j, k we have from (3.9-4) 

E e(i, j)e(k, m) = -e(i, j)e(k,j) 
m"l-j 

as a partial simplification for the expression. We can also write it in the form 

But we cannot reduce it to a sum of squares as the following argument 
shows. Consider the case p(I,I) = p(2,2) = p(3,3) = 1. Then P = 1, success is 
certain. Next consider the case, p(I,I) = 1 = p(2,1). Then P = 0, and failure 
is certain. Thus the surface in the perturbation variables e( i, j) has a saddle 
point (as can be seen by considering slight changes towards the two solutions 
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indicated). Still, we have a formula for the change due to small changes in 
the probabilites (we have neglected any correlations that might also occur in 
practice). We see that again the change is quadratic in the perturbations, as 
one would expect from local extreme in a symmetric problem. But see [W]. 

We gave a rather general approach to robust problems and illustrated it 
by the birthday problem in Example 3.9-1. We now give an approach based 
on a variant of the birthday problem. 

Example 3.9-3 A Variant on the Birthday Problem 

Let N be the number of people entering the room, one at a time, until you 
have a 50% chance of a duplicate birthday. This differs from the earlier version 
of the birthday problem not only because it poses a different question but it 
also differs in the amount of effort to do a simulation. The question asked 
concerns the median value which is often quite different from the expected 
value. 

To handle this problem this time we define the random variable Xi (for 
o < j < 366) 

{
I when N > j 

XJ = 
o otherwise 

Consequently the number of people N until we get as 50-50 chance of a 
duplicate birthday is given by 

N=XO+Xl+",+Xn 

N ext we take the expected value 

where, as before, 

Pi = { 1 - 3~5} {I - 3!5} ... { 1 - 3~51} 
Using a programmable hand computer we get E{N} = 24.617 ... 

We next examine the variance of N in this formulation of the question. 
Note that since xl = Xi, 

N 2 = X~ + X? + ... + X~ + 2 I:: XiX; 
i<i 

= Xl + X2 + ... + Xn + 2 I::X,Xi 
i<i 

Now the random variables were cleverly chosen so that for i < j 
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Therefore 
n-I n 

N 2 =Xo+X I + .. ·+Xn +2L L Xi 
i=O i=i+1 

and it follows that 

n-I 
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E{N2
} = E{N} + 2 L ri where ri = PHI + ... + Pn 

i=O 

This formula also provides a way of computing when the probabilities 
of birthdays are not uniform over the year. 

As an example of unequal probabilities of a birth on the various days of 
the year let Pi = 1/365 + A sin{(k - 1)211'/365} with k = 1, 2, ... 365. This is 
a reasonable model if you think there is a periodic effect in the course of the 
year. With A = 0.002 (note that 1/365 = 0.00274) this is a huge amplitude 
oscillation which produces an approximate variation of 73% in some of the 
daily probabilities. The result of computation is that the expected number is 
now 

E{N} = 24.6 

(which differs from the earlier uniform case only slightly. We have also 

E{N2
} = 754.6166 ... Var {N} = 148.65 

hence 
r=12.19 ... 

The effect of the large change from the uniform case is not as much as 
you might expect because the sum of the perturbations in the probabilities 
must total 0 and this produces, in almost all probability problems, a great 
deal of cancellation. 

Example 3.9-4 A Simulation of the Variant Birthday Problem 

The result of Example 3.9-3 may be checked by some simulations of the 
situation. The average number N over 100 trials gave the numbers 

20.97 21.14 23.16 22.48 22.20 23.59 
20.07 21.79 23.21 20.63 22.32 22.33 

The average of these simulations is 22.0 vs. the calculated 24.6 but the vari­
ance is large. 
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3.10 Inclusion-Exclusion Principle 

We first introduce the concept of an indicator variable on a set X. The variable 
is 1 when the point is in the set and is 0 otherwise. Thus for indicator variables 
Xi the quantity 

XiX; 

is 1 only when the point is in both sets Xi and Xi' Similarly for higher order 
products of indicator variables. We have used this notation before. 

Suppose we have a number of sets Ai, some of which may overlap others. 
If we add all the Ai we will at least double count the common points, labeled 
Ai,;, see Figure 1.7-2. Hence we need to subtract these out. But then we will 
have twice removed all the points that occur in three sets at once and we need 
to add them back again, that is add Ai,i,k' Hence to count all the points in 
some set we have 

A= ~ A·-~ A··+ ~ A. 'k-'" ~. L-t ',J L-t ..n.t,J, 

Figure 1.7-2 illustrates this situation for three sets using circles as sets. We 
now convert this to the indicator variables where where there is at least one 
point in the set X 

Since combinations are often difficult for the beginner, we will proceed 
slowly and derive this formula in a different manner. We begin with the 
classical formula from algebra, the factoring of a polynomial in terms of the 
roots Xi. We have the standard formula 

If we mUltiply this out and note that the terms in each coefficient of xk are 
homogeneous (same degree) in the Xi we find that the term with no Xi is 

The next term is xn - 1 and the coefficient is, by symmetry, 

The next term's coefficient is 
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Indeed we see that Pn(x) will be 

D () n n-I"",, n-2"",, n-3"",, + 'n X = X - x LXi + x L XiXj - x L XiXjXk .•. 

with alternating signs and the last term will be the product of all the Xi 

with a coefficient (_l)n. The coefficients are called the elementary symmetric 
functions of the roots Xi. 

If we set x = 1 and think of the Xi as indicator variables Xi we have 

If any Xi = 1 then the product is O. Alternately for 

this is 1 if any Xi = 1. Expanding this we have 

this is the same formula as before in a slightly different notation, and we have 
already used it several times! 

Example 3.10-1 Misprints 

A common situation is that two readers independently examine a table of 
numbers. The first observes nl errors, the second n2 errors, and in comparing 
the two lists of errors there are n3 errors in common. How many errors are 
probably left? 

We must, of course make some assumptions. The simplest are: (1) that 
each error has the same probability of being found as any other, (2) that the 
errors are independent, and (3) that the two readers have different probabili­
ties of finding the errors. Let p(l) be the probability of the first reader finding 
an error and p(2) for the second. If there are N errors in total then reasonable 
estimates (not certain knowledge at all) are 

and 

We have for the common errors (they were assumed to be independent) 

p(1)p(2) = n3/N 

This leads to, eliminating the p's, 
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This seems to be a reasonable result as we inspect it. If there were no 
errors found in common, (and nothing else was known about the reliability of 
the readers) the assumption of an infinite number of errors (though the text 
must have been finite) is not surprising. Other tests also show that it is a 
reasonable result for a first guess. 

We have not answered the original question-how many are left. We 
need the inclusion-exclusion principle to get it. We have for the number of 
errors left the reasonable guess 

N - nl- n2 +n3 

The model is crude, of course, but it is suggestive, and if this number is too 
large for publication then further readers had better be found. 

Example 3.10-2 Animal Populations 

It is a common problem that we want to sample an animal (or other) pop­
ulation and guess at the total population N from the samples. Suppose we 
sample, count, and tag all the animals caught in this first sample, and return 
them to the original population. At a later date we sample again and count 
both the size and the number of tagged ones. Again we are estimating the 
total population (above it was errors in a table) and have labeled it as N. Let 
the ni be as before. Then the total population N is estimated by 

N = nln2/n3 

One worries about the assumption of the independence of being captured 
twice. Are the trials really independent? Is there a tendency for some animals 
to be caught and other to escape? Does the presence of a tag change the 
probability of being caught again, or of survival to be later caught? Hence 
the need for robustness. 

Example 3.10-3 Robustness of Multiple Sampling 

The formula we are using is 

N = nln2/n3 

If each of these numbers has a small error ej (i 1,2,3) what can we expect 
for the change in N? 

It is simple numerical analysis where we omit all squares and higher 
powers of the ej. We have for the first order terms in the Cj 

Change = (nl + eI)(n2 + e2)/(n3 + C3) - nln2/n3 

'" [(nln2 + nlc2 + n2ed/n3]{1 - C3/n3} - nln2/n3 

'" nt e.2/n3 + n2et/n3 - nln2e3/n~ 

This could also be found by a Taylor expansion to first order terms. 
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Example 3.10-4 Divisibility of Numbers 

A number is chosen at random from the range of 30M + 1 to 30N(N > M); 
what is the probability that it will have no factors of 2, 3, or 57 

Clearly we first need to find how many numbers in the range are divisible 
by 2, 3 and 5. We have 

etc. 

divisible by 2 

divisible by 3 

divisible by 5 

30(N - M)/2 = 15(N - M) 

30(N - M)/3 = 10(N - M) 

30(N - M)/5 = 6(N - M) 

We must use the inclusion-exclusion principle, hence we have in all that 
are divisible by 2, 3 or 5 

30{ N - M) { ~ + ~ + ~ - {~ + 1~ + 115} + 3
1
0} 

= {N - M)[15 + 10 + 6 5 3 - 2 + 1] 

= (N - M)(22) 

There are 30(N - M) numbers in the range, thus the probability of being 
divisible by 2, 3 or 5 is 22/30 = 11/15, so that the probability of not being 
divisible is 4/15. 

Exercises 3.10 

3.10-1 In Example 3.10-2 if the sampled fish die and cannot be returned 
alive (sampling without replacement) then find a formula for estimating the 
population left after the two samplings. 

3.10-2 To estimate the number N of errors left in some software it is pro­
posed to add M additional ones (of the same general type) and then search for 
the errors. If n of the original ones and m of the inserted ones are found, find 
a formula for estimating the number of errors left. Ans. N - n = n[M /m - 1]. 
3.10-3 Modify Example 3.10-4 for the factors 2, 3, 5, 7. 

3.10-4 Five balls are put into 3 boxes. What is the probability that at least 
one will be empty? That exactly one will be empty? 

3.10-5 One marksman has an 80% chance of hitting a target, the second 
a 75% chance. If both shoot what is the probability of a hit? Ans. 19/20 = 
0.951. ... 

3.10-6 A product goes through three stages of manufacture. If the first 
stage has a yield of 80%, the second of 90%, and the third of 95%, what is the 
final yield if the defects are not found until the end? Ans. 68.4%. 
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3.10-7 If you use three proof readers on a text then you have seven numbers, 
the individual numbers found, the pairwise numbers, and the total common 
number, and you have to estimate only four numbers, the individual proba­
bilities and the total number of errors. Discuss a practical approach to the 
problem. 
3.10-8 Discuss the difference, if any, between inspection with "rejection 
if defective" at each stage of inspection in Exercise 3.10-6, and letting the 
inspection go until the end. 

3.11 Summary 

In this chapter we have introduced a number of methods for solving proba­
bility problems, as well as a few other intellectual tools. We have also shown 
that the classic concept of a fair game, though widely used, is misleading when 
applied to money. Finally, we have further examined the topic of robustness 
of the solution of probability problems by supposing that the initial probabil­
ities are not exactly known but have small errors e( i). Thus for the original 
uniform probability assignment where we originally assumed the individual 
probabilities were, say, lin, we must now consider the change of the solution 
where we now have probabilites lin + e(i) (for small e(i) of course). It is sel­
dom that anything is absolutely uniform in nature, and hence the robustness 
of the solution is an important aspect of the problem if we are to act on the 
computed results. 
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Countably Infmite Sample Spaces 

4.1 Introduction 

Among the aims of this book are: (1) to be clear about what is being assumed 
in the various probability models, (2) when possible to use regular methods 
and shun cute solutions to isolated problems, (3) to develop systematically 
the reader's intuition by choice of problems examined and the analysis of why 
the results are as they are, and finally, (4) show how to make reasonableness 
checks in many cases. 

In the preceding Chapters we examined finite sample spaces, and they 
bring us naturally to countably infinite sample spaces when we ask questions 
such as: "If you repeatedly toss a coin when will the first head occur?" There 
is no finite number of tosses within which you are certain (probability = 1) 
that you will get a head, hence you face the count ably infinite sample space H, 
T H, TT H, TTT H, TTTT H, ... with probabilities (p = probability of a H) 

(4.1-1) 

for the first head on the first, second, third, fourth, ... toss. 
This sample space, (4.1-1), describes any independent two way choice of 

things. Although it seems like a simple step to go from a finite to an infinite 
sample space we will be careful to treat, as one does in the calculus, this infinite 
as a potential infinite (limit process), and not as the actual infinite. Again, 
the sample space (4.1-1) describes any independent two way choice of things. 

Mathematical Aside: Infinite Sums 

Now that we are in infinite sample spaces we will often need various sim­
ple infinite sums which are easy to derive once you know the method. (See 

[141] 



142] COUNTABLY INFINITE SAMPLE SPACES 

Section 3.8 for other sums.) The sum 

00 1 
"'"'x" =­L....J I-x 
1:=0 

CHAPTER 4 

(lxl<1) (4.1-2) 

is a simple infinite geometric progression with the common ratio r = x and 
starting value a = 1. Another way to see this sum is to imagine dividing out 
the right hand side to get the successive quotient terms 1, x, x 2 , ..•• 

If we differentiate (4.1-2) with respect to x we get (drop the k = 0 term) 

~ 1:-1 1 
L....J kx = (1 _ x)2 
1:=1 

A more useful form is obtained by multiplying through by x to get 

00 

"'"'" x L....Jkx = (1- x)2 
1::1 

Differentiate this again to get 

and multiplying by x gives 

similar results for higher powers can be obtained the same way. 
All this can be done by: (1) begining with the finite sum 

N-l 1 N N 
"'"' x" = - x = _1 __ _ x __ 
L....J I-x 1 x I-x 
"=1 

(4.1-3) 

(4.1-4) 

(4.1-5) 

(4.1-6) 

(2) doing the corresponding operations, and then (3) taking the limit as the 
number of terms approaches infinity. The results are the same since when 
I x I < 1 then lim I x IN -+ 0 as N -+ 00. 

We also need to look at the corresponding generating functions and 
simple operations on them. We have seen (see also Section 2.7) the power of 
the operations of differentiation and integration on generating functions. We 
now examine a few less obvious operations. 
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Let the generating function be 

00 

G(t) = Lantn 

n=O 

and assume that all at with negative indices are zero (it is only a matter of 
notational convenience). Then 

Repeated application will get higher differences. 
If instead of multiplying we divide by (1 - t) then we get 

G(t) = '" a tn '" tl: 1 - t L.,.; n L.,.; 
n I: 

= L Lantn+1: 
I: n 

= ao + alt + a2t2 + a3t3 + ... 

aot + alt2 + a2t3 + '" 

+ aot2 + al t3 + .. . 

+ aot3 + .. . 

We now set, for notational convenience, 

(4.1-7) 

(4.1-8) 

where the bm are the running cumulative partial sums of the coefficients; hence 

G(t) = '" htl: 
1 - t L.,.; 

I: 

(4.1-9) 

If the al: form a probability distribution then the limit of bl: as k -+ 00 

is 1. We can set CI: = 1 - bl: (the CI: are the complements of the cumulative 
distribution hence are the tails of the distribution). Then from (4.1-2) the 
generating function is 

_1 -_G----'(~t) L I: = Cl:t 
I-t 

(4.1-10) 
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We can get the alternate terms from a generating function by using 

G(t) + G( -t) '" 2k 
2 = L...J a2kt 

k 

If we think of t2 = u and then replace u by t we have the generating function 
with only the even numbered coefficients 

G(t 1/ 2 ) + G( _t 1/ 2 ) k 
2 = L a2kt 

k 

(4.1-11) 

This idea may be carried further and we can select the coefficients in any 
arithmetic progression. For the next case, and this implies the general case, 
we note that above we effectively used 

hence we examine 

x3 
- 1 = (x - 1)(x - w)(x - w2

) 

where w = {-I ± iY'3} /2 is a cube root of 1, and we use the fact that the sum 
of the roots is 0, and the sum of products of the roots taken two at a time 
is also zero. It is easy to work out the details of what the sums of various 
powers of the cube root of 1 are and show that 

G(t) + G(wt) + G(w2 ) 

3 

picks out every third term of the series. Suitable modifications will get the 
terms shifted by any amount as 

G(t) - G( -t) 
2 

picks out the odd terms only in a generating function 

(4.1-12) 

These devices, and others, are often useful in finding answers to special 
problems that may arise. 

It is easily seen that if we are to substitute numbers for t in the generating 
function then we must be concerned with the convergence of the series. But if 
we are merely using the linear independence of the powers of t and equating 
like terms in two expansions that are known to be equal, then the question 
of their convergence does not arise. Their convergence is a matter of delicate 
arguments and there is not universal agreement on what mayor may not be 
done in these matters. 
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Exercises 4.1 

4.1-1 Find the generating function for the coefficients ai" from the gener­
ating function of the a". 
4.1-2 Find the generating function for the coefficients a3"+I. 

4.1-3 Find the generating function for the numbers k3
• 

4.1-4 Show that limt_l {I - G{t)}/{l - t} approaches the right limit. 

4.1-5 Find the generating function for the coefficients a,,/k. 
4.1-6 Find the generating function for the coefficients a,,/k2 • 

4.1-7 Find the generating function for I/en!. Show that G{I) = 1. 

4.1-8 Find the generating function for the k'h differences of the coefficients. 

4.1-9 State how to decrease the subscripts of the coefficients of a generating 
function. How to increase them. 

4.1-10 Find E" kit". 

4.1-11 Show that the generating function for the coefficients x"+l/{n + 1) 
is a log. 

4.1-12 Find an integral representation for the series E;o l/n2 • 

4.2 Bernoulli Trials 

Suppose we have a situation, like the coin toss, good or defective component, 
life or death, etc. where there is only one of two possible outcomes. We also 
suppose that the trials are independent and of constant probability. We ask 
when the event occurs for the first time. 

Example 4.2-1 First Occurrence 

Let the probability of the event be Pi:- 0, and let X be the random variable 
that describes the first occurrence of the event. Then we have (repeating 
4.4-1) 

Pr {X == I} == P 

Pr {X == 2} == qp 

Pr{X == 3} q2p 
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These are the same probabilities as those of the sample space (4.1-1), and 
they form a geometric probability distribution. 

Have we counted all the probability? We compute the infinite sum (via 
the usual calculus approach of first doing in our head the finite sum and then 
examining the result as the number of terms approaches infinity). We have 
the standard result (using 4.1-2) 

00 00 

LPr{X = k} = Lpqk-l 
k=l k=l 

Thus the sample space has a total probability of I as it should. 
This shows us how to get the generating function of the distribution. 

The variable t is a dummy variable having no real numerical value, but since 
we will later set it equal to I we must have the convergence of the infinite 
geometric progression for all q < I (at q = I the event cannot occur). The 
generating function is, therefore, from (4.1-2), 

00 t 
G(t) = '" pqk-ltk = -p-

L...J 1- qt 
k=l 

(4.2-2) 

To get the mean and variance we need the first two derivatives evaluated 
at t = I, (see equations 2.7-3 and 2.7-4) 

G'(t) = (I - qt)p - pt(-q) = P 
(I - qt)2 (I - qt)2 

G'(I) = plp2 = lip 

G"(t) = 2pq 
(I - qt)3 

(4.2-2) 

G"(I) = 2qlp2 

Hence the mean (expected time) is 

E{X} = lip (4.2-3)* 

In words, we have the important result that the expected value of a geometric 
distribution is exactly the reciprocal of the probability p. Since 

E{X2} = G"(I) + G'(I) = 2qlp2 + lip 
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the variance is, from 2.7-4, 

2q + p - 1 q 
=2 p 
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probability 

(4.2-4)* 

If, as for a well balanced coin, p = 1/2 then the expected time to a 
head is two tosses, and the variance is also 2. In Figure (4.2-1) we plot as a 
function of p the mean, variance, and the square root of the variance, which 
is often used as a measure of what to expect as a reasonable deviation from 
the mean. 

These results, (4.2-3) and (4.2-4), are important because they allow 
us to solve some problems very easily, as we will see in Examples (4.2-3) 
and (4.2-5). 
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Example 4.2-2 Monte Carlo Test of a Binomial Choice 

There is much truth in the remark of Peirce (Section 2.1) that in human hands 
probability often gives wrong answers. We therefore twice simulated 100 trial 
runs on a programmable hand calculator and got the following table for the 
number of tosses until the first head. 

TABLE 4.2-1 

100 Simulations of coin tossing until the first head. 

Run length Frequency of run 

No. of tosses Theoretical First run Second run 

1 50 53 
2 25 24 
3 12.5 13 
4 6.25 8 
5 3.125 1 
6 1.5625 1 
7 0.7813 0 
8 0.3906 0 
9 0.1953 0 

10 0.0977 0 
11 0.0488 0 
12 0.0244 0 

The computed E{X}, E{X2} and Variance are: 

Theoretical: 
Experiment # 1: 
Experiment #2: 

E{X} E{X2} 

2 
1.83 
1.895 

6 
4.55 
6.34 

52 
27 
10 
5 
3 
1 
1 
0 
0 
0 
0 
1 

V{X} 
4.00 
3.03 
4.64 

We conclude that we are not wrong by the usual factor of 2, but must be 
fairly close. Either longer runs, or simulations for other than p = 1/2, would 
give further confidence in the results derived. In the first run the results were 
too bunched, and the large variance in the second experiment arose from the 
single outlier of a run of length 12. You have to expect that the unusual will 
occur with its required frequency jf the theory reasonably models reality. The 
extreme of p = 1 gives E{X} = 1, V {X} = 0, while from Figure 4.2-1 the 
other extreme p = 0 gives infinity to both values, and these results agree with 
our intuition. 
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Example 4.2-3 AU Six Faces of a Die 

What is the expected number of rolls of a die until we will have seen all six faces 
(assuming, of course, a uniform distribution and independence of the rolls)? 

Using the method of random variables we define: 

XlI the number of rolls until we see the first new face 
Xi = the number of rolls after the (i - l)st face until the ith face, 

(i = 2, ... ,6). Hence the random variable for the total number of rolls until 
we see all six is simply 

X = Xl + X2 + ... + X6 

and the expected number is 

6 

E{X} = E E{Xd 
i=l 

But from the previous result, (4.2-3), the expected number is the reciprocal 
of the probability, and we have 

E{Xd = 1/{(7 - i)/6} = 6/(7 - i) (1 = 1, ... 6) 

Hence we have (recall the harmonic sums from Appendix l.A) 

{
III II} 

E{X}=6 6+5+4+3+2+1 

= 6H(6) = 6 (~~) 
= 14.7 

(4.2-4) 

In other words, the expected number of rolls until you see all the faces is above 
14 and less than 15. 

One is inclined to interpret this expected value of 14.7 rolls to mean 
that the probabilty ofsuccess on 14 rolls is less than 1/2 and that for 15 it is 
greater than 1/2. To do this is to confuse the expected value with the median 
value-a common error! To see this point we give a simple example. Let the 
random variable X have 

P{X I} 2/3 

P{X = 2} 0 

P{X 3} 1/3 

Then the expected value of X is 

E{X} = 1 (~) +2(0)+3 (~) = ~ 
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Thus the expected number of trials is 5/3 but 2/3rds of the time you win on 
the first trial! Other examples are easily made up to show that the expected 
value and the median value can be quite different. 

How about the variance? The random variables Xi were carefully chosen 
to be independent of each other, hence their variances add, and we have, 
from (4.2-4) and qi = 1 Pi, 

6 q' 6 [1 1 ] 
Var{ X} = I: ; = I: "1' - --:-

i=1 P. 1:1 P. P. 

The Pi = (7 - i)/6, and when you set k = 7 - i, (k = 1, ... ,6), Pi = k/6 you 
have 

6 [36 6] 
Var{X} = I: k2 - k 

k=l 

= 36[1 + 1/4 + 1/9 + 1/16 + 1/25 + 1/36]- 14.7 

= [36 + 9 + 4 + 9/4 + 36/25 + 1]- 14.7 

= 53 + 69/100 - 14.7 = 38.99 

( 4.2-5) 

Thus the root mean square deviation from the expected value is 6.244 ... , 
and we therefore might expect a range for the trials running from 8.5 to 20.9, 
though, of course, we must expect to see many trials fall ouside these limits. 
The lowest possible number of trials is 6 which, from Example 3.2-1, has a 
probability of 6!/66 = 0.015432 ... '" 1!% 



42 BERNOULLI TRIALS [151] 

Example 4.2-4 Monte Carlo Estimate 

To check both the particular case, and the model generally, we did a Monte 
Carlo simulation using 1000 trials. Part of the results are given in Table 4.2-2. 

TABLE 4.2-2 

Monte Carlo Until All Six Faces of a Die Appear. 

Number Probability 
of trials cumulated 

n p 

10 0.272 
11 0.356 
12 0.438 
13 0.514 
14 0.583 
15 0.644 
16 0.698 
17 0.745 
18 0.785 
19 0.819 
20 0.848 

and we see that by linear interpolation for p = 1/2 we have 12.815 as the 
median number of trials. This is somewhat far from the average number 14.7 
because the distribution is skewed a bit. It is important to stress that the 
median and average can be quite different-the median is the item in the 
middle and is relatively little affected by the tails of a distribution, while the 
average covers all the distribution and can be strongly affected by the tails. 

Example 4.2-5 Card Collecting 

Often packages which you buy in a store include a card with a picture, or 
other items of a set, and you try to collect all of the N possible cards. What 
is the expected number of trials you must make? 

This is a simple generalization of the six faces of a die, (Example 4.2-3). 
The expected value is now 

[ 
1 1 1 ] 

E{X} = N N + N _ 1 + N _ 2 + ... + 1 
(4.2-6) 

= NH(N) 
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where H(N) = 1+ 1/2 + 1/3 + ... + liN ..... In N, the truncated harmonic 
series (see Appendix LA). The variance is correspondingly 

These sums are easily bounded, as shown in Appendix 4.B, by 

so the general case is easily estimated. The differences between the bounds 
are the terms on the right extremes of the equations and dropping the IIN2 

terms gives the values 1/8 and 1/4 respectively as the differences between the 
lower and upper bounds. Approximations may be closer many times. 

Example 4.2-6 Invariance Principle of Geometric Distributions 

The probability of not getting a head in n independent trials is qn which we 
shall label as 

P(n) = qn 

This is a geometric progression, and has the following property: 

P(n) = P(m)P(n - m) for all m between I and n. (4.2-7) 

But this is the same, using conditional probabilities (Section 1.8), as 

P(n) = P(m)P(n - m 1m) 

In words, we have that the probability of going n steps without the event hap­
pening is the same as the probability of going m < n steps multiplied by the 
probability of going n - m steps conditioned on having gone m steps. Thus, 
comparing the two equations we see that having gone m steps does not af­
fect in any way the probability of continuing-that for the case of a geometric 
progression the past and future are disconnected. In different words, the prob­
ability of getting a head is independent of how many tails you have thrown­
but that is exactly the concept of independence! There is an invariance in 
a geometric probability distribution-if you get this far without the event 
happening then the expected future is the same as it was before you started! 

The converse is also true; if you have this property then the discrete 
sequence must be simply the powers of the probability of a single event as can 
be seen by going step by step. 
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Example 4.2-7 First and Second Failures 

Suppose we have a Bernoulli two way outcome, the toss of a coin, the test of 
success or failure, of life or death, of good or bad component, with probability 
p of a failure (which is the event we are looking for), and hence q of success 
(not failing). The generating function for the first failure is given by (4.2-2) 

pt 
G(t) = (I _ qt) 

G'(t) = (I .!qt)2 

G"(t) = 2pq 
(l-qt)3 

G(I) = I 

G'(I) = ~ 
p 

G"(I) = 2~ 
p 

with the corresponding mean lip and variance qlp2, (4.2-3) and (4.2-4). The 
time to second failure will be just the convolution of this distribution with 
itself since the time to second failure is the sum of the time to the first plus 
the time to the second failure. For the second failure we have, therefore, the 
generating function 

H(t) = G2(t) = [~] 2 
1- qt 

H(I) = I 

The convolution clearly sums up exactly all the possibilities; the probability 
that the first failure occurred at each possible time in the interval and that 
the second occurred exactly at that point where the sum is the coefficient of 
tk. By expanding (I - qt)-2 using (4.1-3) we can get the actual numbers, 
kpqk-l. 

To find the mean and variance of the distribution H(t) = G2(t) we have 

H'(t) = 2G(t)G'(t) 

hence the mean time to second failure is, since G'(I) = lip 

H'(I) = 2(1)(l/p) = 2/p = IIp+ lip 

as you would expect. For the second derivative we have, since G"(I) = 2qlp, 

H"(t) = 2G(t)G"(t) + 2[G'(t)]2 

H"(I) = 2(1) (2q) +2 (~)2 = (4q+2) = 6-4p 
p2 P p2 p2 



154] COUNTABLY INFINITE SAMPLE SPACES CHAPTER 4 

hence the variance is 

v = 6 - 4p + ~ _ .! = 6 - 4p + 2p - 4 
p2 P p2 p2 

2 - 2p 2q 
= p2 p2 

and we see again that for independent random variables the mean and variance 
add. For q = 0, p = 1, we have the mean = 2 and variance = 0 as it should. 
For p = 1/2 we get mean = 4 and variance = 4. See Figure 4.2-1. 

Example 4.2-8 Number of Boys in a Family 

Suppose there is a country in which married couples have children until they 
have a boy, and then they quit having more children. Suppose, also, that 
births are a Bernoulli process. What is the average fraction of boys in a family? 

First, let p = the probability of a boy, hence q = 1 - p = the probability 
of a girl. We have 

Size of family Probability 

1 p 

2 qp 

3 q2p 

Ie qk-l p 

The average family size wiJI be from (4.1-3) 

p 1 
(1 - q)2 = p 

The ratio of boys to the total population is, since it is a Bernoulli process, 
exactly p. But let us check this by direct computation. We have for the 
following expression, in the numerator the probability of a boy in the family 
for each size of family and in the denominator probability of there being the 
corresponding number of children in the family, each arranged by the size of 
the family, 

p 
p + qp + q2p + ... 1 _ q 

1 + 2qp + 3q2p + ... = ..,---=-p--:-:- = p 
(1 - q)2 
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We are now ready for the original question, what is the fraction of boys 
in the average family. We have 

qp q2p 
(l)p+-+-+'" 2 3 

To sum the series in the square bracket we label it /(q). Then 

Differentiate with respect to q 

{q/(q)}' = 1 + q + q2 + ... = _1_ 
l-q 

(4.2-9) 

We integrate both sides. (Note that 0/(0) = 0 and that In 1 = 0 so the 
constant of integration is 0.) 

q/(q) = -In(1 q) == -In p 

From this we get back to the original expression we wanted (4.2-9) 

p 
--In p 

q 

as the average fraction of boys in the family. For p = 1/2 we get 

In 2 0.693 ... ""' 0.7 

(4.2-10) 

Thus half of all children are boys, but the fraction of boys in the average 
family is almost 7/10. The difference is, of course, that we are taking different 
averages. 

As a check on the formula (4.2-10) we ask what value we get if p -+ 0, 
(boys are never born). The result is the fraction of boys approaches 0 in the 
families. If p -+ 1 (only boys are born) the formula approaches the value 1, 
just one child in each family, and again this is what you would expect. Hence 
the formula passes two reasonable checks, though at first sight the value for 
p = 1/2 seems peculiar. 
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Example 4.2-9 Probability that Event A Precedes Event B 

If there are three kinds of events, A, B, and C with corresponding probabilites 
p(a), p(b), and p(e), what is the probability that event A will precede event B? 

In the sample space of sequences of events the sequences 

will all be successes and only these. This probability is, (since p(a) + pCb) + 
p(e) = 1) 

P(A) = p(a) fpA(e) = p(a) 
o I-p(e) 

_ pea) 
- p(a) + p(b) 

Similarly for the event B preceding A 

P(B) _ p(b) 
- p(a) + p(b) 

Note that the answer does not depend on p(e) and that in practice event C 
can be the sum of many indifferent events (with respect to events A and B). 

Example 4.2-10 Craps 

The rules for the game of "craps" are that on the first throw of two dice: 

You win on the sum 7 or 11 
You lose on the sum 2, 3, or 12 
Else this throw determines your "point." 

If you get a "point" you continue to throw the pair of dice until 

You win if you throw your point 
You lose if you throw a 7. 

Using the notation p(i) = probability of the sum of the two dice being i, you 
win with probability (using the results of Example 4.2-9) 

P = p(7) + p(ll) + L (") p(i) 
p t p(i) + p(7) 

i=4,5,6,8,9,10 

By symmetry 

p(2+j)=p(12-j)= (I~j), i=O, ... ,5 
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Hence 
""'" p2 (i) 

P = p(7) + p(ll) + 2 L....J (") + (7) 
4,5,6 P J P 

Putting in the numbers we have 

6 2 2 {32 42 52} 
P=36+36+36 3+6+4+6+5+6 

1 { 9 16 25} 
= 18 3 + 1 + 9" + 10 + 11 

1 { 8 25 } 1 { 88 + 125} = 18 5 + 5 + 11 = 18 5 + 55 

= ~ {275+ 213} = ~ {488} = ! {244} 
18 55 18 55 9 55 

= 0.492929 ... 

Thus the game is slightly unfavorable to the person with the dice, and this 
explains why the "house" does not handle the dice. 

Exercises 4.2 

4.2-1 Find the exact coefficients for Example 4.2-7 by long division. 

4.2-2 Estimate how long you can expect to go to get all of a set of 100 items. 

4.2-3 Show that the time to third failure is the cube of the corresponding 
generating function. Extend to the time for the kth failure. 

4.2-4 Make a plot of (4.2-10) as a function of p. Discuss its meanings. 

4.2-,5 In the game of "odd man out" (the person who pays the bill) find the 
expected duration of play. Ans 4/3 tosses. 

4.2-6 If n people play the game of odd man out what is the expected dura­
tion of play? Ans. 2,.-1 In. 
4.2-7 If an urn has w white balls, T red balls, and b black balls, and you 
draw repeatedly (with replacement) what is the probability of getting a white 
ball before a black ball? 

4.2-8 With the roll of two dice what is the probability of getting a 7 before 
getting an 11? Ans. 3/4. 

4.2-9 In drawing cards at random with replacement and shuffling before the 
next draw, what is the probability of getting a spade before a red card? 

4.2-10 From an urn with r red balls, w white balls, and b black balls, what 
is the probability of drawing a white ball before a black ball? 

4.2-11 In an urn with 1 black ball, 2 red balls, and w white balls, what is 
the probability of getting a white ball before the black ball? Ans. wl(w + 1). 
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4.2-12 If half the cars coming down a production line are white, one third 
are black, one sixth are green and one sixth are mixed, what is the probability 
that you will see a white car before a black car? Ans. 3/5. 

4.3 On the Strategy to be Adopted 

In view of Peirce's remark (section 2.1) about the unreliability of probability 
computations, even in the hands of experts, we need to consider very carefully 
how we are to treat, with reasonable confidence, the topic of infinite sample 
spaces. We must do this because probability modeling and the corresponding 
computations enter into many important projects in science and engineering, 
as well as into medicine, economics and social planning. Furthermore, the 
field of probability has the property, barely alluded to by Peirce, that often 
our intuition cannot provide the usual checks on the reliability of the results 
that are used in all other fields of human activity. 

Peirce identified a major weakness as the lack of uniform methods (and 
we have frequently been guilty of this); most probability books use various 
trick methods to get the answers. Furthermore, the modeling is often very 
remote from reality and leaves the user in great doubt as to the relevance 
of the results obtained. Whenever we can we need to adopt elementary, uni­
form, easy to understand methods, and to avoid "hi falutin," "trick" or "cute" 
mathematics. But if we are to handle a wide class of problems we will need 
powerful mathematical methods. We assume the ability to handle the calcu­
lus, simple linear algebra, and ordinary differential equations. The theory of 
linear difference equations with constant coefficients, which closely parallels 
that for linear differential equations, is given briefly in Appendix 4.A. We will 
avoid many of the methods of advanced mathematics since they can at times 
give very peculiar results whose application to the real world are some times 
dubious and occasionally clearly not appropriate (see Section 4.8) [St]. 

It is apparently a fact of life that discrete problems are not as often 
solvable in a nice, closed form as are the corresponding continuous problems. 
An examination of the calculus, which is the main tool for the continuous 
case, shows the difference between the two fields; compare both differentiation 
and integration of the calculus with differencing and summation for the finite 
calculus. In differentiation just before the limit is taken there are usually many 
terms, and most of them vanish in the limit leaving a comparatively simple 
expression, but in the finite differences they do not vanish. For integration 
there are three main tools; (1) rearrangement, (2) integration by parts, and 
(3) change of variable. In the corresponding summation of infinite series, we 
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have the first two but not the third-there can be only trivial changes of 
variable since we must preserve the equal spacing of the terms. And it is 
the third of these tools that is the most widely used in the calculus to do 
integrations. Thus we cannot hope to solve as wide a class of problems in 
closed form in the discrete mathematics as we can in the continuous. This 
is one of the reasons we will be driven to studying the topic of continuous 
probability distributions in Chapter 5. 

If we cannot expect to get many of the solutions to our problems in 
a nice, useful form, what can we do? The path often taken in text books 
is to carefully select the problems to be solved, but this leaves much to be 
desired. We know from Section 2.7 that if we can get the generating function 
then at least we can get the mean and variance of the distribution by simple 
differentiation. Thus we will focus on first getting the generating function, 
Section 4.5, and then the complete solution, if ever, from it. The generating 
function contains the distribution itself, and often we can get the distribution 
if we will do enough work (Section 4.6). It is also true that from the generating 
function alone we can get many properties of the distribution beyond the 
moments if we do more calculation. 

The method of state diagrams is increasingly used in diverse fields such 
as electrical engineering and computer science, and has proved to be very 
powerful. The state diagram, by its recursive nature, allows us to represent 
in a finite form the potentially infinite sample space of possible outcomes. 
Hence we will concentrate on this uniform method as our main tool (as Peirce 
recommended). We must also give many non-intuitive examples to build up 
your intuition. In Section 3.6 we solved recursive problems by implicitly using 
state diagrams using two states, success and failure, and giving the transition 
probabilities of going from one to the other on successive steps. 

The finite state diagram method also has the interesting property that 
the paradoxes to be discussed in Section 4.8 cannot be represented as fi­
nite state diagrams since they require a potentially infinite storage device to 
represent the amount of money to be paid and furthermore violate the re­
quirement that state diagrams we will use generally have constant transition 
probabilities. 

4.4 State Diagrams 

It is easier to show what state diagrams are by giving examples than it is 
to define them clearly. We begin with a simple problem, the distribution of 
the number of tosses of a coin until two heads appear in a row. We will 
proceed slowly, discussing why we do what we do at the various stages, and 
after this problem we will attack a slightly harder one which will indicate the 
general case. 
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q 

Two heads in a row 

FIGURE 4.4-1 

This method of state diagrams and difference equations has been already 
used in the problems of Section 3.5 where we set up the transition probabilities 
from the various states and solved the corresponding difference equations with 
their boundary conditions. We now turn to further Examples. 

Example 4.4-1 Two Heads in a Row 

We begin with the state diagram. The states we need are Sl (T, tail), S2 (H, 
head), S3 (H H, two heads in a row), and S4 (the overflow state) The last is 
needed if we want to apply the conservation of probability rule so that the 
sum of all the probabilites is 1. See Figure 4.4-1 where each state is shown as 
well as the transition probabilities. It also allows the easy calculation of the 
expected value of some desired state. 

It is well to work on a general case rather that the special case of p = 1/2 
for Hand T so that we can follow the details more clearly. It is a curious 
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fact that often in mathematics the general case is easier to handle than is the 
special case! Therefore, we suppose that on the first toss the probability of H 
is p, and the probability of a T is q, shown in the figure on the left by arrows 
coming into the state diagram. 

We now write the transition equations for the state Si(n) in going from 
trial (n - 1) to trial n, (see Examples in Section 3.6 for similar equations). 
Let Si (n) be the probability of being in state Si at time n ~ 2. Then for state 
Sl (T, tails) we have 

For state S2 (H, heads) we have 

For state S3 (HH, two heads in a row) we have 

And for state S4 (the overflow state) we have 

If we add all these equations we get 

Sl(n) + S2(n) + S3(n) + S4(n) = (q + p)SI(n - 1) + (q + p)S2(n - 1) 

+S3(n - 1) + S4(n - 1) 

and we see that probability is conserved provided we use the overflow state 
S4(n) which has no influence on the problem. We now drop the state S4(n), 
though in a difficult problem we might include it to get a further consistency 
check on the results. 

We now have a set of three difference equations, 

Sl(n) = qSl(n -1) + qS2(n - 1) 

S2(n) = pSl(n - 1) 

S3(n) = pS2(n - 1) 

( 4.4-1) 

together with the initial conditions, SI(I) = q, S2(1) = p, S3(1) = O. Note 
that the starting total probability is 1. 

There are various methods for solving these equations. The first, and 
somewhat inelegant, method we will use to solve the equations 4.4-1 is to 
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eliminate the states we are not interested in, Sl(n) and S2(n). When we 
eliminate S2(n) (actually S2(n - 1» we get the equations 

Sl(n) = qSl(n - 1) + qpSl(n - 2) 

S3(n) = p2S 1(n - 2) 

We next eliminate state Sl(n) by substituting the Sl(n) from the second 
equation (with the argument shifted by 2 and by 1) into the first, 

We easily see that the initial conditions for state S3(3) are 

Multiply the difference equation through by p2 to get it in the standard form 

S3(n + 2) - qS3(n + 1) - pqS3(n) = 0, 

S3(1) = 0, S3(2) = p2 (4.4-2) 

To check this equation we try the two extreme cases, p = 0 which gives 
S3(n) = 0 for all n, and the case p = 1 which gives q = 0 and S3(n) = 1 for 
n = 2 and 0 otherwise. 

Equation (4.4-2) is a homogeneous second order linear difference equa­
tion with constant coefficients, and according to Appendix 4.A it generally 
has eigenfunctions of the form rn. Substituting rn into the difference equa­
tion (4.4-2) and dividing out the rn we get the characteristic equation 

whose roots are 

r2 - qr - qp = 0 

rl = (1/2)[q + Jq2 + 4pq] = (q + R)/2 

r2 = (1/2)[q - Jq2 + 4pq] = (q - R)/2 

where the quadratic irrationality is contained in 

R = Jq2 + 4pq 

(4.4-3) 

(4.4-4) 

Note also the relationships, rl + r2 = q, rlr2 = -pq, rl - r2 = R which we 
will need later. How big is R, or rather R2? We set 

R2 = f(p) = q2 + 4pq 

= 1 + 2p - 3p2 = (1 - p)(1 + 3p) 
(4.4-5) 
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The maximum of the curve /(p) occurs at f'(p) = 0, namely at 

f'(p)=2-6p=0, or p = 1/3. 

At this maximum place 

1.4 

1.2 

1.0 

.8 

.6 

.4 

.2 

/(1/3) = (1 - 1/3)(1 + 1) = 4/3 

R2 = 1 + 2p - 3p2 = (1 - p)(1 + 3p) 

L....-..L...-....L..--1..----L_l...-..L...-....L..---L.----L----"L.-__ pro ba b iii ty 
o .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0 

Radical 
FIGURE 4.4-2 

See Figure 4.4-2 for /(p) = R2. We have R = 1 for both p = 0, and p = 2/3. 
Thus /(p) > 1 for 0 < p < 2/3. 

Accordingly, we write the general solution of the difference equation 
(4.4-2) as (p::j; 1) 

(4.4-6) 

where Cl and C2 are constants to be determined by fitting the initial condi­
tions S3(1) = 0, S3(2) = p2. Thus we get 

S3(1) = 0 = Clrl + C2r2 

S3(2) = p2 = Cl r~ + C2r~ 
To solve for C2 multiply the top equation by rl and subtract the lower equation 

_p2 = C2h(rl - r2)] = C2r2R ~ C2 = _p2/ r2 R 

To solve for C l multiply the top equation by -r2 and add to lower equation 

p2 = Clh(rl - r2)] = ClrlR ~ Cl = p2/rlR 

Hence the solution to the difference equation satisfying the initial conditions 
IS 

2 

S ( ) - E...[ n-l _ n-l] 
3 n - R r l r 2 

( 4.4-7) 
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If we examine 4.4-7 closely, we see that the radical R will indeed cancel 
out and we will have a rational expression in p and q. We can check it for 
n = 1, and n = 2, and of course it fits the initial conditions since we chose 
the constants so that it would. If we use n = 3 we get 

This is correct since to get a success in three steps you must have first a q 
and then two p's. 

To understand this formula in other ways let us rearrange it, remember­
ing that rl - r2 = R, 

hence as n gets large only the first part in the square brackets is left and S3(n) 
approaches 

(4.4-8) 

The approach is surprisingly rapid when the roots are significantly different 
(R is not small). 

The cancellation of the quadratic irrationality R in this problem is ex­
actly the same as in the classic problem of the Fibonacci numbers which are 
defined by 

In+l = In + In-I, where 10 = 0, It = 1 

The solution is well known to be (see Appendix 4.A) 

(4.4-9) 

and the radical ..j5 cancels out as it must since clearly the Fibonacci numbers 
are all integers. 
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Example 4.4-2 Three Heads in a Row 

The probability of tossing three heads in a row leads again to an infinite 
sample space. This time we use the states: 

So: 0 
S1 : T 

S2 : H 
S3 : HH 
S" : HHH 

For a well balanced coin the probabilities of going from one state to 
another are as indicated in the graph of Figure 4.4-3. We see that out of 
every state the total probability of the paths is I, except from state S". This 

!J Heads (prelimina/'Y) 

1/2 

FIGURE 4.4-3 

fact comes close to a rule of conservation of probability. To make the rule 
inviolate (and conservation rules have proved to be extremely useful in physics 
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!J Heads 

FIGURE 4.4-4 

CHAPTER 4 

and other fields) we again append a further state, S5, Figure 4.4-4 from which 
state it goes to itself with probability 1. As before you can think of state S5 
as the overflow state that is needed to conserve probability. Thus we will have 
the powerful check at all stages that the total probability is 1. 

Using the modified diagram with state S5 included, Figure 4.4-4, we 
write the equations for the probability of being in state Si at time n as Si(n), 
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i = 1, 2, ... , 5. We get for the states 

SI(n) = (1/2)SI(n - 1) + (1/2)S2(n - 1) + (1/2)S3(n - 1) 

S2(n) = (1/2)SI(n - 1) 

S3(n) = (1/2)S2(n - 1) 

S4(n) = (1/2)S3(n - 1) 

Ss(n) = S4(n - 1) + Ss(n - 1) 

(4.4-10) 

We notice that the equation for So(n) does not occur since there are no entry 
arrows, only exit arrows. We have, if you wish, So(O) = 1, and So(n) = 0 for 
n > 0, but this state has no use in the rest of the problem. 

We check for the conservation of probability by adding all the equations. 

SI(n) + S2(n) + S3(n) + S4(n) + Ss(n) 

= SI(n -1) + S2(n - 1) + S3(n -1) + S4(n -1) + Ss(n 1) 

Yes, the probability is conserved and the total probabilty is 1 since it checks 
for n = 0 (if we include So(O) = 1) and for n = 1 we have SI(I) + S2(1) = 1 
with all other S; = O. 

The conservation of probability allows us to think of the probability as 
an incompressible fluid, like water. The fluid flows around the system, and 
does not escape (provided we put in the overflow state, Ss in this case); we 
look only at discrete times t = 0,1,2, .... The fluid analogy provides a basis 
for some intuition as to how the system will evolve and what is reasonable to 
expect; it provides us with a valuable check on our results. 

Equations (4.4-10) are homogeneous linear difference equations with 
constant coefficients. For such equations the eigenfunctions (see Appendix 
4.A) are simply 

This time instead of eliminating all states except the desired one, as we 
did in Example 4.4-1, we will solve them as a system. Thus we assume the 
representation 

SI(n) = Alrn 

S2(n) A2r n 

S3(n) = A3rn 

S4(n) = A4rn 

Ss(n) = Asrn 
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where the Ai are constants and r will later be found to be a characteristic 
root. We get the system of homogeneous linear algebraic equations 

AIr = (1/2)Al + (1/2)A2 + (1/2)Aa 

A2r = (1/2)Al 

( 1/2)A2 

(1/2)Aa 

Since we are interested in state S4 we will apply an obvious rule that 
if we can "cut" a state diagram into two or more parts such that each part 
has only outgoing arrows that can never lead back, then for states within the 
part we will need to use only the eigenvalues that arise from those equations 
in the subset. The arrows entering the region provide the "forcing term" of 
the corresponding difference equations; the outgoing arrows have no further 
effects on the set of equations. We can therefore neglect them, for all other 
statesj for example the state S5 with its eigenvalue r = 1 and the state So 
with its eigenvalue O. 

A standard theorem of linear algebra states that the homogeneous lin­
ear equations that remain can have a nontrivial solution if and only if the 
determinant of the system is O. The determinant (after transposing terms to 
the left) is 

r - 1/2 -1/2 -1/2 

-1/2 r 0 =0 
0 -1/2 r 

(4.4-11) 

The characteristic equation is, upon expanding the determinant, 

ra - (1/2)r2 (1/4)r - 1/8 = 0 (4.4-12) 

We will label the three roots of the cubic rl = 0.9196 ... , r2, ra = -0.2098 ± 
0.303li. 

From the linearity of these equations we know that the probability of 
any of these states Sj can be written as a linear combination of powers of these 
three eigenvalues (characteristic roots). Since there are no multiple roots we 
have, therefore, 

a 

S4(n) = C1rf + C2r2 + Car; = L Cirf (4.4-13) 
1=1 

The unknown coefficients Ci are determined by the initial conditions, 
but rather than finding them now we will find the generating function G(t) 
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for the probabilities of the state of S4(n). It is found by multiplying the nth 
of the equations (4.4-13) by tn and summing 

3 00 

G(t) = I: S4(n)tn = I: I: Ci(rit)n 
i=1 n=1 

These are three infinite geometric progressions with the first term rit and the 
common ratio rit, hence they are each easily summed (see 4.2-1) to get 

3 

G(t) = I: C j rit/(1 - rit) 
i=1 ( 4.4-14) 

The common denominator of these three terms is 

( 4.4-15) 

This denominator resembles the original characteristic polynomial except that 
the coefficients are reversed. This reversal comes about because when you 
examine a typical factor in the form 

(1- rit) = t [7 -ri] 
you see the reversal, and hence in the product of all the factors you have tn 

times the characteristic polynomial (4.4-12) in l/t. This, in turn, means that 
you merely have the polynomial with the coefficients in reverse order! 

In this method the characteristic equation begins with rn with unit co­
efficient. But in general it might not be exactly the polynomial since the roots 
determine a polynomial only to within a multiplicative constant. Any scale 
factor that may be accidentally included in the denominator will be exactly 
compensated for when we find the numerator from the initial conditions so this 
delicate point is of no practical significance. Thus we have the denominator 
of the generating function 

D(t) = [1 - (1/2)t - (1/4)t 2 
- (1/8)t~ 

An examination of the numerator, excluding the front factor t, shows 
that it is of degree 2. Thus this numerator of the generating function must 
be of the form, 
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s.-+-------r------4-----~~~--~-

n=3 n==4 
n 

Initial conditions 

FIGURE 4.4-5 

where now 
G(t) = tN(t)ID(t) 

The coefficients ai (i = 0, 1, 2) of the numerator are determined by 
the initial conditions, and hence we need three of them. Thus we evolve the 
state diagram for n = 1, 2, 3 as shown in Figure 4.4-5. The figure is easy to 
construct. To move from left to right we take the probability at each node, 
multiply it by the probability of going in each direction it can, and add all 
the contributions at the new node. 

We are interested in state S4(n) which has the initial conditions 

We have merely to divide the numerator of the generating function by the 
denominator to determine the unknown coefficients in the numerator. In this 
particular case we see immediately that the terms ao and at are both zero and 
the next coefficient a2 in N(t) is 1/8. The generating function is, therefore, 

t3 

G ( t) = t N ( t) = _-----"'-=:---:::­

D(t) 1- ! 
2 4 8 
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In this form of the solution we have neatly avoided all of the irrational­
ities and/or complex numbers that may arise in solving for the roots of the 
characteristic equation which in this case is a cubic. 

You can see (using the water analogy) that all the probability in this 
problem will end up in the overflow state, hence it must all pass through the 
state S4' This means, as you can easily check, that S4(t) is a probability distri­
bution and G(l) = 1. Hence we can apply our usual methods. Had G(l) ::f; 1, 
we could still handle the distribution as a conditional one, conditional on end­
ing up in that overflow state, and this would require the modification of the 
method by dividing by the corresponding conditional probability. 

To get the mean and variance we will need the first and second deriva­
tives of N(t) and D(t) evaluated at t = 1. We have 

N(t) = t2/8 

N'(t) = 2t/8 

N"(t) = 2/8 

D(t) = 1 - t/2 - t2/4 - t3/8 

D'(t) = -1/2 - t/2 - 3t2/8 

D"(t) = -1/2 - 6t/8 

N(l) = 1/8 

N'(l) = 2/8 

N"(l) = 2/8 

D(l) = 1/8 

D'(l) = -11/8 

D"(l) = -10/8 

We now have the pieces to compute the derivatives 

G'(l) = DN + D~' - tN IY 

(i)( i)+( 1)( i)- ( i)( =l-l ) 
82 

= 1 + 2 + 11 = 14 

After some tedious work we have 

G"(l) = 324 

Hence the mean is 14 and the variance is 

Var = G"(l) + G'(l) - [G'(1W = 142", (12)2 

(4.4-16) 

(4.4-17) 

Notice that the generating function of each state SI, S2, S3, or S4, is 
determined by its own initial conditions since they are what determines the 
coefficients in the numerator; the denominator is always the same. 
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Exercises 4.4 

4.4-1 Derive the solution of the Fibonacci numbers. 

4.4--2 Solve Example 4.4-1 in the two extreme cases p = 1 and p = O. 

4.4-3 Repeat the Example 4.4-4 but now using the matrix method. 

4.4-4 In Example 4.4-1 suppose you are to end on the state T H; find the 
mean and variance. 

4.4-5 Do Example 4.4-2 except using the pattern HT H. 

4.4-6 What is the generating function of the probability distribution of the 
number of rolls until you get two 6 faces in a row? 

4.4--7 Find the generating function for the probability of drawing with re­
placement two spades on succesive draws. 

4.4-8 What is the expected value and the variance for drawing (with re­
placement) two aces in a row from a deck of cards? 

4.4-9 In Exercise 4.4-6 what is the mean and variance ofthe distribution? 

4.5 Generating Functions of State Diagrams 

We see that the essence of the method is to draw the finite state diagram, 
along with the constant probabilities of transition from one state to another. 
The method requires: 

1. A finite number of states in the diagram (unless you are prepared to 
solve an infinite system of linear equations and act on the results). 

2. The probabilities of leaving each state are constant and independent 
of the past (unless you can solve systems of difference equations with variable 
coefficients). Note that we have handled the apparent past history by creating 
states, such as the state H H, which incorporate some of the past history so 
that the state probabilities are independent of past history. Thus we can 
handle situations in which the probabilities at one stage can depend on a 
finite past history. 

We will not be pedantic and state all the rules necessary for the use of 
the method on a particular state diagram, since the exceptions are both fairly 
obvious and seldom, if ever, arise in practice. When they do, the modifications 
are easy to make. They are also called Markov chains in some parts of the 
literature. 

The steps in getting the rational generating function are: 
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1. Write the difference equations for each state and set up the matrix, 
and then the determinant 

(-ltIA-rII = IrI-AI =0 

This determinant gives the characteristic equation. Note that the subset you 
want can often be cut out of the entire state diagram, and if so then you 
probably need only consider the eigenvalues that come from that subset of the 
entire diagram. Generally you need to exclude overflow states since their total 
probability is not a probability distribution, and the corresponding generating 
function has infinity for its value at t = 1. 

2. To find the generating function write the denominator as the charac­
teristic polynomial with coefficients reversed, and assume unknown coefficients 
for the numerator. (It really does not matter how you scale the denominator, 
the numerator will adjust for it.) Note that t factors out of the numerator 
because you started with the first state n = 1. 

3. Project forward (evolve) the probabilites of the variable you are 
interested in to get enough values to determine the unknown coefficients in 
the numerator N(t), and find them one by one. You then have the generating 
function 

G(t) = tN(t)j D(t) 

provided you start with the case n = 1. 

4. Check that G(I) = 1. If it is not 1 then you have a conditional 
distribution (or else an error). If G(I) = 1 find G'(t) and G"(t) evaluated at 
t = 1, equations (4.4-6) and (4.4-7), and then get the mean and variance. (If 
these are only conditional distributions then you need to interpret them by 
dividing by their total conditional probabilities.) 

5. If you want the detailed solution then the method of partial fractions 
is the next step, and is discussed in the next Section. If all you want is the 
asymptotic growth of the solution then this is easy to get since the solution 
is going to be dominated by the largest eigenvalue(s) (largest in absolute 
value). This can be seen when this root to the nth power is factored out of 
the solution, and the deviation from this dominating root easily estimated. 
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Example 4.5-1 The Six Faces of a Die Again 

Example 4.4-2 solved the problem of the expected number of rolls of a single 
die until you have seen all six faces by what amounts to a trick method. Can 
we do it using state diagrams? To show that we can use the general method 
successfully (though it is true that often the effort is greater) we begin with 
the state diagram, Figure 4.5-1, with states Si(i = 1, ... ,6) where Si means 
we have seen i distinct faces at that point. We get the equations 

SI(n + 1) = (I/6)SI(n) 

S2(n + 1) = (5/6)SI(n) + (2/6)S2(n) 

S3(n + 1) = (4/6)S2(n) + (3/6)S3(n) 

S4(n + 1) = (3/6)S3(n) + (4/6)S4(n) 

S5(n + 1) = (2/6)S4(n) + (5/6)S5( n) 

S6(n + 1) = (I/6)S5(n) 

These equations lead to the determinant for the characteristic roots 

r - 1/6 0 0 0 0 0 

-5/6 r - 2/6 0 0 0 0 

0 -4/6 r- 3/6 0 0 0 
=0 

0 0 -3/6 r- 4/6 0 0 

0 0 0 -2/6 r- 5/6 0 

0 0 0 0 -1/6 r 

This determinant nicely expands to the product 

(r - I/6)(r - 2/6)(r - 3/6)(r - 4/6)(r - 5/6)r = 0 

The r = 0 root can be neglected so that the denominator becomes 

D(t) = (1 - t/6)(I - 2t/6)(I- 3t/6)(I - 4t/6)(I- 5t/6) 

with D(I) = 5!/65. What we want is S6(n) and we have 

S6(k) = 0, (k = 1, ... ,5) S6(6) = 5!/65 

Hence for the numerator we have 

tN(t) = 5!t6/6 5 N(I) = 5!/65 
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Dice problem 

FIGURE 4.5-1 
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We have, therefore, 

G(t) = tN(t)/ D(t) G(I) = 1 

We will need to calculate .0'(1). To get it easily we first compute the loga­
rithmic derivative 

5 

D'(t)/ D(t) = ~) -k/6)/(1 - kt/6) 
.1:=1 

= ~ [l=.&] L- 6 - kt 
.1:=1 

Therefore, by substituting the values we just calculated where they occur in 
the derivatives we have 

G'(I) = D(tN)~~ tN .0' 

= :: {f.(6)-(~1~ } 
[

I 2 3 4 5] 
=6+ 5+4+3+2+1 

1 1 2 + 5 
= 6 + 5 + 2 + 1 + 2 + 5 = 14 + ----w-
= 14.7 

which is the same answer but at a much more labor. 
One has to ask the value of a trick method that gets the answer if you 

see the trick, vs. a general method that often involves a lot of work before 
you get the answer. Uniform methods as well as trick methods have their 
place in the arsenal of tools for solving problems, but there is probably more 
safety in the uniform methods (Peirce) and are more easily programmed on 
a computer that can take care of the messy details. Indeed, one could easily 
write a complete computer program to do such problems. 
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Exercises 4.5 

4.5-1 Work the die problem if there are only three equally likely faces on 
the die. 

4.5-2 Find the generating function for the distribution of getting three heads 
in a row while tossing a coin. 

4.5-3 Compute the variance of the Example 4.5-1. 4.5-4 In Example 4.4-2 
one sees that the generating function has the denominator (4.4-15) and that 
the partial fraction expansion is merely backing you up to (4.4-14), and thus 
the expansion in powers of t gets you to (4.4-13). Discuss the implications. 

4.5-5 For Example 4.4-1 give the corresponding equations (4.4-7) and the 
actual terms. 

4.5-6 Find the generating function (using the direct method) for getting 
three spades in a row from a deck of shuffled cards. 

4.6 Expanding a Rational Generating Function 

If you can factor the denominator into real linear and real quadratic factors 
(this can be done theoretically since any polynomial with real coefficients 
is the product of real linear and real quadratic factors, and by a computer 
in practice if necessary) you apply the standard method of partial fractions 
(remember to factor t out of the numerator before you start so that the degree 
of the numerator is less than that of the denominator as is required in partial 
fraction methods). You then divide out each factor to get it in the form of a 
sum of powers of t. Grouping the equal powers together you have the detailed 
values of the variable you are interested in. 

In more detail, since the steps to do after the method of partial fractions 
is applied are often not discussed carefully: 

(1) For a simple linear factor you have 
00 

1/(1 - rt) = L rntn 

i=O 

(2) For repeated factors the derivatives of this expression with respect 
to r will produce the needed expansions. 

(3) For a simple real quadratic x 2 px + q with complex roots we have 
p2 _ 4q < O. We use the complex polar form for the roots 

1 - pt + qt 2 = (1 - Aei"'t)(1 - Ae-i"'t) 

= 1 - (2A cos x)t + A 2t2 
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which shows that A = .;q and, of course, p = 2A cos x which determines a 
real x (since p2 < 4q). You now expand into partial fractions using unknown 
coefficients d1 and d2 , 

1 d1 d2 

(1 - Aei.,t)(1 - Ae-i.,t) 

After a little algebra 

1 - Aei." + 1 - Ae-i." 

hence 

ei., 
d1 = -2.-.­lsmx 

_e- i ., 

d2 =--
2isin x 

= '"' Ak 
00 {ei(k+l)., _ e-i(k+l)., } 

~ 2isinx 
k=O 

= f=Aktksin(~+I)x 
smx 

k=O 

(4) For repeated quadratic factors, you differentiate this expression with 
respect to the parameter p to get the next higher power in the denominator, 
and of course make the corresponding adjustments in the numerator. To get 
rid of a factor of t in the numerator we have only to divide the expansion by 
t. With this you can add the proper combination (with and without t) to get 
the appropriate linear term, thus getting as a result two terms where you had 
one. Finally, you group the terms from the expansions for each power of t to 
get the coefficients of the generating function, and hence the probabilities of 
the state you are solving for. But remember the initial removal of the front 
factor of t. As before, it is the largest root in absolute value that dominates 
the solution for large n (or the set if there are more than 1 of that size). 

To summarize, if we have the generating function we can get the mean 
and variance (and higher moments) by differentiation and evaluation at t = 
1. If we want the general term of the solution then there seems to be no 
way other than to factor the denominator of the generating function (get the 
characteristic roots), and then carry out the partial fraction expansion and 
subsequent representation in powers of t. The coefficients of the powers of t 
are, from the definition of the generating function, the desired probabilities. 
Simple and repeated real linear and real quadratic factors can be handled 
in a regular fashion. But note that the algebraic (irrational) nature of the 
roots must cancel out in the end because the final answer is rational in the 
coefficients of the difference equations and the initial conditions. The well 
known example (discussed earlier) of this is the Fibonacci numbers (integers). 
However, if all we want are a few of the early coefficients then we can simply 
divide out the rational fraction to get the coefficients of the powers of t. 
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4.7 Checking the Solution 

How can we further check the solution we have obtained? One way is to 
compute a few more values from the state diagram and compare them with 
those calculated from the solution. Another way of checking the solution is 
to generalize, or embed, the problem in a family of problems. This is often 
effective because the corresponding general solution contains the particular 
solution and may contain other, degenerate, solutions which are likely to be 
known to you so you can check the accuracy of the model and solution. 

Example 4.7-1 Tb.ree Heads in a Row 

Suppose we take the above problem (Example 4.4-2) except that the proba­
bility of a success is now p, and the complementary probability of failure is 
q = 1 - p. If p = 1 we know the solution, and if p = 0 we will again know the 
solution. If we further plot both the mean and variance as a function of p we 
will get a feeling for the problem and why we have, or have not, the correct 
result. 

We merely sketch in the steps, leaving the details for the student. The 
characteristic equation will be 

The corresponding generating function is (using the initial conditions) 

We again adopt the notation 

G(t) = tN(t)/ D(t) 

G1(t) = [D(tNY - tND']/D2 

G"(t) = [D(tN)" - tND"]/D2 
- 2D'G'/D 

We have for the parts evaluated at t = 1 

(tN)" = 6p3 

D" = 63 - 4p2 - 2p 

GI/(l) (evaluate the parts above) 

At p = 1/2 this agrees with the previous results. Next we plot the values as a 
function of p as shown in Figure 4.7-1. If p = 0 then we will never get three 
successes in a row, while if p = 1 it will happen on the third trial and the 
corresponding variance will be zero. The curve confirms this. 
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4.8 Paradoxes 

FIGURE 4.7-1 

CHAPTER 4 

The simple, countably discrete sample space we have carefully developed can 
give some peculiar results in practice. The classic example is the St. Peters­
burg paradox. To dramatize the trouble with this paradox we follow it with 
the Castle Point paradox. We then turn to various "explanations" of the 
paradoxes-there are, of course, those who feel that they need no "explana­
tion." See also [St]. 

Example 4.S-1 The St. Petersburg Paradox 

In this paradox you playa game; you toss a fair coin until you get a head, 
and the toss on which you first get the head is called the ktn toss. When the 
first success occurs on the ktn toss you are to be paid the amount 

units of money and the game is over. How much should you pay to play this 
game, supposing you are willing to playa "fair game"? 

The probability of a success on the ktn toss is exactly 

so the expectation on the ktn toss is exactly 1. Thus the sum of all the 
expectations is the sum of 1 taken infinitely many times! You should be willing 
to pay an infinite amount, or at least an arbitrarily large amount, to play. 

When you think about the matter closely, and think of your feelings as 
you play, you will see that you would probably not be willing to play that sort 
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of a game. For example, if you bet 128 units you will be ahead only if the first 
six faces are all tails-one chance in 128. Hence the question arises, "What 
is wrong?" You might want to appeal to the Bernoulli evaluation criterion, 
Sections 3.7 and 3.8, to get out of the difficulty. 

Example 4.8-2 The Castle Point Paradox 

To define this game we may take any sequence u(n) of integers approaching 
infinity no matter how rapidly. For example, we may use any of the following 
sequences, 

u(n) = n u(n) = n! or u(n) = (n!t' 

We will pick the third for purposes of illustration. These u(n) will be called 
"the lucky numbers." If the first head in the sequences of tosses of a fair coin 
occurs on a lucky number you are paid, otherwise you lose. The payment is 

n 

and again the probability of success on this toss is 

This time the expectation on the nth lucky number is lin. But the series 

00 1 
E-n 
n=l 

diverges to infinity, hence the total expectation is infinite. 
Let us look at this game more closely. We have the table of the first 5 

lucky numbers: 

n n! (n!)n' 

1 1 1 

2 2 4 

3 6 4.6656 X 104 

4 24 1.3337 X 1033 

5 120 3.1750 X 10249 

There are less than 5x 1017 seconds in 15 billion years (the currently estimated 
age of the universe). There are about 3.14 X 109 seconds in 100 years so that 
if you tossed the coin once every microsecond (10-6 ) you would do less than 

3.14 X 1015 
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tosses in your lifetime, and you would not even reach the fourth lucky number. 
To reach the third lucky number you need 46,655 tails followed by 1 head! 
I could, of course, redefine the game so that the first three lucky numbers 
did not count, and still have the infinite series diverge to infinity and hence 
still have the paradox that to play the game you should be willing to pay an 
arbitrary amount of money. 

Example 4.8-3 Urn witll Black and Wllite Balls 

An urn contains 1 black and 1 white ball. On each drawing: 

If ball is white then end of game 

If ball is black return and add another black ball 

Find the expected number of draws until you get a white ball. 
The sample space of successes is 

and the total probability is 

p = ~ + ~ (~) + ~ (~) + ... + ~ (_1 ) + ... 
2 2 3 3 4 k k+l 

= 1 - ~ + ~ - ~ + ~ - ~ + ... + i -(k: 1) 
+ ... 

= 1 

hence we have the total probability of getting a white ball is 1. The expected 
number of draws is 

00 1 00 1 

E{K} = t;(k) k(k + 1) = t; k + 1 

which is the harmonic series and diverges to infinity. lIence the expected 
number of draws until a white ball is drawn is infinite. 

Given these paradoxes some people deny that there is anything to be 
"explained." Hence for them there is nothing more to say. 

There is, among other explanations, one which I will call "the mathe­
matician's explanation" (meaning you have to believe in this standard kind 
of mathematics). The argument goes as follows: since clearly it is assumed 
that you have an infinite amount of money, then to enter the game the first 
time you simply pay me every other unit of money you have, thus both paying 
me the infinite entry fee and also retaining an infinite amount for the next 
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game. On my side, I similarly payoff for finite amounts and retain an infinite 
amount of money. Hence after many games we both retain an infinite amount 
of money and the game is "fair"! 

An alternate explanation uses the standard "calculus approach"; assume 
finite amounts and see what happens as you go towards infinity. Assume in 
the St. Petersburg paradox that I have a finite amount of money, say A = 2n. 
Thus you can play at most n tosses and still be paid properly. At this point 
the expectation is 

n 

Ll = n= log2 A 
i=! 

and this is the log (base 2) of the amount of money I have. This seems to be 
more reasonable. If the maximum you could win is, say, 220 (approximately 
a million units) then risking 20 units is not so paradoxical. A similar analysis 
will apply to the Castle Point paradox. If you assume that only the first three 
lucky numbers are going to payoff then your expectation is 

1 + 1/2 + 1/3 = 11/6 < 2 

This seems, again, to be a reasonable amount to risk for the three possible 
payments (one of them is hardly possible). For the first two lucky numbers 
the expectation is 3/2. 

The confusion arises when n goes to infinity and hence both your pay­
ment and the possible winnings, A and log2 A in the St. Petersburg paradox, 
both go to infinity. The two very distinct quantities, A and log2 A, both 
approaching infinity, are being viewed in the limit as being the same. 

There are other ways of explaining the paradoxes, including either re­
defining the game or else using what seem to be rather artificial definitions of 
what a fair game is to be. We will ignore such devices. 

The purpose of these paradoxes is to warn you that the careless use of 
even a simple countably infinite discrete probability space can give answers 
that you would not be willing to act on in real life. Even in this discrete 
model you need to stop and think of the relationship between your probability 
model and reality, between formal mathematics and common experience. Note 
again that both the St. Petersburg and Castle Point paradoxes are excluded 
if you adopt the finite state diagram (with constant transition probabilities) 
approach, [St]. 

Most people assume, without thinking about it, that the mathematics 
which was developed in the past is automatically appropriate for all new 
applications. Yet experience since the Middle Ages has repeatedly shown 
that new applications often require modifications to the classically taught 
mathematics. Probability is no exception; probability arose long after the 
formation of the classical mathematics and it is not obvious that we should 
try to use the unmodified mathematics in all applications. We need to examine 
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our beliefs, and the appropriateness of the usual mathematical model, before 
we adopt it completely. It may well be that the usual models of probability 
need various modifications of mathematics. 

Exercises 4.8 

4.8-1 Apply the Bernoulli value to the St. Petersburg paradox. 

4.8-2 Find the generating function of Example 4.8-3. 

4.8-3 Do a computer simulation of Example 4.8-3. 

4.9 Summary 

In this Chapter we have examined the simplest infinite sample spaces which 
seem to arise naturally. We found that there is a uniform method which is 
based on the finite state diagram representation of the problem. This method 
leads to rational generating functions, from which you can easily get both the 
mean and the variance of the distribution. 

If you can factor the characteristic polynomial then you can get, via 
partial fractions and dividing the individual terms out, the actual terms ofthe 
generating functions in terms of sums of powers of the characteristic roots. But 
the values of the solution are rational in the coefficients and initial conditions, 
while generally speaking the characteristic roots are algebraic! It follows that 
the algebraic part of the solution must in fact cancel out, that somehow the 
sums of the roots that occur must be expressible in terms of the coefficients of 
the characteristic equation and products of the transition probabilties, namely 
by simply dividing out the rational fraction. 

We introduced the safety device of the conservation of probability; it 
involves one extra state (which you generally do not care about though it may 
be needed in some problems). It also provides an intuitive way of thinking 
about problems as if probability were flowing water. 

We also warned you that even this simple model can give some startling 
results if you try to apply standard mathematics without careful thinking; the 
Castle Point paradox was designed to dramatize the effect. The finite state 
diagram provides some safety in these matters. 
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Appendix 4.A Linear DiHerence EquatioDs 

Linear difference equations with constant coefficients are treated almost ex­
actly the same way as are linear differential equations with constant coeffi­
cients (because of the common underlying linearity). Therefore we first review 
the theory of linear differential equations with constant coefficients. 

For the linear differential equation with constant (real) coefficients 
(where y(") means the nth derivative of y) 

(4.A-l) 

the knowledge of any particular integral of (4.A-l), call it Y(x), reduces the 
problem to the homogeneous equation 

(4.A-2) 

The eigenfunctions of this homogeneous equation are essentially the exponen­
tials ("essentially" because of the possibility of multiple roots in the charac­
teristic equation) 

y( x) = em
% = exp( mx) 

When this function is substituted into (4.A-2) we get the characteristic equa­
tion, since the exponential cancels out (as it must since we used eigenfunc­
tions), 

aom" + alm,,-l + ... + a" = 0 

This equation has the n characteristic roots 

(4.A-3) 

If all the characteristic roots are distinct then the general solution of the 
homogeneous equation is 

" y(x) = LCt em .% (4.A-4) 
t=l 

For a double root you try both x exp( mx) and exp( mx), for triple roots 
x2 exp( mx), x exp( mx) and exp( mx), etc. If a root is complex then since 
we are assuming that the coefficients of the original differential equation are 
real the conjugate root also occurs. Let the roots be 

a+ ib and a - ib 

In place of the two complex exponentials you can, if you wish, use instead 

eel% {C1 cos bx + C2 sin bx} (4.A-5) 
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and multiple roots are treated just as in the case of simple roots (extra factors 
of z as needed). If we add the particular integral we assumed that we knew, 
Y(z), to the general solution of the homogeneous equation then we have the 
complete solution of the original equation (4.A-l). 

For the linear difference equation 

aoy(n + m) + aly(n + m - 1) + ... + any(n) = I(n) (4.A-6) 

we again assume that we have a solution (integral) Y(n) of the complete 
equation and we are then reduced, as before, to the homogeneous equation 

aoy(n + m) + aly(n + m - 1)··· + any(n) = 0 (4.A-7) 

In place of the eigenfunctions exp(mx) we conventionally write (z becomes n 
of course) 

and (4.A-8) 

and we get the characteristic equation 

(4.A-9) 

The general solution of the homogeneous equation is then of the form 

n 

y(n) = 2:Ctrt (4.A-1O) 
t=l 

and the rest is the same as for differential equations with the slight difference 
that multiple roots lead to 

rn , nrn, 

To illustrate the solution of a linear difference equation with constant 
coefficients we choose the perhaps best known example, that of the Fibonacci 
numbers which are defined by 

In+l = In + In-I, 1(0) = 0, 1(1) = 1 

Each Fibonacci number is the sum of the previous two numbers. 
Set In = rn and we are led to the characteristic equation 

whose solutions are 

1- V5 
r2 = --2-
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Therefore the general solution is 

Using the initial conditions we get the two equations 

10 = 0 = GI + G2 

II = 1 = GIrl + G2r2 

Solving for these unknown coefficients Gi we get, after a little algebra, 

Upon examinating how V5 enters into the square brackets we see, on expand­
ing the binomials, that only the odd powers remain and that the front radical 
removes all quadratic irrationalities, as it must since from the definition all 
the Fibonacci numbers must be integers. 

For the nonhomogeneous equation the particular integral of the original 
equation, Y(x) or Y(n) in the two cases, is usually found by plain, sim­
ple guessing at the general form, substituting into the equation, and finally 
determining the unknown coefficients of the assumed form using the linear 
independence of the terms to justify the equating of the coefficients of like 
powers of t. 





5 

Continuous Sample Spaces 

5.1 A Philosophy of the Real Number System 

It is natural to ask some one to pick an equally likely random point on the 
unit line segment. By the symmetry that most people perceive, or because 
nothing else was said, we see that the probability of picking any point must 
be the same as that of any other point. If we do not assign this value to be 
p = 0 then the total probability would be infinite. But apparently picking the 
probability to be zero for each point would lead to a zero total probability. 
Thus we are led to examine the usual mathematical answer that the real line 
is composed of points, having no length, but also that the unit line segment 
has length 1. 

Indeed, up to now we have evaded, even in the infinite discrete proba­
bility space, a number of difficulties. For example you cannot pick a random 
(uniform) positive integer, because whatever number you name, "almost all" 
positive integers (meaning more than any fraction less than 1 you care to 
name) will be greater than the one you picked! If we choose to pick the 
positive integer n with corresponding probability 

pen) = 6/ClTn)2 

then the probability would total 1 (since El/n2 71'2/6). By and large in the 
previous chapter we dealt only with naturally ordered infinite sequences of 
probabilities; we did not venture into situations where there was no natural 
ordering. Thus we did not assign a probability distribution over all the rational 
numbers between 0 and 1. It can be done, but the solution is so artificial as 
to leave doubt in one's mind as to the wisdom of its use in practice. 

We have again raised the question of the relevance for probability theory 
of the usual real number system that was developed long before probability 

[189] 



190] CONTINUOUS SAMPLE SPACES CHAPTERS 

theory was seriously considered as a field of research. The real number system 
is usually developed from the integers ("God made the integers, the rest is 
man's handiwork." Kronecker), first by the extension to the rational numbers, 
and then by the extension to all real numbers via the assumption that any 
(Cauchy) convergent sequence of numbers must have a number as the limit. 
In the late middle ages the progress of physics found that the real numbers did 
not serve to describe forces, and the concept of vectors was introduced. Later 
the concept of a tensor was needed to cope with naturally occuring physical 
concepts. Thus without further examination it is not completely evident that 
the classical real number system will prove to be appropriate to the needs 
of probability. Perhaps the real number system is: (1) not rich enough-see 
non-standard analysis; (2) just what we want-see standard mathematics; 
or (3) more than is needed-see constructive mathematics, and computable 
numbers (below). 

In the theory of computation, the concept of a computable number has 
proved to be very useful. Loosely speaking, a computable number is one for 
which a definite algorithm (process) can be given for computing it, digit by 
digit. The computable numbers include all the familiar numbers, including e, 
7r, and "{. Ifby "describe" is meant that you can say how one can compute it 
digit by digit, then the computable numbers include all the numbers you can 
ever hope to describe. The set of computable numbers is countable because 
every computable number can be computed by a program and the set of 
programs is countable (programs are merely finite sequences of Os and Is). 

What are all these uncountably many noncomputable numbers that the 
conventional real number system includes? They are the numbers which arise 
because it is assumed that "the limit of any Cauchy convergent sequence has a 
limiting number"; if you say, "the limit of any convergent sequence of describ­
able numbers has a limit" then none of these noncomputable (uncountably 
many) numbers can arise. As an example of the consequences of what is 
usually assumed, take all the real numbers between 0 and 1 in the standard 
real number system, and remove the computable numbers. What is left is a 
noncountable set, no member of which you can either name or give an algo­
rithm to compute it! You can never be asked to produce one of them since 
the particular number asked for cannot be described! Indeed, if you remove 
the computable numbers from each (half-open) interval (set) [k, k + 1), then 
according to the usual axiom of choice you can form a new set by selecting 
one number from each of these sets (whose members you can never describe!) 
and form a new set. How practical is this set? Is this kind of mathematics to 
be the basis of important decisions that affect our lives? 

The intuitionists, of whom you seldom hear about in the process of get­
ting a classical mathematical education, have long been articulate about the 
troubles that arise in the standard mathematics, including the paradoxes, in 
the usual foundations of mathematics. One such is the Skolem-Lohenheim 
paradox which asserts that any finite number of postulates has a realization 
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that is countable. This means that no finite number of postulates can uniquely 
characterize the accepted real number system. When we apply the Skolem­
Lohenheim paradox to the real number system we observe that (usually) the 
number of postulates of the real number system is finite hence (apparently) 
any deduction from these alone must not be able to prove that the set is 
noncountable (since any deduction from them alone must apply to aJJ real­
izations of the model)! Again, the Banach-Tarski paradox, that a sphere can 
be decomposed into a finite number of congruent parts and reassembled to 
be a complete sphere of any other radius you choose, a pea size or the size 
of the known universe, suggests that we must be wary of using such kinds 
of mathematics in many real world applications including probability theory. 
These statements warn us that we should not use the classical real number 
system without carefully thinking whether or not it is appropriate for new 
applications to probability. 

We should also note that isolated finite values of functions are tradition­
ally ignored; thus 

, J f(x)dx with I f(x) I 5: M 

over the intervals (a < x < b) and (a 5: z 5: b) have the same value. The 
isolated end values do not affect the result; indeed any finite number of (finite) 
missing values, or discontinuities, cannot affect the result (where we, of course, 
are assuming reasonable functions). The Riemann integral generally handles 
all the reasonable functions one can expect to meet when dealing with reality. 

What are we to think of this situation? What is the role in probability 
theory for these numbers which can never occur in practice? Do we want to 
take over the usual real number system, with all its known confusions, when 
we have enough of our own? On the other hand, the real number system has 
the advantage that it is well known, (even its troubles are familiar), fairly 
well explored, and has comparatively few paradoxes left. As we go on and 
find further paradoxes in our probability work we need to ask whether the 
trouble arises from the nature of the assumed real number system or from 
the peculiar nature of the probability theory. See Section 8.5 for much the 
same argument. 

5.2 Some First Examples 

Rather than begin with some assumptions (postulates if you prefer) whose 
source, purposes, and reasonableness are not clear, we will begin by doing a 
couple of problems in a naive way so that you will see why probability theory 
has to make certain assumptions. 
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Example 5.2-1 Distance From a River 

Suppose you are on the bank of a straight river and walk a kilometer in a 
randomly chosen direction. How far from the river will you be? Figure 5.2-1. 

river 

Distance from river 

!---distance 
from river 

FIGURE 5.2-1 

By implication we are restricted to directions away from the river, and 
hence angles z between 0 and 1r. By symmetry we see that we can restrict 
ourselves to angles between 0 and 1r/2, see Figure 5.2-1. It is natural to 
assume that all angles in the interval are equally likely to be chosen (because 
nothing else was said). If the angle is chosen to be z then we next have to 
think about the integral (rather than the sum) of all angles, and since the total 
probability must be 1 we have to normalize things so that the probability of 
choosing an angle in an interval ~z is 

(2/1r)~z. 

hence the total probability will be 

1
11:/2 

o (2/1r)dz=1 

as it should. 
Now to get the expected distance from the river we note that for the 

angle z the final distance is sin z (where z is the angle between the direction 
and the river). Hence the expected distance is the expectation of the variable 
sin z, 

1
11:/2 

E{sinz} = 0 (2/1r)sinzdz 

1

-':/2 
=(2/1r)(-cosz) 0 = 2/1r =0.6366 ... 
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Example 5.2-2 Second Random Choice of Angle 

Suppose as in the previous example you walk the kilometer. At that point you 
choose a new random direction and then you begin to walk another kilome­
ter. What is the probability you will reach the river bank before the second 
kilometer is completed? 

end 

river ~ 

Two legs of walk 

FIGURE 5.2-2 

Figure 5.2-2 shows the situation, and you see that you will reach the 
bank only when the new angle lies within an arc that is twice the size of the 
original angle. We now have to integrate over all angles 0 to 211' for the second 
trial, and the successes would be over an arc of size 2z. The normalization 
factor is now 1/211' and the integration of the new angle gives 2z, so that we 
have success for angle z of probability z/1I'. This is now to be integrated over 
all z. In mathematical symbols 

r l2 
1011'/2 Jo (2/1I')(z/1I') dz = (2/1I'2)(z2)/2 

= (2/11'2)(11'/2)2/2 = 1/4 

which seems reasonable. See Exercise 5.2-9 for the sample space. 
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Example 5.2-3 Broken Stick 

We break a stick at random in two places, what is the probability that the 
three pieces will form a triangle? 

Naturally we assume that each break occurs uniformly in the possible 
range. Since it is only the relative lengths that matter we can assume that 
the original stick is of length 1. Let the two breaks be at points x and y, each 
uniformly in the unit interval (0,1). We could use symmetry and insist that 
x ~ y, but rather than worry about it we will not bother to think carefully 
about this reduction of the problem. 

1 1-----,,£.-.,....-----, 

'-..'Y'-+--~Y = X - 1/2 

o 1/2 1 x 

FIGURE 5.2-3 

The sample space of the problem is the unit square, Figure 5.2-3. If the 
breaks, both x and y, are at places greater than 1/2 then the other side of the 
triangle would be more than 1/2 and no actual triangle is possible, (no side of 
a triangle can be greater than the sum of the other two sides), and similarly 
if both breaks are at places less than 1/2. Thus the upper right and lower 
left are regions where the pieces could not form a triangle. The lines x = 1/2 
and y = 1/2 are thus edges of regions that need to be investigated. We also 
require that the difference between x and y not exceed 1/2. The equations 

y - x = 1/2 ===} Y = x + 1/2 

x - y = 1/2 ===} Y = x - 1/2 

are the lines that are the edges of similar impossible regions, as shown in the 
Figure. To decide which of these smaller regions will let us form triangles 
from the three pieces, we observe that if x = 1/3, y = 2/3, or if x = 2/3, 
y = 1/3 then from the pieces we can make an equilateral triangle, hence these 
points fall in the feasible regions. The area of each is 1/8, so that the total 
probability of successes is (we started with unit area) 

P = 1/4 
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Is this answer reasonable? Let x fall in either half of the length; half the 
time y will fall there too, and no triangle will be possible, so already we see 
that the probability must be less than 1/2. If the two places of the breaks, x 
and y, are in opposite halves of the stick, still they must not be too far apart. 
Hence the 1/4 seems reasonable. 

Example 5.2-4 TIle Bu/foJ) Needle 

The famous French naturalist Buffon (1707-1788) suggested the following 
Monte Carlo determination of the number 1r. Imagine a flat plane ruled with 
parallel lines having unit spacing. Drop at random a needle of length L ~ 1 
on the plane. What is the probability of observing a crossing? 

"At random" needs to be thought about. It seems to mean that the 
center of the needle is uniformly placed with respect to the set of lines, 
and that the angle () that the needle makes with the direction of the lines 
is uniform, and by symmetry we might as well suppose that the angle is 

1 

t sin () 

1/2 I----------~'-----. 

BuJJon Needle 

FIGURE 5.2-4 

11' () 

uniform in the interval (0, 1r). Figure 5.2-4 shows the situation. There will 
be a crossing if and only if the distance x from the center of the needle to 
the nearest line is less than L/2sin (). Thus the boundary in the sample space 
between success and failure is the curve 

x = (L/2) sin () 

Since the angle runs between 0 and 1r the area for success is 

A = 1" (L/2) sin () d() = (L/2)( - cos () I: 
=L 
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The total area of sample space of trials is 1r /2, so the ratio of the success area 
to the total sample space area is 

2L/1r 

We can make some trials of tossing a needle and get an estimate of the 
definite number 1r. Since it is wise to have the chance of success and failure 
comparable, we picked L = 8/10 and ran the following trials. We see that the 
first two 100 trials in Table 5.2-2 are unlikely, but gradually the results are 
swamped by the law of large numbers (see Section 2.8). 

TABLE 5.2-1 

Successes Total Estimate of 1r 

43 100 3.7209 
87 200 3.6782 

142 300 3.3803 
192 400 3.3333 
246 500 3.2520 

Do not think that running many cases will produce an arbitrarily good 
estimate of 1r; it is more a test of the particular random number generator in 
the computer! Thus these Monte Carlo runs are useful for getting reasonable 
estimates, and for checking a computation to see that gross mistakes have not 
been made, but they are not, without careful modification, an efficient way of 
computing numerical constants like 1r. 

Example 5.2-5 Another Monte Carlo Estimate of 1t' 

There is a simpler way of estimating 1r by Monte Carlo methods than Buffon's 
needle. Suppose we take two random numbers Xi and Yi between 0 and 1 and 
regard them as the coordinates of a point in the plane. The probability that 
the random point will lie within the arc of the circle, (x ~ 0, Y ~ 0) 

is exactly 1r/4 (see Figure 5.2-5). 

FIGURE 5.2-5 
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To check the model we simulated the experiment on a small computer. 
The variance of the Binomial trials is {npqp/2, and this leads to 

.j7rpq = j~ (1- ~)n = 0.411. .. ..;n 

The following table is the results. 

TABLE 5.2-2 

Experiment Theory 

Thais Successes 7r(Estimate) Successes .jnpq 

100 82 3.28 78.5 4.11 
200 160 3.20 157.1 5.81 
300 245 3.2667 235.6 7.11 
400 323 3.23 314.2 8.21 
500 407 3.256 392.7 9.18 
600 482 3.2133 471.2 10.1 
700 557 3.1829 549.8 10.9 
800 636 3.18 628.3 11.6 
900 707 3.1422 706.9 12.3 

1000 788 3.152 785.4 13.0 

The table indicates that the experimental data is close to the theoretical 
values and is generally within the likely distance from the expected value given 
in the last column. Thus we have again verified the model of probability 
we used. 

Notice that in the Examples 5.2-1 and 5.2-2 we normalized each ran­
dom variable while in Example 5.2-3 we merely took the ratio of area of the 
successes to the total area. It is necessary that you see that these two methods 
are equivalent. The normalization at each stage adds, perhaps, some clarity 
and security since you have to think oftener, but taking the ratio is often the 
simplest way to get the probability of a success-always assuming that the 
probability distribution is uniform. If it is not then the simple modification 
of including the weight factor in the integrals is obvious and need not be 
discussed at great length. 
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Example 5.2-6 Mean and Variance of the Unit interval 

Given the continuous probability distribution 

p(x) = 1 (0 ~ x ~ 1) 

what is the mean and variance? 
The mean is given by (sums clearly go into integrals) 

J-l = 11 xp(x)dx = 11 xdx = 1/2 

For the variance we have, similarly, 

1
1 1 

o (x - 1/2f dx = (x - 1/2)3/310 = 1/12 

Exercises 5.2 

5.2-1 A board is ruled into unit squares and a disc of a radius a < 1 is tossed 
at random. What is the probability of the disc not crossing any line? Plot 
the curve as a function of a. When is the chance 50-50? Ans. p = (1 - a)2, 
a = 1 - 1/V2. 
5.2-2 Same as 5.2-1 except the board is ruled into equilateral triangles of 
unit side. 

5.2-3 Same as 5.2-1 except regular hexagons. 

5.2-4 Given a circle A of radius a with a concentric circle B of radius b < a, 
what is the probability that a coin of radius c(c < b) when tossed completely 
in A will not touch the edge of circle B? What is the 50-50 diameter? Ans. If 
a> b+2c then p= {(a+c)2 -4bc}/a2, if a :5 b+2c then P= (a_c)2/a2. 

5.2-5 Analyse the Buffon needle problem if you assume that one end of the 
needle is uniformly at random instead of the middle. 

5.2-6 A circle is inscribed in a square. What is the probability of a random 
point falling in the circle? 

5.2-7 A sphere is inscribed in a cube. What is the probability of a random 
point falling in the sphere? 

5.2-8 In Example 5.2-6 the square is inscribed in another circle what is the 
probability of being in the square and not in the inner circle? 

5.2-9 Sketch the sample space of Example 5.2-2. 

5.2-10 Two people agree to meet between 8 and 9 p.m., and to wait a < 
1 fraction of an hour. If they arrive at random what is the probability of 
meeting? Ans. a(2 - a). 
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5.2-11 A piece of string is cut at random. Show that the probability that 
ratio of the shorter to the longer piece is less than 1/3 is 1/2. 

5.2-12 A random number is chosen in the unit interval. What is the prob­
ability that the area of a circle of this radius is less than I? Ans. 11.,JP. 
5.2-13 The coefficients are selected independently and uniformly in the unit 
interval. What is the probability that the roots of 

ax2 + 2bx + c = 0 

are real? Ans. 5/9. 

5.2-14 Same as 5.2-13 except the equation ax2 + bx + c = O. Ans. (5 + 
61n2)/36 = 0.2544 ... 

5.2-15 As in Example 5.2-1 you pick a random angle, but this time you pick 
a distance selected uniformly in the range 0 < x < 1. What is the expected 
distance from the river? 

5.2-16 Two random numbers are selected from the interval 0 < x < 1. 
What is the probability that the sum will be less than I? 

5.2-17 Three random numbers are selected uniformly from the interval 0 < 
x < 1. What is the probability that the sum will be less than I? Ans. 1/3!. 

5.2-18 Select two random numbers from the interval 0 < x < 1. What is 
the probability that the product is less than 1/2? 

5.2-19 If a point is selected in a circle with a probability density propor­
tional to the radius, what is the normalizing factor? 

5.2-20 Same as Exercise 5.2-19 except for a sphere. 

5.2-21 Same as Exercise 5.2-17 except n numbers are selected. Ans. lin!. 

5.3 Some Paradoxes 

We have been fairly glib about the assignment of a uniform probability in a 
finite interval. As the following examples show, the troubles that can arise 
are more subtle than most people initially think. See also [St]. 
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Example 5.3-1 Bertrand's Paradox 

The probabilist Bertrand asked the question, "If you draw a random chord in 
a circle what is the probability that it is longer than the side of the equilateral 
triangle that you can draw in the same circle?" The equilateral triangle scales 
the problem so that the probability is independent of the radius of the circle. 

p=1/2 

FIGURE 5.3-1 

failure 

There are three different ways of reasoning. In the first, Figure 5.3-1, 
we select the position where the chord cuts the radius that is perpendicular 
to the chord, and assume that this is the equally likely choice. We see, from 
the geometry, that the probability is exactly 1/2. 

p 1/3 

o 
FIGURE 5.3-2 

The second way is to suppose that one point on the circumference is 
picked arbitrarily, and assume that the other intersection is uniformly spread 
around the circumference. !rom Figure 5.3-2 we see that the probability is 
exactly 1/3. 

The third way we assume that the middle of the chord is spread uni­
formly around the inside of the circle. From Figure 5.3-3 we see that the 
probability is 1/4. 
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.~J---;--success 

p = 1/4 

FIGURE 5.3-3 

SOME PARADOXES [201.] 

This is a famous paradox, and shows that when the chord is chosen at 
random the question of what is to be taken as uniform is not as simple as 
one could wish. The three different answers, 1/2, 1/3 and 1/4, can all be 
defended, and they are not even close to each other! 

Suppose we make the apparently reasonable proposal that if A is random 
with respect to B, then B is random with respect to A-and we hope that the 
"uniform assignments" also agree. We therefore invert the Bertrand random 
chord tossing, and think of a line as fixed and toss a circle. If an intersection 
is to occur then the center of the circle should occur uniformly in the area 
about the line. To be concrete we imagine a line segment of finite length, and 
toss a coin of unit radius on the Hoor. We count only those trials where the 
coin crosses the line and forms a chord. We see that the chord will be longer 
than the corresponding triangle when the center is within a distance of 1/2 
of the radius to the line, and have in Figure 5.3-4 allowed for the end effects 
of the finite line. As the line gets longer and longer, the end effects decrease 

~ ~RadiW 0/ ,,~l, 

Coin on line 
FIGURE 5.3-4 

relative to the rest of the experiment, so we look at the main part to see that 
the probability will approach 1/2. Thus we get one of Bertrand's answers. 
You may think that this is the "correct answer," but it shows that even the 
principle "A random with respect to B implies B random with respect to A" 
does not carryover to the words "uniformly random." Indeed, if A is always 
1 and B is a random number chosen uniformly in (0 < x < 1), then B is 
random with respect to A, but A is not random with respect to B. 
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The Bertrand paradox is not presented merely to amused you; it is some­
thing for you to worry about if you ever plan to model the real world by a 
probability model and then act on the results. Just how will you choose the as­
signment of the probabilities, since different assignments can give significantly 
different results? In computer simulations all too often the actual randomness 
is left to some programmer who is interested in programming and not in the 
relevance of the model to reality. Because of this, most simulations that use 
random numbers are suspect unless a person with an intimate understanding 
of the real situation being modeled examines the way the randomness enters 
into the computation. There is, so far as the author knows, no simple solu­
tion to the situation that the assignment of the random choice may not be 
left to the programmer to do the obvious; every assignment of a probability 
distribution must be carefully considered if you are to act responsibly on the 
results of a simulation. Symmetry was used earlier to justify the uniform 
distribution of a random variable; later in Chapters 6, 7 and 8 we will give 
further discussions of how to choose the initial random distributions. 

Apparently we cannot talk with any mathematical rigor about the prob­
ability of choosing a random point, but we can accumulate the probability in 
intervals. In particular we define the cumulative probability between -00 

and x as 

Pr{ -00 ~ t ~ x} = P(x) = 1:C
00 

p(t) dt 

for some probability density distribution p(x) where, of course, 1: p(t)dt = 1 

Thus the probabilty of falling in an interval (a, b) is 

lb p(t) dt = P(b) - P(a) 

If we think of the derivative of the cumulative probability function (ex­
cept at isolated points for practical functions) we have again the probability 
density function (lower case) 

p(x) 

In the infinitessimal notation of scientists and engineers we can talk about the 
probability of being in an interval dx as being 

p(x) dx 

but not about the probability at a point. Talking about the probability density 
p(x) is very convenient, but careful thinking requires us to go to the integral 
form whenever there is any doubt about what is going on. 

We now turn to a classic problem due to Lewis Carroll (Charles Dodson, 
the Oxford mathematician) which illustrates the danger of using the idea of 
a random point in a plane. 
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Example 5.3-2 Obtuse Random Triangles 

Lewis Carroll posed the problem: if you select three random points in a plane 
what is the probability that the triangle will be obtuse? 

For a long time the standard reasoning was to place the x-axis of a 
cartesian coordinate system along the longest side of the triangle, and the 
origin at the vertex joining the second longest side. We will scale the longest 

/(x _ y)2 + y2 = 1 

_____ x2 + y2 = 1 

First version 0/ obtuse triangle 

FIGURE 5.3-5 

side to be of unit length since it is only the ratio of areas that will matter. 
Then looking at the Figure 5.3-5 we see that the third point must fall inside 
the circle of unit radius about the origin. But the point must also fall within 
a similar circle centered about the other end of the longest side. We now 
remember that the angle in a semicircle is a right angle, hence the circle of 
half the radius marks the boundary between obtuse and acute angles. The 
figure shows the region of obtuse angles. By symmetry it is enough to use only 
the upper half of the plane. The area of all the possible triangles is given by 

Area = 2 ( v(1- x 2 )dx 
11/2 

Using the standard substitution of x = sin t we get 

Area = 2 cos2 t dt 1
"'/2 

",/6 

Using the half angle substitution we have 

1
"'/2 

Area = (1+cos2t)dt 
",/6 

= {7r/2 - 7r/6} + (l/2){sin 7r - sin 7r/3} 

J3 = 7r/3 -"""4 
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Now the area where the obtuse triangles occur is clearly 11' fS, so we have the 
probability of an obtuse triangle is 

Second version of 
obtuse triangle 

,.. 
8" v'3 = 0.639 ... 

11' 3 ---
3 4 

FIGURE 5.3-6 

next to longest side 

This solution was widely accepted until someone thought to compute the 
answer taking the x-axis along the second longest side with unit length, and 
the vertex at the junction of that side with the shortest side. From Figure 5.3-
6 we see that the longest side forces the other vertex to be outside a circle 
of radius 1 about the point x = 1, but that it must also lie inside a circle of 
unit radius about the origin since the shortest side is less than 1. The Figure 
shows the obtuse triangle area as shaded, and it is only the contiguous small 
area to the right of the y-axis that has acute angles. For this small area we 
have the integral 

t/2 

Jo [V(1 - x 2
) V{(1 - (1 - xP} ] dx 

In the first integral we use again x = sin t, and in the second integral we use 
l-x=sint. We get 

Again using the half angle substitution we get 

4 12 

for this small sector. Hence the probability of an obtuse angled triangle is 

(Area of success)f(total area) = _....:3--= = 0.S21. .. 

6 2 
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This is very different from the first answer, and a simple look at the two 
figures will show that the two probabilities are indeed quite different. 

What is wrong? It is not the choice of coordinate systems, it is the idea 
that you can choose a random point in the plane. Where is such a point? 
It is farther out than any number you can mention! Hence the distance 
between the points is arbitrarily large--the triangle is practically infinite and 
the assumptions of the various steps, including supposing that the side chosen 
is of unit length, are dubious to say the least. 

It is significant that the first standard solution offered for the Lewis 
Carroll problem was accepted for so long, and it indicates the difficulty of 
using probability in practice, especially continuous probability. You need to 
be very careful whenever you come in contact with the infinite. 

If we attempt to do a Monte Carlo simulation by choosing points in a 
square of sides 2N, for example, and letting the length of the side approach in­
finity we find from the random number generator we get a number :I: between 0 
and 1, and to get to the interval - N to N we must use 

(2:1: - l)N 

By rearranging things a bit we see that we will always (for the uniform distri­
bution) reduce the problem to the unit square and the factor N will drop out. 
For this situation we would get an answer for the probability of an obtuse 
triangle. But if we had chosen a circle instead of the square we would have 
gotten a different answer! If the difference between the answers for the square 
and circle is not obvious, then consider a long, flat rectangle and let the size 
approach infinity while keeping the "shape" of the rectangle constant. The 
probability of an obtuse triangle in a long, low rectangle is very high and 
depends on the shape of the rectangle. Hence, just which shape should we 
choose to let approach infinity? The answer clearly depends on this choice of 
shape and not on the size of the figure. 

Example 5.3-3 A Random Game 

In this game I choose a random number :I: uniformly between 0 and 1. You 
then begin to pick uniformly distributed random numbers Yi from the same 
unit interval and are paid one unit of money for each trial until your Yo is at 
least as large as my :1:, Figure 5.3-7. If it is to be a fair game then what price 
should I ask? Alternately, how many trials can you expect to make until your 
y. ~:I:? 

• • • • • • • • 
0 1/5 1/4 11" 111 113 X \1 wins 

11" 
A random game 

FIGURE 5.3-7 
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For any given x that I pick, what is the probability that you will get 
a number Yi larger that x and hence end the game? Since we are assuming 
a uniform distribution, the probability is just the length of the interval for 
failure. It is simply 

Prob{Yi ~ x} = 1 - x 

The expected number of trials for any fixed x (other than x = 1) is the 
reciprocal of the probability of the event (see 4.2-3); hence your expected 
gain is, for my Y, 

1/(1 - x) - 1 = x/(1 - x) 

To get the expected value for the game we average this over all possible 
choices of my x 

fl _x_ dx = -x -In(1 - x) 10
1=00 Jo 1- x 

Few people would play this fair (?) game with the infinite entry fee! 
We can examine how this happens by dropping back to finite problems. 

There are several ways of doing this, and we shall examine two of them. 
Suppose first that there are only a finite number of numbers in the 

unit interval, say N equally spaced numbers (0 ::; x < 1). The numbers 
are therefore O/N, I/N, 2/N, ... , (N - 1)/N. I must allow your sequence of 
numbers selected from m/M, (m = 0,1,2, ... N - 1) to end on an equality 
since otherwise if my x is the largest number, (N - 1)/N, then you could 
never exceed it and you would be paid forever! For my given x = kiN, 
(k = 0, 1, ... , N - 1), you have the probability 

(N - k)/N 

of getting a single choice at least as large as my x. The expected number of 
trials will be for my particular choice x 

Expected number of trials before a failure = N /(N - k) - 1 

Summed over all my x, meaning k, we get 

A verage expected number of trials 

1 N-I {N } 
=NL N_k- 1 

1:=0 

If we set k' = N - k in the first sum, then 

N 1 
Average expected number of trials = L k' - 1 

1:'=1 
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We can, by the result in Appendix LA, approximate the sum by the midpoint 
integration formula to get 

I
N +1, 2 1 

(liN) - dx - 1 '" In(2N + 1) - 1 
1/2 X 

As the number of points, N, used in the unit interval increases, the expected 
number of trials goes to infinity like In N. This is much like the St. Petersburg 
paradox (Section 4.8). We also note that as N approaches infinity we are 
measuring the interval with a spacing 1 IN and we do not involve the discrete 
vs. the continuous. 

A second approach is to choose my number from some fraction of the 
unit line, say (0 ~ x ~ a < 1), which amounts to taking my number from 
(0 ~ x ~ 1) and multiplying by a < 1. Now your Yi must exceed my number 
ax. We are led to the integral 

! r _1 dx = ! In {_I } 
a 10 1- x a 1- a 

Mdasa-1~~~~n~a~~i~~~ 

Again we see that even in simple problems you get results that you would 
not act on in the real world. These particular paradoxical results are easy to 
spot because they involved an infinity that is in the open; how can you hope 
to spot similar errors when the results are not so clearly displayed? 

Probability applications are dangerous, but in practice there are many 
situations where there is no other basis for action and where also no action 
is very dangerous. It is for such reasons that we continually examine the 
foundations of our assumptions and the way we compute. Dropping back to 
one or more finite models (as does the calculus) often seems to shed a great 
deal of light on the situation, and is highly recommended in practice where 
the consequences of the calculation are important. It is the actual application 
that indicates the finite model to use and determines your untimate actions. 
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5.4 The Normal Distribution 

The integral 

(5.4-1) 

will occur frequently and we need to know its value even though we cannot 
do the indefinite integration in closed form. There is a standard trick for the 
evaluation. We compute the square of the integral and then convert to the 
double integral form 

1
00 100 " = -00 -00 e-(~ +9 )/2dydx 

We next formally convert to polar coordinates (since the sum of the squares 
strongly suggests this) 

12 = 121< 100 
e-r'/2rdrdO 

= 211" 100 
e-r'/2 r dr 

Hence we have for (5.4-1) 

I::;: 100 
e-~'/2 dx::;: ..j2; 

-00 
(5.4-2) 

Since this is an important result we need to examine carefully the change 
of the integration from repeated to double, and the change to polar coordi­
nates. We therefore begin with the finite integral corresponding to (5.4-1) 

I(N) ::;: 1N e-~'/2 dx 
-N 

and repeat the steps. When we get to the change to polar coordinates we look 
at Figure 5.4-1. We get the bounds that the integral over the inner circle is 
less than the integral over the square, which in turn is less than the integral 
over the outer circle. Doing the angle integration we have 
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y 

x 

Polar coordinate change 

FIGURE 5.4-1 

The two end integrals can be done in dosed form 

In the limit as N -+ 00 each end of the inequality approachs 21f, so the middle 
term must too, and we are justified, this time, in the formal approach. 

Example 5.4-1 Herschel's Derivation of the Normal Distribution 

The astronomer Sir John F. W. Herschel (1792-1871) gave the following 
derivation of the the normal distribution. Consider dropping a dart at a 
target (the origin of the rectangular coordinate system) on a horizontal plane. 
We suppose: (1) the errors do not depend on the coordinate system orien­
tation, (2) errors in perpendicular directions are independent, and (3) large 
errors are less probable than are small errors. These seem to be reasonable 
assumptions. 

Y 

t::.y 

i 
x 

t::.x 

Herschel's derivation 

FIGURE 5.4-2 

Let the probability of the dart falling in the strip from 1.: to 1.: + ~1.: be 
p(x)~1.:, and offalling in the strip from y to y+~y be p(y)~y, see Figure 5.4-2. 
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The probability of falling in the shaded rectangle is, since we assumed the 
independence of the coordinate errors, 

p(x)p(y)dxdy = g(r)dxdy 

where r is the distance of the origin to the place where the dart falls. From 
this we conclude that 

p(x)p(y) = g(r) 

Now g(r) does not depend on the angle () in polar coordinates, hence we have 
(using partial derivatives) 

(Jg(r) = 0 = p(x) (Jp(y) +p(y){Jp(x) 
{J(} {JO {J(} 

From the polar coordinate relationships 

x rcos(} 

y = rsin () 

we have 
(Jp(x) = (Jp(x) (Jx = p'(x)(-y) 

{J(} {Jx {J(} 

(Jp(y) = (Jp(y) (Jy = p'(y)(x) 
{J(} (Jy {J(} 

This gives 
p(x)p'(y)(x) p(y)p'(x)(y) = 0 

Separating variables we have the two differential equations 

p'(x) = p'(y) = I< 
xp(x) yp(y) 

since both sides of the equation must be equal to some constant K (the 
variables x and yare independent). We have, therefore, for the variable x, 

p'(x) = Kx 
p(x) 

Inp(x) = J(x2/2+C 

p(x) = A eKz'/2 

But we assumed that small errors were more probable than large ones, hence 
K < 0, say 
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and we have the normal distribution 

From the fact that the total probability must be 1 we get for the factor A 

Similar arguments apply to the y variable. 
The derivation seems to be quite plausible, and the assumptions rea­

sonable. We will later find (Chapter 9) other derivations of the normal 
distribution. 

Example 5.4-2 Distance to a Random Point 

Let us select independently both the :r; and y coordinates of a point in the 
:r;-y plane from the same normal distribution which is centered at the origin 
(which is no real constraint) 

The expected distance from the origin is then gi ven by 

This immediately suggests polar coordinates (where we can now do the 0 
integration) 

Set r = ut to get 

D = (J' 100 

t 2e- t2 /2 dt 

Integration by parts yields easily, and use (6.4-2) 

D = u{_te-t2/21~ + 100 

e- t2 /2 dt} 

= u.J<i; 

as the expected distance of the random point in the z-y plane from the origin. 
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This transformation from rectangular to polar coordinates needs some 
justification. We therefore, as before, adopt the calculus approach and start 
with the region -N to N. From Figure 5.4-2 we see that we can easily get 
the bounds 

j N jN 2 2 2 < V(x2 + y2)e-(~ +11 )/217 dydx 
-N -N 

Now as N -+ 00 both end integrals approach the same limit, hence the trans­
formation from rectangular to polar coordinates is legitimate this time. 

Notice that the normal distribution has the important property that the 
product formula p(x)p(y) has circular symmetry. 

Example 5.4-3 Two Random Samples from a Normal Distribution 

Suppose we choose two random points on a line, not from a uniform infinite 
distribution but rather from the probability density distribution 

What is the expected distance between the two points? 
The probability density of two independently chosen coordinates x and 

y from this normal distribution is their product, which is 

Distance 

FIGURE 5.4-3 

x 
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In the sample space of the events we have a probability distribution of 
points over the entire x-y plane to consider (although the two points lie on 
a line). See Figure 5.4-3. To get the expected distance between the two 
points we will have to consider points in the entire sample space plane, but 
to evaluate the integral we can take only y > x and use a factor of 2 in front 
of the integral to compensate 

2 - (y - x)e-(Z +Y )/2 dxdy 100 lY 1 2 2 

-00 -00 211' 

1100 

2 100 

2 = - e- z /2 ye-Y /2 dydx 
11' -00 Z 

where we have interchanged the limits in the first integral. Again this inter­
change needs to be examined, but as in the previous cases the rapid decay of 
the exponential term justifies the interchange. Doing the inner integrals we 
get (since the exponentials combine) 

! 100 

e-
y2 

dy + (same in x) 
11' -00 

2100 

2 = - e-Y dy 
11' -00 

But this is a known integral (5.4-2) which gives, finally, 

2/";; = 1.128 ... 

as the expected distance between two points chosen from a normal distribution 
with unit variance. 

We see from these last several examples that while the idea of a random 
point in the infinite plane chosen from a uniform distribution can lead to pe­
culiar results, when we choose from a reasonably restricted distribution we 
get reasonable results. Example 5.3-3 is another case resembling the St. Pe­
tersburg and Castle Point paradoxes. The integral for the expected value may 
be infinite when you are careless - even for a finite interval! 
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Exercises 5.4 

5.4-1 Evaluate J::'oo xn e-z "/2 dx. 
5.4-2 In Bertrand's paradox compute the expected values of the chord in 
the three cases. Ans. 1(/2 = 1.5708 ... , 4/1( = 1.2732 ... , 4/3 

5.4-3 Why do you have trouble with the random triangle when you choose 
the shortest side? 

5.4-4 Rework the random game if you must get a number less than mine. 

5.4-5 In a circle of radius 1 the probability density function along a radius 
is proportional to l/r. What is the constant of proportionality? 

5.4-6 As in Exercise 5.4-5 except proportional to T. 

5.4-7 As in Exercise 5.4-5 except for a sphere. 

5.4-8 As in Exercise 5.4-6 except for a sphere. 

5.4-9 If p(x) = e-Z, (0 :5 x :5 00), find the expected distance from the 
random point to the origin. 

5.4-10 Same as Exercise 5.4-6 except the distance from 1. 

5.4-11 Same as Exercise 5.4-7 except the point a. Ans. a - 1 + 2 exp( -a). 
5.4-12 What is the expected distance between two points chosen at random 
on a sphere? Note that you can assume that there is a great circle going 
through the two points, but that you need to consider elementary areas and 
not simply points. 

5.4-13 Find the inflection points of the normal probability density function. 

5.4-14 Plot the normal density function using equal sized units on both axes. 

5.5 Distribution of Numbers 

When we deal with numbers in science and engineering we generally use the 
scientific notation and then, contrary to the usual belief, the distribution of 
a set of naturally occuring numbers is seldom uniform, rather most of the 
time the probability density of seeing a number x, where we are neglecting 
the exponents and looking only at the so called mantissa, is 

1 
p(x) = xln 10 (5.5-1) 

when we regard the numbers as lying between 1 and 10). This is naturally 
called the reciprocal distribution. 

Again, we are working in the floating point (or scientific) notation that 
is used in almost all practical computation, and we are concerned with the 
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decimal digits and not with the exponent. With the increasing use of com­
puters this is an important topic having many consequences in numerical 
computations, including roundoff propagation studies. 

Integrating the distribution (5.5-1) to get its cumulative distribution 
we get 

In x 
P(x) = In 10 = loglo x, P(10) = 1 (5.5-2) 

From this it follows that the probability of seeing a leading digit N is 

Pr (leading digit is N) = log(N + 1) -logN = log(l + lIN) 

To check this experimentally we took the 50 physical constants from the 
NBS Handbook of Mathematical Functions (1964). We got the following 
table 5.5-1 

TABLE 5.5-1 

Leading digit Observed Theoretical Difference 

1 16 15 1 
2 11 9 2 
3 2 6 -4 
4 5 5 0 
5 6 4 2 
6 4 3 1 
7 2 3 -1 
8 1 3 -2 
9 3 2 1 

50 50 0 

We see from this simple table that the reciprocal distribution is a reasonably 
accurate approximation to the physical constants tabulated in the book. 

But this distribution is also a property of our number system as can be 
seen from the following series of results. We will want, ultimately, the distri­
bution of a product of two numbers x and y drawn from the two distributions 
f(x) and g(y) so we examine this first. 
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Example 5.5-1 The General Product 

Consider the product z = xy when x is from the distribution f(x) and y 
from g(y), and where the product has been reduced to the standard floating 
point format. We examine the cumulative distribution P(z) of the mantissa, 
remembering that the same number z can arise from various places in the x-y 
plane (1 :5 x, y :5 10,) and we need to watch especially those that come from 
a shift when the product is reduced to the standard floating point format. For 
generality we work in base b (typically b = 2, 4, 8, 10, or 16), and assume that 
the numbers lie bewteen 1 and b (though on computers the standard notation 
is often from lib to 1). 

When does a shift occur? Whenever the product z ~ b. Hence the 
dividing line in the sample space is clearly 

z = xy = b 

y 

br---~~Tr------~ 

y=.! 
z 

z b 

Cumulative probability distribution 
for z = xy 

x 

FIGURE 5.5-1 

This is an equilateral hyperbola shown in the Figure 5.5-1. When z < b 
we have the product z = xy, and when z > b we have the product z = 
xylb. There are three regions that fall below z in computing the cumulative 
probability function P(z). These are shown in the figure. The corresponding 
integrals are 

P(Z < z) = l z l Z

'

z 

f(x)g(y) dydx 

+ t f6 f(x)g(y) dydx 
11 16/z 

+ 16 

f
6Z

/

Z 

f(x)g(y) dy dx 
Z 16/Z 
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If G(y) is the cumulative distribution of g(y), that is 

G(y) = 1" g(t) dt, G(I) = 0, G(b) = 1 

then we have, on doing the integrations with respect to y, 

P(Z < z) = l' J(x){G(z/x) - G(I) + G(b) - G(b/x)} dx 

+ 1.6 

J(x){G(bz/x) - G(b/x)}dx 

= l' J(x){G(z/x) + 1- G(b/x)} dx 

+ 1.6 

J(x){G(bz/x) - G(b/x)}dx 

To get the probability density h(z) we differentiate with respect to z, 
remembering all the details of differentiating an integral with respect to a 
parameter. We get 

h(z) = J(z){G(I) + 1- G(b/z)} - J(z){G(b) - G(b/z)} 

+ l' J(x){g(z/x)(l/x)} dx 

+ 1.6 

J(x){g(bz/x)(b/x)} dx 

= l' J(x){g(z/x)(l/x)}dx 

+ 1.6 

J(x){g(bz/x)(b/x)} dx 

(5.5-3) 

This is the formula for the density distribution h(z) for the product xy 
in floating point (scientific) notation. It does not look symmetric in the two 
variables x and y as it should since xy = yx, but changing variables in the 
integrands will convince you that the formula has the required symmetry. 
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Example 5.5-2 Persistence of tlle Reciprocal Distribution 

If we assume that one of the variables, say y, is from the reciprocal distribu­
tion, that is 

g(y) = l/(yln b) 

then we have for the distribution of the product (see 5.5-3) 

h(z) = !: J(x){x/(zIn b}}{l/x} dx 

+ 16 

J(x){x/(bzln b}}{b/x} dx 
(5.5-4) 

= l/(zlnb}{!Z J(x}dx+ 16 

J(X)dX} 

=l/(zlnb} 

Thus if one factor of the product is from the reciprocal distribution then the 
product has the reciprocal distribution. 
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Example 5.5-3 Probability of SlIifting 

In forming a product of two numbers on a computer a shift to reduce the 
product to the standard format requires extra effort and possibly extra time. 
What is the probability of a shift? By placing the point of the number system 
behind or before the leading digit we can change from the probability of a 
shift to its complement probability. 

If both numbers are from general distributions then the probability of 
no shift is the area under the curve y = b/x (see Figure 5.5-1) 

l
b lb,z 

Pr(shift) = 1 1 f(x)g(y) dydx 

If both factors are from the reciprocal distribution then we have 

l
b lb,z 

Pr(shift) = 1 1 1/(xlnb)I/(ylnb)dydx 

1 lb I
b,z 

= (lnb)2 1 (l/x)lny 1 dx 

= (ln
1
b)21

b

(I/X){lnb-lnx}dx 

= (ln
1
b)2 [In b In x - (In X)2/21:] 

= (ln
1
b)2 [(In b)2 - (In b)2/2] 

= 1/2 

Thus if both numbers come from the reciprocal distribution then it is a matter 
of indifference whether or not the point is before or behind the leading digit. 
For other distributions this is not true. 
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Example 5.5-4 The General Quotient 

For the quotient 

o 

z = X/y 

z 

Division 

A. 'Uo..a----- Y = X 

y 

y=L 
z 

FIGURE 5.5-2 

CHAPTER 5 

we first draw the picture, Figure 5.5-2 showing the various regions and the 
equations bounding the regions. As before we begin with the cummulative 
probability distribution which is 

H(z) = 1% 16 

f(x)g(y)dydx 
1 6xl % 

+ 1% 1x 

f(x)g(y) dydx 

+ 16 lx 

f(x)g(y) dydx 
% xl % 

Again, following the earlier model we let G(y) be the cummulative distribution 
of g(y), and doing the dy integrations we get 

H(z) = 1% f(x){G(b) - G(bx/z) + G(x) - G(l)} dx 

+ J.6 f(x){G(x) - G(x/z)} dx 
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Differentiating to get the probability density h(z) we get 

h(z) = J(z){G(b) - G(b) + G(z) - G(l) - G(z) + G(l)} 

+ l z 

J(x)g(bx/z)(bx/z2
) dx 

+ 16 

J(x)g(x/z)(x/z2
) dx 

b l z 

= 2" xJ(x)g(bx/z) dx 
z 1 

1 16 

+ 2" xJ(x)g(x/z) dx 
z z 

(5.5-5) 

This is the general formula for the probability of a mantissa of the size z from 
a quotient z = x/yo 

As a check on the formula suppose g(y) is the reciprocal distribution 

g(y) = l/(ylnb) 

We put this into (5.4-5) to get, after a lot of cancellation, 

h(z) = z I~ b {l Z 

J(x) dx + 16 

J(x) dx } 

1 
z In b 

Hence we get the reciprocal distribution so long as the denominator is from 
the reciprocal distribution. This increases our faith in (5.5-5). 

Exercises 5.5 

5.5-1 Find the formula for the probability of a shift if only one factor of 
a product is from the reciprocal distribution. Apply to one from the flat 
distribution. 

5.5-2 If the numerator is 1 and the denominator comes from the reciprocal 
distribution find the distribution. 

5.5-3 Discuss the question of a shift for quotients. 

5.5-4 Compute the probability of a shift for a product if both numbers are 
from a flat distribution. 

5.5-5 Tabulate the probability of a shift if both factors are from flat distri­
bution for b = 2, 4, 8, 10, and 16. 
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5.6 Convergence to the Reciprocal Distribution 

How fast do we approach the reciprocal distribution from any other distri­
bution? Is the reciprocal distribution stable in practice? These are natural 
questions to ask. We will first examine how, starting from the flat distribution, 
we approach the reciprocal distribution as we take more and more products. 

Example 5.6-1 Product of Two Numbers from a Flat Distribution 

Suppose we start with two factors from a flat distribution, that is f(x) 
1/(b - I) = g(y). Then the product formula gives 

h(z) = (b ~ 1)2 {JZ I/xdx + 16 

b/XdX} 

1 
(b_l)2{/nz+b(lnb-lnz)} 

1 
(b _ 1)2 {bin b - (b - 1)ln z} 

For base 10, for example this is 

lOin 10 - 91nz 
h(z) = 81 (5.6-1) 

We can check this kind of a result by forming all possible products from 
the uniform distribution using 1, 2, 3, or even 4 digit arithmetic. There 
will be a decreasing effect of the granularity of the simulation of a uniform 
distribution, see Example 5.6-4. 

Example 5.6-2 ApproaclJ to Reciprocal Distribution in General 

To discuss the rapidity of the approach to the reciprocal distribution we need 
a measure of the distance between two probability distributions. After some 
thought we introduce the distance function for the distance of a probability 
distribution h(z) from the reciprocal distribution of r(z) 

mST = D{h(z)} = max {I h(z) (;(Z) I} 
1<z<6 r z 

(5.6-2) 

This measures the maximum difference between the given distribution h(z) 
relative to the reciprocal distribution r(z). We showed in Example 5.5-2 that 

r(z) = J zf(x) r(z/x)(l/x) dx 

+ 16 

f(x) r(bz/x)(b/x) dx 
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Subtract this from the formula (5.5-3) for h(z) and divide by r(z), which is 
not the variable of integration so it may be put inside the integrals 

But we have both 

{h(z) - r(z)} 
r(z) 

= l z 

J(x){g(z/x) - r(z/x)}/xr(z) dx 

+ 11 J(x){g(bz/x) - r(bz/x)}{b/xr(z)}dx 

xr(z) = x/zlnb = r(z/x) and xr(z)/b = x/bzlnb = r(bz/x) 

(5.6-3) 

so that we have, on writing the corresponding distance function at any point x 

k(z) = {g(z) - r(z)} 
r(z) 

{h(z) - r(z)} = t J(x) k{g(z/x)} dx 
r( z) 11 

+ 16 

J(x) k{g(bz/x)} dx (5.6-4) 

If we assume that the distance of g( x) from the reciprocal is some number 
D{g(z)}, then 

I D{h(z)} I:::; D{g(z)} {lZ 

J(x) dx + 16 

J(x) dX} 
(5.6-5) 

:::; D{g(z)} 

and therefore the distance after a multiplication is not greater than the dis­
tance from the smaller of the distances of the product terms from the recip­
rocal (since J(x) and g(y) play symmetric roles). 

Since g(z) and r(z) are both probability distributions the difference 

g(z) - r(z) 

in the numerators of (5.6-3) must change sign at least once in the interval 
(l,b) and there will usualIy be a lot of cancellation in the integrals where we 
have merely put bounds. Thus, without going into great detail, we see that a 
sequence of products, all drawn from a flat distribution will rapidly approach 
the reciprocal distribution. 
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Example 5.6-3 Approacb from a Flat Distribution 

If we start with a flat distribution for both factors, that is 

1 
f(x) = g(x) = b-l 

CHAPTERS 

then we have for the distribution of the product from Example 5.6-1, 

h( ) = [blnb- (b-l)/nz] 
z (b _ 1)2 

If we continue we get the distance function for k factors from a flat 
distribution we get 

Number of factors Distance % of onginal distance 

1 1.558 100.0 
2 0.3454 22.2 
3 0.0980 6.29 
4 0.0289 1.85 

This shows that when the numbers are drawn from a flat distribution the 
produc t rapidly approaches the reciprocal distribution. 

For division the results are much the same, see Exercises. 

Example 5.6-4 A Computation of Products from tlle Flat 
Distribution 

To check the formulas and the theory we made three experiments. We di­
vided the range into 9, 99, and 999 intervals, picked the midpoint numbers 
as representatives of the intervals, and formed all the possible products. We 
compared the results with the result of Example 5.6-1. 

Table for 9 intervals 

Digit Number of cases % of cases Theoretical 

1 19 23.457 24.135 
2 16 19.753 18.321 
3 11 13.580 14.545 
4 9 11.111 11.738 
5 7 8.642 9.501 
6 7 8.642 7.640 
7 3 3.704 6.047 
8 6 7.407 4.655 
9 3 3.704 3.418 

total= 81 
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Table for 99 intervals 

Digit Number of cases % of cases Theoretical 

1 2364 24.120 24.135 
2 1799 18.355 18.321 
3 1426 14.546 14.545 
4 1143 11.662 11.738 
5 931 9.499 9.501 
6 756 7.714 7.640 
7 584 5.959 6.047 
8 462 4.714 4.647 
9 336 3.343 3.418 

total= 9999 

Table for 999 intervals 

Digit Number of cases % of total Theoretical 

1 240,890 24.1373 24.135 
2 182,844 18.3210 18.321 
3 145,181 14.5472 14.545 
4 117,124 11.7359 11.738 
5 94,816 9.5006 9.501 
6 76,256 7.6409 7.640 
7 60,321 6.4418 6.047 
8 46,478 4.6471 4.655 
9 34,091 3.4159 3.418 

total= 999,999 

Thus we see that the granularity of the actual number system used in comput­
ers is successfully approximated by the continuous model of infinite precision 
- that the continuous model is robust with respect to the actual discrete com­
puter model used in practice. 

Exercises 5.6 

5.6-1 Find the formula for the product of two numbers from a flat distribu­
tion, and then for four numbers. 

5.6-2 The same for quotients. 

5.6-3 Find the formula for the product of two numbers divided by a third. 

5.6-4 Plot the difference computed in Exercise 5.6-3. 

5.6-5 Plot the relative distance in Exercise 5.6-4. 
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5.6-6 Examine the rapidity of the approach in Exercise 5.6-3 from the flat to 
the limiting reciprocal distribution by trying the product of two such numbers. 

5.6-1 Test Exercise 5.6-3 using 1 and 2 digit numbers. 

5.6-8 Do a Monte Carlo test of Exercise 5.6-3. 

5.7 Random Times 

Apparently our instincts about time endow the flow of time with a bit more 
continuity than that of space, and we seem less likely to try to think of things 
happening in infinite time than on an infinite line or infinite plane. Further­
more, the Bernoulli type argument against the use of the expected value for 
money (Section 3.7) does not necessarily apply when we consider time. In 
estimating the average rate of failure of a machine the expected value is very 
useful and apparently is appropriate. 

We first consider the following example where we pick a random time to 
observe. 

Example 5.7-1 Sinusoidal Motion 

Suppose a target is moving up and down in a sinusoid across our line of vision, 
and we want to hit it, but must aim and fire at a random time. We feel that it 
is reasonable to pick the random time in suitable half period 11", which we can 
take from -11"/2 to 11"/2 (this covers exactly once all values that can occur). 
We pick the motion as 

y(t) = sin t I t I ::; 11"/2 

which clearly exhibits the assumption of the uniformity in time. We have by 
elementary calculus 

t = arcsiny 

1 
dt/dy 
~ 

Now the probability of finding the target at a position between y and y +.t:1y 
must be approximately 

1 1 
.t:1P= - .t:1y 

11"~ 
from which the probability density is 

1 
p( t) = -:-----: 

11" 
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We see that aiming at the midpoint of the interval (the expected value) is 
poor policy-we should pick one or the other end. Of course, since things in 
practice are finite in size, we are not dealing with exact points, so we need to 
pick our direction in a small angle from one of the extremes, but this detail 
does not alter the fact that the average (expected) position is not where to 
aim, but rather we should aim near one of the extremes. 

Although we started out with a random point in time we were apparently 
not seriously bothered, in this case of a periodic motion where we picked 
a characteristic finite interval of behavior, but it needs careful thinking to 
convince yourself that we are not in the same position as picking a random 
point on an infinite line-both the periodicity, and, to a curious extent for 
many people, the use of time, seems to justify the process. 

We believe that in this world many events occur approximately at ran­
dom times, for example the decay of a radioactive atom, the time the next 
telephone call is placed on a central office, the time the next "job" is submit­
ted to a computer, the time of the next death in a hospital, the time of the 
next failure of a machine (or one of its parts), etc. Each seems to be more or 
less random. We need to develop the mathematical tools for thinking about 
such things, including the probability density function p(t). 

We will use the standard approach of examining the finite case and then 
let the number of intervals approach infinity as the maximum length of an 
interval approaches zero-the standard method for setting up integrals. 

Example 5.7-2 Random Events in Time 

Consider, first, a fixed time interval (0 ::; x ::; t). Let it be divided into n 
equal-sized subintervals each of length tin. If each subinterval has the same 
probability of an event occuring, say p, and they are independent (Bernoulli), 
then the probability of exactly k events in the n intervals is 

P,,(t) = b(k; n,p) = C(n, k)p"(l _ p)"-" 

Now fix nand p. We next further subdivide each of the n intervals 
into m equal parts, and hence from the uniformity assumption we have the 
probability of an event in the new subintervals of length t/mn is p/m. 

We have for the finer subintervals the same formula with new parameters 

P,,(t) = C(nm, k)(p/m)"(1- p/m)mn-" 

It is now merely a matter of rearranging this expression before we take 
the limit as m -+ 00. We simply write out the terms in detail and reorganize 
the expression 

P,,(t) = {mn(mn - l)(mn - 2)··· (mn - k + l)/k!} 

x (p/m)"(l - p/m)mn(1_ p/m)-" 

= n(n - l/m)(n - 2/m) ... 

x (n - (k - l)/m){p" /k!}[(l - p/m)-m/ptnp[l - p/m]-" 
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Now we let m -+ 00, remembering that k is fixed, and we get 

PI:(t) -+ nl: [pI: /k!] e- np [l] 

= (np)1: e-np 

k! 

CHAPTERr; 

But recall that np is the expected number of successes in the original interval t. 
Hence if we now write a as the expected number of events in unit time we have 

np=at 

and hence 
P (t) = (at)1: e-af 

I: k! (5.7-1r 

as the limiting probability of k events in an interval of length t. 
If we set the number of events in time t, at = k, we will get 

\1: ->. 

P{X=kl=T 

The generating funtion of this Poisson distribution is (t in no longer time) 

00 

G.F. = l::)I:,.\l:e->'/k! = e(>.-l)f 

o 

To understand this formula, (and the fact that unusual events have to 
happen frequently according to this formula) we examine the probability of 
0, 1, 2, ... occurrences in the time t = l/a (which is the time interval in which 
you expect a single event to occur). We have 

Po(l/a) = l/e = 0.3679 
P1(1/a) = l/e = 0.3679 
P2(1/a) = 1/2e = 0.1839 
P3(1/a) = 1/3!e = 0.0613 
P4(1/a) = 1/4!e = 0.0153 
Pr;(l/a) = 1/5!e = 0.0031 

(5.7-2) 

Thus, in an interval in which you expect to see a single event the actual 
probabilities of no event and of 1 event are the same, each about 37%. The 
probability of 2 events is only half that of no event, about 18%; and of 3 
events 1/6 that of no event, about 6%; etc. In words, in an inteval in which 
the expected number of events is 1 you can expect 3 events about 6% of the 
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time (in the time interval t = I/a). The bunching of events is much more 
likely than most people expect. 

We also see that the sum of all the values is exactly 1, since the system 
must produce one of the events (outcomes) Pi:(t) for each t. To demonstrate 
this mathematically we recall that the terms of the exponential series for e 
are simply lIn! 

The model has the property (due to the independence assumed origi­
nally) that if we write t = t' + til we will have 

Po(t) == Po(t')Po(t") (5.7-3)* 

Thus the probability of not seeing an event in time t is the product of not 
seeing it in time t' multiplied by the probability of not seeing in the next time 
interval ttl reaching up to t. 

This is called "a constant failure rate"; what has happened up to the 
present time has no effect on what you will see in the future-but that was 
the independence assumption! From this comes the general rule for such 
situations-"IC it is running then leave it alone!" You cannot improve things 
by tinkering. Indeed, it was the author's experience many years ago that 
the probability of failure in the electronic parts of a big computer was higher 
immediately after "preventive maintenance" than it was before! Currently 
preventive maintenance on electronic gear is usually limited to changing fil­
ters, and checking the mechanical parts. Of course mechanical wear and 
tear do not follow the constant failure rate that is typical of electronic gear 
(fairly accurately). 
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Example 5.7-3 Mixtures 

We suppose: (1) that we have mixed chocolate chips into a mass of dough 
with a density of a per cookie (to be made), (2) that the presence of any 
chip in a cookie is independent of the presence of other chips, and (3) that 
the cutting up of the mass of dough into separate cookies is independent of 
the number of chips in the cookie-all large idealizations from reality. We 
can think of the cookies as being extruded and that the cookies are cut off 
when the expected number of chips is exactly a. Hence we have the above 
distribution. For example, if we expect an average of 4 chips per cookie, then 
the probabilities of k chips in a cookie are given by, (for k = 0,1, ... ) 

TABLE 5.7-1 

no chips exp(-4) = 0.01832 -2% 
1 chip 4exp(-4) = 0.07326 -7% 
2 chips (42/2!) exp( -4) = 0.14653 -15% 
3 chips (43 /3!) exp( -4) = 0.19537 -20% 
4 chips (44/4!) exp( -4) = 0.19537 -20% 
5 chips (45 /5!) exp( -4) = 0.15629 -15% 
6 chips (46/6!) exp( -4) = 0.10420 -10% 
7 chips (47/7!) exp( -4) = 0.05954 6% 
8 chips (48 /8!) exp( -4) = 0.02977 3% 
9 chips (49 /9!) exp( -4) = 0.01323 1% 

10 chips (4 10 /1O!) exp( -4) = 0.00529 0.5% 

Total = 99.5% 

This table shows, for most people, that the deviations from the expected 
number are much larger than they had expected. 

5.8 Dead Times 

It is necessary to observe that sometimes the device that measures the events 
has a "dead time" j immediately after recording an event it cannot record a 
second event that comes too close after the first one. If the counting rate is 
comparatively slow with respect to the dead time then it is probably not worth 
making the corrections. But when you are pushing the recording equipment 
near its limit then the lost counts is a serious matter. In practice it is more 
difficult to find the realistic dead time than it is to allow for the multiple 
events that are recorded as single events. The ratio of single to double events, 
as given in the previous section, often gives you a reasonable first measure of 
the lost events. 
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5.9 Poisson Distributions in Time 

Up to now the time t was fixed; now we look at things as a function of t. 
As we think of the probability density function we realize that we need to be 
careful. To get the notation into the standard form we need to replace Ie by 
n, and use Ll(at) = aLlt. This produces an extra a in the probability density 
function 

(5.9-1t 

for a > 0 and all t ~ O. 
To check that we are right we compute the total probability for each 

state, that is we compute 

J(n) = 100 

Pn(t) dt 

It is convenient to change variables immediately tJ get rid of the letter a by 
setting 

at = x then a dt = dx 

The integral becomes 

1 100 

J(n) = - xn e- r dx 
n! 0 

Integration by parts, U = x n, dV = exp( -x) dx, gives, when the limits are 
substituted into the integrated part the reduction formula, for n > 0, 

J(n) == xn-1e- r dx = J(n - 1) 1 100 

(n - I)! 0 

The case n = 0 gives, of course, 

Hence 
J(n) 1 for all n. 

and therefore each Pn(t) is a probability distribution-for every n if you wait 
long enough you will surely see the n events. 
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Example 5.9-1 Shape of the Probability of tIle State Pn(t) 

Except for the case n = 0 the distributions Pn(t) have the value 0 at t = 0; for 
n = 0 the value at t = 0 is 1. We next seek the maximum value of Pn(t) for 
n> 0, (since the case n = 0 isjust the exponential). Differentiate the function 
and set the derivative equal to zero. Neglecting front constants, which do not 
enter into finding the location of the extremes, we have 

The zeros occur at 
n = at, and 

The location of the maximum is at t = n/a, while the n - 1 values at t = 0 
are the minima, (n > 1). 

The value of the distribution at the maximum is 

{ 
n}n e- n e-n 

Pn(n/a) = an +1 
- - = ann-
a n! n! 

To get an idea of this value we use the Stirling approximation for n! 

anne- n a 
Pn(n/a) = = --

nne-nV2'7Tn v27fn 

To find the inflection points we need to find the second derivative and 
equate it to zero. We get for (n > 1) 

Hence we have (neglecting the roots at t = 0) 

(at)2 - 2n(at) + n(n - 1) = 0 

The solutions of this quadratic are, from the standard formula, 

at = n ± Jn2 - n(n - 1) = n ± Vn 

The positions of the inflection points are symmetricaly placed about the max­
imum, and we see that as n increases the maximum moves out proportional 
to n while the inflection points hug the mean like fo.. Relative to the loca­
tion of the maximum the width of the main peak gets narrower and narrower, 
like 1/ fo.. 
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Exercises 5.9 

5.9-1 Find the mean and variance of the Pn(t) distribution. 

5.9-2 Sketch these distributions for n = 0, 1, 2 and 3. 

5.10 Queuing Theory 

A queue is a common thing in our society, and the theory is highly developed. 
The basic model is that people, items for service, or whatever the input is, 
arrive according to some rule. In many situations, such as phone calls coming 
to a central office, the demand for service can be viewed as coming from 
a uniform random source of independent callers with a rate r, hence the 
probability density of the interarrival times is 

p(t) = re- r
! 

The next stage to consider in the queuing process is the server that gives 
the service. In the simplest models, which are all we can consider here, the 
service may also be random with a mean service time of s. If the system is 
not going to ultimately be swamped then the rate of service must be faster 
than the arrival time rate, that is, s > r. 

The general theory allows for many other rules for the arrival times and 
service times, but the the distributions we are assuming are quite common in 
practice-at least as first approximations. 

When we think about the queue we see that occasionally there will be a 
burst of arrivals that temporarily exceeds the service capacity and the length 
of the queue will build up. In practice the queue may not be infinite and what 
to do with the overflow will differ in different situations, Similarly, for some 
purposes the order in which the items are served from the queue may matter; 
thus you may have first in first out (FIFO) or last in first out (LIFO), and 
there are many other queue disciplines as they are called, 

We have, therefore, to think about the state of the queue (its length), and 
we are in the state diagram area (Section 4.4) with the interesting restriction 
(usually) that the transitions are only between adjacent states, one more 
customer arrives or else one more service is completed. And we also face the 
interesting fact that potentially there are an infinite number of states in the 
state diagram. Thus for being in state Po, Pl , P2" .. , PIt;" .. (with k items in 
the queue) we have the corresponding probabilities at time t of Po(t), Pl(t), 
P2(t) , .. " PIt;(t), ... see Figure 5.10-1. 
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Queue 

FIGURE 5.10-1 

We now write the transition probability equations. The probability of 
the queue being in state k at time t + ilt arises from (1) staying in the state, 
(2) coming from the state k - 1 by another arrival, or (3) coming from state 
k + 1 by the completion of a service. We neglect the chance of two or more 
such events in the small time ilt; ultimately we will take the limit as ilt 
approaches zero, and a double event is a higher order infinitessimal than a 
single event. We have 

Pk(t + ilt) = {1- (r + S)ilt}Pk(t) + {rilt}Pk_l(t) + {Silt}PHl(t) 

where, of course, the state P-1(t) = O. We have, upon rearrangement, 

_Pk;:...;(,-t _+_il_t),--_P;:...;k('--'..t) = rPk-l (t) - (r + S)Pk(t) + SPk+l (t) 
ilt 
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In the limit as ~t -+ 0 we get the differential equations 

dPk(t) 
~ = rPk-l(t) - (r + S)Pk(t) + SP/c+l(t) 

If we start with an empty queue, then the initial conditions are: 

Po(O) = 1, Pk(O) = 0, k > O. 

To check these differential equations we add them and note that each 
term on the right occurs with a total coefficient (in the sum) of exactly 0, 
since the first few equations are clearly 

dPo(t) 
dt 

-rPo(t) + sP1(t) 

dP\(t) 
dt 

dP2(t) 
dt 

dP3(t) _ 
dt -

Since the sum of the derivatives is zero the sum of the probabilities is a 
constant, and from the initial conditions this constant is 1; probability is 
conserved in the queue. 

There is a known generating function for the solutions Pk(t) which in­
volves Bessel functions of pure imaginary argument but it is of little use 
except to get the mean and variance (which, since the Bessel function satis­
fies a linear second order differential equation, are easy to get from only the 
first derivative). 

What is generally first wanted in queuing problems is the equilibrium 
solution, the solution that does not involve the exponentials which decay to 
zero as time approaches infinity. We will not prove that all the eigenvalues of 
the corresponding infinite matrix have negative real parts, so that they decay 
to zero, but it is intuitively clear that this must be so (since the probablities 
are non negative and total up to 1). 

The equilibrium solution naturally has the time derivatives all equal 
to zero-hence at equilibrium we have the infinite system of simultaneous 
linear algebraic equations on the right hand sides to solve. They are almost 
triangular and that makes it a reasonable system to solve. We begin by 
assuming some unknown value for the equilibrium solution value Po. From 
the the first equation we get 

r 
PI = - Po 

s 
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Using these two values we get from the next equation 

1 
P2 = -[(r + s)P1 - rPo] 

s 

and some algebraic simplification gives 

P2 = (~r Po 

It is an easy induction (with Po as a basis) to show that 

Pn = (~r Po 

CHAPTER 5 

We did not know the value of Po with which we started, but merely 
assumed some value Po. Using the fact that we know that the sum of all the 
probabilities must be exactly 1, we have 

The sum is a geometric progression with a common ratio (r/s) less than 1 so 
that the series converges). Hence we get 

and 
Po = 1- r/s 

Thus the equilibrium solution is 

Pn = (~r (1 - r/s) = (~r - (~r+l 
It is necessary to dwell on what this solution means. It does not mean that the 
queuing system settles down to a set of fixed values-no! The queue continues 
to change as customers enter the system and have their service completed. 
The formula means that the probabilities you estimate for the queue length 
at some distant future time t will settle down to these fixed values. Due to 
the randomness of the arrivals the actual queue length continues to fluctuate 
indefinitely. The equilibrium state gives you probability estimates in the long 
run, but as we said a number of times before what you "expect" to see and 
what you "actually" see are not the same thing. It is evident, however, that 
for many purposes the equilibrium solution is likely to be what you want, and 
you are not interested in the transient of the probability distributions which 
involves the exponential solution. 

We began with a very simple model of a queue, but if we are willing 
to settle for the equilibrium solution then we are not afraid of much more 
complex situations. The actual time dependent solutions are not hard to find 
in this case. 
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Exercises 5.10 

5.10-1 If r = ks(k < 1) compute Pn • Evaluate for k = 1/2 to k = 9/10. 

6.10-2 In Exercise 5.10-1 find the generating function of the queue length, 
and hence the mean and variance. 

5.11 Birth and Death Systems 

In birth and death systems (the name comes from assuming that items are 
born and die in various states and when this happens you migrate to the 
adjacent state, up for birth and down for death) we assume again that in the 
state diagram only adjacent states are connected, but this time we have that 
the probability of going to a state depends on the state that you are in, that 
is rand s are now dependent on the state you are in. In Figure 5.10-1 the 
transition probabilities from states to states acquire subscripts. By exactly 
the same reasoning as before we are led this time to the equations 

dPn(t) 
~ = rn-1Pn-l(t) - (rn + 8n)Pn(t) + Sn+1 Pn+l(t) 

dPo(t) -;u- = -roPo(t) - +81 Pl(t) 

To get the equilibrium solutions we proceed as before; we first put the 
time derivatives equal to zero, assume a first value for Po state, and then solve 
the equations one at a time. We find 

From which we easily find by successive substitutions 

p. rOrl ... rn-l 
n = Po 

8182 ... Sn 

Our equation for the total probability is now 
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If and only if this series in the square brackets converges to some finite 
value S can we get the value of Po = l/S, and hence get all the other values 
Pn . The divergence of the series implies that there is no equilibrium solution. 

We have a general equilibrium solution, and if we want a more compact 
solution then we have to make some more assumptions (beyond the conver­
gence) on the forms of the rn and Sn. Whenever you can solve the infinite 
almost triangular system of algebraic linear equations in a neat form you can 
get the corresponding neat solution. We will not go into the various cases 
here as this book is not a course in birth and death processes nor in queuing 
theory. The purpose is only to show the range of useful problems that fall 
within the domain of simple probability problems and state diagrams. 

Exercises 5.11 

6.11-1 Show that for no deaths the solution is pn = exp( -rt)(rt)n In! 

5.12 Summary 

We did not lay down postulates and make deductions for the case of continuous 
probability, rather we proceeded sensibly and from a few simple Examples we 
saw the kinds of things we might want to assume. 

We gave a number of Examples which show that it is non-trivial to 
decide which, if any, probability distribution to assume is uniform. The as­
signment of the probability distributions in the continuous case is often a 
serious problem (that tends to be glossed over in mathematics by making 
convenient assumptions), and clearly affect the results found after the more 
formal manipulations. The topic is discussed in much more detail in Chap­
ters 6, 7 and 8. 

When the independent variable is time then it is often easy and nat­
ural to assign the corresponding probabilities-typically a constant rate in 
time. Examples are bacterial growth, radioactive decay, failures in electronic 
systems, and service requirements. 



6 

Uniform Probability Assignments 

Small Causes-Large Effects 

6.1 Mechanical Probability 

Now that we see the central role of the uniform distribution in probabil­
ity problems we understand its importance and why we need to examine it 
more closely. 

Based mainly on symmetry we began by assigning initial uniform prob­
ability distributions for events. If some obvious symmetry is lacking how 
can we justify assigning a uniform distribution? One answer given by many 
people, most notably by Poincare, is based on the idea that even with a per­
fect (classical) mechanical situation the initial conditions are rarely perfectly 
known and often the result has a uniform distribution. (See also the modern 
theory of chaos.) 

A simple example of randomness in the ideal physical world of classical 
mechanics is the thought experiment of dropping an ideal ball down a chute 
as consistently as possible. We imagine the ball falling onto a knife edge 
and then bouncing to one side or the other. We also imagine the result being 
tabulated and the ball returned to the device for another trial. Let us consider 
the results of many trials as a function of the displacement of the knife edge 
with respect to the center of the chute. When the knife edge is far to one 
side the ball will always fall to one side, and when it is far on the other it 
will fall on the other side. We are concerned with what happens when the 
knife is near the middle. As we imagime, in this ideal experiment, adjusting 
the equipment to get a 50-50 ratio for one side or the other we think that 
we will find positions which are close to this and where a slight movement 

[239] 
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one way or the other will change the ratio. We have, therefore, a conceptual 
mechanical device which can, apparently, produce a random behavior. Which 
side the ball will fall (on any particular trial) is not predictable, but the 
average behavior is reasonably well predicted; randomness in the ideal physical 
world. This result is based on your feeling of continuity, that as we make 
very small changes in the position of the knife edge the ratio of the number 
of events on the two sides cannot change suddenly from all on one side to 
all on the other, but must pass smoothly from one to the other. (In the 
extreme ideal world of exactness the exact middle position would have the 
ball bounce repeatedly on the knife edge and finally come to rest on it in a 
metastable state!) 

We next consider the standard roulette wheel that is used in gambling. 
The wheel was apparently carefully designed to give uniform random results. 
We first make the assumption that the laws of classical mechanics are a perfect 
description of reality. The wheel is started rotating at a modest rate in one 
direction, and then a short time later a small ball is launched on the wheel 
going rapidly in the opposite direction. Due to the speed of the ball its 
centrifigual force makes the ball go promptly out to the outer containing rim 
of the wheel, where it continues to run around the track. As time goes on 
friction removes some of the speed from the ball (and a slight amount from 
the much more massive wheel) and the ball gradually approaches the inner 
track where there are 38 (or 37) equally sized holes. The moment the ball 
hits the edge of a hole it bounces out away from the line of holes (the wheel 
is rotating against the direction of the ball) and then comes down at some 
other place to hit another edge of a hole, etc., until it fina.lly has acquired 
about the rotational rate of the wheel and comes to rest in one of the 38 
identical holes. 

Consider, now, the mechanics of the system. There is the speed of 
the wheel, the phase of the rotation (the relative position) of the wheel at 
the moment of launching the small ball, the three coordinates of the ball at 
the point of launch from the hand, the three corresponding velocities, two 
numbers to describe the axis of rotation of the ball, and finally the rate of 
rotation of the ball itself at the moment of launch. We have mentioned, in 
total, 11 different numbers that are needed (there may be more) to describe 
the trajectory of the ball. Thus for each possible launching of the ball, (in 
some suitable set of ranges that are possible), there is a point in an imagined 
11 dimensional space. Nearby points in this space will have very different 
trajectories. There is a theorem in (ideal) mechanics which states that if 
the initial conditions of la.unch are varied continuously then the trajectory 
changes continuously. But as we imagine anyone of the 11 parameters being 
changed very slightly we feel that the result will probably end up in another 
hole. Infinitesimal changes (almost in the mathematician's sense!) produce 
significantly different trajectories. 

Now let us fix in our mind the terminal hole, and look back at the 
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situation. Where in the 11 dimensional sample space do the balls come from 
which end up in the hole? The answer is that scattered throughout the whole 
of the 11 dimensional space of admissable initial conditions there are many 
very small regions that end there; each of these very small regions will have, 
however, quite different trajectories from other small regions. 

No matter how we assign any reasonably smooth probability distribution 
over the launching space we feel that each hole will have almost the same 
probability of the ball ending there as any other hole. We do not bother 
to prove this mathematically, (but see the next section), we merely think of 
the almost trivial differences that will cause the ball to bounce at a slightly 
different angle, come off the rim at a slightly different place with respect to 
the position of the holes, etc. Indeed, we feel that a mote of dust could change 
the outcome, as well as a whiff of air, the temperature of the ball, and many 
other effects that we left out of the discussion. We simply do not expect that 
we could reproduce the same end result no matter how hard we tried, even 
in a laboratory, and we can not see any systematic effect preferring anyone 
hole over another. Thus we come to the ideal uniform assignment of 1/38 for 
the probability of the ball ending up in any given hole. 

There are three distinct things to be noted in this thought experiment. 
First, we have a situation in which the slightest differences, which are well 
below the level at which we can control things, lead to significantly differ­
ent results. Second, that the trajectories are reduced modulo the rotation 
of the wheel, and the same end results come from all over the space of inital 
conditions. This type of reduction is a central feature-the trajectories as tra­
jectories do not come together, rather as time goes on they spread out. Thus 
the initial assignment of a probability distribution in the launching space is 
still visible in the trajectory space-it is the reduction modulo the rotation of 
the wheel that brings the uniformity more or less independently of any reason­
able initial probability distribution we might assume. Third, there is a final 
quantization-the ball must end up in a single hole-that further separates 
trajectories which started out very close to each other. In the current "chaos 
theory" it is constant folding and bifurcation that produces the unpredictable 
end result. 

If we look further and consider what we believe we know about real­
ity then we are even more convinced of the irreproducibility of results. The 
world is made out of molecules (so we believe most of the time) and these are 
in constant, rapid motion-yet it is the collision of the molecules of the ball 
with those of the edge of a hole that make the angle of rebound! A slight 
change of the angle due to chance positions of the molecules in an early col­
lision might well alter the final position of the ball. We mentioned air drafts, 
motes of dust, and temperature (which could affect the size of the ball and 
hence its moment of inertia) among other things as other possible effects. If 
we go further and invoke quantum mechanics, which in its popular Copen­
hagen interpretation claims that the universe itself has a basic uncertainty, 
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then we are even more convinced that it is reasonable to assign a uniform 
distribution to the final positions-provided upon examination we can de­
tect no significant differences in the sizes or positions of the holes-no lack of 
symmetry there. 

When we turn to the rolling of dice in gambling, then things are much 
the same, though perhaps not so safe. The standard requirement is that the 
dice hit the surface of the table before they bounce off the end wall (which 
has been made to have many different angles). The dice bounce off the wall 
and back onto the surface of the table, and finally end with one of the six 
faces up. Again we have the three features: (1) very slight differences in 
the initial conditions produce large differences in the trajectories, (2) there 
is the reduction modulo the rotations of the dice, and (3) there is the final 
quantization to a single face on the top side. It would take a very accurate 
machine to produce repeatable results, but this time we are not quite so sure 
as we were for the roulette wheel that it could not be done--we wonder to what 
extent humans can control the roll of the dice sufficiently well to significantly 
affect the outcomes of the dice. 

Not that the design of the device itself could not affect the probabilities 
of the various faces turning up! Loaded dice are a familiar idea. And one 
can imagine a roulette wheel with a small permanent magnet under, say, the 
00 hole, and the core of the ball being of a ferrous metaL And ferrous balls 
could be interchanged with non-ferrous at the whim of the person running 
the wheel. Or the holes could be carefully shaped to make some more likely 
to catch the terminal end of a trajectory than others, a single bar between 
two holes that is unusually high can affect the probabilites of falling in var­
ious holes. We are not concerned here with such designed cheating; we are 
concerned with the idea that a distribution which is very close to uniform can 
arise from a situation where: (1) very small differences in the initial condi­
tions produce a very wide range of results, followed by (2) a reduction modulo 
something relatively small with respect to the range of trajectories that occur 
(a rotation of the wheel or the die), and then (3) a quantization into a few 
possible final states. 

In shuffling cards the uniformity is much less secure and more easily 
controlled by practiced hands. Indeed, the common habit of the shuffler let­
ting someone else "cut the deck" before dealing is a tacit admission of the 
possibility of controlling the dealt cards. There are also such matters as some 
cards having more ink on their faces than others, hence possibly different 
coefficients of slipperiness, etc. 

It is not the aspect of cheating that we care about, rather it is the way 
situations can arise that call for the assignment of a uniform final distribu­
tion that is of interest. To repeat one more time, the esentials are: (1) small 
differences in the inital conditions give rise to large differences in the trajec­
tories, (2) the reduction modulo something that is small with respect to the 
distribution of the endings of the trajectories viewed as total trajectories, and 
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(3) the final quantization to a definite state. 
The matter may be summed up by the heading of this chapter: 

Small Causes-Large Effects. 

For further material see [E]. 

6.2 Experimental Results 

In this section we will examine three simple distributions reduced modulo 1, 
which in the first and third cases is their variance. For example, consider a 
normal distribution with unit variance 

(-00,00) 

The reduction modulo 1 means that we sample the distribution at unit spacing 
and add all the values together for each possible phase shift. We will evaluate, 
therefore, (n is an integer and x is the phase shift displacement in a unit 
interval) 

1 00 :I 
p(x) = -- L:: e-(z+n) /2 

V2ii n=-oo 

The results, along with similar distributions, is given in the following table 
due to R. Pinkham, where x is the position in the unit interval of the new 
distribution after the modular reduction. The three columns contain the sum 
from all the corresponding values in the intervals that have been reduced 
modulo 1 of their distribution. 

TABLE 6.2-1 

x normal (1/2) exp{ -I xl} (1/2)sech2x 
0.0 1.000 000 005 1.082 1.002 
0.1 4 1.037 1.002 
0.2 2 1.003 1.001 
0.3 0.999 999 998 0.979 0.999 
0.4 6 0.964 0.998 
0.5 5 0.959 0.998 
0.6 6 0.964 0.998 
0.7 8 0.979 0.999 
0.8 1.000 000 002 1.003 1.001 
0.9 4 1.037 1.002 

Sum of deviations 7 0 
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From the table we see that the reduction modulo 1 for the normal distri­
bution is remarkably flat. Indeed in view of the Gregory integration formula 
[H, p.310, p.348], and the structure of the deviations from 1, we believe we 
are looking at roundoff and the detailed structure of the function. The rapid 
falloff of the higher derivatives as we approach infinity in the normal distri­
bution case shows why it is so close to 1. In the other two cases the flatness is 
still remarkable, expecially for the two-sided exponential with its corner at the 
origin. The hyperbolic secant squared distribution is similar to the normal, 
but the flatness is not so spectacular because the higher derivatives do not 
falloff as rapidly as they do for the gaussian distribution. 

There is a classic paper on this topic written by R. Pinkham [P] which 
shows in great generality that this reduction modulo something results in very 
flat distributions. 

When we consider how three standard distributions, reduced by com­
paratively large unit reduction (as compared to the reductions in the sample 
space of the roulette wheel initial conditions), we see that we are remarkably 
confident that the resulting distribution for a roulette wheel will be very, very 
close to uniform in the theoretical model-in reality there will probably be 
larger faults with the physical realizations of the wheel and the uniform holes. 

Exercises 6.2 

6.2-1 Take your favorite continuous probability distribution and do a similar 
reduction modulo its variance. 

6.2-2 Repeat 6.2-1 but use a spacing of half the variance. 

6.2-3 Try the reduction using a spacing of twice the variance, and discuss 
,he results of the three Exercises. 

6.2-4 Explain the structure observed in Table 6.2-1. 

6.2-5 Compute the corresponding table for the probability distribution p(x) 
= exp(-x), (0 ~ x < 00). 
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6.3 Mathematical Probability 

There are a number of purely mathematical results that bear on this question 
of how uniform distributions can arise. The simplest result, and perhaps the 
most central, is a version of Weyl's theorem which states that if you: (1) take 
any irrational number a, (2) form all the multiples na, and (3) take the 
fractional part, then you will have a uniform distribution. These numbers 
may be written in the mathematical form 

na - [na] = fraction of (na) = frac(na) 

where [.] means the greatest integer in the argument. 
Weyl's theorem has many important results. First, if 10glO a is an irra­

tional number then it follows that 

an = lO(loga)n = 10[nloga)10frac(nloga) 

has the fractional part of the exponent uniform1y distributed. The integer 
part of the exponent determines the placing of the decimal point while the 
fractional part determines the digits of the result. Hence we have the mantissa 
part uniformly distributed up in the exponent. 

To show that this means that we have the reciprocal distribution (see 
Section 5.4) for the numbers themselves we argue as follows. First we have 
for a uniform distribution of a random variable In X in the exponent 

Pr{logX < x} = x (0 ~ x ~ 1) 

But this is the same statement as 

Now write lOX = y, (1 ~ y ~ 10), or x = log y. We have 

Pr{X < y} = logy= (/ny)/(/n 10) 

To get the probability density we differentiate with respect to y 

p(y) = l/(y In 10) 

But this is exactly the reciprocal distribution! (Sections 5.4 to 5.6). And 
conversely, the reciprocal distribution implies that the distribution is uniform 
in the fractional part of the exponent. 

Another example, in a sense, of Weyl's theorem is what is behind the 
standard random number generators. If we take an irrational number, the 
"seed number" a and multiply it (up in the exponent this is an addition) by a 
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suitable "multiplier," then we will get from the product a fractional part that 
is a new seed number; and these repeated numbers (resembling the na-[nal) 
will be uniformly distributed in the interval (0,1). Of course for finite precision 
computation it is necessary to apply some careful number theory arguments 
to ensure that with appropriate choices we will get a uniform distribution of 
1/4 of all the numbers that could possibly occur in the computer, [H, p.138]. 
Thus Weyl's theorem suggests that this method ofrandom number generation 
is a reasonable one to try. 

Not only do the mantissas of the powers of the typical numbers have the 
reciprocal distribution, so do many other sets of numbers. We will not prove 
it here but the leading digits of the factorials of the integers, the Bernoulli 
numbers, the binomial coefficients, and even the coefficients an of a Taylor 
series (provided there is only one singularity on the circle of convergence) 

all satisfy the reciprocal distribution! 

Exercises 6.3 

6.3-1 Find the distribution of the fractionaJ parts of the first 50 multiples 
of V2. 
6.3-2 Similarly for v'3. 
6.3-3 Find the distribution of the leading digits of n! for n ::;; 50. 

6.3-5 Examine a table of Fibonacci numbers and find the distribution of 
their leading digits. 

6.3-6 Examine a table of Bernoulli numbers for the distribution of the lead­
ing digits. 

6.3-7 Find the distribution of the leading digits of 2n for n = 1,2, ... ,50. 

6.3-8 Write the Fibonacci numbers in binary form and find the distribution 
of the first three leading digits. 

6.3-9 Find the distribution of the leading digits of IOn when written in 
binary for n = 1,2, ... ,50. 
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6.4 Logical Probability 

Distribution of birthdays (see 1.9-6 for the original problem 1.9-7,3.9-1, for 
robust versions and 3.9-3 for a variant) may depend on the phases of the moon 
as some maintain, but the earth and moon periods are irrationally related and 
the result is a rather uniform distribution when averaged over some years. But 
winter, spring, summer and fall are rationally related to the year. Only for 
events in the universe which do not seem to have any connection with the 
arbitrary rates of rotations of the earth about its axis and about the sun 
(which determines the length of a day and the year) do we feel that the day 
of the week on which, say, a super nova. occurs is uniform (though, of course, 
the chance of its observation by humans may be affected by earthly details). 
Due to the seasons of the year we are not sure of the uniformity of birthdays 
throughout the year. 

Thus we see that while we often argue for a kind of logical uniformity, it is 
not always safe reasoning. Still, very often we are unable to see any difference 
logically, and that brings up our earliest argument about the assigning of a 
measure of probability to interchangable events-if we do not assign the same 
measure then we are logically embarrassed. We do not have to surrender to 
logic-after all Emerson said, "A foolish consistancy is the hobgoblin of little 
minds." -but we are inclined to do so. Thus logical symmetry leads to a 
uniform distribution. However, later observed data that is not uniform may 
be an embarrassment! 

We are actually discussing the famous principle of indifference, also 
called the principle of insufficient reason, but which should more accurately 
be called the principle of consistancy. It states that if there is no reason for 
assuming a difference then we assign a uniform probability. 

But does this principle require perfect knowledge of all possible relevant 
facts (hardly attainable in reality), or does it merely require that we are 
ignorant of any lack of symmetry and have exercised "due prudence"? In 
the later case the idealist is inclined to be unhappy. This dilemma is a real 
difficulty and should not be ignored! 

Philosophers, and some mathematicians, have had great fun mocking 
this principle of consistancy-but almost always without regard to what it 
says! It says that if you have absolutely no reason for preferring A to B, for 
example, then it is reasonable (unless you want to be accused of inconsistancy) 
to assign equal probabilities to each event. It is a hard, exacting principle; 
there must be no reasons that you are aware of for any difference. If there 
are slight differences, as there clearly are with regard to the six faces of a die, 
then you have to decide on an intuitive basis whether to go with the idealized 
die in your predictions or else to try to measure, in some fashion, the effects 
of six concave holes on one face with the opposite face having only one hole, 
(thus apparently moving the center of gravity of the die slightly from the 
exact center). Similarly for the other pairs of opposite faces. You have then 
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to carry out the computations with the slight biases. The fact that we play so 
many games using dice suggests that practice finds the effects of these biases 
to be very slight. (See the next Section and Example 7.5-2.) 

This principle of indifference (or consistancy) is very deep in our mental 
makeup, and the argument based on consistancy is very compelling; if you can 
see no relevant difference (that is, if there appears to be perfect symmetry in 
some sense) then any assignment other than equal probabilities will get you 
into a contradiction. Of course it depends on your seeing the symmetry. If 
you were fooled then you have made a mistake. If another person does not 
see your symmetry, but possibly some other symmetry, then your and their 
assignments of probability will differ. We cannot get perfect objectivity, we 
can only isolate it so that it can be examined closely. It can also be said 
that if the cost of an error is low we do not look carefully; if the cost is high 
we should. 

6.5 Robustness 

Since we have been arguing that it is reasonable to assume that many dis­
tributions are uniform, we need to look at the question of how the answer 
changes when there are perturbations from the flat distribution. This is a 
natural question to ask in any application of mathematical results to the real 
world where the exact hypotheses are seldom realized. We need to examine 
how "robust" the answers are. We have, in fact, already done a number of 
such examples (3.2-2, 3.4-2, 3.5-3, Sections 3.9, and 4.4-2), and we find that 
when the biases from a uniform distribution are small then their effects are 
generally quadratic in the biases. 

This is a very general principle. When you are at an extreme, as is 
the uniform distribution (see the next Chapter) then small deviations in the 
independent variables produce only quadratic effects in the performance (as 
one sees from any elementary calculus course). Note that we have not defined 
"small" since it depends on the particular situation. Normally the extreme is 
relatively broad in character and hence the result is "robust." Once in awhile 
there is a very narrow extreme, and in such cases it is seldom practical engi­
neering to use such designs; slight changes in various parameters will greatly 
affect the performance. In probability theory the sum of the probabilities of 
the deviations must be zero, hence there will often be compensating effects 
which tend to make the problem robust with respect to small deviations from 
the uniform distribution. 

In Section 3.9 we examined the problem of robustness in two cases, 
the robust birthday problem and the robust elevator problem. In the first 
case we used the Taylor expansion about the symmetric point, found the 
constant term to be the symmetric solution, the first order terms, being at 
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a local maximum always cancelled out, and the second order terms in the 
deviations from uniform gave a convenient formula for the perturbations about 
the uniform solution. 

In other problems of the same general form we will often find that the 
second order derivatives with respect to the samt> variable are not all zero. 
By symmetry they will all, however, have the same value B for these at the 
symmetric point of evaluation, and the same value C for the cross derivatives. 
Again, expanding about the symmetric point lin, and using the relations 

n 

2: e(k) = 0 
k=l 

we get 
n 

2: e2(k) = - 2:e(j)e(k) 
k=l #k 

Thus we have the useful formula for the expansion of the function Q{p(k)} 

Q{p(k)} = Q(l/n) + (1/2)(B - C)nVAR{e(k)} + ... (6.5-1) 

A large class of uniform distribution problems can be solved in this 
form-we have only to find the common value of all the second order (same) 
derivatives, and the common value of all the cross derivatives, the numbers B 
and C, and plug these into this general formula (6.5-1). 

We have sketched out how to cope with the robustness of the answer in 
a class of probability problems, but of course not for all probability problems. 
We will later examine further cases of robustness; we have already examined 
robustness in Example 3.3-2 where we asked for solutions as a function of p 
when the original problem assumed a definite p value. 

If we cannot handle robustness in probability theory then we will always 
have questions of safety in applications of the results. Thus robustness is a 
central, much neglected, topic in probability problems. 
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6.6 Natural Variables 

We have been arguing that in many situations it is natural to expect that the 
unknown distribution will be uniform. An argument often given against this 
assumption is that if the variable x is uniform (0 < x < 1) then the variable 
x2 , or the variable -IX. cannot be uniform. When the random uniform distri­
butions arise from a modular reduction then this fact removes the relevance of 
the above observation; the variable that is so reduced is the "natural variable" 
to assume is uniform. 

It is not always easy to decide just how the reduction modulo some 
constant is done before you get to see the random variable, but in a sense 
that is what is necessary to decide before assigning the uniform distribution 
(see Bertrand's paradox, Example 5.3-1). Unfortunately statistics will tell 
you almost nothing about what are the "natural variables" of the problem, 
although multidimensional scaling and other similar statistical tools exist to 
help in this matter. We have seen that the mantissas of natually occuring 
numbers are uniform in the fractional part of the exponent, and hence from 
the mathematical identity 

it is the log of the mantissas of the numbers that arise in computing that is 
the natural variable for floating point arithmetic. 

In physics, and other fields, experience has shown that the "natural 
variables" are usually the ones which enter into nice mathematical formulas. 
For example, Galileo first thought that the velocity of a falling body would be 
simply related to the distance covered, but found that it was the time elapsed 
that gave the simple mathematical formula. 

There is no easy answer to the question, but the general indictment of 
the principle of indifference for assigning a uniform distribution is unjustified, 
when one can see that there is some modular reduction which is small with 
respect to the spread of the underlying variable. (See again Section 6.2). 

This section on "natural variables" is of necessity intuitive, but the au­
thor believes that it tends to justify the frequent use of the uniform distribu­
tion when little else is known beyond some modular reduction before you see 
the results. 
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6.7 Summary 

The initial assignment of the probabilities of the events in the sample space 
is fundamental. As Bertrand's paradox (and others) show, this is a serious 
matter since it affects the results obtained, and hence any future action taken. 
Unfortunately, this point is too often glossed over, and we have perhaps be­
labored it more than necessary [S]. 

In this Chapter we gave a number of arguments why the uniform distri­
bution often occurs. The most widely used are: (1) the mechanical uncertainty 
("small causes-large effects" which are then reduced modulo something, and 
often further quantized); and (2) the principle of consistancy (indifference). 
Unfortunately the latter depends on the way we look at the situation, not 
necessarily on reality! 

The above two reasons apply quite well to the traditional gambling 
devices-roulette wheels, dice, and cards for example-but for other appli­
cations they are often much less reliable when applied. Most text books in 
probability simply assume a uniform distribution for the problems they pose; 
Nature sometimes is not so kind! 

In the next two Chapters we will further pursue this central problem of 
the initial assignment of probabilities to the sample space, using somewhat 
more sophisticated arguments. 
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Maximum Entropy 

"There is no doubt that in the years to come the study of entropy 
will become a permanent part of probability theory; ... " 

A. I. Khinchin (in 1933) [K,p.2] 

7.1 What is Entropy? 

The main purpose for studying entropy is that it provides a new tool for 
assigning initial probability distributions. The method is consistant with our 
symmetry approach but also includes nonuniform distributions. Thus it is a 
significant extension of the principle of symmetry. 

Just as the word "probability" is used in many different senses, the word 
"entropy" also has several, perhaps incompatible, meanings. We therefore 
need to examine these different usages closely since they are the source of a 
great deal of confusion-especially as most people have only a slight idea of 
what "entropy" means. We will examine four different meanings that are the 
more common usages of the word. Since this is not a book on thermodynamics 
or statistical mechanics the treatment must, of necessity, be fairly brief and 
superficial in the thermodynamically related cases. 

The word entropy apparently arose first in classical thermodymanics. 
Classical thermodynamics treats state variables that pertain to the whole 
system, such as pressure, volume and temperature of a gas. Besides the 
directly measurable variables there are a number of internal states that must 
be inferred, such as entropy and enthalpy. These arise from the imposition 
of the law of the conservation of energy and describe the internal state of the 
system. A mathematical equation that arises constantly is 

dH = dQ/T 

[253] 
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where dH is the change (in the sense of engineers and physicists) in entropy, 
T refers to the absolute temperature, and dQ is the quantity of heat trans­
ferred at temperature T. From the assumed second law of thermodynamics 
(that heat does not flow spontaneously from cold to hot) it is asserted that 
this quantity can only increase or stay the same through any changes in a 
closed system. Again, classical thermodynamics refers to global properties of 
the system and makes no assumptions of the detailed micro structure of the 
material involve. 

Classical statistical mechanics tries to model the detailed struct ure of 
the materials, and from this model to predict the rules of classical thermo­
dynamics. This is "micro statistics" in place of "macro statistics" of classi­
cal thermodynamics. Crudely speaking, matter is assumed to be little hard, 
perfectly elastic, balls in constant motion, and this motion of the molecules 
bouncing against the walls of the container produces the pressure of the gas, 
for example. Even a small amount of gas will have an enormous number N 
of particles, and we imagine a phase space whose coordinates are the position 
and velocity of each particle. This phase space is a subregion of a 6N di­
mensional space, and in the absence of any possibility of making the requisite 
measurements, it is assumed that for a fixed energy every small region in the 
phase space has the same probability as any other (compare the Poincare the­
ory of small causes, large effects). Then average values over the phase space 
are computed. Boltzmann broke up the phase space into a large number of 
very small regions and found that the quantity 

1 
H = klog­

P 

seemed to playa role similar to the classical concept of entropy (k is Boltz­
mann's constant and P is the probability associated with anyone of the 
equally likely small regions in the phase space with the given energy. 

Boltzmann attempted to prove the famous Boltzmann's "H theorem" 
which states that with increasing time H could not decrease but would gener­
ally increase. It was immediately pointed out by Loschmidt that since Boltz­
mann began with Newtonian mechanics, in which all the equations of motion 
that he used are reversible, then it is impossible from this alone to deduce 
irreversibility. A lot of words have been said about the probabilities of the 
states when all the velocities of the particles are reversed (to make things 
go backwards in time), and it is usually claimed that these states are much 
less likely to occur than those in the original direction-though so far as the 
author knows there never has been any careful mathematical proof, only the 
argument that this must be so in order for the theorem they wanted to be 
true! Kac gave an interesting simple counter example to the proof using only 
a finite system that was clearly periodic and reversible. (See Wa, pp.396-404) 

This, then, is the second entropy that is widely used, and is thought to 
be connected with the "mixed-up-ness" of the system. 
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Gibbs, in trying to deal with systems which djd not have a fixed energy 
introduced the "grand cannonical ensemble" which is really an ensemble of the 
phase spaces of different energies of Boltzmann. In this situation he deduced 
an entropy having the form 

where the p(i) are the probabilites of the phase space ensembles. This, then, 
is still a third kind of physical entropy. 

Shannon while creating information theory found an expression of ex­
actly the same form, and called it entropy, apparently on the advice of von 
Neumann, ("You should call it 'entropy' for two reasons: first, the function 
is already in use in thermodynamics under that name; second, and more im­
portantly, most people don't know what entropy really is, and if you use the 
word 'entropy' in an argument you will win every time!") [L-T, p.2] 

But the identity of mathematical form does not imply identity of mean­
ing. For example, Galileo found that falling bodies obey the formula 

and Einstein found the famous equation 

but few people believe that the two equations have much in common except 
that both are parabolas. As the derivation of Shannon's entropy in the next 
section will show, the variables in his equation bear little resemblence to those 
of Gibbs or Boltzmann. However, from Shannon's entropy Ttibus has derived 
all the basic laws of thermodynamics [L-T] (and has been ignored by most 
thermodynamicists) . 

While the identity of form cannot prove the identity of meaning of the 
symbols, it does mean that the same formal mathematics can be used in 
both areas. Hence we can use many of the formal mathematical results and 
methods, but we must be careful in the interpretations of the results. 
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7.2 Shannon '8 Entropy 

Let X be a discrete random variable with probabilities p(i), (i = 1,2, ... , n). 
We shall show in a few moments that when dealing with "information" the 
standard assignment for the amount of information, I {pC in, to be associ­
ated with an outcome of probability p( i), is measured by the "surprise," the 
likelihood of the event, or the information gained, which is 

I{p(in = log pti) = -logp(i) 

In the certain event p = 1, and no new information is obtained when it 
happens. 

The result of this assignment is that the expected value of the informa­
tion I(X) for a random variable X is given by the formula, 

n 1 
H(X) = E{/(X)} = t;P(i) log P(i) (7.2-1) 

In information theory this is called the entropy. It is usually labeled H(X), 
or sometimes H(p). 

Information theory usually uses the base 2 for the logarithm system, 
which we do in this chapter unless the contrary is explicitly stated. Logs to 
the base e will be denoted, as usual, by In. 

Kullback [Ku] has written a book (1959) with the title, Information 
Theory and Statistics, which shows many of the connections between the 
two fields. 

This assignment of values to a random variable X is one of a number of 
different intrinsic assign men ts of values to the outcomes of a trial of a random 
variable, "intrinsic" meaning that the values come directly from the probabil­
ities and have no extrinsic source. The general case of intrinsic assignments is 
the assignment of the value of the random variable as some function f (p( i»). 
In contrast, dealing with the time to first failure for a run of n trials gives an 
extrinsic but natural assignment of the index n as the values for the possible 
outcomes of probabilities qpn-l, (n = 1,2, ... ). 

The entropy can also be viewed in a different way; since 

1 { 1 }P(i) 
p( i) log P( i) = log P( i) 

we have 
n 

H(X) = -log IT p( i)p(i) 

i::::l 
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and taking antilogs of both sides we have 

n 

2- H (X) = II p( i)P(i) (7.2-2) 
i=l 

which resembles a weighted geometric mean of the probabilities. Because of 
this logarithmic structure Shannon's entropy has many of the properties of 
both the arithmetic and geometric means. 

Example 7.2-1 An Entropy Computation 

Given a random variable X with the probability distribution p(l) = 1/2, 
p(2) = 1/4, p(3) = 1/8, and p(4) = 1/8, the entropy of the distribution is 

H(X) = (1/2) log2 + (1/4) log 4 + (1/8) log 8 + (1/8) log 8 

= (1/2)(1) + (1/4)(2) + (1/8)(3) + (1/8)(3) 

= 1/2 + 1/2 + 3/8 + 3/8 = 7/4 

From any finite probability distribution we obtain the entropy as a single 
number-much as the mean is a single number derived from a distribution. 

The entropy function measures the amount of information contained in 
the distribution, and is sometimes called the negentropy since it is thought 
to be the negative of the usual entropy which in turn is supposed to measure 
the "mixed-up-ness" of a distribution. We have already exposed the weakness 
of the analogy of Shannon's entropy with the entropies of physics, but see 
[T],[L-T]. For biology see [Ga]. 

Since we will be using Shannon's entropy extensively we need to make 
some reasonable derivation of his entropy function. Let there be two inde­
pendent random variables X and Y with outcomes Xi and Yj (say the roll 
of a die and the toss of a coin). How much information is contained in the 
observed outcome XiYj? If 1(.) is the measure of the amount of information 
then we believe that for independent random variables the total information 
is the sum of the information contained in the individual outcomes, that is 

(7.2-3) 

Think this over carefully before accepting it as fitting your views of informa­
tion. 

Equation (7.2-3) is the standard Cauchy functional equation when we 
also suppose that the measure of information I(p) is a non-negative continuous 
function of its argument. 

To study the solution of Cauchy's equation we drop the subscripts. Con­
sider the functional equation (defines a function rather than a number) 

f(xy) = f(x) + f(y) (7.2-4) 
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where I(x) is a continuous nonnegative function of x. Suppose that y = x, 
then we have from equation (7.2-4) 

Next, let y = x 2, Then from equation (7.2-4) we get 

and in general, by induction, we have for all integers n > 0, 

Now if we write xn = z we have 

I(z) = nl(zl/n) 

or rewriting this 
I(zl/n) = (l/n)/(z) 

Proceeding as before, we can show that for all rational numbers p/q 

l(zp/9) = (p/q)/(z) 

By the continuity assumption on the solution of the equation since the equality 
holds for all rational numbers it holds for all real numbers, x > 0 and y 

I(x") = yl(x) (7.2-5) 

The relationship (7.2-5) suggests that the solution is I(x) = logx to 
some base. To prove that this solution is unique to within a constant multiplier 
(effectively the base chosen for the logs) we assume that there is a second 
solution g(x), and then consider the difference 

I(x) - kg(x) = log2 X - kg(x) 

where, of course from (7.2-5) g(x") = yg(x). We have for the difference 

log x - kg(x) = (l/yHlogx" - kg(x")} 

We fix in our minds some x = xo, (not 0 or 1), and choose a particular k so 
that at x = Xo the left hand side is zero (so that the scaled second solution 
has a common point with the log solution at x = xo). Hence we set 

k= logxo 
g(xo) 
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We have on the right 
logxg - kg(xg) = 0 

Now for any z other than 0 and 1 there is a y such that 

and we have 

namely 
logz 

y= logxo 

log Xo 
logz = kg(z) = g(z)-(-) 

g Xo 

SHANNON'S ENTROPY [259] 

Therefore any other solution g(z) is proportional the log z; and the solutions 
differ only with respect to the logarithm base used. 

It is conventional to use, in information theory, the base 2 so that a 
simple binary choice has unit information; it is only a difference in the units 
used to measure information that is being determined by the choice of base 2. 
The standard equation 

10gb X 
log x = -I 2 = (log2 b )(logb x) 

ogb 

means that every log system is proportional to every other, and the conversion 
from one to another is simple. 

Since by assumption I(p) ~ 0 it is necessary to use a negative value for 
k so we finally choose our solution of equation (7.2-3) as 

1 
I(p) = log - = -logp 

p 
(7.2-6) 

Now that we have the measure of information for any outcome of prob­
ability p, we examine it to see its reasonableness. The less likely the event is 
to happen the more the information, the more the surprise, the greater the 
reduction in uncertainty. The certain event p = 1 has no information, while 
the impossible event has infinite information, but it never occurs! See below, 
equation (7.2-8). 

The average information contained in a distribution p(i) is clearly the 
weighted average oflog{l/p(i)} (the expected value). From (7.2-6) we have 

n 1 
H(X) = ?:p(i) log (i) 

1=1 P 
(7.2-7) 

n 

= - LP(i) logp(i) 
;=1 

which is the entropy of the distribution. The entropy is measured in units of 
bits per trial. 
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When we have a binary choice then we often write the argument as 
P (or q) 

1 1 
H(p) = plog - + q log - = H(q) 

p q 

as as matter of convenience since the entropy then depends on the single 
number p (or q). 

We need to examine the shape (graph) of the typical term of the entropy 
function as a function of the probability p. There is clearly trouble at p = o. 
To evaluate this indeterminate form we first shift to logs to the base e and 
later rescale. 

I. I I I· [In(lIP)] Imp n- = 1m 
p ..... O p p ..... O IIp 

We can now apply I'Hopital's rule, 

I· [-lIP] I· 0 1m -- = Imp= 
p ..... O -11p2 p ..... O 

(7.2-8) 

and we see that at p = 0 the term pln(llp) = O. Thus while the impossible 
event has infinite information the limit as p approaches 0 of the probability 
of its occurrence multiplied by the amount of information is still O. We also 
see that the entropy of a distribution with one p(i) = 1 is 0; the outcome is 
certain and there is no information gained. 
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FIGURE 7.2-1 

For the slope of the curve y = pln(llp) we have 

y' = -l-Inp 

and it is infinite at p = O. The maximum of the curve occurs at p = lIe. 
Thus, rescaling to get to logs base 2, we have the Figure 7.2-1. 
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In coding theory it can be shown that the entropy of a distribution 
provides the lower bound on the average length of any possible encoding of a 
uniquely decodable code for which one symbol goes into one symbol. It also 
arises in an important binomial coefficient inequality 

an 

L C(n, k) :::; 2nH(a) (7.2-9) 
k=O 

where a < 1/2 and provided n is made sufficiently large. Thus the entropy 
function plays an important role in both information theory and coding theory. 

Example 7.2-2 Tbe Entropy of Uniform Distributions 

How much information (on the average) is obtained from the roll of a die? 
The entropy is 

6 1 
H(X) = L 610g6 

i=l 

= log 6 = 2.584962 ... bits/roll 

Similarly, for any uniform choice from n things the entropy is 

H(X) = log n bits/trial 

which gives a reasonable answer. In the cases where n = 2k you get exactly k 
bits of information per trial. 

Exercises 7.2 

7.2-1 Show that (7.2-9) holds at a = 1/2. 

7.2-2 Compute the entropy of the distribution p(i) = 1/8, (i = 1,2, ... ,8). 

7.2-3 Compute the entropy of p(i) = 1/3, 1/3, 1/9, 1/9, 1/9. 

7.2-4 Show that fOI J(p) dp = 0.3606 .... 

7.2-5 For the probabilities 1/3, 1/4, 1/6, 1/9, 1/12, 1/18 show that the 
entropy is 8/9 + (11/12) log 3", 2.34177. 

7.2-6 Let SN = 'L:=I l/n. Then Zipf's distribution has the probabilities 

pn = (l/n)/SN. If TN = 'L:=I(logn)/n show that the entropy of Zipf's 
distribution is H(N) = TN/SN + logSN. 

7.2-7 Using Appendix A.1 estimate the entropy of Zipf's distribution. 



~62] MAXIMUM ENTROPY 

7.3 Some Mathematical Properties of the 
Entropy Function 

CHAPTER 7 

We now investigate this entropy function of a distribution as a mathematical 
function independent of any meaning that may be assigned to the variables. 

Example 7.3-1 Tbe log Inequality 

The first result we need is the inequality 

In x:::; 1 - x (7.3-1) 

In x 

Or---~~----~----~----~------x 

-1 

-2 

FIGURE 7.3-1 

This is easily seen from Figure 7.3-1 where we fit the tangent line to the 
curve at x = 1. The derivative of In x is l/x, and at x = 1 the slope is 1. The 
tangent line at the point (1,0) is 

y-0=1(x-1) 

or 
y=x-1 

Since y = In x is convex downward (yll = -1/ x 2 < 0) the inequality holds 
for all values of x > 0, and the equality holds only at x = 1. Compare with 
Appendix LB. 
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Example 7.3-2 Gibbs'Inequality 

We now consider two random variables X and Y with finite distributions 
px(i) and py(i), both distributions with the sum of their values equal to 1. 
Starting with (using natural logs again) 

~ . py(i) 
L.."px(a)ln-(.) 
i=1 Px a 

we apply the log inequality (7.3-1) to each log term to get 

~ . py ( i) ~ . { py (i) } 
L.."px(a)ln -(.) :::; L.."px(a) 1- -(.) 
i=1 Px a ;=1 Px a 

n n 

:::; Lpx(i) - LPY(i) = 1 - 1 = 0 
i=1 i=1 

The equality holds only when each Px(i) = py(i). Since the right hand side 
is 0 we can multiply by any positive constant we want and thus, if we wish, 
convert to base 2. This is the important Gibbs'inequality 

~ . py(i) 
L.."px(a) log -(.) :::; 0 
i=1 Px a 

(7.3-2) 

The equality holds only when px(i) = py(i) for all i. 

Example 7.3-3 Tbe Entropy of Independent Random Variables 

Suppose we have two independent random variables X and Y and ask for the 
entropy of their product. We have 

j 1 
H(XY) = LPX(Xi)PY(Yj) log () ( ) 

i Px XiPY ~ 

j 1 1 
= Lpx(Xi)py(y;)log-( -) +log-(-) 

i Px Xi py Yj 

When we sum over the variable not in the log term we get a factor of 1, 
and when we sum over the variable in the log term we get the corresponding 
entropy; hence 

H(XY) = H(X) + H(Y) 

When we compare this with (2.5-4) 

E{X + Y} = E{X} + E{Y} 

(7.3-3) 
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we see that the entropy of the product of independent random variables satis­
fies the same equation as the expectation on sums (independent or not), and 
partly explains the usefulness of the entropy function. 

Suppose next that we have n independent random variables Xi, (i = 
1, ... , n), and consider the entropy of the compound event S = X1X2 ... X n . 

We have, by similar reasoning, 

H(S) = H(Xt} + H(X2) + ... + H(Xn) (7.3-4) 

Thus n repeated trials of the same event X gives the entropy 

H(S) = nH(X) (7.3-5) 

This is what one would expect when you examine the original definition of 
information carefully. 

Example 7.3-4 The Entropy Decreases When You Combine Items 

We want to prove that if we combine any two items of a distribution then 
the entropy decreases, that we lose information. Let the two items have 
probabilities p(i) and p(j). Since probabilities are non-negative it follows that 

p(i) ~ p(i) + p(j) 

logp(i) ~ log{p(i) + p(j)} 

log 1/p(i) ~ log C) 1 (") 
pI + P J 

Now: (1) multiply the last equation by p(i), (2) interchange i and j, and 
(3) add the two equations to get 

p( i) log P;i) + p(j) log p;j) ~ {p( i) + p(j)} log p( i) ~ p(j) 

and we have our result which agrees with our understanding of Shannon's 
entropy: combining items loses information. 
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Exercises 7.3 

7.3-1 What is the amount of information in drawing a card from a deck? 
Ans. log 52 = 5.7004397 ... bits/draw. 

7.3-2 What is the amount of information in drawing k cards without re­
placement from a deck? 

7.3-3 Compute the entropy ofthe distribution PI = 1/2, P'l = 1/4, P3 = 1/8, 
P4 = 1/16, Ps = 1/16. 

7.3-4 Write a symmetric form of Gibbs' inequality. 

7.3-5 Show that when combining two items having the same probability 
p(i) you lose -2p(i) In 2 of information. 

7.3-6 If you have a uniform distribution of 2n items and combine adjacent 
terms thus halving the number of items, what is the information loss? 

7.3-7 What is the information in the toss of a coin and the roll of a die? 

7.3-8 What is the information from the roll of n independent dice? 

7.3-9 Show that the information from the toss of n independent coins = n. 

7.4 Some Simple Applications 

We now show that Shannon's definition of entropy has a number of other 
reasonable consequences that justify our special attention to this function. 

Example 7.4-1 Maximum Entropy Distributions 

We want to show that the distribution with the maximum entropy is the flat 
distribution. We start with Gibbs' inequality, and assign the py(i) = lin 
(where n is the number of items in the distribution). We have 

I>X(i) log 1 (') :5 0 
i npx t 

Write the log term of the product as the sum of logs and transpose the terms 
in n. We have 

H(X) = I>x(i)log~(.) :5 LPx(i)logn = logn 
i Px t i 

or 
H(X):5 logn 
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and we know that the Gibbs equality will hold when and only when all the 
px(i) are equal to the py(i), that is px(i) = lin, which is the uniform 
distribution. When the entropy is maximum then the distribution is uniform 
and 

max{H(X)} = logn (7.4-1) 

This includes the converse of Example 7.2-2. 
For a finite discrete uniform distribution the entropy is a maximum; 

and conversely if the entropy is maximum the distribution is uniform. This 
provides some further justification for the rule that in the absence of any 
other information you assign a uniform probability (for discrete finite distri­
butions). Any other finite distribution assumes some constraints, hence the 
uniform distribution is the most unconstrained finite distribution possible. 
See Chapter 6. 

This definition of the measure of information agrees with our intuition 
when we are in situations typical of computers and the transmission of infor­
mation as in the telephone, radio, and TV. But it also says that the book (of 
a given size and type font) with the most information is the book in which 
the symbols are chosen uniformly at random! Each symbol comes as a com­
plete surprise. 

Randomness is not what humans mean by information. The difficulty is 
that the technical definition of the measure of information is connected with 
surprise, and this in no way involves the human attitude that information 
involves meaning. The formal theory of information avoids the "meaning" of 
the symbols and only considers the "surprise" at the arrival of the symbol, 
thus you need to be wary of applying information theory to situations until 
you are sure that "meaning" is not involved. Shannon was originally urged 
to call it communication theory but he chose information theory instead. 

A second fault is that the definition is actually a relative definition­
relative to the state of your knowledge. For example, if you are looking at 
a source of random numbers and compute the entropy you get one result, 
but if I tell you the numbers are from a particular pseudo random number 
generator then they are easily computed by you and contain no surprise, hence 
the entropy is O. Thus the entropy you assign to a source depends on your 
state of knowledge about it-there is no meaning to the words "the entropy 
of a source" as such! 
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Example 7.4-2 The Entropy of a Single Binary Choice 

It very often happens that you face a binary choice, yes-no, good-bad, accept­
reject, etc. What is the entropy for this common situation? We suppose that 
the probability of the first one is P, and hence the alternate is q = 1 - p. The 
entropy is then 

1 1 
H(p) = plog- + qlog- = H(q) 

p q 

where again we use the probability p as the argument of H since there is only 
one value to be given; for the general distribution we must, of course, give the 
whole distribution (minus, if you wish, one value due to the sum of all the 
p( i) being 1), and hence we generally use the name X of the random variable 
as the argument of H(X). 

Example 7.4-3 The Entropy of Repeated Binary Trials 

Suppose we have a repeated binary trial with outcome probabilites p and q, 
and consider strings of n trials. The typical string has the probability 

" n-" ppqqpqp ... pqq = p q 

and for each k there are exactly C( n, k) different strings with the same prob­
ability. We have, therefore, that the entropy of the distribution of repeated 
trials is 

1 
H = "C(n, k)p"qn-" log -,..---:-

L..,.; p"qn-" 

We could work this out directly in algebraic detail and get the result, but we 
know in advance, from the result (7.3-5), that it will be (in the binary choice 
we can and do use just p as the distribution) 

H = nH(p) = nH(q) = n [PIOg; + qIOg~] (7.4-2) 

We may define a conditional entropy when the events are not indepen­
dent. Consider two related random variables X and Y. We have, dropping 
indices since they are obvious, 

p(x, y) = p(x)p(y I x) 

Thinking of the distribution p(y I x) for a fixed x we have 

1 
H(Ylx) = LP(ylx)log p(ylx) 

'II 
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as the conditional entropy of y given z. If we multiply these conditional 
entropies by their respective probabilities of occurance p(z) we get 

1 
H(YIX) = I>(z)p(y I z)log ( ) 

p y z 

1 
= I>(z, y) log p(y I z) 

Thus entropies may be computed in many ways and are a flexible tool in 
dealing with probability distributions. 

The entropy is the mean of {-logp(i)}; what about the variance of the 
distribution? We have easily 

Var = E {[lOg P;i) - H] 2} = E{log2 p(i)} _ H2 (7.4-3) 

Example 7.4-4 The Entropy of the Time to First Failure 

The time to the first failure is the random variable (p = probability of success) 

(n=I,2, ... ) 

If we compute the entropy we find 

ex:> 1 
H(X) = "pn-Iqlog--L...J pn-Iq 

n=1 

Shifting the summation index by 1 we get (using equations (4.1-2) and 
(4.1-4» 

ex:> {I 1} H(X) = q Lpn log - + nlog-
n=O q p 

(7.4-4) 

= q log ~ { 1 ~ p} + q log ~ {(1 ! p)2 } 

= log ~ + E log ~ = ~H(p) 
q q p q 

The above results depend on being a discrete countably infinite distri­
bution. But for some discrete infinite distributions the entropy does not exist 
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(is infinite). We need to prove this disturbing property. Because of the known 
theorem that for monotone functions the improper integral and infinite series 
converge and diverge together, we first examine the improper integrals (using 
loge = In) 

-- dx = In In x -+ 00 100 1 1
00 

2 xln x 2 

foo _l_dx _ 21 00 

= 1 
12 xln2 x - Inx 2 ln2 

From these we see that 

00 1 

~ nlogn -+ 00 

(7.4-5) 
00 1 L -A 2 nlog2 n -

(a finite number). 

We use these results in the following Example. 

Example 7.4-5 A Discrete Distribution with Infinite Entropy 

The probability distribution X with 

1 
p(n) = A(nlog2 n) (n = 2,3, ... ) 

has a total probability of 1 (from the above equation (7.4-5) A > 0). But the 
entropy of X is 

00 1 
H(X) = Ep(n) log p(n) 

00 

LP(n) log{Anlog2 n} 
n=2 

1 00 1 
= A L 2 {log A + log n + 2 log log n} 

2 nlog n 

1 ~ { log A 1 2 log log n } - - L...J + -- + -..=........,,=----
- A 2 n log2 n n log n n log2 n 

The first term converges; the second term diverges; and the third term is 
positive so there is no possibility of cancellation of the infinity from the second 
term-the entropy is infinite. 
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Thus there are discrete probability distributions which have no finite 
entropy. True, the distributions are slowly convergent and the entropy slowly 
diverges, but it is a problem that casts some doubt on the widespread use of the 
entropy function without some careful considerations. We could, of course, by 
fiat, exclude all such distributions, but it would be concealing a basic feature 
that the entropy of discrete probability distributions with an infinite number 
of terms can be infinite. Similar results apply to continuous distributions, 
either for infinite ranges or for a finite range and infinite values in the interval 
(use for example the simple reciprocal transformation of variables). 

Exercises 7.4 

7.4-1 Plot H(p). 

7.4-2 Complete the detailed derivation of the entropy of the binomial dis­
tribution. 

7.4-3 What is the entropy of the distribution p(n) = A'/n3
/

2 ? 

7.4-4 Find the entropy of the distribution p(n) = (1 - a)an
, n = 0, 1,2, ... 

7.5 The Maximum Entropy Principle 

The maximum entropy principle states that when there is not enough infor­
mation to determine the whole probability distribution then you should pick 
the distribution which maximizes the entropy (compatible with the known 
information, of course). 

In a sense the maximum entropy principle is an extension of the principle 
of indifference, or of consistency (see Section 6.4), since with nothing known 
both principles assign a uniform distribution (Example 7.4-1). When some 
facts are known they are first used, and then the principle of maximum entropy 
is invoked to determine the rest of the details of the distribution. Again (see 
the next Example), the result is reasonable, and the independence is usually 
regarded as less restrictive than the assumption of some correlations in the 
table. Thus the maximum entropy assumes as much independence as can be 
obtained subject to the given restrictions. 
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Example 7.5-1 Marginal Distributions 

Suppose we have a distribution of probabilities p( i, j) depending on two indices 
of ranges m and n. We are often given (or can measure) only the marginal 
distributions, which are simply the row sums R(i) 

LP(i,j) = R(i) 
j 

and the column sums C(j) 

LP(i,j)] = C(j) 

with 

with LC(j) = 1 
j 

where, of course, the indicated arguments i and j may have different ranges. 
Thus we have (m + n - 2) independent numbers (satisfying the restrictions on 
the row and column sums), and wish to assign reasonable values to the whole 
array p(i, j) consisting of mn -1 values, (restricted by E;,jp(i, j) = 1). There 
is, of course, no unique answer to such situations for m, n > 1. 

The maximum entropy rule asserts that it is reasonable to assign the 
values to the p(i,j), subject to the known restraints, so that the total entropy 
is maximum. We begin with Gibbs' inequality 

~ ( .. ) I R(i)C(j) < 0 
~PI,} og ( .. ) _ 

; PI,} 

By the Gibbs' inequality the entropy is a maximum when all the 

p(i,j) = R(i)C(j) (7.5-1) 

This is the same thing as assuming that the probabilities In and j are 
independent-the least assumption in a certain sense! 

We now look as a classic example due to Jaynes [J]. It has caused great 
controversy mainly because people cannot read what is being stated but only 
what they want to read, (and Jaynes tends to be belligerent). 
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Example 7.5-2 Jaynes' Example 

Suppose the sample space has six points with values 1,2, ... ,6. We are given 
the information that the average (expected value) is not 7/2 (as it would be if 
the probabilities were all 1/6) but rather it is 9/2. Thus we have the condition 

6 

E{X} = Lip(i) = 9/2 (7.5-2) 
i=1 

The maximum entropy principle states that we are to maximize the 
entropy of the distribution 

6 1 
H{X} = ?=p(i) log -(i) 

.=1 P 

subject to the two restrictions: (1) that the sum of the probabilities is ex­
actly 1, 

(7.5-3) 

and (2) that (7.5-2) holds. 
We use Lagrange multipliers and set up the function 

6 6 

L{p(i)} = H{X} - ~ L{p(i) - I} - Jl. L{ip(i) 9/2} (7.5-4) 
i:;;:1 _=1 

We next find the partial derivatives of L{p(i)} with respect to each unknown 
p(i), and set each equal to zero, 

-1 - log p( i) - ~ - Jl.i 0 (i = 1, ... , 6) (7.5-5) 

This set of equations (7.5-5) together with the two side conditions (7.5-2) 
and (7.5-3) determine the result. To solve them we first rewrite (7.5-5) 

logp(i) = -(1 + ~ + Jl.i) 

p(i) = e-(l+>-+pi) 

To simplify notation we set 

(7.5-6) 

(7.5-7) 



75 THE MAXIMUM ENTROPY PRINCIPLE [273] 

In this notation the three equations (7.5-6), (7.5-3) and (7.5-2) become 

1 . 
p(i) = A z· 

6 

LZ'=A 
_=1 
6 . 9 

Liz' =-A 
i=l 2 

To eliminate A divide equation (7.5-10) by equation (7.5-9) 

The solution z = 0 is impossible, and we easily get 

~ (9 .) i-1 0 L...J --a z = 
,=1 2 

(7.5-8) 

(7.5-9) 

(7.5-tO) 

(7.5-11) 

Expanding the summation and clearing of fractions we get the following alge­
braic equation of degree 5 in z, 

(7.5-12) 

There is one change in sign and hence one positive root which is easily found 
by the bisection method (or any other root finding method you like). From 
equation (7.5-9) we get A, and from equation (7.5-8) we get the geometric 
progression of probabilities p( i) as follows. 

p(l) = 0.05435 
p(2) = 0.07877 
p(3) = 0.11416 
p(4) = 0.16545 
p(5) = 0.23977 
p(6) = 0.34749 

Is the result reasonable? The uniform distribution p(k) = 1/6 = 0.16666 
has a mean 7/2 that is too low; this distribution has the right mean of 9/2. 
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To partially check the result we alter the 9/2 to 7/2 where we know the 
solution is the uniform distribution. The equation (7.5-11) becomes 

t (~- i) x·- 1 = 0 
i=1 2 

and this upon expanding and multiplying by 2 is (compare with equation 
(7.5-12» 

which clearly has the single positive root x = 1. From equation (7.5-9) A = 6 
and from equation (7.5-8) p(i) = 1/6 as we expect. 

When we examine the process we see that the definition for A arose as 
"the normalizing factor" to get from the x' values to the probability values 
p(i), and it arose from the combination of the entropy function definition 
plus the condition that the sum of the probabilities is 1. Since these occur 
in most problems that use the maximum entropy criterion for assigning the 
probability distribution, we can expect that it will be a standard feature ofthe 
method of solution. The root x, see equation (7.5-7), arose from the condition 
on the mean; other side conditions on the distribution will give rise to other 
corresponding simplifying definitions. But so long as the side conditions are 
linear in the probabilities (as are the moments for example), we can expect 
similar methods to work. 

If you do not like the geometric progression of probabilities that is the 
answer (from the use of the maximum entropy principle) then with nothing 
else given what other distribution would you like to choose? And how would 
you seriously defend it? 
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Example 7.5-3 Extensions of Jaynes' Example 

In order to understand results we have just found, it wise to generalize, to 
extend, and otherwise explore the Example 7.5-2. We first try not 6 but N 
states, and assign the mean M. Corresponding to (7.5-2) we have 

N 

Lip(i) = M 
i=l 

and in (7.5-4) we have, obviously M in place of 9/2. The set of equations 
(7.5-5) are the same except there are now n of them. The change in notation 
equation (7.5-7) is the same. The corresponding three equations are now 

N 

Lixi = MA 
i=l 

1 . 
p(i) = AX' 

The elimination of A gives corresponding to equation (7.5-11) 

N 

L(M - i)xi
-

1 = 0 
i=l 

Again there is one positive root. (The root = 1 only if M is (1 + 2 + ... + 
N)/N = (N + 1)/2. The rest is the same as before. 

Another extension worth looking at is the inclusion of another condition 
on the sum (the second moment) 

N 

Li2p(i) = S 
i=l 

We will get the Lagrange equation 

N N N 

L{p(i)} = H(S) - A L{p(i) - I} - JJ L{ip(i) - M} - v L{i2p(i) - S} 
i=l i=l i=l 

The resulting equations are 

logp(i) = -(1 + A + JJi + vi2
) 
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The same substitutions (7.5-7) together with e- V = y give us 

Eixiyi~ = MA 
i 

E i2xiyi~ = SA 
i 

CHAPTER 7 

We eliminate A by dividing the second and third equations by the first equa· 
tion, and we have a pair of equations 

E(M - i)xiyi~ = 0 
i 

E(S - i2)x'1/ = 0 , 
To solve this pair of nonlinear equations we resort to a device [H, p.97] 

that is useful. Call the first expression F(x,y) and the second G(x,y). We 
want a common solution of F = 0 and G = O. Now for each pair of numbers 
{x,y} there is a pair of numbers {F(x,y),G(x,y)} and this point falls in some 
quadrant. Plot in the x-v plane the corresponding quadrant numbers of the 
point (F, G). The solution we want is clearly where in the F, G variables the 
four quadrants meet. Thus a crude plot of the quadrant values will indicate 
this point. A refined plot at a closer spacing in the x-v variables will give a 
more accurate estimate of the solution. Successive refinements will lead you 
to as an accurate solution as you can compute. It is not necessary to plot a 
large region of the x-v plane, you only need to track one of the edges dividing 
the quadrants, either F = 0 or G = 0, until you meet the other edge dividing 
the quadrants. 

7.6 Summary 

In all probability problems there is always the fundamental problem of the 
initial probability assignment. In the earlier chapters we generally assumed, 
from symmetry, that the distribution was uniform, but there are times when 
we need to do something else since the uniform distribuition may not be com­
patible with the given facts-such as in the above Example 7.5-2 where the 
mean is 9/2. The maximum entropy principle allows us to make an assign­
ment of the probabilities that in a reasonable sense makes the least additional 
assumptions about the interrelationships of the probabilities. 
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That the principle is sometimes useful does not make it the correct one 
to use in all cases. Nor should the name "entropy" imply any overtones of 
physical reality. You need to review in your own mind how we got here, 
what the principle seems to imply, and consider what other principles you 
might try. That in maximum entropy problems the initial distribution is not 
completely given is actually no different than when we invoked the principle of 
indifference (the principle of consistency) to get from no probabilities assigned 
to the uniform distribution. In those cases where not enough information is 
given to determine all the details of the initial distribution then something 
must be assumed to get it. To assert that nothing can be done is not likely 
to be satisfactory. Nor is the statement that you can get almost anything you 
want. Sensible action is required most times. 

To help you resolve your problem of accepting or rejecting this maximum 
entropy principle (which is compatible with the principles we have so far used) 
we have included a great deal of background information, including derivations 
of possibly unfamiliar results. We have also included some of the details we 
used in the Lagrange multiplier approach. It is a familiar method in principle, 
though in practice it often involves a great deal of hard arithmetic and algebra. 
But can you really hope to escape such details in complex problems? The labor 
of computation is not a theoretical objection to the principle-but it may be 
an objection in practice! How badly do you want a reasonable basis for action? 
After all, we now have powerful computing machines readily available so it is 
programming effort rather than computing effort that is involved. 

You need to adopt an open mind towards this maximum entropy method 
of assigning the initial distribution. But an open mind does not mean an 
empty head! You need to think carefully before either applying or abandoning 
the maximum entropy principle in any particular case. For further material 
see [L-T]. 





8 

Models of Probability 

"All possible "definitions" of probability fall far short of the actual 
practice. " Feller [F, p. 19] 

8.1 General Remarks 

Most authors of probability books present one version of probability as if it 
were the true and only one. On the contrary, we have carefully developed 
a sequence of models based on what seems to be a reasonably scientific ap­
proach. However, there are other significantly different models that need to 
be thought about, and the main purpose of this chapter is to present some 
of them. It should not surprise the reader that occasionally in the middle 
of my presentation of a model I defend the ones used in this book. Part of 
the explanation is that various models have different underlying motivations 
(often statistical), some of which are quite different from the ones this book 
uses; we assume that probability should provide a basis for reasonable actions 
in the real world and not just be admired. See [Ke] for a careful discussion of 
many models of probability. 

"We need flexibility to understand the world around us, and we gain 
such flexibility by having flexible viewpoints stressing different as­
pects. This flexibility is not easily reconciled with a ngid axiomatic 
framework, such as may be found in a traditional course on ratio­
nal mechanics." Gregory Wannier [Wa, p.I-2] 

We have stressed that the assignment of the initial probabilities is of 
fundamental importance in the applications of probability. Most texts blithly 

[279] 
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assume that this is not part of their problem; rather like most mathematical 
texts, where problems are posed in a formal mathematical setting, proba­
bilities are either actually given or strongly indicated. Rarely do even the 
"word problems" require much translation from the natural language into 
mathematical symbols-and they are usually highly artificial anyway. We are 
concerned with the use of probability. Because the background knowledge of 
most applications is fundamental to practical work, we are unable to include 
such material in this book. 

Very early we noted the importance of decisions based on probability 
and developed an approach that seems to bear some relation to actions taken 
in the real world. Unfortunately, many applications are founded on a far 
less firm foundation, yet the decisions taken in government, law, medicine, 
etc. constantly affect our lives for better or worse. It is therefore necessary 
to display clearly some of their assumptions-they are often not the same 
as those we have adopted and checked with various gambling and related 
situations; indeed many have significantly subjective elements in them. Sci­
ence tries to be objective, though it cannot succeed in this as much as most 
people wish. Still, it is a goal that in the past has seemed highly desirable 
and highly productive. Perhaps in the future science may embrace a much 
more subjective approach-but to do so would mean the abandonment of the 
standard of reproducibility by others! Science has not always had perfect 
reproducibility-for example, in observational astronomy the locations of the 
planets are not exactly rep rod ucible since the observatories are not in the 
same places on earth nor are the planets at various times in the sky (they are 
not perfectly periodic). Still, astronomy, which is the earliest of the sciences, 
managed to develop under the twin handicaps of no experimental control and 
no exact reproducibility. 

We have also stressed robustness of our models. If the models is not 
robust then it is doubtful that it can be useful. It is a topic that by tradition 
has been greatly neglected in discussions of probability. 

8.2 Review 

We began with very simple situations, the toss of a coin, the roll of a die, or the 
draw of a card-all typical gambling situations where there is an underlying 
symmetry and the equipment has been carefully designed (for independence 
and a uniform distribution) and well tested by long experience. We assumed 
exact symmetry and argued that unless we assigned the same measure to each 
of the interchangable events then we would be embarrassed by inconsistency. 
Thus we were forced, by the apparent symmetry, to assign the same probabil­
ity to each interchangable event. We also made the total probability exactly 
equal to 1. 
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From this simple model we derived the "Weak law of large numbers" 
which states that the average of a large number of independent binary trials 
is close to the original assigned probability-probably! But this assumed the 
existence of the mean of the distribution (see Appendix 2.A). In Section 8.7 
we will look at this point more closely. 

This simple model can give only rational numbers for probabilites. If we 
think of tossing a thumb tack to see if it lands point up or not, (Figure 1.10-
1), then we are not prepared to compute any underlying symmetry and are 
forced to estimate this probability, which we believe exists independent of the 
actual trials-though perhaps you should consider this point carefully before 
going on, (see Se<.i,ion 8.9). This probability involves not only the thumb 
tack, but also the surface on which it falls as well as the complex tossing 
mechanism. We must even consider the angular momenta about the various 
axes. For example, suppose you had a long rod with n symmetrically placed 
flat (planar) sides each of the same size. In tossing the rod you would not 
expect it to come to rest on either end of the rod, but rather you would assign 
equal probability (due to the supposed symmetry) to each side face. But 
now think of the rod being shortened until it is a thin, flat disc-the shape 
of a coin. Now you would reject the toss ending on a side and you would 
assign equal probability to each face. When the rod is long a large angular 
momentum about the long axis forces the rod come to rest on one of the long 
sides and forbids the ends as final positions. With the coin it is the opposite. 
Hence there are lengths of the rod where the angular momenta affect the 
results significantly. In a randomization process the entire mechanism that 
makes the random selection requires close attention-which it gets in gambling 
places! In practice people are often careless about this point; it is usually hard 
to get a genuine random sample! 

In passing from games to production lines, we may not know all the 
details of the process but we have enough familiarity with such mechanisms 
to feel that the local interchangability of the parts coming off the production 
line is often a reasonable assumption-but that there are also effects that 
change slowly with time, such as the wear and tear of parts of the machines, 
the slow changing of adjustments, etc. Indeed, it is exactly this which is the 
basis of Quality Control. We can expect small fluctuations from item to item, 
but any trends in the output (revealed by falling outside the control limits) 
should be examined and corrected before the product becomes unacceptable. 

However, the items going through a production line and the patients 
going through a hospital, for example, are rather different. We have less belief 
in the interchangeability of the patients, and of the constancy of the hospital 
processes. The statisticians have a word for it, "stationarity," which assumes 
that there are no significant changes in the statistics as a function of time. Now 
we face a couple of troubles-there is no symmetry to imply an underlying 
probability, and we can only wonder about the changing effects in time. For 
a hospital, and such situations, the quality control approach is hard to apply. 
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Thus we see that the well-founded, well-tested, simple model of proba­
bility based on gambling situations loses a lot of its reliability when we pass 
to other situations. Yet we continue to use probability arguments in medical 
and other social situations. We are forced to do so since we have nothing else, 
and to do nothing in the face of uncertainty is as positive an action as any 
other particular choice. Hence we must look at other probability models; the 
two quotations in Section 8.1 apply. Whether we like it or not, many different 
probability models must be examined at least briefly, and this is the purpose 
of the rest of this Chapter. 

Finally, more than a few philosophers have stated that if a probability 
is less than some preassigned number (Buffon used 1/10,000) then the prob­
ability is O. Whenever very high reliability of a large system is needed then 
the probability of failure of the individual components must be very small. 
Moreover, a low probability does not scale in time. Let the expected num­
ber of failures be one per day. Then the expected number of failures per 
microsecond is 

1/{24 x 60 x 60 X lOS} = 1/8.64 X 1010 = 1.157 ... 10- 11 

Clearly, for events in time the probability must depend on the interval of time 
used, and small probabilites over long times cannot be ignored. Given enough 
time anything that is possible will (probably) happen. 

8.3 Maximum Likelihood 

"There comes a time in the life of a scientist when he must con­
vince himself either that his subject is so robust from a statistical 
point of view that the finer points of statistical inference he adopts 
are irrelevant, or that the precise mode of inference he adopts is 
satisfactory." A. W. F. Edwards, [Ed, p. xi] 

A method of assigning initial probabilities, similar to but different from 
maximum entropy, is that of maximum likelihood, which we will illustrate by 
some examples. We have used the maximum entropy criterion to determine a 
whole probability distribution; we will use the maximum likelihood criterion 
to determine a parameter in a distribution. It also resembles the weak law of 
large numbers in the sense that it assigns a probability based on past data. 
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Example 8.3-1 Maximum Likelihood in a Binary Choice 

Given a simple binary choice (a Bernoulli trial) which you observe had k 
successes out of n trials (k S n), what is a reasonable assignment for the 
probability p? 

Evidently p can be any number between 0 and 1, and we must make a 
choice. Bernoulli himself suggested, based on the formula for k successes in n 
independent trials each with probability p, see equation (2.4-2), 

that the value of p chosen should be the one that makes this probability a 
maximum, the maximum likeJihood choice of p. How could one seriously 
propose to adopt a value of p which makes the actual observations highly 
unlikely as compared to some other value of p? 

To find the maximum we differentiate with respect to the variable p, set 
the derivative equal to zero, and solve for the value of p. We can neglect, in 
this process, any front coefficients. We get for the derivative 

or (if pq f. 0) 
k(l p) - (n - k)p = 0 

Expand and cancel the like terms 

k - kp - np + kp = k - np = 0 

From this we get 
p= kIn 

This is the ratio of the successes to the total number of trials and is 
exactly what the normal person using the weak law of large numbers would 
suggest! In this simple example the maximum likelihood method agrees with 
common sense. 

Notice that this result did not use the weak law of large numbers; it is 
a result of the method of maximum likelihood. In this case the two methods 
of assigning probabilities agree. 
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Example 8.3-2 Least Squares 

Suppose we have made n independent selections (i = 1,2, ...• n) from a Gaus­
sian distribution 

where we assume that the mean Zo is not known but that the variance is 
known. The likelihood of seeing this result for the n independent trials is the 
product of the probabilities of the individual observations, namely 

According to the maximum likelihood principle we want to maximixe this, 
namely make the term in the exponent 

n 

I)Zi - ZO)2 
i=1 

a minimum-and this is exactly the principle of least squares! 
Thus the assumption of a Gaussian distribution with a given variance, 

along with the independence of the events and the principle of maximum 
likelihood. yields the well respected principle of least squares. 

Here we have a principle for picking a parameter value in a distribution. 
The principle tacitly assumes that there is a single peak (unimodal) in the 
probability density function, though of course it can mechanically be applied 
to any distribution. In Example 8.3-1 the principle assigned a single prob­
ability and in Example 8.3-2 assigned a parameter of a distribution. The 
maximum likelihood estimate is insensitive to any outliers of a distribution 
(unlike the mean which is!) and as such is a robust estimator. 

Maximum likelihood differs from the earlier maximum entropy. Both cri­
teria, in the places where we have used them-maximum likelihood for whole 
distributions and maximum likelihood for parameter values of a distribution­
have given reasonable results. Whether or not they generally give the same 
results would need much more exploration than we can give here. 
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Example 8.3-3 Scale Free 

If we make a strictly monotone transformation of the independent variable 
from x to y, we do not affect the maximum likelihood estimate. 

This simple fact follows from the standard formula 

dF dF dy 

dx dy dx 

When dF/dx = 0, since by hypothesis (strictly monotone) dy/dx cannot be 
zero, it follows that dF / dy must be zero. 

This is important. Recall that in Chapter 6 (Uniform Probability As­
signments) we worried about whether to assign the uniform distribution to 
the variable x, x 2 or xl/2, for example. We gave a useful partial answer which 
applied to random variables that were generated by a modular reduction, but 
it is not universally applicable. The use of maximum likelihood removes this 
problem! The independence of scale is one of the attractive features of the 
maximum likelihood method. 

8.4 von Mises' Probability 

Richard von Mises proposed a model for probability whose main aim was to 
provide a sound statistical basis for probability theory. "Thus, a probability 
theory which does not introduce from the very beginning a connection between 
probability and relative frequency is not able to contribute anything to the 
study of reality." [vM p. 63]. This is the opposite of what we have done; 
we defined probability using symmetry and then used it, via the weak law 
of large numbers as a basis, such as it is, to get the usual probabilities used 
in statistics. 

"I have merely introduced a new name, that of collective, for sequences 
satisfying the criterion of randomness." [vM, p. 93]. Thus to be a collective 
means that the statistics of any proper subsequence of the original sequence 
must have in the limit the statistics you would reasonably expect from a 
random sequence. Proper subsequences include any that are prespecified, such 
as "take only those after the occurence of three heads in a row," but excludes 
those like "take only those outcomes which are heads," results which depend 
on the actual outcomes of the events selected. This is a simple realization of 
the meaning of the words "independent trials." 

His justification for this assumption is that gambling systems have been 
shown over many, many years to be ineffective, and hence, he says, the col­
lective represents reality. 

My objections to this approach are many. First, while it is commendable 
to use reality to form the postulates, it also apparently limits the applications 
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to gambling-like situations. For the applications to other areas how would 
we demonstrate this remarkable property that the sequence of events forms 
a collective? The apparently equivalent assumptions of the independence of 
the trials and the constancy of the probability seem more reasonable. 

Second, as any theoretician will admit, when tossing a coin a run of 
1000 heads in a row will occur sooner or later; indeed in any infinite sequence 
of trials a run of 1000 or more heads will occur infinitely often! Hence a 
collective representing coin tosses (zeros and ones) remains a collective if I 
put 1000 heads (ones) before the original collective. Theoretically in the long 
run this front end will be swamped and will not affect the assumed statistics 
of the subsequences-but the long run is painfully long! Most people would 
immediately reject such a sequence as not being random (a collective). What 
is wanted in practice is a pasturized, homogenized, certified random sequence 
which does not start out with an unlikely fluctuation, but rather allows big 
fluctuations, if at all, very late in the sequence-just enough to get the effects 
of randomness. The pure mathematical criterion of random does not meet 
practical needs. Thus in general the long run ratio of successes/total trials 
approaching the probability is dubious in practice (where we are restricted to 
comparatively few trials). 

If, as in the previous paragraph, we faced a long run of, say, 1000 heads, 
we would probably soon adopt the hypothesis that Pr{head} = 1, and when 
we later came to the rest of the data we would probably revise our hypothesis 
for the value of the probability. Thus in practice we generally have in the back 
of our minds a dynamic theory of probability (see Section 8.10 on Bayesian 
statistics). As such it falls outside of this book, and belongs properly to 
statistics, but the two topics are so closely related that each cannot completely 
avoid the other without serious loss to itself. 

My objection to postulating things that you cannot hope to measure in 
practice is a broad objection, and includes most theorems whose hypotheses 
cannot be reasonably known or verified by you for your application; it may 
be nice mathematics but it is of little use in practice. 

This does not mean that the book he wrote [vM] is not worth reading. 
He was a very intelligent person and had thought long and hard about the 
problem of justifying statistics; more so than most statisticians! While this 
present book is not on statistics, everyone realizes that any statistics be­
yond the simple organizing and displaying of data, must rest on some model 
of probability. 
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8.S The Mathematical Approach 

"Idealists believe that the postulates determine the subject; 
realists believe that the subject determines the postulates. " 

In 1933 Kolmogoroff laid down some axioms for probability. Let E be a 
set of elements which are the elementary events, and F is a collection of subsets 
of E; the elements of the set F are the correponding events. He assumed 

1. F is a field (operations of addition and product). 
2. F contains the set E 
3. To every set A in F there is an nonnegative real number P(A). This 

number P(A) is called the probability of the event A. 
4. P(E) = 1 
5. When A and B are disjoint, then 

P(A + B) = P(A) + P(B) 

For infinite probability fields he further assumes that infinite sums and prod­
ucts of sets are sets. 

6. For every sequence 

whose intersection is 0 gives 

lim P(An) = 0 
n--+oo 

All of this amounts to assuming that the sets form a O'-Algebra or a Borel field. 
As one examines these axioms one wonders how, in a particular appli­

cation, one would verify whether or not they included the right things and 
excluded the wrong things. Deductions from aspects that are not in the reality 
being modelled might distort the conclusions. In all applications of probabil­
ity there are always the two dangers: (1) of not including enough in the model, 
and (2) of including too much. 

The Kolmogoroff approach is favored by mathematicians and leads im­
mediately to measure theory. It gives an elegant theory with many interesting 
mathematical results, but one can only wonder to what extent the model rep­
resents reality. I have long said, "If whether an airplane will fly or not depends 
on some function (that arose in the desigrY being Lebesgue integrable but not 
Riemann integrable, then I would not fly in that plane." Dare one act in this 
real world on such a model, and if so, when and under what circumstances 
would one be willing to risk one's life on the results from the model? 

If we assume that reality is what you can hope to describe, and what 
you can never hope to describe is not reality (as is customary, but not always 
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true, in science) then with respect to the real number system measure theory 
ignores all of reality and contains only unreality. One can only wonder what 
can be expected from using it when applied to reality. 

These are not facetious remarks-they raise a basic question of whether 
or not probability theory is to be regarded solely as a mathematical art form 
or mainly as a useful tool in dealing with the real world. Two eminent proba­
bilists, Kac [K,p. 24] and Feller, have raised strong objections to the viewpoint 
that probability is a branch of measure theory, "Too many important details 
are lost." is the objection to the sweeping generality that overlooks the im­
portant special features of probability problems. 

Some of the most quoted examples of the use of Lebesgue integration 
in probability theory seem on the face of them to be strictly non-applicable 
since they deny aspects of reality that we believe are right. Trajectories which 
have no direction at any place seem not to be realistic modelling of Brownian 
motion, for example, though perhaps the idealization is safe to use in many 
situations-how would you decide? 

There is a small heretical (?) group of probabilists [Ra] who do not 
believe in the infinite additivity assumed in the mathematical approach of 
Kolmogorov. Their argument is that we have experience with the finite addi­
tivity of probability, and hence they believe in modelling only what we have 
some experience with. No one can possibly have direct experience with the 
assumed infinite additivity. As a result finite additivity wipes out, among 
other things, Lebesgue integration and this annoys professional probabilists 
who worry more about finding new theorems than the relevance to reality. 
Thus some purists assert, "Finite additivity is not part of probability theory." 

What are the dangers of assuming infinite additivity? Simply that you 
may be including effects that are not mirrored, even slightly, in reality. My 
favorite example of this sort of thing is the well known theorem, widely cited 
by mathematicians, that with ruler and compass (in classical Euclidean geom­
etry) you cannot trisect an arbitrary angle. The fact is that with two marks 
on the ruler you can. Thus the truth or falsity of this theorem rests on a very 
slight difference (indeed in a practical sense alma>t trivial difference) in the 
idealizations being made by the corresponding postulates. So too, for those 
who believe only in the finite additivity there will be theorems proved in the 
infinite additivity model that are artifacts of this detail and no amount of 
elegant mathematics can compensate for the induced lack of the reality in 
what follows, so they say. 

It was just such thinking that now drives me, as cited in the opening 
quotation of this Chapter, to a reconsideration of the probability models I 
have used in the past (sometimes without having really carefully thought 
before acting). It now seems to me that no single model of probability would 
have been appropriate to all the different situations I faced, and that probably 
no one model will do for the future either. Apparently it is necessary in 
every application to think through the relevance of the chosen probability 
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model. Even the use of the real number system, with all its richness and 
known peculiar features, needs to be questioned regularly (see also Sections 5.1 
and 8.13). 

For "non-Kolmogorovian" probability models, and the role of Bayes' 
theorem, see for example [D. p. 297-330] 

8.6 The Statistical Approach 

In probability theory, strictly speaking, we go from initial probabilities and 
probability distributions to other derived ones. In statistics we often go from 
the observed distributions to other inferred prior distributions and probabil­
ities. The model of probability you adopt is often relevant to what actions 
you later take, though most statistics books do not make plain and clear just 
what is being assumed. Unfortunately, many times the statistical decisions 
affect our lives, from health, medicine, pollution, etc. to reliability of power 
plants, safety belts vs. air bags, space flights, etc.-too numerous to mention 
in detail, and in any case the list is constantly growing. 

The weak law of large numbers encourages one to think that the average 
of many repetitions will give an estimate of the underlying probability. But 
we have seen (as in Example 2.9-2) that the number of trials necessary to 
give an accurate estimate of the probability may be much more than we can 
ever hope to carry out. And there are further difficulties. We assumed the 
existence of the mean; suppose it does not exist! (see the next Section 8.7). 

It is not that the author is opposed to statistics-there is often nothing 
else to try in a given situation-but the stated reliabilities that statisticians 
announce are often not realized in practice. Unfortunately, the foundations 
of statistics, and its applicability in many of the situations in which it is 
used, leaves much to be desired, especially as statistics will probably play an 
increasingly important role in our society. 

8.7 When the Mean Does Not Exist 

When the mean does not exist then we cannot depend on the weak law of 
large numbers (see Appendix 2.A), and we clearly cannot depend on the usual 
statistical process of averaging n samples to get an good guess for the mean 
of the distribution. Indeed, there is a well known counterexample. 
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Example 8.7-1 Tile Cauchy Distribution 

The Cauchy distribution 

(8.7-1) 

has the property that the distribution of the average of n samples has the 
same, original distribution. 

To show this by elementary (though tedious) calculus we begin with the 
sum of two similar variables from Cauchy distributions, one from the Cauchy 
distribution with parameter a 

and the second from the distribution with parameter 6 

The distribution of the sum of the two samples, one from each distribu­
tion, is given by the convolution integral 

(8.7-2) 

The reader who wants to skip the mathematical details of the integration 
may go directly to equation (8.7-9). 

To integate this we apply the standard method of partial fractions. From 
a study of the third degree terms in s, and the later integration steps, we are 
led to assume the con venien t partial fraction form 

1 As+ B 
(S2 + a2 )[(x - S)2 + 62] - 8 2 + a 2 

A(x - s) + C + ~-~---:7 
(x - sF + 62 

(8.7-3) 



87 WHEN THE MEAN DOES NOT EXIST [291] 

Suppose for the moment that we have found the A, B, and C. We then 
do the integrations 

ab 100 {A8 B A( x - 8) C} d - + + + 8 
11"2 -00 8 2 + a 2 8 2 + a 2 (x - 8)2 + b2 (x - 8)2 + b2 

ab {A [ 8
2 + a 2 

] B 8 C X - 8} 1
00 

= 11"2 "i/n (x _ 8)2 + b2 + -; arctan ~ - b arctan -b- -00 

The In term drops out since at both ends of the range the argument is 1 and 
the function is continuous in the whole range. The first Arctan gives 11" and 
the second the same result only with a minus sign. Hence we have for the 
convolution p(x), equation (8.7-2), 

p(x) = bB + aC 
11" 

(8.7-4) 

We now carry out the determination of the coefficients of the partial 
fraction expansion (8.7-3). Clearing equation (8.7-3) of fractions we have the 
identity in 8 

(8.7-5) 

The cubic terms in 8 cancel (as they should due to the form we assumed). 
The quadratic terms in s lead to 

o = -2Ax + B + Ax + C ~ Ax - B - C = 0 (8.7-6) 

Using 8 = 0 in equation (8.7-5) we get 

(8.7-7) 

Using 8 = x in equation (8.7-5) we get 

(8.7-8) 

Eliminate A (from equation (8.7-4) we do not need A) using equation (8.7-6), 
and set 

We get for the two equations (8.7-7) and (8.7-8) 

KB+2a2C = 1 

2b2B +KC= 1 
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The determinant of the system of equations 

is not zero, and we get for equation (8.7-4) 

bB + aC _ b(K - 2a2) + a(K - 2b2) 
7r - 7r(K2-4a2b2) 

(a + b)(K - 2ab) 
7r(K + 2ab)(K - 2ab) 

a+b 

Thus we have, finally, for equation (8.7-2) 

CHAPTER!!! 

(8.7-9) 

This shows that the two parameters merely add in the convolution operation. 
With (8.7-9) as a basis for induction we conclude that the sum of n 

samples from the original Cauchy distribution equation (8.7-1) will have the 
parameter n. We want the average so we need to replace the variable x by 
x/n-and we get the original distribution back! Thus sampling from the 
Cauchy distribution and averaging gets you nowhere-one sample has the 
same distribution as the average of 1000 samples! 

The reason for this is that the tails of the Cauchy distribution are large­
and taking another sample means, among other things, that the new sample 
is too likely to fall far out and distort the computed mean of the samples. 

If we take an even larger tailed distribution we get even worse results. 
Suppose we take a distribution 

C(p) 
p(x) = 1+ Ixlp (1 < p < 2), (-00,00) (8.7-10) 

where C(p) is a suitable constant, which we now find, that makes the total 
probability = 1. By symmetry the integral of p(x) is 

1
00 1 

2C(p) -- dx = 1 
o 1 + xP 

Set xP = t, that is x = t l
/ p • We get 

2C(p) J t 1
/
p

-
1 

dt = 2C(p) _7r_ = 1 
p 1 + t p sin ~ 
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from a well known integral. Hence we have the C(p) of the distribution. But 
we see, at least intuitively, that for (1 < p < 2) the sampling and averaging 
process will give results that are worse (in the sense of computing an average 
as indicated by the weak law of large numbers) than taking one sample and 
using it alone! 

"In the modern theory variables without expectation play an impor­
tant role and many waiting and recurn:nce times in physics turn 
out to be of this type. This is true even of the simple coin-tossing 
game." Feller [F, vol 1, p. 246] 

Evolution seems to have given us the ability to recognize patterns with 
repetition when the weak law of large numbers applies, but when the source 
distribution of events has large enough tails we simply cannot see the pattern. 
This, in turn, suggests that in many social situations, say our own lives, we 
do not see the underlying patterns because the distribution of the apparently 
random events is too variable. Hence we need to think a little about what to 
do in similar situations. If we transform the independent variable (the way we 
measure the effect) by a nonlinear contraction then we may have an expected 
value in that variable and hence a weak law of large numbers-we must reduce 
the variability of the observations if we are to find patterns. For example, in 
equation (8.7-10) with p = 3/2 we can use 

and work with the distribution density 

C(3) 

1 + It 13 

When we use this probability density function the mean exists and we can 
invoke the weak law of large numbers. The actual contracting function to 
use depends on the distribution-too strong a contraction will remove all the 
details, and too weak a one will barely bring in the weak law of large numbers 
and the basis of statistics. 

Exercises 8.7 

8.7-1 Show that for the Cauchy distribution the probability offalling in the 
interval -1 ~ x ~ 1 is 1/2 



~94] MODELS OF PROBABILITY CHAPTERS 

8.8 Probability as an Extension of Logic 

In logic statements are "yes-no," and classical logic has no room for "degrees 
of truth." Many people, beginning in the earliest years of probability theory, 
have tried using probability to extend logic to cover the degree of truth. Such 
problems as the lying of witnesses in court, and the number of persons to 
serve on a jury, for example, have been studied under various hypotheses as 
to reliability of the individuals. 

It is evident that we do have degrees of belief, but it is less evident that 
they can be successfully combined into a formal system for manipulating the 
probabilities, let alone that the original quantification of the intuitive beliefs 
can be made reliable. It is not that the same rules of deduction that we use in 
gambling situations can not be used, what is doubted is the degree to which 
you can expect to act successfully on such computations. 

When you consider how difficult it is to get probability values from 
observed data, as the statistician is forced many times to do, one wonders just 
what faith people could have placed in social applications such as estimating 
the probability of lying or the size to use for a jury. What they did was to 
assume a certain model, and then make rigorous mathematical deductions 
from these assumptions without regard to the robustness of the model. For 
example, if a witness was found to have lied 9 times out of ten in the past 
(and how would anyone ever verify this in practice?) then they would assign 
a probability of 1/10 for the truth of the next statement made by the witness. 
Most sensible people would ask about the self-interest of the witness in each 
statement before ever making any such judgement on a particular statement 
made. Similarly with juries. The idea that there is a total independence of 
the individuals on a jury as they make up their minds is foolish, but rather 
there is, fromjury to jury depending on local circumstances, some correlations 
between some members. Too much depends on the particular circumstances, 
the actual jury members, the specific case, and the personalities of the lawyers 
and witnesses, to try to make any serious statements beyond wild guesses. The 
robustness of the model is simply being ignored. 

But many well respected authors have tried this approach to probabil­
ity, not only for external applications but also for personal internal reasoning. 
Again, one can only wonder how reliable the results of all the rigorous deduc­
tions can be where the input is so uncertain. It is famous that, as people, 
logicians are often foolish in their behavior, and that the behavior of the av­
erage person based on their intuition is often superior to that of the experts. 
Indeed, the very jury system of Anglo-Saxon law is a tacit admission that the 
experts are simply not to be trusted in some of their own areas of competence; 
that when it comes to innocence vs. guilt the intuition of the jury is preferable 
to the rigorous knowledge and experience of the judge for delivering justice. 

One constantly sees proposals to use probabilistic logic in situations for 
which it is not suitable. On the other hand, such fields as operations research 
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which try to use some common sense, in the hands of sensible people can get 
valuable results-but in the hands of idiots you get idiocy. 

The reliability of the model of probability based on gambling and rig­
orous mathematics transmits little support to this area of application, but 
still users try to claim reliability for their results. One needs to be very sus­
picious and examine repeatedly the robustness at all levels of the discussion 
before acting on the deductions. Of course, this may lead to "the paralysis of 
analysis" and no action-which can also be dangerous! 

Example 8.8-1 The Four Liars 

There is a famous problem due to Eddington [E, p. 121]. If A, B, G and D 
each speak the truth once in three times, independently, and A affirms that 
B denies that G declares that D is a liar, what is the probability that D was 
speaking the truth? 

Eddington explained his solution as follows: 
We do not know that Band G made any relevant statements. For 

example, if B truthfully denied that G contradicted D, there is no reason to 
suppose that G affirmed D. 

are: 
It will be found that the only combinations inconsistant with the data 

(a) A truths, B lies, G truths, D truths 
(b) A truths, B lies, G lies, D lies. 

For if A is lying, we do not what B said; and if A and B both truthed, we do 
not know what G said. 

Since (a) and (b) occur respectively twice and eight times out ofthe 81 
occasions, D's 27 truths and 54 lies are reduced to 25 truths and 46 lies. The 
probabilty is therefore 25/71. 

It is not the logic of the deduction (there are still disagreements on it 
and the concensus may be against Eddington's answer), it is the likelihood of 
the original assumptions that one wonders about. It is in fact a toy problem 
having no possible social implications. It is such applications of probability 
to logical situations that one has to wonder about. 
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8.9 di Finetti 

In the opening of his interesting two volume work on probability di Finetti 
boldly asserts, (as already noted in the preface of this book), "PROBABILITY 
DOES NOT EXIST." Of course we need to ask what this provocative state­
ment means, especially the "exists." He also asserts that independence does 
not exist [KS p. 5] and that his probability is the only approach [KS p. 1]. He 
introduces the technical word "exchangeability" which he equates to "equiv­
alence" [KS p. 5]. While perhaps useful it is admittedly nothing new; still it 
is an idea from which new things may be deduced. 

Undergraduates late at night will argue about the existence of the real 
world, as do some philosophers. But if we take the pragmatic view that how 
people act is more important in revealing what they believe than are their 
words, then we see that people act as if the world existed. Those who deny 
the existence of the real world are still observed to eat when they are hungry. 
The author is what is commonly called "a naive realist." 

Of course all thought exists in the head (so it is widely believed), and we 
deal with mental models of the world, not with "reality" -whatever reality 
may mean. But if we assume that there are many kinds of probability, perhaps 
some exist in the head and some in the "real world." Take, for example, some 
radioactive material in the lab connected to a Geiger counter and equipment 
that records each time a radioactive event occurs. When we later analyse the 
record (using, of course, mental models) we find that the equipment acted 
as if there were randomness in the material. We find, for example, that if 
we double the amount of material then the number of counts per unit time 
approximately doubles. Similarly, if we were to build a mechanical roulette 
wheel spinner and launcher of the pea, or a dice throwing machine, we would 
find, especially in the first case, that the results were as if they were random, 
and we would in common scientific practice infer that the randomness was 
"out there in the machine" and not in our head. We can "prove" nothing at 
all in practice. 

To be careful, even Sir Isaac Newton knew that he only gave formulas 
for how gravity worked, and not why-"I do not make hypotheses" is what 
he said in this connection. But the extensive use of the idea of gravity, along 
with its many, many checks with reality, lead us to say, "Gravity is why things 
fall." Of course there is no "why" in all of science; we put it there. We see 
only relationships and we infer the causes; similarly, there are only events and 
we infer the randomness. 

In the above situation of the radioactive material, common sense sug­
gests that we infer that the probability exists in the real world and not just 
in our heads--else we are arguing like undergraduates! 

It was by such reasoning, after years of believing in di Finetti's remark 
cited above, that I came to the conclusion that it is not practical science to 
adopt his view exclusively; that while at times the probability we are talking 
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about exists only in our heads there are times when it is wise to assume that 
it exists in the real world. It appears to me to be sophistry to claim otherwise. 

On di Finetti's side, if I toss a coin and ask you for the probability of 
"heads" you are apt to say 1/2, but if while it is still in mid air I say to 
you that it is a two headed coin you will likely change your probability to 1. 
Nothing in the material world changed, only the state of your information, 
hence this probability apparently exists in your head. Situations such as horse 
races are likely to be best seen as having probabilites in your head and not in 
reality. Thus di Finetti's viewpoint is useful many times. See Example 1.9-8. 

To use the same formal apparatus of probability theory that we devel­
oped with regard to gambling and such situations for these mental probabilties 
brings some doubt as to the wisdom of acting as if they had anywhere near 
the same reliability. Yet, again, what else is there to do in such situations, 
except to be cautious when acting on the computed result? 

8.10 Subjective Probabilities 

There are a large number of different subjective probability theories. One 
theory, for example, believes that a probability is simply "betting odds." The 
claim is made that by asking you a series of questions on how you would 
bet in a certain situation, revising the odds at each stage, will lead to your 
probability of the event. Unfortunately, upon self-examination I find that 
after a few steps I get stubborn and stick to a single ratio. I simply cannot do 
what they ask of me, to continually refine my betting odds. Moreover, I seem 
to come to different probabilities under apparently similar conditions. Thus 
I do not believe much in the reliability of the probabilities that are obtained 
this way. See [Ka] for example. 

Other subjectivists are more frank about things, and consider that any 
betting on a horse race is a matter of a local, transient opinion of an individual. 
Again, these are hardly firm probabilities, though they may be the best that 
can be obtained. But to then apply an elaborate, rigorous mathematical 
model of probability, using these estimates, and to then expect the results 
to be highly reliable seems to me to be folly. There may, however, be some 
situations where reasonable results can be obtained. 

There is at present a strong movement called Bayesianism. It is much 
more connected with statistics than with probability and hence strictly falls 
outside the field of this book. Still, because of its prominence it is necessary 
to look briefly at it-though one of its practitioneers, I. J. Good, claims that 
there are 46,656 varieties of Bayesians! 

The Bayesians are the most noticeable of the SUbjective schools at pres­
ent. They believe that you do not come to a situation with a completely 
blank mind, but that you have in your mind a prior distribution for the 
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thing being examined. And in a sense we are all Bayesians. Suppose you 
and I were to do an experiment to measure the velocity of light, and when 
our first measurements were made we found them to be quite far from the 
currently accepted value. We would, almost surely, begin by reexamining the 
equipment, the reasoning, and the data reduction. But as we made more 
and more careful adjustments and calibrations we might finally decide that 
we believed the value we obtained even if it still disagreed with the older 
accepted value. We would pass, via experience, from one prior distribution of 
the possible values for the velocity of light to another, but except in carefully 
rigged situations it is not possible to quantify this process with much accuracy. 

The Bayesians want us to quantify our prior distribution and use it as a 
guide for future acceptance (or not) of a result obtained from the experiment. 
But if the initial distribution of our belief is vague, then one naturally asks, 

If the prior distribution, at which I am frankly guessing, has 
little or no effect on the result, then why bother; and if it has a 
large effect, then since I do not know what I am doing how would 
I dare act on the conclusions drawn? 

As noted above, in practice we are all Bayesians at heart, but the rigor­
ous accurate quantification of our prior beliefs is usually impossible because 
they are too vague to handle, so the theory is dangerous to use for impor­
tant decisions. Furthermore, science has traditionally been "objective" and 
the Bayesian approach frankly admits "subjectivity" so that different people, 
doing the same experiments, may well get different results. Yes, the Bayesian 
approach at times seems reasonable, but not scientific. 

Bayesian techniques are often misunderstood by non-professional Bayes­
ians. Their announced posterior probabilites are not thought of as frequencies 
(how often something will or will not happen), but rather as degrees of belief. 
But when I ask myself how I will measure the effectiveness of their theory, I 
naturally turn to testing their predictions against what happens in the real 
world, how often they are right and how often they are wrong. But in doing 
so I am adopting the frequency approach which they deny is the meaning of 
the probabilities they give! One can only wonder about the confidence one 
can put in their approach. Yes, as we just said, we are all Bayesians at heart, 
but when it comes to actions in this world their approach, which at times may 
be the only one available, leaves much to be desired. Still we often must act 
without good information. 

When you must take action and do not have the luxury of firm proba­
bilities then there is little else to appeal to but some form of subjective prob­
ability. But again, after using elaborate, complex modelling, to assume that 
the final results are highly reliable (due to the use of elaborate mathematics) 
is foolish. 
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8.11 Fuzzy Probability 

In 1965 L. Zadeh introduced the concept of fuzzy sets. The concept comes 
from the simple, but profound, observation that in the real world nothing is 
exactly what it appears to be, that there is not a sharp dividing line between 
trees and bushes, that "close enough" is not an exact statement, that a platy­
pus is only partly a mammal, etc. Since then the idea of fuzzy sets has been 
extended to many fields, including probability, logic and entropy. 

The very concept "fuzzy" meets with immediate hostility from the math­
ematically trained mind that believes that a symbol is a symbol and is exactly 
that, that each symbol can always be recognized exactly, etc. To be asked to 
adjust to the idea that nothing is certain, that all things are fuzzy, is rather 
a lot to expect from them. 

Similarly, computer experts like to believe that they live in the classic 
Laplace universe where if you know exactly the starting conditions and the 
laws then a sufficiently able mind can calculate the future exactly. The ideal 
computing machine is a realization of this dream. Although programmers 
know in their hearts that any large program may have residual "bugs" (more 
accurately "errors"), still they seem to keep in their minds the concept that 
a program is exactly right and the machine always does exactly what it is 
supposed to do. Of course experience has shown again and again that not 
only are there no exact specifications for most interesting problems, and that 
large programs are apt to have residual errors in them, but also that the 
machines themselves are not infallible. 

Many people have wanted to believe that fuzziness can be embraced in 
the concept of classical probability theory. But there is a profound difference 
between: (1) classical probability theory based on subsets of a sample space, 
and (2) fuzzy sets where even being in a subset of the sample space is not cer­
tain, and knowing which subset you are in is not sure. The first is probability, 
the second is fuzziness, and they are not equivalent. Quite the contrary, at 
least some people believe, mathematical logic is merely a part of fuzzy logic! 

Once you admit that you cannot know exactly which set you are in, then 
there are the problems of the laws of noncontradiction and of the excluded 
middle. Since you can be both in a set and not in the set at the same time, 
the intersection of the set and its complement is not necessarily 0, nor is their 
sum necessarily the whole universe. 

Is this tremendous mental adjustment worth the effort? It seems that 
the universe as we know it is indeed fuzzy, and hence it seems that we should 
give the idea a reasonable hearing-perhaps we might learn something useful! 
The distaste of accepting that nothing is sure, either in certainty of occurring 
or in what occurred, is very strong. I think that this accounts for the general 
rejection ("ignoring" is perhaps a better description) of the ideas, in spite of 
a small band of eager devotees who have embraced the concept. 
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8.12 Probability in Science 

Scientists use probability theory in many places, and it is natural to wonder 
which of the many kinds they use. The answer is, of course, different kinds in 
different places. 

Perhaps the classical example is the use of probability in molecular 
physics, in particular in the theory of perfect gases. Here one of the earliest 
spectacular results was Maxwell's derivation of the distribution of the veloc­
ities of the molecules in a gas. Rather than discuss in detail what Maxwell 
said, let us look at the essential steps of the argument. We pass over certain 
simplifying assumptions such as that the molecules are perfect spheres with 
no intermolecular forces between them, moving independently of each other 
and independently in the three coordinates. 

The argument begins with the assumption of a vector distribution for 
the velocities. He then argues that in his model between the collisions the 
velocities of the molecules are constant. Hence he must examine the changes 
produced by a typical collision. To simplify things in your mind consider the 
relative velocity of one molecule when the other is regarded as stationary. He 
now assumes a uniform distribution of the axis of the moving molecule with 
respect to the center of the stationary molecule (there is to be a collision by 
assumption). He next examines the resulting distribution of velocities after 
the collision using classical mechanics, and then averages over all intersec­
tions and all vector velocities. From equilibrium he assumes that the input 
distribution of vectors must be the same as the resulting distribution after the 
collision-a self-consistant condition which is widely used in physics. From 
the resulting functional equation he deduces the velocity distribution. But so 
far as I have ever seen, though it seems to be obvious, there is no deduction 
that the uniform distribution of the axes is also true after the collision. Hence 
the self-consistancy is not quite complete since two probability distributions 
went in and only one came out! 

Now let us analyse a bit of what he was actually assuming. The as­
sumed distribution was certainly not the velocity of a particular molecule at 
a particular time. Was it the assummed distribution of the many molecules 
in the volume of gas? That would have given a discrete distribution since 
there are a finite number of molecules in the assumed volume (which is not 
really discussed). How does he get to the smooth, analytic distribution he as­
summed? There are at least two paths. One is to suppose that he is looking 
at the ensemble of all possible molecules at all possible times, and another 
is to say that he is merely replacing a discrete distribution by a mathemati­
cally more convenient continuous distribution and that the difference must be 
slight. (Compare Example 5.6-4.) 

Must he use arguments that it is uncertainty in initial conditions that 
produces the probability and that small differences lead almost immediately 
to large differences after a few collisions? This is one kind of widely used 
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argument in physical applications, but as we have seen he has other arguments 
he could use which would imply other kinds of probability. In short, we 
are not sure, unless we examine the matter much more closely, of just what 
kinds (discrete or continuous density) of probabilities he assumed; but this is 
not unusual. 

Genetics is another field which uses probability widely. The mixing 
of the genes could be regarded as a purely mechanical system about which 
we do not have the mechanical details, or it could be regarded as basically 
probabilistic as in quantum mechanics. Texts are not clear in the details, 
but then how could one decide which one? Hopefully most of the time the 
difference would have little effect on the predictions. 

Returning to the use of probability in physics, the present Copenhagen 
interpretation of quantum mechanics claims that the probability is essentially 
present in Nature and is not due to ignorance. This probability, as we will 
see in the next Section, is a rather different kind from any we have so far 
discussed. The history of quantum mechanics shows that to this day there is 
not a uniform agreement on the meaning of their probability; the probability 
of the single event and the probability as a limiting ratio are both widely held 
opinions in the field. 

In quantum mechanics "probability" is often called the "propensity," ap­
parently to emphasize that it is to be associated with the physical equipment­
given an experimental setup 0 then we have the propensity for A to happen 

P(A 10) 

In quantum mechanics it is necessary to adopt this attitude so that the simul­
taneous measurement of conjugate variables cannot occur-the act of mea­
surement in quantum mechanics is believed to affect the measured thing, hence 
using this notation the uncertainty principle cannot be violated since for the 
other measurement you have 

peA 10') 

where 0' is the corresponding experimental setup. [Ba1. 
Thus probability in quantum mechanics is different from that in other 

fields. In quantum mechanics probability is an undefined thing in the sense 
that it is simply the square of the absolute value of the corresponding wave 
function and does not have a more elementary description. 

In summary, in physics and in science generally it is not always easy to 
decide just which of the many kinds of probability an author means (because 
generally speaking the author subconciously believes there is only one kind 
of probability). The classical mechanical one which supposes that probability 
arises from uncertainty in the initial conditions is the most popular one, but 
clearly there are others being used at times. 
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8.13 Complex Probability 

Mathematicians all seem to believe that probability is a real number between 0 
and 1. But since 1925 quantum mechanics has used complex numbers as an 
underlying basis for the representation of probabilities (pre-probabilities if you 
wish to make the distinction) leading to the probability being the square of the 
absolute value (modulus) of the complex number and thereby to a real num­
ber. Throughout most derivations in quantum mechanics complex numbers 
are used, and it is only at the last possible moment that the absolute value 
is taken-indeed, the theory of quantum mechanics was almost completely 
developed before Born observed that the absolute values squared of the wave 
functions could be interpreted as probability (propensity) distributions. 

Quantum mechanics has been, perhaps, our most successful theory as 
judged by the number of successful predictions it has made. Typically a wave 
function is represented in the form 

w(x) = u(x) + iv(x) 

where x is a real variable. Ultimately 1 u(x)+iv(x) 12 becomes the probability. 
Yet this kind of probability has been generally ignored in probability text 
books for over 50 years. 

It seems unlikely that this is the only application of complex numbers in 
probability theory (beyond the standard characteristic function representation 
of distributions which we have not used). We therefore need to examine what 
is going on. It is useless to examine the history or standard development of 
quantum mechanics since, as noted above, probability was grafted on (perhaps 
better, recognized) at a very late stage in the creation of the basic theory. 

As a useful analogy we consider Fourier series. It is a linear theory, 
meaning that the Fourier expansion of a linear combination of two functions 
is the same linear combination of the separate expansions. However, in appli­
cations of the Fourier series the central role is not played by the coefficients of 
the Fourier series but rather by the power spectrum which is either: (1) the 
sum of the squares of the two coefficients of the same frequency in the real 
domain, or (2) the square of the modulus in the case of the complex represen­
tation. Thus you cannot add the power spectra of two functions and expect 
to get the power spectrum of the sum, but you can add the coefficients of the 
corresponding terms in the Fourier representations, and then take the square 
of the modulus of the resulting complex numbers to get the power spectrum. 
Thus the physically important things in many of the applications of the theory 
are quadratic over a linear field of Fourier expansions. 

Similarly in quantum mechanics, which according to Feynmann is abso­
lutely linear (not an approximation), the physically important things (prob­
abilities) are quadratic over the linear field of "wave functions" which can be 
added and subtracted as required. It is the possible cancellations before the 
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squaring of the absolute values that permits the "interference" effects that we 
see in optics and other physical phenomena. 

What else is accomplished by using complex probability beyond the great 
convenience of a linear theory? If we look at correlation we see that it is related 
to the phase angle, the angle in the polar form of representing the complex 
numbers. To illustrate, suppose we represent heads and tails as complex 
quantities. In the absence, as yet, offormal operators (corresponding to those 
in quantum mechanics) we guess at the corresponding "wave functions," the 
pre-probability representations in a vector notation using 

q, = ei~ = cos f/J + i sin f/J 

and q,q,* = 1 (star means complex conjugate) where f/J is an arbitrary phase 
angle (as in Fourier series it is the choice of the origin that fixes the phase 
angles). Now consider a second coin, and suppose that the difference in phase 
angles is 8 with, for convenience only, the original f/J = O. 

For a two coin toss we add the appropriate components as shown in 
the following table. The 1/4 in the last column comes from the normalizing 
process. 

TABLE 8.12-1 

Outcome q, q,q,* Probability 

HH 1 + eill 2+2cos8 (1 + cos 8)/4 
HT 1 - eill 2 - 2cos8 (1- cos 8)/4 
TH -1 + eill 2 - 2cos8 (1 - cos 8)/4 
TT -1 - eill 2+2cos8 (1 + cos 8)/4 

sum = 8 

The table shows that for 8 = 0, perfect correlation occurs; for 8 = 11"/2 
there is no correlation and the coins are independent; and for 8 = 11" there a 
is negative correlation; and finally for 8 = 311"/2 there is again no correlation. 
For other angles we have other correlations. 

If we wish to follow the quantum mechanical model, then the problem is, 
in each field of application, to find the appropriate operators (corresponding 
to the Hamiltonian, etc.) that will generate the "wave functions," the dis­
tributions. In the above example I had to guess at a suitable representation. 
Evidently the problem of finding the proper operators is not trivial, but does 
suggest that the use of the complex number representation in probability may 
be useful. 

Another approach to complex probability and quantum mechanics has 
been given by Lande [L]. He gave a derivation of quantum mechanics from 
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some postulates about complex probability. The complaint sometimes made 
that the derivation does not prove the uniqueness is a trivial point since 
clearly more postulates (or else slightly altered ones) could probably be found 
to produce the uniqueness (but then again perhaps the fact that there are 
equivalent formulations of quantum mechanics means that uniqueness is not 
necessary or even possible in this field). 

8.14 Summary 

Chapter 1 noted that, "We speak of the probability of a head turning up on 
the toss of a coin, the probability that it will rain tomorrow, the probability 
that the next item coming down a production line is faulty, the probability 
that someone is telling a lie, the probability of dying from some disease, and 
even the probability that some theory, say evolution, special relativity, or the 
"big bang theory," is correct." 

We now see that these various probabilities are determined in very differ­
ent ways with very different philosophies and reliabilities; we see that "prob­
ability" is not a single word but is to be understood only in the context of the 
probability model being assumed. 

Philosophers and scientists often claim that for the sake of clarity they 
want a single word to have a single meaning, yet we have used the word 
"probability" in many different senses. This is not, in fact, unusal in many 
fields; we speak of a "line" in both Euclidean and non-Euclidean geometry 
and mean different things. We could have, of course, used Ph P2 , ••. for the 
various uses of probability, but found it cumbersome. In practice it often turns 
out that an author using probability will imply various meanings at various 
times without apparently being aware of it. 

While it appears at first that for the various models the corresponding 
mathematical techniques are the same, we have shown that this is not so. In 
the infinite discrete sample space we found that it could lead to paradoxes like 
the St. Petersburg and Castle Point, but if we required the sample space to 
be generated by a finite state diagram then these paradoxes could not occur. 
This again raises the question of when the standard mathematical tools can 
and cannot be used safely jf we intend to take actions in the real world based 
on the results. It is not only the modelling of the physical situation that in 
involved, it is the probability model and the mathematical tools used that are 
also involved (as well as the logic-see fuzzy sets for example). And as we 
have carefully argued (Section 7.1 on Entropy) just because you use the same 
mathematical expressions it does not follow that the interpretations are the 
same. Probability is indeed an interesting, complicated subject! 

Why are there so many different probability theories? 1 believe that one 
major reason is the desire that the probability theory the author assumes must 
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support the main ideas of statistics-in short how to get from the definition of 
probability of a single event to the frequency definition to support statistical 
techniques. The use of technical words 

collective ¢::::} random 

exchangeability ¢::::} equivalence 

propensity ¢::::} probability 

does not really solve much, though they tend to eliminate unintended 
meamngs. 

Another major reason is that many applications are quite different from 
the typical gambling situations where probability theory first arose, and hence 
need other intellectual tools to handle them. 

Why have we glossed over the more subjective types of probability? 
It is not that we do not use them more or less subconciously (even if we 
have never heard of the corresponding theory!) rather it is that there are 
grave doubts that the intuitive elements can be realistically captured into 
a useful, reliable, reproduceable body of knowledge ready for action in this 
harsh, real world of science and engineering where important, serious actions 
involving large sums of money and possibly human lives must be taken based 
on probability calculations. 

The fundamental difficulty with using the subjective types of probability 
is that success requires mature judgements based on experience, something 
that cannot be included in a first course in probability. Furthermore, science 
in the past has highly valued consistency, and subjective probability gives 
subjective results! 





9 

Some Limit Theorems 

"In the long run we are all dead.» Keynes 

9.1 Introduction 

In the previous several chapters we have been concerned with the initial prob­
abilities and their distributions. In this chapter we will look at how some 
distributions might arise and hence why it is sometimes reasonable to assume 
that they are the source of the random events. 

The binomial distribution (Section 2.4) 

(9.1-1) 

occurs quite often. We have examined this distribution to the extent of finding 
the mean and variance (Example 2.7-1) 

and a few other properties. 

I' = np 

(1'2 = npq 
(9.1-2) 

We now study this distribution in more detail and answer such questions 
as how much probability lies in some interval. We are first concerned with 
the cumulative binomial distribution 

.I: 

Lb(j;n,p) 
j=O 

[307] 
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and then with difference between the function at two different upper limits of 
this function. Thus we finally have 

.1:, 

L b(j;n,p) (9.1-3) 
j=.l: 1 

The analogy with integration is obvious. For n small this sum is easy to 
compute; for large n we need a way of understanding the size of the sum. 
Unfortunately there is no simple form for the summation and we are forced, 
therefore, to find an approximation. We will later be interested in the distri­
bution (see Section 5.8) 

(0 ~ x ~ 00) 

Computers can easily compute binomial sums since the terms of the 
binomial distribution are easily found by recursion (2.4-3), even for fairly 
large n of the order 100 or more. But if we are to understand what we 
are doing it is necesary to understand such expressions; hence the necessity 
of understandable approximations to the cumulative distribution (9.1-3). We 
have repeatedly observed the simple fact that continuous mathematics is often 
much easier to carry out than is discrete, hence it should be no surprise that 
we will use a continuous function 

1 -.7:'/2 --e 
..tii 

(9.1-4) 

to approximate the discrete cumulative binomial distribution. 
The distribution (9.1-4) is often called the normal distribution because 

it occurs so often (occurs "normally") in probability and statistics. We will, 
therefore, look a bit at this distribution in the next Section, before we ex­
amine how and why it provides a good approximation to the binomial (and 
other) distributions. 
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9.2 The Normal Distribution 

We are concerned in this section with the function 

The factor 1/2 in the exponent is the common notation. As noted before 
(Section 5.4) this function cannot be integrated in a finite, closed form, but 
the definite integral over the whole real line is 1. Thus for the probability 
density distribution we have 

-- e-:C /2dx = 1 1 100 

2 

V'Fi -00 

The probability density is, of course, just the integrand. 
We now examine the shape of the probability density function 

Neglecting the front coefficient the derivative is 

and is zero only at x = 0 with a value y = 0.3989 .... Of course the derivative 
is close to zero for Ixl very large. The second derivative is 

and is zero at x = -1, 1. These are where the inflection points occur, and the 
corresponding y values are both 0.2424 .... 

To find the first two moments we observe that since the distribution is 
an even function the mean must be zero. Hence we need only consider the 
second moment 

E{X2} = -- x2 e-:C /2 dx 1 100 

2 

V'Fi -00 

Integration by parts, using U = x and dV = -x exp( _x2 /2)dx leads to the 
original integral since the integrated part vanishes at both ends. Thus the 
variance of the distribution is 1, and occurs at exactly the same position x as 
does the inflection point. 

Given the normal distribution 
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the transformation 

X-I-' 
t=-­

u 
or 

CHAPTER 9 

X = ut + I-' (9.2-1) 

moves the mean to the origin and provides a scaling so that the variance is 1. 
Thus this transformation reduces a normal distribution with a given mean and 
variance to a standard form of mean zero and unit variance. This makes the 
study of normal distributions comparatively easy; there is only one standard 
form and corresponding table of numbers to be considered in practice. 

The integral of the normal distribution is often called the error function 

~(X) = - e- t /2 dt 1 1% · 
...j2; -00 

(9.2-2) 

The error function goes from 0 to 1 as X ranges over the whole real line. By 
symmetry we see that at x = 0 

~(O) = 1/2 

hence we need a tabluation for only positive arguments, see Table 9.2-1. 
The Table 9.2-1 for the normal distribution is easily found by numerical 

integration (a programmable hand calculator using Simpson's formula with 
spacing 0.025 produced this table). We append a short table of values for 
intervals about the origin (9.2-2). This shows that for a normal distribution 
it is very unlikely that events will fall outside of about 3u, and 4u is close to 
impossible; even 2u covers more than 95% of the total probability. 

Normal distribution 

FIGURE 9.2-1 

Figure 9.2-1 shows the error function and the integral-note that as 
usual the vertical axis is stretched out in comparison with the horizontal axis. 
Thus the normal curve is much flatter than is generally shown. 
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TABLE 9.2-1 

[Note that cI>(-x) = 1- cI>(x)] 

x cI>( x) cI>'(x) 

0.0 0.50000 0.3989 
0.1 0.53983 0.3970 
0.2 0.57926 0.3910 
0.3 0.61791 0.3814 
0.4 0.65542 0.3683 
0.5 0.69146 0.3521 
0.6 0.72575 0.3332 
0.7 0.75804 0.3123 
0.8 0.78814 0.2897 
0.9 0.81594 0.2661 
1.0 0.84134 0.2420 
1.1 0.86433 0.2179 
1.2 0.88493 0.1942 
1.3 0.90320 0.1714 
1.4 0.91924 0.1497 
1.5 0.93319 0.1295 
1.6 0.94520 0.1109 
1.7 0.95543 0.0940 
1.8 0.96407 0.0790 
1.9 0.97128 0.0656 
2.0 0.97725 0.0540 

2.5 0.99379 0.0175 
3.0 0.99865 0.0044 
3.5 0.99977 0.0009 
4.0 0.99997 0.0001 

TABLE 9.2-2 

±u Amount in the double interval 

1 0.68268 
2 0.95450 
3 0.99730 
4 0.99994 

Example 9.2-1 The Approximation of a Unimodal Distribution 

A unimodal probability distribution p(x) has the property that p(x) ;::: 0, 
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hence we can write it as 

p( Z') = exp{g( Z')} = ei(z) 

At the maximum point Z' = a, we have p'(a) = 0 = g'(a), and it is easy to 
see by differentiating a second time that since p"(a) ~ 0 then g"(a) ~ O. The 
Taylor series of g(x) about the point x = a is, therefore, 

g(x) = g(a) + (1/2)(x - a)2g"(a) + ... 

and hence, using exp{g(a)} = A, we have 

For a first approximation about the peak of the unimodal distribution (re­
member g"(a) ~ 0) we have the normal distribution. The approximation is a 
parabola in the exponent. 

Exercises 9.2 

9.2-1 Using the integrand exp(xt) exp( -x2 /2) find all the moments of the 
normal distribution. 

9.2-2 Approximate the normal distribution by a parabola through the peak 
and inflection points and find where the parabola becomes negative. Ans. x = 
1.596 ... 

9.2-3 Approximate sech x by the method of Example 9.2-1. 

9.2-4 Show that for n > 0 xn exp( _x2 /2) -- 0 for large x. 

9.2-5 Show that for large x, e'" exp{ -x2 /2} - O. 
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9.3 Binomial Approximation for the Case p =1/2 

We now derive the normal approximation for the special case of p = 1/2. In 
this case the ideas of the proof can be clearly seen without the confusion of 
the more elaborate notation of the general case. 

We are interested in approximating the sum of binomial terms in an 
interval, and for convenience we will use even order only. For n an even 
number, n = 2m, we will have (remember we are doing the simple case p = 
1/2) the middle term as the maximum of the distribution 

b(m;2m, 1/2) = C(2m,n) (_21)m (_21)m = (2m)!2 
m!m!2 m 

From Stirling's approximation to the factorial (l.A-7) we have 

Almost everything cancels, and we have left 

1{£ b(m; 2m, 1/2) '" ~ = -
v7l"m 7I"n 

(9.3-1) 

as the estimate for the largest term in the binomial sequence of values. (We 
could get bounds if we wished using l.A-6.) 

To get the size of other terms we use k as an index measured (positive 
or negative) from the maximum, which is at m. Thus we now consider 

(2m!) 
b(m + k; 2m, 1/2) = (m + k)! (m _ k)!22m 

The ratio of this to the middle term gives the relative decrease as we go k 
terms from the middle 

b(m + k; 2m, 1/2) 

b(m; 2m, 1/2) 

m!m! 

(m + k)! (m - k)! 

_ m(m-l)(m-2) ... (m-k+l) 

- (m+k)(m+k-l) ... (m+l) 

Divide both numerator and denominator by m". We have 

1{1 - l/m}{1 - 2/m} ... {l- (k - 1)/m} 

{I + l/m}{1 + 2/m} ... {I + kim} 
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In (l.B-3) we found a useful bound, and using exactly the same method we 
can get, (for y > -1), 

I-y -- < e- 211 
I+y -

We use this for each pair of factors, and for the unmatched factor (1 + kim) 
we use a similarly derived inequality 

As a result we have 

exp[2{ -11m - 21m - ... - (k - I)/m} - {kim}] 

= exp[-(2/m){1 + 2 + ... + (k - I)} - kim] 

= exp[-(2/m){k(k - I)/2} - kim] = exp[{-k(k - 1) - k}/m] 

= exp[-k2/m] 

Hence, using approximation (9.3-1), we have bound 

(9.3-2) 

Since (see the transformation 9.1-2) (J' = vnpq = ";;;/2, if we measure 
the distance from the mean in units of the square root of variance we will, for 
this unit, have 

2k 
x = J2r1l or k = J2r1l x 

2 

from which the quantity in the exponent, which is what we want, is 

Hence 

-k2/m = -2mx2/4m = -x2/2 

b(m + k· 2m 1/2) < _1_ e-.,l/2 , , - V7rm 

But we are using a spacing of 1 in k, so that from (9.3-3) 

dk '" J(m/2)dx 

(9.3-3) 

(9.3-4) 

and we have, finally, the expression, x as in (9.3-3), (and converting the 
inequality to an approximation since it is close) 

b(m + k· 2m 1/2) '" _1_ e-.,l/2 
" ...fii 

(9.3-5) 

is the appropriate density function of the distribution. 
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Thus we see that the binomial probabilities for p = 1/2 fall off from the 
maximum like exp( _x2 /2), and that the normal curve has the right shape with 
the proper front coefficient (so the total probability is 1). The approximation 
of the binomial distribution by the normal is reasonable for moderate k. 

If we picture the original binomial coefficients as rectangles of width 1 
centered about their values then we see that the approximating integral should 
run from 1/2 less than the lowest term to 1/2 above the highest term. See 
Figure 9.4-1 for p::f; 1/2. 

~(x) 

0.3 
Normal distribution approximation 

0.2 

o 1 2 3 4 5 6 x 

FIGURE 9.2-2 

Example 9.3-1 Binomial Sums 

Sums of binomial terms as given in equation (9.1-3), 

l:2 "2 

L: b(j;n,p) = L: C(n,j)rJqn- j 

reduce to binomial coefficient sums when we pick p = 1/2 = q. We have 

For the binomial distribution we have 

J.l = np = n/2, (1'2 = npq = n/22 
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hence the transformation to the standard form (9.2-4) gives the range, when 
we include the extra 1/2 terms, 

from 
kl - 1_ !!. 

a = 2 2 
.jii./2 

k2 + 1_!!. 
to b= 2 2 

.jii./2 

or fixing things up a bit, by multiplying numerator and denominator by 2, we 
get for the range of integration 

f 
2kl-(n+l) 

rom a = .jii. (9.3-6) 

and we finally have 

(9.3-7) 

,.., C)(b) - c)(a) 

As a simple check on this formula let kl = 10 and k2 = n. then 

a = -en + 1)/.jii. b = (n + 1)/.jii. 

and the result is, since a = -b, that we have 

C)(b) - {1- C)(b)} = 2C)(b)-1 

For example, for b = 4 we get from Table 9.2-1 

2(0.99997) - 1 = 0.99994 

To convert from the b = 4 to the corresponding n we have 

4.jii. = n + 1 => n 2 
- 14n + 1 = 0 => n ,.., 14 

Again, if we pick n 9 we get b = 10/3 = 3.333 ... 

the estimate is 2(0.99899) - 1 = 0.99798 

thus for large values of n the formula for the sum of binomial coefficients is 
quite accurate. 
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Example 9.3-2 Binomial Sums for Nonsymmetric Ranges 

If we use the formula for estimating sums of binomial coefficients for n = 9 
(where we can check it easily) and pick a short nonsymmetric interval, say 
j = 3, 4, 5, 6 and 7 we get kl = 3, k2 = 7 

6 - 10 -4 
a = -3- =""3 = -1, 

Hence 0.97725 - (1 - 0.90855) = 0.88580 ... which is to be compared with 
(1/29){36 + 84 + 126 + 126 + 84} = 456/512 = 57/64 = 0.8906 .... with an 
error of 0.0048 .... 

Exercises 9.3 

9.3-1 Use the approximation formula to approximate the middle coefficient 
of the binomial expansion of order 2n. 

9.3-2 Approximate the L:~~OlOO C( 400, j) 

9.3-3 Approximate the L:~~20 C( 49, j). 

9.3-4 Approximate the L:~!5 C(20, j). 

9.3-5 ApproximateL:;~6 C(20, j) and check by direct computation. 

9.4 Approximations by the Normal Distribution 

There are various theorems concerning the approximation of a distribution, 
usually near its peak, by the normal distribution. Generally the mathematical 
demonstrations shed little light on why the approximations work. Instead of 
derivations we will give an intuitive basis for why this happens. 

In Example 9.2-1 we showed how in the exponent a single large peak in a 
distribution can be approximated, near the peak, by a parabola with no first 
degree term present. Hence this is the normal distribution approximation. 
In the normal distribution there are three adjustable constants; the front 
coefficient, (usually chosen so that the total area is 1), the location of the 
maximum of the approximation for symmetric distributions (which is a shift 
in the coordinate system), and finally the square root of the variance (which 
provides a scale factor for the spread of the approximation). 

For a nonsymmetric distribution the problem immediately arises, what 
kind of an approximation should we use. The Taylor series approach (even 
up in the exponent) makes the fit very good in the immediate region of the 
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peak, but generally the quality of the fit falls off rapidly as you go away from 
the peak; it is good locally but not globally. 

A more commonly used global method of fitting one curve to another is 
to match the moments of the two distributions, and for the normal distribution 
this means the first three moments, 0, 1 and 2. The zeroth moment means we 
will have exactly unit area under the approximating curve, the matching of 
the first moments forces us to have the means of the two distributions to be 
the same (we are abandoning the match at the peak), and the second moment 
will give matching spreads of the distributions. This is a global rather than a 
local approximation. 

Other methods are available; for example picking the curve with the 
least squares difference. With modern computers this is quite reasonable to 
try. However, the method of matching moments is the traditional and usually 
fairly effective one, hence we will use it. 

The choice of the normal distribution means that when we have a non­
symmetric distribution there will be noticable errors near the peak. Further­
more, for the nonsymmetric distribution (5.8-1) 

xn 
p(x) = - e-:t: 

n! 
(x ~ 0) 

the normal approximation goes to minus infinity but this distribution is zero 
on the negative half of the real line. The errors in the tails are often of less 
importance than they seem at first glance, since the actual area under them 
may be very small indeed. The probability of being at most ku away is given 
in the Table 9.2-2. 

Example 9.4-1 A Normal Approximation to a Skewed 
Distribution 

Approximate the distribution 

(x ~ 0) 

by the normal distribution. 
By integration we have the first three moments of this distribution are 

1, 4 and 20, hence the mean is 4 and the variance is 20 - 42 = 4. The 
transformation to the standard variable is, therefore, 

x-4 
--=t 

2 
and dx = 2dt 

and we have the following table comparing the original and approximate 
distributions. 
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TABLE 9.4-1 

x 2 t I)' (t) 

0.0 0.0000 -2 0.0540 
0.5 0.0032 -1.75 0.0836 
1.0 0.1226 -1.50 0.1295 
1.5 0.2510 -1.25 0.1826 
2.0 0.3609 -1.00 0.2420 
2.5 0.4275 -0.75 0.3011 
3.0 0.4480 -0.50 0.3521 
3.5 0.4316 -0.25 0.3867 
4.0 0.3907 0.00 0.3989 
4.5 0.3374 0.25 0.3867 
5.0 0.2807 0.50 0.3521 
5.5 0.2266 0.75 0.3011 
6.0 0.1785 1.00 0.2420 
6.5 0.1376 1.25 0.1826 
7.0 0.1043 1.50 0.1295 
7.5 0.0778 1.75 0.0863 
8.0 0.0573 2.00 0.0540 
8.5 0.0417 2.25 0.0317 
9.0 0.0300 2.50 0.0175 
9.5 0.0241 2.75 0.0091 

10.0 0.0151 3.00 0.0044 

We see that the approximation is reasonably good. 

Example 9.4-2 Approximation to a Binomial Distribution 

Let us return to the approximation of the discrete binomial distribution by 
the normal distribution. In Figure 9.2-2 we see such an approximation for 
p = 1/5 and n = 10. In the figure we see, as it were, the normal distribution 
struggling to fit the skewed binomial, and all things considered it is doing a 
good job. This simple example shows the quality of fit one can expect, and 
the more skewed the original distribution is the more trouble the normal will 
have in approximating it. 

To find the actual normal approximation parameters, as stated above we 
match the first three moments. The zeroth moment is automatically matched 
by the standard front coefficient of the normal distribution. We have that the 
mean of the binomial is np (see Example 2.7-1) and the variance is npq. 
We have, therefore, the Xo = np = 10/5 = 2, and the u = J(npq) = 
{(1O)(1/5)(4/5)}1/2 = v'f.6. Thus we introduce the reduced variable 

It - np It - 2 
-u-=v'f.6 
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and use it to consult the normal distribution. 
To summarize, for the normal approximation to a discrete distribution 

we take the range and add 1/2 to the upper limit and subtract 1/2 from the 
lower limit (to allow for the rectangular blocks we used in Figure 9.4-1), shift 
the center by subtracting the mean, and then scale by dividing by r. As a 
result to get the approximation to the sum we have to look up the two limits 
in the table and take the difference. 

Exercises 9.4 

9.4-1 Approximate L!~20 C(lOO, k)(1/3)k(2/3)n-k. 

9.4-2 Approximate {x 4 /4!} exp( -x). 

9.4-3 Approximate b(k;n,p) generally. 

9.5 Another Derivation of the Normal Distribution 

Another source of the normal distribution is that the limit of a sum of a large 
number of random variables is the normal distribution. Again we will not 
"prove" it mathematically, rather we will indicate why it happens. 

Suppose we think of a bounded flat distribution, such as arises in round­
off theory when we look at the part that is omitted by the rounding of a 
number. Theory and practice indicate that this distribution is flat from -1/2 
to 1/2. We plan to look at the sum of three such random numbers drawn 
from this distribution. Since the variance of this distribution is 1/12 the sum 
of the three independent random numbers will have variance 3/12 = 1/4. 

Because we are going to compare it with the standard normal distribu­
tion which has a variance of 1 we are led to consider picking the three random 
numbers from the distribution of double the length 

p(x) = 1/2, (-1 ~ x ~ 1) and 0 elsewhere. 

For this distribution the mean is zero and the variance is 1/3 so that the 
variance of the sum of three independent samples is 1. 

To get the sum of independent random numbers we convolve their distri­
butions. It is easy to see that the convolution of two of these p(x) is a triangle 
with the base reaching from -2 to 2, and the peak of y = 1/2 at x = O. When 
we convolve this with the rectangular distribution p(x) using simple, though 
tedious, calculus, we get a quadratic from -3 to -1, another quadratic from 
-1 to 1, and finally a corresponding quadratic from 1 to 3. The following 
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TABLE 9.5-1 

x Calculated Normal approx. True-approx. 

0.0 .3750 .3989 -.0239 
0.2 .3700 .3910 -.0210 
0.4 .3550 .3683 -.0133 
0.6 .3300 .3332 -.0032 
0.8 .2950 .2897 +.0053 
1.0 .2500 .2420 +.0080 
1.2 .2025 .1942 +.0083 
1.4 .1600 .1497 +.0103 
1.6 .1225 .1109 +.0116 
1.8 .0900 .0790 +.0110 
2.0 .0625 .0540 +.0085 
2.2 .0400 .0355 +.0045 
2.4 .0225 .0224 +.0001 
2.6 .0100 .0136 -.0036 
2.8 .0025 .0079 -.0054 
3.0 .0000 .0044 -.0044 

Table 9.5-1 gives the result and compares it with the corresponding normal 
distribution. We compare the density distributions (rather than the cumula­
tive) and only for the positive half since they are both symmetric with respect 
to the origin. 

We see from this Table that the normal distribution, even for only three 
random numbers from a flat distribution, is a remarkably good approximation. 
The biggest error is less than 2!% and occurs at x = 0 where the function is 
largest, see Figure 9.5-1. 

0.4 

0.3 

p(x) 0.2 

0.1 

0.0 
0 1 2 3 

x 

FIGURE 9.5-1 

4 

--0-- calculated 
_normal 

As you think about convolutions you soon realize that a convolution 
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is a smoothing process, and that the exact flatness of the originaJ distribu­
tion is not necessary. Any reasonable distribution of finite range would do, 
but certainly not the "spike" delta function that is used to denote all of the 
distribution at a point. 

Upon further thought you see that it is not necessary that each random 
number entering into the sum come from the same distribution; they might 
come from comparable distributions so long as the contribution from any 
one tends to decrease to zero as the number of random numbers approaches 
infinity. Still further thought suggests that the original distribution need not 
be finite in range, though again some limitations must be applied on the 
source distributions. 

Thus we see that the sum of a large number of small random effects often 
tends to approach a normaJ distribution. In practice we seldom can estimate 
the number of independent contributions entering into the total effect, nor 
do we often know much about their individual distributions, so the exact 
mathematical theorem, while suggestive, is rarely rigorously applicable. 

If we have discrete distributions, say for example 

6(x - 1/2) + 6(x + 1/2) 
2 

where d(x) is the usual delta function (a function with a single peak of no 
width but with total area 1), then the first convolution will give a distribu­
tion of 

1/4, 1/2, 1/4 

and the following ones will generate the corresponding binomial coefficients. 
But we saw that if we regard the spikes as rectangles then we will get a nice 
normal approximation in the limit. 

From all of the above we see, finally, why the normal distribution arises 
so often in probability theory. As its name suggests (there are other distribu­
tions), it is very common. 

We must clearly state, however, that in practice it is only a good ap­
proximation to reality; it is not to be regarded as being the exact distribution. 
There are various schools of thought concerning the matter that the normaJ 
distribution has tails which reach to infinity. One school claims that often 
there is a very smaJl contaminating distribution with a much larger variance 
and that tails of the normal distribution are not large enough; another school 
claims quite the opposite, that the usual process of gathering the data has 
censored the very large extremes that arise in the normal distribution and 
one has less in the measured tails than the normal approximation suggests. 
These two schools do not necessarily contradict each other; one speaks of what 
should be seen, and the other what is seen. 

Certainly we do not believe in the tails when the measured variable must 
not be negative (the distribution p(x) = (xn/n!)exp(-x), (0::; x < 00), for 
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example) nor when the original distribution we are approximating is skewed 
about its mode. And if we are dealing with a distribution that is not unimodal 
we can use the normal approximation only near a peak (Example 9.2-1). Still, 
the normal distribution occurs frequently and can be expected to arise in 
many situations. 

Exercises 9.5 

9.5-1 Find the approximation polynomials used in Table 9.4-1. 

9.5-2 Find the approximation for the sum of four random numbers from the 
flat distri bu tion (-1, 1). 
9.5-3 Do a monte Carlo simulation of: (the sum of 12 random numbers from 
the flat distribution)-6. Compare with the normal distribution. 

9.5-4 Convolve the distribution p(x) = (3/4)(1 - x 2
), I x I :5 1, with itself 

and compare with the normal distribution. 

9.6 Random Times 

As we did in the previous Section, we will indicate, not prove, suggestive 
theorems. The lack of rigor between the theory and the application is so large 
that the rigor of derivation is often misleading. 

#1.--------+--~------------~----------._---

#2.-._----_r~~----~----~------._--_r----

#3.-+_~~_r~+_----~--_.~------+_--_r----

sum ,--L __ -L __ -LL-~ ______ ~ ____ -L~~ ____ ~~ __ ~ __ L-_ 

Sum of random square8 

FIGURE 9.6-1 

Suppose we have a number of independent processes each having essen­
tially random times of occuring (though not perfectly random perhaps). See 
Figure 9.6-1 where the events of each imagined process are schematically in­
dicated. If we combine these events into a single stream (project the events 
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onto a common line as in the Figure), then the intervals between events will 
often be close and only occasionally be far apart. Of course it is easy to 
imagine counter examples which will require restrictions on the applicability 
of the result, but the underlying idea is simple; a large number of independent 
sources of events, when combined, tends rapidly to a the exponential distri­
bution for the interarrival times of the events. In many respects it resembles 
the earlier claim that enough single events when added approach the normal 
distribution. In both cases it is indicative, and we rarely have reality so nice 
as to know the details, or how many independent sources there are. Thus it 
is the intuitive, rather than the rigorous, theorems that are used in practice. 

We have repeatedly warned that rigor in one part of an application does 
not cover the lack of knowledge of the hypotheses of the rigorous theory. We 
must acknowledge, however, that in practice, in corporations, in science, in 
engineering, and in industry generally, this mistake is repeatedly made; a 
lot of different sources are combined and then the rigorously found bounds 
of uncertainty on many of the parts are taken to also cover the parts that 
are wild guesses at best. We have preferred to stress that in applications of 
the limit theorems rarely do we have much more than intuition to guide us. 
Radioactive decay and calls on a central office are examples where the limit 
theorems give good results. 

9.7 Zipf's Distribution 

Zipf [Z] observed that many kinds of data have the following property: if the 
items of each type are counted and then ranked we will have, approximately, 

(the number of items)(rank) = (constant) 

Taking logs (say to the base 10) we have 

log (number) + log (rank) = constant 

which in the log units is a straight line of slope -1. 
For example, one may take the U.S. Census data on the size of cities 

and plot log size vs. log rank, and generally you will find that for each 
census, from the earliest data to the present, that the numbers fall on lines of 
slope -1. Of course the largest cities will not fall exactly on the line; there 
will be a period when the city of Philadelphia is being surpassed by the city 
of Chicago as the city of second rank, and in turn Chicago is displaced later 
by Los Angles. But once past the first few cities, you will find that the tenth, 
hundredth, thousandth, and ten thousandth sized cities fall remarkably on 
the stated lines. 
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Similarly, it has been shown that the same rule applies to the usage 
of words in a book. Indeed, Zipf's book is filled with many, quite diverse 
examples of this rule. 

It must, however, be realized that the rule implies a basic unit of size 
below which we do not go. The population of cities goes by units (people), 
as does the number of times a given word appears in a text. If we went to 
fractions then since the harmonic series 

00 1 
E-: 
j=l ) 

diverges the total population would be infinite! Thus the analytic use of the 
continuous function'll = 1/:1: to represent the curve must be truncated at 
some finite point-the point where the area under the curve equals the total 
population of the study. 

The rule has been applied to so many different situations with such 
remarkable results that a theoretical basis has been long sought. Zipf tried to 
base it on the natural economy of the situation, following the then popular 
least action, least time, and least work laws that were of great importance in 
the growing field of mechanics. Due to the diversity of applications it seems 
to this author that no single derivation will be applicable for all situations, 
unless it is based on some statistical property of ranking things. It is clear 
from the nature of the the data that the curve must be monotonely decreasing, 
and there have been applications that suggest that the slope in not always 
exactly -1, but it is generally close. 

The application to cities we mentioned above means that in some sense 
the smaller sized cities "feel" the presence of all the other cities in the political 
unit being studied, that somehow they adjust their size to the rest of the 
entire unit -and when you do not find the straight line it is inferred, with 
some justice, that you do not have the proper large unit in which you are 
counting. Thus Zipf's law is a global measure of internal relationships within 
the general population being counted. But without a derivation from some 
basic principles one can only wonder what the deeper meaning of Zipf's rule is. 
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9.8 Summary 

We have given rather heuristic derivations of a few limiting distributions. The 
usual rigorous derivations are apt do deceive the user into thinking that Na­
ture supplies such limiting distributions, rather than realizing that they are 
convenient approximations to be used in estimating things. The normal ap­
proximation to bionomial sums is useful mainly for thinking about situations 
(modern computers can compute most binomial sums rapidly and accurately). 
Because Zipf's distribution has at present no good theoretical basis it is gener­
ally ignored in text books, but its prevalence required us to at least mention it. 
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An Essay On Simulation 

Simulation is better than reality! 

10.1 Introduction 

We have already done a number of simulations to check our theoretical 
deductions. They are also very useful when we are not able to compute the 
answer to the problem posed, and even more useful when in some situations 
it is very hard to cast the problem into a clean mathematical form suitable 
for mathematical solution. 

The development and spread of computers has greatly increased the 
number of simulations done, but the idea is not new. The Buffon (1707-1783) 
needle estimate of 'IT is an old example. In the late '20s the Bell Telephone lab­
oratories ran simulations of the behavior of proposed central office switching 
machines using a combination of girls with desk calculators plus some simple 
mechanical gear and random number sources. To solve a number of problems 
in particle physics Fermi did a some simulations back in the late '30s. Modern 
computers have popularized the idea and made many simulations relatively 
painless. This chapter merely indicates some of the possibilities of simulation 
as related to probability problems. 

It is not possible to give a precise definition of what a simulation is. 
Simulations on computers grade off into simulations in laboratories, and on in 
to classical laboratory experiments, which in their turn were often regarded 
as simulations of what would happen in the field. Thus we have to leave the 
concept undefined, but what we mean is fairly clear-it is the limits of the idea 
of a simulation that apparently cannot be defined sharply. In a sense machine 
simulations, (since they are usually cheaper than laboratory experiments and 

[327] 
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can often do what no real experiment can do), have brought us back to the 
Medieval scholastic approach of deciding by mere thinking what will happen 
in a given situation without looking at reality (Galileo, the founder of modern 
science, advocated looking at reality and opposed this conceptual approach, 
though he was guilty of using it himself many times.) 

10.2 Simulations for Checking Purposes 

The main use we have made of simulations has been to check results we 
computed. Such simulations are valuable, but have their disadvantages. For 
example, suppose the simulation and the theory disagree; what to do? The 
difference may be due to: 

(1) an error (bug) in the coding, 
(2) an error in the plan of the program so that it does not represent the 

problem, 
(3) a misinterpretation, for example you may have computed the median 

value and be comparing it with the expected value, 
(4) the theoretical result may be wrong, 
(5) you may be merely facing a sampling fluctuation. 

As you try to find the cause of the differences between the theoretical 
value and the simulation you may need to repeat the simulation a number 
of times, hence you must be able to use exactly the same run of random 
numbers again and again-something that you need to think about before 
starting the simulation! 

Sampling fluctuations, for reasonably sized samples, will not bother you 
much since you can often increase the size of the sample until it is very unlikely 
to be the cause of the difference. But persistant small differences between the 
theory and the sample are troublesome, and should be pursued until you are 
satisfied as to the reason (it may be an approximation in the theory). 

10.3 When You Cannot Compute the Result 

Often you cannot analytically compute the results you want from the model, 
either because the mathematics at your command are inadequate, or because 
you simply cannot formulate the problem in a sufficiently mathematical form 
to handle it. Then, of course, you have only simulations and experiments 
to guide you. When experiment and simulation differ, that can be annoying 
but can also be a possibility for finding new things that the experimental­
ist never thought about. The difference should not be swept under the rug 
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and explained away as a sampling fluctuation; it is an opportunity to learn 
new things. 

It has been said, "The only good simulation is a dead simulation." and 
in the author's experience one result obtained at great labor (in those days) 
suggested in a few minutes the right way to think about the problem and hence 
how to derive the desired equations for the general case. Hence a simulation 
may show you how to solve a problem analytically. 

Example 10.3-1 Random Triangles in a Circle 

What is the probable area of a random triangle inside a unit circle? 
While with great effort this can be solved in closed form to get the 

result 35/(4811") == 0.2321009 ... it is easy to simulate and get an approximate 
answer. To get a random point in the circle you pick a pair of random numbers 
in the range 0 to 1 and transform them to the range -1 to + 1 by the simple 
transformation 

x' == -1 + 2x 

You then calculate the sum of the squares to find if the point is inside the unit 
circle. About 1 - 11"/4 of the time you will be outside and have to compute a 
new point inside the circle. Thus to get a random triangle you will need about 
4 trial points per triangle. You can now compute the area by the standard 
formula 

1 Xl Yl 

A = ~ 1 X2 Y2 

1 X3 Y3 

and take the absolute value of this result to get a positive area. You are not 
going to get the exact answer by this simulation, but it is likely that you 
can get a good enough result for most engineering purposes. It is certainly 
easier and faster than the theoretical computation, but for a theoretician 
less interesting. 

Exercises 10.3 

10.3-1 Simulate finding the area of the triangle in Example 10.3-1. 

10.3-2 Simulate the area of a random triangle in a square. 

10.3-3 Compute and simulate the probability of a unit circle falling at ran­
dom completely in a square of side 2 if the center is randomly chosen in 
the square. 

10.3-4 If two points fall in the unit square and determine a line, find the 
probable distance of a third random point from the line. [Hint: use the normal 
form of the line.] 
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10.4 Direct Simulations 

Most simulations are devoted to comparing alternate designs so that a good 
design can be found. Hence it is often the differences between simulations 
more than the actual numbers that matter. 

For purposes of discussion we shall assume that we are concerned with 
the possible "blocking of calls" in a proposed central office. Suppose we have 
100 recorded cases of when a phone call is placed and how long it lasted. To 
see how things would go with the proposed central office we could simply use 
these 100 cases and see, trying one call after the other, what would happen 
(with of course an inital state of the central office also assumed). From the 
simulation we could assert that had the central office been in that state at 
the start and seen that previously recorded set of 100 calls then what we 
simulated would have been what would have been seen (assuming of course 
that the simulation is accurate). By trying the same sequence of calls on 
the alternate designs we could evaluate which design would have done better 
(in terms of the measure of success we have decided on) for that particular 
sequence of calls. 

In the beginning of the design, when a reasonable fraction of proposed 
designs will be better than the current one, this simple proceedure will tend 
to approach a good design. But when you are near an optimum then most 
variations of the design will be poorer than the current one, and due to the 
chance fluctuations of the simulation (the actual sample you used) on a single 
step of the optimization you would often choose an inferior design over a better 
one. Hence as you near an optimal design you need to increase the number 
of calls simulated before deciding which design is preferable. 

One way to increase the number of trial calls is simply run through 
the list several times, and since almost surely the inital state of the central 
office would be different for each sequence of the 100 trials you will get new 
information about the behavior of the design. 

This exact repetition of the same sequence of calls leaves one with an 
uneasy feeling that some peculiar feature of the sequence might just happen 
to favor one possible design over the others. Hence you think that maybe you 
should select the next call at random from the list of 100 recorded calls. 

This raises the question, "Sampling with or without replacement?" es­
pecially if you intend to run through say 4 or 5 hundred calls. We showed 
in Example 3.6-3 that without replacement then a sequence of 100 random 
choices would get every recorded call, but that with replacement you could 
expect to miss about lIe of the original recorded calls. Of course on the sec­
ond or still later repetition of 100 calls you would get some of them. Still, 
using sampling without replacement each recorded call would enter equally in 
the final simulation, while with replacement there would a fair amount of un­
equal representation in the number of times various apparently equally likely 
original calls were represented in the simulation. Of course you can say that 
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due to the random sampling the result is unbiased, but unequal representa­
tion of the original data in the simulation leaves one feeling dubious about 
the wisdom of sampling with replacement. 

It should be noted that obviously the same sequence of random choices 
should be used in each comparative trial since this will reduce the variability 
in the comparisons (without improving the reliability of anyone simulation). 

Exercises 10.4 

10.4-1 Show that 1/e2 
...... 0.135 is a good estimate for the number of missed 

items in taking 200 samples from 100 items when sampling with replacement. 

10.4-2 Similarly, that for 300 samples you will miss about 5%. 

10.4-3 Show how to randomly sample without replacement a list of n items. 

10.5 The Use of Some Modeling 

It may be that from other sources you have reason to believe that the inter­
arrivals times of the calls are closely modeled by an appropriate exponential 
distribution. If this assumption is correct then you can use the recorded data 
only for the length of calls and use random times from the appropriate expo­
nential distribution to simulate the times the calls occur. 

If the assumption of the appropriate exponential distribution is indeed 
valid then, since you have put in more information, you will get better results. 
But if it is not an accurate representation then you have done yourself harm. 
It is the same situation as in the use of non parametric or parametric statistics; 
nonparametric statistics gives poorer bounds than parametric statistics, but 
if the assumed model is seriously wrong then the parametric statistics result 
is almost surely worse! Similarly, when you model the time of occurence and 
the duration of the calls, then insofar as you get them correct the simulation 
will be better, and insofar as you get them wrong you will get worse answers, 
though the statistical estimates will indicate better results! 

There are, however, other aspects that need to be discussed. In all the 
above there is clearly the assumption that the future will be like the past. 
Of course if you have knowledge of trends these can be incorporated into 
the simulation-at the risk of being worse off if your trend assumptions are 
bad. There is, always, the assumption that the sample you originally have is 
typical and not peculiar, so there is always the problem of the original data 
being misleading. 

Another aspect, greatly neglected by the experts, is the question of the 
believability of the simulation by those who have the power of decision. In 
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an inventory simulation, once I realized that the vice presidents who would 
make the decision were quite intelligent but wary of hi falutin' mathematics 
(perhaps justly so!), I therefore used only the simplest modeling and I could 
then state, "If you had used the proposed inventory rules at the time the 
data was gathered then you would have seen the results we exhibited (with 
the quibble that some few events were missed and some few would not have 
occurred)." This simulation carried enough conviction to produce further 
work on their part. 

Therefore, before you start any simulation thought should be given to 
this point-for whom is the simulation being done? Who has the power of 
decision? If they are not willing to act on your simulation then for whom is it 
being done? Yourself? (The latter may well be true!) The crude simulation 
mentioned above produced action, especially as we could (and did) turn over 
the crude method to their people to be run on their machines. We did not 
remain in the loop of computing beyond teaching them how to run the simu­
lation, what it meant, and then stood beside them, as it were, whenever they 
asked for help. Thus the use of elaborate simulation models to meet ideal 
conditions, rather than practical needs, is often foolish. On the other hand, 
if the deciders lack confidence in their own judgements then they are apt to 
want every known effect included, whether or not it is significant. How you 
go about a simulation depends somewhat on your understanding of the minds 
of the consumers. 

It is remarkable how many simple simulations can be done with merely 
paper and pencil, and at most a hand calculator. Such simulations often 
reveal "what is going on" so that you can then approach the problem with 
the proper analytical tools and get solutions which are "understandable by 
the human mind" rather than get tables of numbers and pictures of curves. 
Indeed, after every simulation the results should be closely inspected in the 
hopes of gaining insight and hence long term progress. 

It should be noted that there are often situations in which it is difficult to 
describe the system under study in standard mathematical notation. In many 
of the above kinds of simulations all one needs are the logical relationships 
between the parts, and when and where things happen to the system. This 
is a great advantage in ill-explored areas where the backlog of mathematical 
formulations and results has not yet been built up. 
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10.6 Thought Simulations 

We have already illustrated in the text a number of thought (gedanken) sim­
ulations. For example, in the gold and silver coin problem, Example 1.9-1 
and following, we imagined several different simulations, noting which cases 
were eliminated, how many trials there were, and how many were successes. 
From this we understood why the analytical results were reasonable. Had 
we not had the analytical result the corresponding thinking might well have 
led us to a good estimate of the result, and likely indicated how to get the 
analytical answer. 

This method of thought experiments is very useful when not much is 
known or understood; you merely imagine doing the simulation, and then by 
mentally watching it you often see the underlying features of the problem. It 
may, at times, be worth thinking of the detailed programming of the proposed 
simulation on some computer even if you have no intention of doing it-the 
act of programming, with its demands on explicitly describing all the details, 
often clarifies in your mind the muddled situation you started with. 

10.7 Monte Carlo Methods 

At present the name of Monte Carlo (which comes from the name of the fa­
mous gambling place) is used to refer to any simulation that uses random 
numbers. Originally it was used to cover those problems which were deter­
ministic and where there was a random problem which would lead to the same 
set of equations. Thus solving the random problem gave an estimate of the 
solution of the corresponding deterministic problem. Buffon's needle is an 
example of replacing the computation of a perfectly definite number 11" with 
the simulation of a random situation that has the same solution. 

If you are going to do a large Monte Carlo problem then it is wise to look 
at the topic of "swindles," the deliberate introduction of negative correlations 
to reduce the variability. For example, in the Buffon needle problem if we 
replace the needle by a cross of two needles, then on anyone toss if one bar of 
the cross does not intersect a line then it is highly likely that the other bar will 
produce an intersection. In this fashion we see the reduction of the variance 
and hence the reduction in the number of trials (for a given reliability) used 
to estimate the number. 
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10.8 Some Simple Distributions 

One usually has a random number generator that has been supplied, either 
on the hand calculator you own, on the personal computer you have, or on 
the large central computing facility. The random number generator usually 
produces 1/4 of all the possible numbers that can be represented in the format 
used, and are uniformly distributed in the range of 0 to 1, [H, p. 138]. The 
generator goes through the whole set and then exactly repeats the sequence. 
Thus one may regard them as doing a random sampling without replacement. 
If you were to remove the lower digits of the numbers from the generator 
then you would have each number in the sequence repeated exactly the same 
number of times when you got around the whole loop. If you want truly 
random numbers, meaning among other things sampling with replacement, 
then the random number generator does not deliver what is wanted. 

After years of effort on the problem there is still no completely satisfac­
tory random number generator, and unless you are willing to devote a very 
large amount of effort you will probably settle for the generator supplied. You 
are advised, however, because there are still a number of very bad generators 
in use, to make a few of your own tests that seem to be appropriate for the 
planned use before using it. 

We often need random samples from distributions other than the flat dis­
tribution which the random number generator supplies. To get numbers from 
an other distribution, f(y), we start with the uniform distribution between 0 
and 1 and equate the corresponding points on their respective cumulative 
distributions, that is we set 

1'" 1 dX' = 111 f(t) dt = F(y) 
o -00 

Thus we have the equation 

F(y) X' 

If we can analytically invert the function F(y) we have the corresponding 
transformation 

to make on each random number X' from the uniform generator. 
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Example 10.8-1 Tbe Exponential Distribution 

Suppose we want random numbers from the distribution f(y) = exp( -V). As 
above we get 

Solving for y we get 
y:.-ln(l-x) 

but since x is uniform from 0 to 1 we can replace 1 - x by x to get 

y = -lnx 

as the transformation. 

You cannot invert analytically the cumulative distribution of the normal 
distribution, so we have to resort to some other approach. 

Example 10.8-2 Tbe Normal Distribution 

To get random numbers from a normal distribution you can add 12 numbers 
from the flat generator and subtract 6 (see Example 5.6-2). The mean of the 
random number generator is 1/2 so that the subtraction of 6 from the sum 
givei! a mean of exactly O. Since the variance of the original flat distribution 
is 1/12 the 12 independent numbers give a distribution with variance exactly 1. 

The above could be expensive of machine time, and if you are going to 
use a large amount of machine time generating the numbers from a normal 
distribution in your simulation then you need to look farther into the known 
methods of getting them cheaper-however, if you try to develop your own 
it may well take more machine time to test out your ideas than you will 
probably save! 

In table 9.4-1 we saw that even the sum of 3 random numbers from the 
flat random number generator closely approximated the normal distribution; 
the sum of 12 naturally does much better. But of course all your numbers will 
be within ±6u. Table 9.2-2 shows that the tails of the normal distribution are 
negligible at 4u, and they are infinitessimal at 6u since we have about 2 x 10-9 

outside the range and we can safely ignore the tails except in simulations which 
depend heavily on the effects of the tails. 
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EX8Dlple 10.8-3 The Reciprocal Distribution 

To get mantissas for simulating floating point numbers from the reciprocal 
distribution we rely on the observation that succesive products from a flat 
distribution, (provided we shift off any leading digits that are 0, rapidly ap­
proaches the reciprocal distribution. That is, we use the simple formula, where 
the Xi are the random numbers from the uniform distribution and the Yi are 
those we want, 

(shift) 

with shifting to remove any leading zeros in the products. Tests show that 
this is remarkably effective, [H; p. 144]. 

This is not a book on statistics; in such books you can often find methods 
of generating random numbers from all kinds of distributions, so we will not 
go on developing them here. It is sufficient to say that most distributions have 
fairly simple methods of generating random numbers from them. 

10.9 Notes on Programming Many Simulations 

If you plan to do many different simulations in the course of your career, it is 
wise to think about taking the time, as you do the individual ones, to build 
the tools for the class of simulations you expect to meet in the future. Of 
course you want to get the current simulation done, and to build a general 
purpose subroutine to do various parts seems to be a waste of time (now), but 
a good workman builds the tools to do his trade. No small set of subroutines 
can be given since individuals tend to work in various areas and therefore have 
different needs. It is foolish to try to build the whole library before you ever 
start; it is equally foolish never to build any parts at all. Each person should 
think through their needs. There are, of course, packages that are designed 
for such purposes, but again the effort to get one, then domesticate it on 
your particular machine, is apt to be much more than most people initially 
think it will be. The library programs will, generally speaking, be better than 
those you build for yourself, but building them yourself means that you will 
understand their peculiarities, and not be misled by some odd feature you 
never thought about when doing the simulation-thus potentially vitiating 
the whole effort with no warning! 
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10.10 Summary 

Simulations, now that computers are widely available, are very practical, es­
pecially in the field of probability, and their value is apt to be overlooked 
by theoreticians as being beneath their dignity. But amateurs are apt to 
overestimate their value and reliability. 

Crude simulations done early in the problem can give valuable guidance 
towards how to solve the problem; accurate simulations are often very expen­
sive (but running a personal computer all night does not use a lot of electricity 
nor produce much wear and tear on the computer). 

Even after an analytic result is obtained, the numerical simulation may 
shed light on why the result is the way it is-in probability problems we often 
have a poor intuition so that the details of the simulation may illuminate 
many a dark corner of our experience. 
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