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Classical First-Order Logic 1

1 Introduction

Logic surely has something to do with reasoning. We say that someone has
reasoned poorly about something if they have not reasoned logically, or that
an argument is bad because it is not logically valid. There has been much
speculation over just what types of logical systems are appropriate for guid-
ing deductive reasoning. Some have suggested that classical first-order logic is
the ideal for guiding reasoning (for example, see Quine (1986), Resnik (1996)
or Rumfitt (2015))." Classical first-order logic has occasionally been dubbed
“the one true logic.”

Though there is much debate about the underlying issues, it is safe to say
that classical first-order logic has been prevalent in mathematics and philos-
ophy over the past century or so. There are good reasons for this. Classical
first-order logic has rules which are more or less intuitive, and it is surprisingly
simple given its strength. Plus, it is both sound and complete.” As is common
in philosophy, however, there is no consensus on the primary status of classical
first-order logic. As indicated in Section 6, there are certain expressive limita-
tions to first-order logic and, as indicated in the later sections (7-9), there are
serious, well-developed rivals to classical logic.

This Element will examine classical first-order logic and then provide
a more thorough understanding of it by exploring some alternative logics.
In the first half, we provide the details of classical first-order logic. Then,
we consider three alternatives to the system we develop: classical higher-
order logic (Section 7), intuitionistic logic (Section 8), and para-consistent
logics (Section 9).?

CLASSICAL FIRST-ORDER LOGIC
2 Formal System

For our purposes, a logic includes a formal language and a deductive sys-
tem and/or a model-theoretic semantics.* A formal language is like a natural

When discussing critical thinking and argument analysis, classical first-order logic, is usually,
but not always, the starting point. See, for example, Stebbing (1939) and Woods (2021).

We say what this means below.

There are a number of alternatives to classical first-order logic that we will not have space
to cover here. In particular, we omit modal logics (see Marcus (1995), for example) and
substructural logics (see Restall (2000), amongst others).

Sections 2-6 are based on Shapiro and Kouri Kissel (2020). More complete proofs and proof
sketches can be found there, or in most textbooks for formal logic. We include here only a few
of the complete proofs: those that are required to prove unique readability, as an example of
how proofs often go, and a proof of theorem 4.5 (The rule of Cut) Not all logics have both a
deductive system and model theory, but we will develop both for classical first-order logic here.

woN
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2 Philosophy and Logic

language, such as English, Japanese, or Swahili, but with explicit and sim-
ple rules of composition. It has terms and components which come together
in a grammatical way. The deductive system is meant to capture reason-
ing presented in the language. The model theory gives meanings to the
terms in the language, and tells us which propositions are true in various
interpretations.

Section 3 develops a formal language with a rigorous syntax and grammar.
The formal language is a recursively defined collection of strings on a fixed
alphabet. Items in the formal language do not mean anything on their own — they
need the deductive system and model theory to give them meaning. Some items
correspond to items in natural language, and the deductive system and model
theory are designed to preserve this correspondence, at least approximately. An
argument is a non-empty collection of sentences in the formal language, one
of which is designated to be the conclusion. The other sentences (if any) in an
argument are its premises.

Section 4 sets up a deductive system for the language, in the spirit of natural
deduction. An argument is derivable if there is a deduction from some or all of
its premises to its conclusion. Section 5 provides a model-theoretic semantics.
An argument is valid if there is no interpretation (in the semantics) in which
its premises are all true and its conclusion false. This reflects the long-standing
view that a valid argument is truth-preserving.

In Section 6, we explore the relationship between the deductive system and
the model-theoretic semantics. We will be interested mostly in the relationship
between derivability and validity. We sketch two important theorems. The first,
soundness, will show that no deduction can start with a true premise and end
with a false conclusion. So, if an argument is derivable, then it is valid. Prov-
ing this shows that deductions preserve truth. The second, completeness, is the
converse of soundness. It shows that if an argument is valid, then it is derivable.
This demonstrates that there are “enough deductions”: all valid arguments are
derivable. We also briefly indicate other features of the logic, some of which
are corollaries to soundness and completeness.

3 Language

Here we develop the basics of the formal language we will use for classical
logic. As noted, a formal language is a recursively defined set of strings on a
fixed alphabet. Some parts of the formal language correspond to some parts
of natural language. This correspondence is not really a part of the formal
language, but noting these correspondences can help motivate the system.
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Classical First-Order Logic 3

3.1 Building Blocks

We start with analogues of singular terms, sometimes just called terms. These
are linguistic items whose function is to denote a person or object. We assume
a stock of individual constants. These are lower-case letters, near the beginning
of the Roman alphabet, with or without numerical subscripts:

a,ay, by, c,dy, etc.

Constants are an analogue of proper names. We allow ourselves an infinity
of individual constants. Each constant is a single character, and so individual
constants do not have an internal syntax. Thus, we have an infinite alphabet.’

There are two roles that constants play. One is like that of proper names,
where a constant denotes a specific object or person (in each interpretation).
The other is to denote specific, but unspecified (or arbitrary), objects and
persons.°

We also assume a stock of individual variables. These are lower-case letters,
near the end of the alphabet, with or without numerical subscripts:

W, X, V12,2, 24, €tC.

Variables are used to express generality. In ordinary language, some uses of
pronouns play the latter role, as in “When a dog is angry, it growls.”’

We next introduce function symbols. These allow complex terms correspond-
ing to: “5 + 3” and “the Marvel character played by Chadwick Boseman,” or
terms containing variables, like “the sister of x” and “x/y.” Function symbols
are lower-case letters, near the middle of the alphabet:

f,g,h, etc.
Each function has an arity, that is, the number of arguments it takes.

We now give a recursive definition of the ferms of the language:

1. All individual constants and all variables are terms.

2. If t1,...t, are terms and f'is an n-place function symbol, then f7; .. .1, is a
term.

3. That’s all folks: every term is constructed in accordance with (1) and (2).

A term is closed if it contains no variables.
For each natural number n, we introduce a stock of n—place predicate let-
ters. These are upper-case letters at the beginning or middle of the alphabet.

[}

This could be avoided by taking a constant like d55, for example, to consist of three characters,
a lowercase “d” followed by a pair of subscript “2”’s.

Some authors use (free) variables for this role; others use different symbols for this, sometimes
called “individual parameters.”

Another use of pronouns is to denote a specific object or person, as supplied by the context. The
formal language has no analogue of this.
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4 Philosophy and Logic

A superscript indicates the number of places, and there may or may not be
a subscript. For example, 4°, B3, D?, etc, are three-place predicate letters. We
often omit the superscript when no confusion will result. We also add a special
two-place predicate symbol “=" for identity.

Zero-place predicate letters are sometimes called “sentence letters.” They
correspond to freestanding sentences whose internal structure does not mat-
ter. One-place predicate letters, called “monadic predicate letters,” correspond
to linguistic items denoting properties, adjectives, or common nouns like
“woman,” “large,” or “prime number.” Two-place predicate letters, called
“binary predicate letters,” correspond to linguistic items denoting binary rela-
tions, like “is a parent of” or “is shinier than.” Three-place predicate letters
correspond to three-place relations, like “lies on a straight line between.” And
SO on.

The non-logical terminology of the language consists of its individual con-
stants and predicate letters. The symbol “=", for identity, is not a non-logical
symbol. In taking identity to be logical, we provide explicit treatment for it in
the deductive system and in the model-theoretic semantics. Most authors do the
same, but there is some controversy over the issue (see Quine (1986) Chapter
5). If K is a set of constants and predicate letters, then we give the fundamen-
tals of a language L 1K= built on this set of non-logical terminology. It may
be called the first-order language with identity on K. A similar language that
lacks the symbol for identity (or which takes identity to be non-logical) may be
called L1K, the first-order language without identity on K.

3.2 Atomic Formulas

If VVis an n-place predicate letter in K, and ¢, . . ., #,, are terms of K, then V7, . . . ¢,
is an atomic _formula of £1K=. Examples of atomic formulas include:
P*xaab,C'x,C'a,D°, A3 aba.
The last one is an analogue of a statement that a certain relation (4) holds
between the objects (a, b, a). If t; and 1, are terms, then #; = 2, is also an atomic
formula of £1K=. It corresponds to an assertion that #; is identical to #,.
If an atomic formula has no variables, then it is called an atomic sentence. If
it does have variables, it is called open. In the above list of examples, the first
and second are open; the rest are atomic sentences.

3.3 Compound Formulas

The final items of the lexicon are:
AV, =Y, 3,()
We give a recursive definition of a formula of L1K=:
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Classical First-Order Logic 5

1. All atomic formulas of £ 1K= are formulas of L1K=.
2. If 6 is a formula of L 1K=, then so is —6.

A formula corresponding to —6 roughly “says” that it is not the case that 6. The

w_

symbol “=" is called “negation,” and is a unary connective.

3. If 6 and ¢ are formulas of L1K=, then so is (6 A ¢).

The wedge “A” corresponds to the English “and” (when “and” is used to con-
nect sentences). So (0 Ay) can be read “0 and ¢.”” The formula (6 A ¢) is called
the “conjunction” of 6 and .

4. If 0 and ¢ are formulas of L1K=, then so is (6 V ¥).

The symbol “V” corresponds to “either ... or ... or both,” so (6 V ) can be
read “0 or ¢.” The formula (6 V ) is called the “disjunction” of 6 and .

5. If 6 and ¢ are formulas of £1K=, then so is (0 — ¥).

The arrow “—” roughly corresponds to “if ... then ... ,” so (§ — ) can be
read “if 6 then ¢ or “6 only if .”

The symbols “A,” “V,” and “—” are called “binary connectives,” since they
serve to “connect” two formulas into one. Some authors introduce (6 < ) as
an abbreviation of (8 — ) A (¥ — 0)). The symbol “<” is an analogue of
the locution “if and only if.”

6. If @ is a formula of £1K=and v is a variable, then Vv0 is a formula of L1K=.
The symbol “V” is called a universal quantifier, and is an analogue of “for all”;
so Vv can be read “for all v,0.”

7. 1f 0 is a formula of £ 1K= and v is a variable, then 3v0 is a formula of L1K=.

The symbol “3” is called an existential quantifier, and is an analogue of “there
exists” or “there is”; so 3vf can be read “there is a v such that 6.”

8. That’s all folks: all formulas are constructed in accordance with rules

(1H=.

Clause (8) allows us to do inductions on the complexity of formulas. If a
certain property holds of the atomic formulas and is closed under the operations
presented in clauses (2)—(7), then the property holds of all formulas. Here is a
simple example:

Theorem 3.1 Every formula of L1K= has the same number of left and right
parentheses. Moreover, each left parenthesis corresponds to a unique right

parenthesis, which occurs to the right of the left parenthesis. Similarly, each
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6 Philosophy and Logic

right parenthesis corresponds to a unique left parenthesis, which occurs to the
left of the given right parenthesis. If a parenthesis occurs between a matched
pair of parentheses, then its mate also occurs within that matched pair. In other
words, parentheses that occur within a matched pair are themselves matched.

Proof. By clause (8), every formula is built up from the atomic formulas using
clauses (2)—(7). The atomic formulas have no parentheses. Parentheses are
introduced only in clauses (3)—(5), and each time they are introduced as a
matched set. So at any stage in the construction of a formula, the parentheses
are paired off.

We next define the notion of an occurrence of a variable being free or bound
in a formula. A variable that immediately follows a quantifier (as in “Vx” and
“3y”) is neither free nor bound. We do not even think of those as occurrences of
the variable. All variables that occur in an atomic formula are free. If a variable
occurs free in 6 or in ¢, then that same occurrence is free in =6, (0 Ay ), (O V ),
and (0 — ). The same goes for bound variables. That is, the (unary and binary)
connectives do not change the status of variables that occur in them. All occur-
rences of the variable v in 8 are bound in Yv6 and 3v6. Any free occurrences of
vin 6 are bound by the initial quantifier. All other variables that occur in 6 are
free or bound in Vv and 3v0, as they are in 6.

For example, in the formula (Ix(4xy VBx) A Bx), the occurrences of “x” in
Axy and in the first Bx are bound by the quantifier. The occurrence of *y” and
the last occurrence of “x” are free. In Vx(4x — JxBx), the “x” in Ax is bound by
the initial universal quantifier, while the other occurrence of x is bound by the
existential quantifier. The above syntax allows this “double-binding.” Although
it does not create any ambiguities (see below), we will avoid such formulas, as
a matter of taste and clarity.

The syntax also allows so-called vacuous binding, as in YxBc. This, too, will
be avoided in what follows. Some treatments of logic rule out vacuous binding
and double binding as a matter of syntax. That simplifies some of the treatments
below and complicates others.

Free variables correspond to placeholders, while bound variables are used to
express generality. If a formula has no free variables, then it is called a sentence.
If a formula has free variables, it is called open.

3.4 Features of the Syntax

Before turning to the deductive system and semantics, we mention a few fea-
tures of the language as developed so far. This helps draw the contrast between
formal languages and natural languages like English.
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Classical First-Order Logic 7

We assume at the outset that all of the categories are disjoint. For example,
no connective is also a quantifier or a variable, and the non-logical terms are
not also parentheses or connectives. Also, the items within each category are
distinct. For example, the sign for disjunction does not do double-duty as the
negation symbol, and, perhaps more significantly, no two-place predicate is
also a one-place predicate.

One difference between natural languages like English and formal languages
like £ 1K= is that the latter are not supposed to have any ambiguities. The policy
that the different categories of symbols do not overlap, and that no symbol does
double-duty, avoids the kind of ambiguity, sometimes called “equivocation,”
that occurs when a single word has two meanings: “I’ve got a bat in my garage”
(a piece of baseball equipment or a flying mammal?). But there are other kinds
of ambiguity. Consider the English sentence:

Mohammed is tall and Xenia is smart or James is silly.

It can mean that Mohammed is tall and either Xenia is smart or James is silly,
or else it can mean that either both Mohammed is tall and Xenia is smart, or
else James is silly. An ambiguity like this, due to different ways to parse the
same sentence, is sometimes called an “amphiboly.” If our formal language did
not have the parentheses in it, it would have amphibolies. For example, there
would be a “formula” 4 A BV C. Is this supposed to be (4 A B) vV C), or is it
(4 A (B V C))? The parentheses resolve what would be an amphiboly.

Can we be sure that there are no other amphibolies in our language? That
is, can we be sure that each formula of £1K= can be put together in only one
way? The answer is yes, and our next task is to show this.

Let us temporarily use the term “unary marker” for the negation symbol (—)
or a quantifier followed by a variable (e.g., Vx, 3z).

Lemma 3.2 Each formula consists of a string of zero or more unary markers
followed by either an atomic formula or a formula produced using a binary
connective, via one of clauses (3)—(3).

Proof. We proceed by induction on the complexity of the formula or, in other
words, on the number of formation rules that are applied. The Lemma clearly
holds for atomic formulas. Let n be a natural number, and suppose that the
Lemma holds for any formula constructed from n or fewer instances of clauses
(2)—(7). Let 6 be a formula constructed from n + 1 instances. The Lemma holds
if the last clause used to construct 6 was either (3), (4), or (5). If the last clause
used to construct 6 was (2), then 8 is —. Since ¢ was constructed with n
instances of the rule, the Lemma holds for ¢ (by the induction hypothesis),
and so it holds for §. Similar reasoning shows the Lemma to hold for 6 if the
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8 Philosophy and Logic

last clause was (6) or (7). By clause (8), this exhausts the cases, and so the
Lemma holds for 6, by induction.

Lemma 3.3 Ifaformula 6 contains a left parenthesis, then it ends with a right
parenthesis, which matches the leftmost left parenthesis in 6.

Proof. This proof also proceeds by induction on the number of instances of
(2)—(7) used to construct the formula. Clearly, the Lemma holds for atomic for-
mulas, since they have no parentheses. Suppose, then, that the Lemma holds
for formulas constructed with n or fewer instances of (2)—(7), and let 6 be con-
structed with n + 1 instances. If the last clause applied was (3)—(5), then the
Lemma holds since 6 itself begins with a left parenthesis and ends with the
matching right parenthesis. If the last clause applied was (2), then 6 is -, and
the induction hypothesis applies to . Similarly, if the last clause applied was
(6) or (7), then 6 consists of a quantifier, a variable, and a formula to which we
can apply the induction hypothesis. It follows that the Lemma holds for 6.

Lemma 3.4 Each formula contains at least one atomic formula.

Proof. The proof again proceeds by induction on the number of instances of
(2)—(7) used to construct the formula.

Theorem 3.5 Let «, B be nonempty sequences of characters on our alphabet,
such that apf (i.e., a followed by B) is a formula. Then « is not a formula.

Proof. If @ contains a left parenthesis, then the right parenthesis that matches
the leftmost left parenthesis in @8 comes at the end of @3, and so the matching
right parenthesis is in 8. So, @ has more left parentheses than right parentheses.
By Theorem 3.1, @ is not a formula. So now suppose that @ does not contain
any left parentheses. By Lemma 3.2, @8 consists of a string of zero or more
unary markers followed by either an atomic formula or a formula produced
using a binary connective, via one of clauses (3)—(5). If the latter formula was
produced via one of clauses (3)—(5), then it begins with a left parenthesis. Since
« does not contain any parentheses, it must be a string of unary markers. But
then @ does not contain any atomic formulas, and so by Lemma 3.4, « is not a
formula. The only case left is where a8 consists of a string of unary markers
followed by an atomic formula, either in the form ¢, =, or Pt; .. .t,. Again,
if « just consisted of unary markers, it would not be a formula, and so @ must
consist of the unary markers that start o3, followed by either ¢#; by itself, #| =
by itself, or a predicate letter P, and perhaps some (but not all) of the terms
t1,...,t,. In the first two cases, @ does not contain an atomic formula, by the
policy that the categories do not overlap. Since P is an n-place predicate letter,
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Classical First-Order Logic 9

by the policy that the predicate letters are distinct, P is not an m-place predicate
letter for any m # n. So the part of « that consists of P followed by the terms is
not an atomic formula. In all of these cases, then, @ does not contain an atomic
formula. By Lemma 3.4, « is not a formula.

These theorems are enough to show that there is no amphiboly in our lan-
guage. Though just an indication of how the proof goes is provided here, the
reader can find the complete proof in Shapiro and Kouri Kissel (2020).

Theorem 3.6 Let 0 be any formula of L1K=. If 0 is not atomic, then there is
one and only one among (2)—(7) that was the last clause applied to construct 6.
That is, 6 could not be produced by two different clauses. Moreover, no formula
produced by clauses (2)—(7) is atomic.

Proof. This proof considers each of clauses (2)—(7) in turn to show there is no
amphiboly for any of them. By Clause (8), either 6 is atomic or it was produced
by one of clauses (2)—(7). Thus, the first symbol in 6 must be either a predicate
letter, a term, a unary marker, or a left parenthesis. If the first symbol in 6 is a
predicate letter or term, then 6 is atomic. In this case, 6 was not produced by any
of (2)—(7), since all such formulas begin with something other than a predicate
letter or term. If the first symbol in 6 is a negation sign “=,” then 6 was produced
by clause (2), and not by any other clause (since the other clauses produce
formulas that begin with either a quantifier or a left parenthesis). Similarly, if 6
begins with a universal quantifier, then it was produced by clause (6), and not
by any other clause, and if 8 begins with an existential quantifier, then it was
produced by clause (7), and not by any other clause. The only case left is where
0 begins with a left parenthesis. In this case, it must have been produced by one
of (3)—(5), and not by any other clause. We only need to rule out the possibility
that 6 was produced by more than one of (3)—(5). To take an example, suppose
that 6 was produced by (3) and (4). Then 0 is (] A ;) and 6 is also (Y3 V ¥a),
where Y1, 2,3, and 4 are themselves formulas. That is, (] A ¢;) is the very
same formula as (Y3 V ¥4). By Theorem 3.5, | cannot be a proper part of i3,
nor can Y3 be a proper part of ;. So | must be the same formula as 3. But
then “A” must be the same symbol as “V,” and this contradicts the policy that
each of the symbols are different. So 6 was not produced by both Clause (3)
and Clause (4). Similar reasoning takes care of the other combinations.

This result is sometimes called “unique readability.” It shows that each for-
mula is produced from the atomic formulas via the various clauses in exactly
one way. If 6 was produced by clause (2), then its main connective is the initial

113

—.” If 8 was produced by clauses (3), (4), or (5), then its main connective is
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10 Philosophy and Logic

(6) or (7), then its main connective is the initial quantifier. We apologize for the
tedious details. We included them to indicate the level of precision and rigor
for the syntax.

4 Deduction

We now introduce a deductive system, D, for our languages. As above, we
define an argument to be a non-empty collection of sentences in the formal lan-
guage, one of which is designated to be the conclusion. If there are any other
sentences in the argument, they are its premises. We use “I',” “I"’,)” “T'},” etc., to
range over sets of formulas, and we use the letters “¢,” “y,” “0,” uppercase or
lowercase, with or without subscripts, to range over single formulas. We write
“I,I"”” for the union of " and I'’, and “T’, ¢” for the union of I" with {¢}.

We write an argument in the form (I, ¢), where I is a set of sentences, the
premises, and ¢ is a single sentence, the conclusion. Remember that I may
be empty. We write I' + ¢ to indicate that ¢ is deducible from T', or, in other
words, that the argument (I, ¢) is deducible in D. We may write I +p ¢ to
indicate the deductive system D. We write + ¢ or Fp ¢ to indicate that ¢ can
be deduced (in D) from the empty set of premises. The rules in D are chosen
to match inferential relations concerning the English analogues of the logical
terminology in the language.

We define the deducibility relation by recursion. We start with a rule of
assumptions:

e (As) If ¢ is a member of T, then T" + ¢.

We thus have that {¢} + ¢; each premise follows from itself. We next pres-
ent two clauses for each connective and quantifier. The clauses indicate how
to “introduce” and “eliminate” sentences in which each symbol is the main
connective.

First, recall that “A” is an analogue of the English connective “and.” Intui-
tively, one can deduce a sentence in the form (6 A ¢) if one has deduced 6 and
one has deduced ¢. Conversely, one can deduce 6 from (6 A ), and one can
deduce ¢ from (60 A ¥):

o (N)IfT1 FOand I+, then T, + (60 AY).
e (AEYIfT F(@ AY), thenT + 0;andif T' + (0 A ), then T + .

The name “(AI)” stands for “A-introduction”; “(AE)” stands for “A-
elimination.”

Since the symbol “V” corresponds to the English “or,” (6 V ) should be
deducible from 6, and (6 V ¢) should also be deducible from i :
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Classical First-Order Logic 11

o (VDIfTFO,thenT' - (OVy);if 'y, thenT + (6 V y).

The elimination rule for V is a bit more complicated. Suppose that “6 or ¥ is
true. Suppose also that ¢ follows from 6 and that ¢ follows from ¢. One can
reason that if 6 is true, then ¢ is true. If instead  is true, we still have that ¢ is
true. So, either way, ¢ must be true.

o (VE)IfT | F(OVWY),I5,0F ¢and 3,4 + @, then T'[,15,15 + ¢.

For the next clauses, recall that the symbol “— is an analogue of the English
“if ... then ...” construction. If one knows, or assumes, (§ — ) and also
knows, or assumes 6, then one can conclude y. Conversely, if one deduces ¥
from an assumption 6, then one can conclude that (6 — ).

o (DI, 0+ Y, thenT + (0 — ¥).
o (E)IfT +(0 > y)and Iy + 0, then ', T + .

This elimination rule is sometimes called “modus ponens.” In some logic texts,
the introduction rule is proved as a “deduction theorem.”

Our next clauses are for the negation sign, “—.” The underlying idea is that
a sentence i is inconsistent with its negation —/; they cannot both be true. We
call a pair of sentences i, = contradictory opposites. 1f one can deduce such
a pair from an assumption 6, then one can conclude that 6 is false, or, in other
words, one can conclude —6.

o (W) IfI',0 + ¢ and 5,0 + =, then I, 1 + —0.

By (As), we have that {4,—-4} + A and {4,-A4} + —=A4. So by (=]) we have
that 4 + —=—A4. However, we do not have the converse yet. Intuitively, —=—60
corresponds to “it is not the case that it is not the case that 6.” One might think
that this last is equivalent to 8, and we have a rule to that effect:

e (DNE)IfT' + =6, thenT + 6.

The name (DNE) stands for “double-negation elimination.” There is some con-
troversy over this inference. In particular, intuitionistic logic does not sanction
the inference in question (see Dummett (2000) and Section 8 below). Depend-
ing on the intuitionist you look at, their motivations vary widely. But some, at
least, hold that in order for a sentence to be true, we need to be able to prove it.
This requires, for example, that for each true sentence, we have a proof proce-
dure available for it. Generally, just because we can prove a negation is false
(and so prove a double negated claim), this does not imply that we can prove
that the unnegated sentence is true. The method of proof in each case is very
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12 Philosophy and Logic

different, and we cannot be guaranteed to have a proof of 4, say, just because
we have a proof of =—4. So, intuitionistic logics do not allow (DNE) as a rule.

To illustrate the parts of the deductive system D presented thus far, we show
that - (4 vV —4):

i. {=(4V —4),4A} F =(4 V =A4), by (As).

il. {=(4V —A4),4} + A, by (As).

iii. {=(4V =A4),4A} + (4 V =4), by (VI), from (ii).

iv. {=(4V =4)}+ =4, by (=]), from (i) and (iii).

v. {=(4V =4),-4} F =(4 V =A4), by (As).

vi. {=(4V =A4),=A4} + =4, by (As).
vil. {=(4V =A4),=A4} + (A V =A), by (V]), from (vi).
viii. {=(4 V =4)} + ==4, by (=), from (v) and (vii).

iX. k(4 V =4), by (—I), from (iv) and (viii).

X. F (4 V =A4), by (DNE), from (ix).

The principle (6 V —6) is sometimes called the law of excluded middle. Like
(DNE), it is not valid in intuitionistic logic. Some sentences which have the
form of (LEM) will not be provable for the intuitionist. For example, we cannot
prove “The Goldbach conjecture is true or the Goldbach conjecture is false,”
since a proof of a disjunction would require us to be able to prove one disjunct,
and we do not know which of those disjuncts is true.

Let 6, -0 be a pair of contradictory opposites, and let ¢ be any sentence at all.
By (As) we have 6,-60,—¢ + 0 and 6,—60, - + =0. So, by (=), 6,=0 + ==
So, by (DNE) we have 6,—6 + . That is, anything at all follows from a pair
of contradictory opposites. Some logicians introduce a rule to codify a similar
inference:

IfI' + 6 and I, + =6, then, for any sentence ¢, "1, + .

The inference is sometimes called ex falso quodlibet (EFQ) or, more color-
fully, explosion. Some call it “—-elimination,” but perhaps this stretches the
notion of “elimination” a bit. We do not officially include (EFQ) as a sepa-
rate rule in D, but, as will be indicated below (Theorem 4.4), each instance of
it is derivable in our system D. Some logicians object to this inference (see
Section 9). Some of those logicians hold that in an acceptable argument, the
premises must be relevant to the conclusion. So, for example, they find infer-
ences from “2+2=5" to “snow is white” to be problematic, since the content of
the premise (2+2=5) played no actual role in deriving the conclusion (snow is
white). Inferences where the premises have no relation to the conclusion can
seem intuitively problematic, since they are very far from how we reason in
everyday life.
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Classical First-Order Logic 13

The next items are the clauses for the quantifiers. Let 6 be a formula, v a
variable, and ¢ a term (i.e., a variable, function, or a constant). Then define
6(v|?) to be the result of substituting 7 for each free occurrence of v in 6. So, if
0 is (Ox A IxPxy), then O(x|c) is (Qc A AxPxy). The last occurrence of x is not
free.

A sentence of the form Vv is an analogue of the English “for every v,0
holds.” So one should be able to infer 6(v|¢) from Vvé for any closed term ¢.

o (VE) IfT' + Vv0, then T + 6(v|¢), for any closed term ¢.

The idea here is that if Vv is true, then 8 should hold of ¢, no matter what ¢ is.

The introduction rule for the universal quantifier is a bit more complicated.
Suppose that a sentence 6(v|c) contains an individual constant ¢, and that 6(v|c)
has been deduced from a set of premises I'. If ¢ does not occur in any member
of T, nor in 6, then 6(v|c) will hold no matter which object ¢ may denote. That
is, Vv@ follows.

e (VI) For any constant ¢, if ' + 6(c|f), then " + Vv6, provided that ¢ does not
occur in I" or 6.

This rule (VI) corresponds to a common inference in mathematics. Suppose
that a mathematician says, “let n be a natural number” and goes on to show
that n has a certain property P, without assuming anything about n (except that
it is a natural number). She then reminds the reader that » is “arbitrary,” and
concludes that P holds for a/l natural numbers. The condition that the term ¢ not
occur in any premise is what guarantees that it is indeed “arbitrary.” It could be
any object, and so anything we conclude about it holds for any object.

The existential quantifier is an analogue of the English expression “there
exists,” or perhaps just “there is.” If we have established (or assumed) that a
given object ¢ has a given property, then it follows that there is something that
has that property.

e (3I) For any closed term ¢, if T + 6(v|t), then T + 3vd.
The elimination rule for 3 is not as simple:

e (JE) For any constant ¢, if I} + 30, and I5,0(v|c) + ¢, then T'|,I5 + ¢,
provided that ¢ does not occur in ¢, I';, or 6.

This elimination rule also corresponds to a common inference. Suppose that a
mathematician assumes or somehow concludes that there is a natural number
with a given property P. She then says, “let n be such a natural number, so
that Pn,” and goes on to establish a sentence ¢, which does not mention the
number 7. If the derivation of ¢ does not invoke anything about n (other than
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14 Philosophy and Logic

the assumption that it has the given property P), then n could have been any
number that has the property P. That is, n is an arbitrary number with property
P. Since ¢ does not mention #, it follows from the assertion that something has
property P. The provisions added to (3E) are to guarantee that c is “arbitrary.”®

The final items are the rules for the identity sign “=.” The introduction rule
is about as simple as can be:

e (=)' + ¢ =t, where ¢ is any closed term.

This “inference” corresponds to the truism that everything is identical to itself.
The elimination rule corresponds to a principle that if @ is identical to b, then
anything true of « is also true of b.

e (=E) For any closed terms ¢} and t,, if '] + t; = tp, and I, + 6, then T}, T +
6’, where 6’ is obtained from 6 by replacing one or more occurrences of ¢,
with #, and/or vice versa.

The rule (=E) indicates a certain restriction in the expressive resources of our
language. Suppose, for example, that Sal is identical to Harry (since his mis-
chievous parents gave him two names). According to most people’s intuitions,
it would not follow from this and “Samantha knows that Sal is bright” that
“Samantha knows that Harry is bright,” for the reason that Samantha might
not know that Sal is the same person as Harry. Contexts like this, in which
identicals cannot safely be substituted for each other, are called “opaque.” We
assume that our language £ 1K= has no opaque contexts.

One final clause completes the description of the deductive system D:

e (*) That’s all folks: I" + 6 only if 6 follows from members of I" by the above
rules.

Again, this clause allows proofs by induction on the rules used to establish an
argument. If a property of arguments holds of all instances of (As) and (=1), and
if the other rules preserve the property, then every argument that is deducible
in D enjoys the property in question.

Before moving on to the model theory for L1K=, we pause to note a few
features of the deductive system. To illustrate the level of rigor, we begin with
a lemma that if a sentence does not contain a particular closed term, we can
make some changes to the set of sentences we prove it from without problems.
We allow ourselves the liberty here of extending some previous notation: for

8 The rules (VI) and (3E) invoke the role of constants denoting individual, but unspecified, objects
Or persons.
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Classical First-Order Logic 15

any closed terms ¢ and ¢/, and any sentence 6, we say that (¢|¢") is the result of
replacing all occurrences of ¢ in 6 with ¢’.

Lemmad4.1 [fT| and T, differ only in that wherever I'y contains 6, I'; contains
0(t|t"), then for any sentence ¢ not containing t or t', if I'1 + ¢, then I’y + ¢.

Proof. The proof proceeds by induction on the number of steps in the proof
of ¢.

Theorem 4.2 (The Rule of Weakening) IfT'| F ¢ and 'y C I, then I, + ¢.

Proof. Again, we proceed by induction on the number of rules that were used
to arrive at I'y + ¢.

Theorem 4.2 allows us to add on premises at will. As we shall see, some
alternative systems of logic do not have Weakening. Examples are relevance
logic (see Section 9) and some substructural logics (not treated here). This is
generally for the same reasons these logicians reject (EFQ): the rule does not
seem to fit with our everyday reasoning practices.

By clause (*), all derivations are established in a finite number of steps. So
we have

Theorem 4.3 T+ ¢ if and only if there is a finite I C T such that T + ¢.
The next theorem shows that every instance of (EFQ) is provable.

Theorem 4.4 The rule of ex falso quodlibet is a “derived rule” of D: if T'| + 6
and Ty v =0, then T'1,T> v, for any sentence .

The Cut rule is sometimes thought of as essential to a logical system.

Theorem 4.5 (The rule of Cut) If T + ¢ and Tp,¢ + 0, then T, 175 + 6.

Proof. Suppose I'y F ¢ and I,y + 6. We proceed by induction on the number
of rules used to establish I';,y + 6. Suppose that 7 is a natural number, and that
the theorem holds for any argument that was derived using fewer than # rules.
Suppose that I, + 6 was derived using exactly # rules. If the last rule used
was (=I), then I';,I; + 6 is also an instance of (=I). If I';,y + 0 is an instance
of (As), then either 6 is ¢, or 6 is a member of I';. In the former case, we have
I'1 + 6 by supposition, and get I'1,I’; + 6 by Weakening (Theorem 4.2). In the
latter case, I'1,I; + 0 is itself an instance of (As). Suppose that I, + 6 was
obtained using (AE). Then we have I'5, + (6 A ¢). The induction hypothesis
gives us I';,I + (6 A ¢), and (AE) produces I';,I; + 6. The remaining cases
are similar.
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16 Philosophy and Logic

Theorem 4.5 allows us to chain together inferences. This fits the practice
of establishing theorems and lemmas and then using those theorems and lem-
mas later at will. The Cut principle is, some think, essential to reasoning. In
some logical systems, the Cut principle is a deep theorem; in others it is inva-
lid. The system here was designed, in part, to make the proof of Theorem 4.5
straightforward.

If I + 6, then we say that the sentence 6 is a deductive consequence of the
set of sentences I, and that the argument (I", 0) is deductively valid. A sentence
0 is a logical theorem, or a deductive logical truth, if + 0. That is, 6 is a logical
theorem if it is a deductive consequence of the empty set. A set I" of sentences
is consistent if there is no sentence 0 such that I' + @ and I + —6. That is, a set
is consistent if it does not entail a pair of contradictory opposite sentences.

Theorem 4.6 A set I is consistent if and only if there is a sentence 0 such that
it is not the case that " + 6.

Define a set I of sentences of the language £ 1 K= to be maximally consistent
if " is consistent, and, for every sentence 6 of L1K=, if #isnotin [, then I, 6
is inconsistent. In other words, I' is maximally consistent if I is consistent, and
adding any sentence in the language not already in I" renders it inconsistent. It
is a straightforward exercise to show that if I" is maximally consistent then, for
any sentence 6, I'  f if and only if 0 is in T".

Theorem 4.7 (The Lindenbaum Lemma) Let I" be any consistent set of sen-
tences of L1K=. Then there is a set I'" of sentences of L1K= such thatT" C T’
and T’ is maximally consistent.

This proof requires the use of a principle corresponding to the law of
excluded middle. Intuitionists, who demur from excluded middle, do not accept
the Lindenbaum lemma.

5 Model-Theoretic Semantics

Let K be a set of non-logical terminology. An interpretation for the language
LI1K = is a structure M = (d,I), where d is a non-empty set, called the
domain-of-discourse, or simply the domain, of the interpretation, and 7 is an
interpretation function. Informally, the domain is what we interpret the lan-
guage L 1K= to be about: it is what the variables range over. The interpretation
function assigns appropriate extensions to the non-logical terms. In particular,

e Ifcisaconstant in K, then /(c) is a member of the domain d. Thus we assume
that every constant denotes something. Systems where this is not assumed
are called free logics. Continuing:
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e If fis an n-ary function in K, then /(f) is a function from 4" (the set of all
n-tuples of members of d) to d.

e If PV is a zero-place predicate letter in K, then I(P) is a truth value, either
truth or falsehood.

e If Q' is a one-place predicate letter in K, then /(Q) is a subset of d. The idea
is that /(Q) is the set of members of the domain that the predicate O holds of
in the interpretation.

e If R? is a two-place predicate letter in K, then I(R) is a set of ordered pairs of
members of d. Here, I(R) is the set of pairs of members of the domain that
the relation R holds between.

e In general, if S” is an n-place predicate letter in K, then /(S) is a set of ordered
n-tuples of members of d.

Define s to be a variable-assignment, or simply an assignment, on an inter-
pretation M, if s is a function from the variables of the language to the domain d
of M. The role of variable-assignments is to assign denotations to the free vari-
ables of open formulas. In a sense, the quantifiers determine the “meaning” of
the bound variables.

For each interpretation M and each variable assignment s under M, we define
the denotation of each term of the language in M under s. We proceed by
recursion:

e If ¢ is a constant, then Dy s(c) is I(c).
o Ifvis avariable, then Dy s(v) is s(v).
o If f'is an n-ary function symbol and #1,. . ., are terms, then Dy s(f?1...t,) is

[(f)(l(tl)l(tn))

In sum, the interpretation M assigns denotations to the constants, while the
variable-assignment assigns denotations to the (free) variables.

We now define a relation of satisfaction between interpretations, variable-
assignments, and formulas of L1K=. If ¢ is a formula of L1K=, M is an
interpretation for L1K=, and s is a variable-assignment on M, then we write
M,s £ ¢ for M satisfies ¢ under the assignment s. The idea is that M,s £ ¢ is
an analogue of “¢ comes out true when interpreted as in M via s.”

We proceed by recursion on the complexity of the formulas of L1K=:

o If¢t; and £, are terms, then M, s £ ¢; = t, if and only if Dy 4(¢;) is the same
as DM,S(tz).

This is about as straightforward as it gets. An identity #; = #, comes out true if
and only if the terms #; and ¢, denote the same thing.
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18 Philosophy and Logic

e If P is a zero-place predicate letter in K, then M, s & P if and only if I(P) is
truth.

e If §" is an n-place predicate letter in K and ¢1,. . .,t, are terms, then M,s F
Sty .. .1, if and only if the n—tuple (Das (1), . . ., Dars(2,)) s in I(S).

This takes care of the atomic formulas. We now proceed to the compound
formulas of the language, more or less following the meanings of the English
counterparts of the logical terminology.

e M,s k =6 if and only if it is not the case that M, s E 6.

M,s E (6 Ay) if and only if both M, s £ 6 and M, s E .

M,s & (6 v ) if and only if either M,s £ 6 or M, s E .

M,s e (6 — ) if and only if either it is not the case that M,s £ 6, or M, s E .
M,s e Vv6 if and only if M,s” £ 6, for every assignment s’ that agrees with s

except possibly at the variable v.

The idea here is that Vv8 comes out true if and only if 8 comes out true no
matter what is assigned to the variable v. The final clause is similar.

e M,s r vl if and only if M,s” E 6, for some assignment s’ that agrees with s
except possibly at the variable v.

So 3vé comes out true if there is an assignment to v that makes 6 true.

This semantics is often attributed to Alfred Tarski, and so called a Tarskian
semantics. Theorem 3.6, unique readability, assures us that this definition is
coherent. At each stage in breaking down a formula, there is exactly one
clause to be applied, and so we never get contradictory verdicts concerning
satisfaction.

As indicated, the role of variable-assignments is to give denotations to the
free variables. We now show that variable-assignments play no other role.

Theorem 5.1 For any formula 0, if's| and s, agree on the free variables in 0,
then M, sy £ 6 if and only if M, s, E 6.

Proof. This proof proceeds by induction on the complexity of the formula 6.

By Theorem 5.1, if 6 is a sentence, and s1,s7, are any two variable-
assignments, then M,s; £ 6 if and only if M,sy £ 6. So we can just write
M E 6 if M, s £ 6 for some, or all, variable-assignments s.

Suppose that K € K are two sets of non-logical terms. If M = (d,[) is an
interpretation of £1K=, then we define the restriction of M to L1K’ be the
interpretation M” = (d,I’) such that I’ is the restriction of / to K’. That is, M
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Classical First-Order Logic 19

and M’ have the same domain and agree on the non-logical terminology in K.
A straightforward induction establishes the following theorems:

Theorem 5.2 [f M’ is the restriction of M to L1K’, then for every sentence 60
of L1K', Mk 0 if and only if M” & 6.

and

Theorem 5.3 If two interpretations M| and M, have the same domain and
agree on all of the non-logical terminology of a sentence 0, then M| & 6 if and
only if M E 6.

In short, the satisfaction of a sentence 6 only depends on the domain of
discourse and the interpretation of the non-logical terminology in 6.

We say that an argument (I, 0) is semantically valid, or just valid, written
I £ 6, if for every interpretation M of the language, if M k , for every mem-
ber ¢ of I', then M E 6. If I £ 6, we also say that 6 is a logical consequence,
or semantic consequence, or model-theoretic consequence of I'. The definition
corresponds to the informal idea that an argument is valid if it is not possi-
ble for its premises to all be true and its conclusion false. Our definition of
logical consequence also sanctions the common thesis that a valid argument
is truth-preserving — to the extent that satisfaction represents truth. Officially,
an argument in L1K= is valid if its conclusion comes out true under every
interpretation of the language in which the premises are true. Validity is the
model-theoretic counterpart to deducibility.

A sentence 6 is logically true, or valid, if M £ 6, for every interpretation M.
A sentence is logically true if and only if the sentence is a consequence of the
empty set. If 6 is logically true, then for any set I' of sentences, I" £ 6. Logical
truth is the model-theoretic counterpart of theoremhood.

A sentence 6 is satisfiable if there is an interpretation M such that M & 6.
That is, 6 is satisfiable if there is an interpretation that satisfies it. A set I' of
sentences is satisfiable if there is an interpretation M such that M £ 6, for
every sentence 6 in I'. If " is a set of sentences, and if M £ 6 for each sen-
tence 6 in I', then we say that M is a model of T. So a set of sentences is
satisfiable if it has a model. Satisfiability is the model-theoretic counterpart to
consistency.

Notice that I' £ 6 if and only if the set I', =6 is not satisfiable. It follows
that if a set I is not satisfiable, then, if 8 is any sentence, I' £ 6. This is a
model-theoretic counterpart to ex falso quodlibet (see Theorem 4.4). We have
the following as an analogue to Theorem 4.6:
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20 Philosophy and Logic

Theorem 5.4 Let T be a set of sentences. The following are equivalent: (a)
I is satisfiable; (b) there is no sentence 6 such that both T £ 6 and T’ £ =6,
(c) there is some sentence Y such that it is not the case that T £ .

6 Meta-theory

We now present some results that relate the deductive notions to their model-
theoretic counterparts. The first one is fairly intuitive, if a bit tedious, in the
natural deduction framework. We motivated both the various rules of the deduc-
tive system D and the various clauses in the definition of satisfaction in terms
of the meaning of the English counterparts to the logical terminology (more
or less, with the same simplifications in both cases). So one would expect
that an argument is deducible, or deductively valid, only if it is semantically
valid.

Theorem 6.1 (Soundness) For any sentence 0 and set I of sentences, if T Fp
0, thenT E 0.

Proof. This proof proceeds by induction on the number of clauses used to
establish I" + 6.

Corollary 6.2 Let T be a set of sentences. If T is satisfiable, then T is
consistent.

Even though the deductive system D and the model-theoretic semantics were
developed with the meanings of the logical terminology in mind, one should
not automatically expect the converse to soundness (or Corollary 6.2) to hold.
For all we know so far, we may not have included enough rules of inference
to deduce every valid argument. The converses to soundness and Corollary 6.2
are among the most important and influential results in mathematical logic. We
begin with the latter.

Theorem 6.3 (Completeness (Godel 1930)) Let I be a set of sentences. If T’
is consistent, then I is satisfiable.

Proof. There are many ways to proceed with this proof. One, due to Leon
Henkin, essentially builds an interpretation of the language from the language
itself, using some of the constants as members of the domain of discourse.
One can build these models based on I' and show that these new models are
consistent. Finally, one shows that they make I" satisfiable.

A converse to Soundness (Theorem 6.1) is a straightforward corollary:

Theorem 6.4 For any sentence 0 and set I of sentences, if I £ 6, then T + 6.
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Classical First-Order Logic 21

Our next item is a corollary of Theorem 4.3, Soundness (Theorem 6.1), and
Completeness:

Corollary 6.5 (Compactness) A set I of sentences is satisfiable if and only if
every finite subset of T is satisfiable.

Soundness and completeness together entail that an argument is deducible
if and only if it is valid, and a set of sentences is consistent if and only if it is
satisfiable. So we can go back and forth between model-theoretic and proof-
theoretic notions, transferring properties of one to the other.

The following is a corollary to the Henkin proof of completeness:

Corollary 6.6 (Lowenheim-Skolem Theorem) Let I' be a satisfiable set of
sentences of the language L1K=. If T is either finite or countably infinite (i.e.,
the size of the natural numbers, usually called NXy), then T has a model whose
domain is countable (i.e., either finite or countably infinite).

In general, let I" be a satisfiable set of sentences of £1K=, and let « be the
larger of the size of I' and countably infinite (i.e., 8¢). Then I' has a model
whose domain is at most size .’

There is a stronger version of Corollary 6.6. Let M| = (d,I,) and M, =
(d, 1) be interpretations of the language L1K=. Define M to be a submodel
of M, if (i) d) C db, (ii) I (c) = Iy(c) for each constant ¢, (iii) for each function
symbol £, I1( f°) is the restriction of I,( /) to d}, and (iv) for each relation sym-
bol, /) is the restriction of /5 to d;. For example, if R is a binary relation letter
in K, then, for all @,b in d}, the pair {a, b) is in [;(R) if and only if {(a,b) is in
I>(R). Notice that if M, is a submodel of M5, then any variable-assignment on
M, is also a variable-assignment on Mj.

Say that two interpretations M| = {(d\, 1), M> = {d>, 1) are equivalent if one
of them is a submodel of the other, and for any formula of the language and any
variable-assignment s on the submodel, M, s £ 6 if and only if M>, s £ 6. Notice

that if two interpretations are equivalent, then they satisfy the same sentences. '’

Theorem 6.7 (Downward Lowenheim-Skolem Theorem) Let M = (d,I) be
an interpretation of the language L1K=. Let d\ be any subset of d, and let
k be the maximum of the size of K, the size of d,, and the size of countably
infinite (the size of o). Then there is a submodel M’ = {(d’,I') of M such that
(1) d’ is not larger than k, and (2) M and M’ are equivalent. In particular, if

9 For more details on Skolem and these theorems, including the associated paradox, see Dean
(forthcoming).

10 The proof of the downward Léwenheim-Skolem theorem invokes the axiom of choice, and
indeed, the theorem is equivalent to the axiom of choice.
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22 Philosophy and Logic

the set K of non-logical terminology is either finite or countably infinite, then
any interpretation has an equivalent submodel whose domain is either finite or
countably infinite.

Another corollary to Compactness (Corollary 6.5) is a kind of opposite of
the downward Lowenheim-Skolem theorem:

Theorem 6.8 (Upward Lowenheim-Skolem Theorem) Let I' be any set of
sentences of L1K = such that, for each natural number n, there is an inter-
pretation M,, = {d,,1,,), such that d, has at least n elements, and M, satisfies
every member of T. In other words, T is satisfiable and there is no finite upper
bound to the size of the interpretations that satisfy every member of T. Then
for any infinite cardinal «, there is an interpretation M = {d,I), such that the
size of d is at least k and M satisfies every member of T. In other words, T" has
arbitrarily large models.

Combined, the downward and upward Léwenheim-Skolem theorems entail
that for any satisfiable set I" of sentences, if there is no finite bound on the
models of T, then for any infinite cardinal «, there is a model of I' whose domain
has size exactly k. Moreover, if M is any interpretation whose domain is infinite,
then for any infinite cardinal «, there is an interpretation M” whose domain has
size exactly « such that M and M’ are equivalent.

These results indicate a weakness in the expressive resources of first-order
languages like L£1K=. No satisfiable set of sentences can guarantee that its
models are all countably infinite, nor can any satisfiable set of sentences guar-
antee that its models are uncountable (of a size larger than the natural numbers,
or bigger than Ny). So in a sense, first-order languages cannot express the notion
of “countably infinite.”

Let M| = {d,1;) and M, = {(d»,I,) be interpretations of the language L1K=.
Then M is said to be isomorphic to M, if there is a one-to-one function F from
dy onto d, that preserves the structure. In particular, if ¢ is a constant, then
F(I1(c)) = L(c); if fis a function symbol, then for each x € dy, F([;( f)(x)) =
L( f)(F(x)); and if C is an n-place predicate letter, then for each ay,...a, €
I, {ay...ay)y € [;(C)ifand only if (F(ay) ... F(a,)) € LL(C).

A straightforward induction shows that if M, is isomorphic to M5, then for
any sentence 4 in the language, 4 is true in M| if and only if 4 is true in M;. A
set of sentences is said to be categorical if all of its models are isomorphic to
each other. So a categorical theory has only one model, up to isomorphism.

As noted, it follows from the Lowenheim-Skolem theorems that if a set I"
of sentences has a model with an infinite domain, then I" has a model of every
infinite cardinality. So it has models that are not isomorphic to each other. Thus

Downloaded from https://www.cambridge.org/core. IP address: 201.141.17.208, on 28 Apr 2022 at 14:59:39, subject to the Cambridge Core terms
of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781108982009


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108982009
https://www.cambridge.org/core

Classical First-Order Logic 23

no theory that has an infinite model is categorical. For example, any first-order
theory of arithmetic has models that are not isomorphic to the natural numbers,
any first-order theory of real analysis has models that are not isomorphic to the
real numbers, etc.

Let 4 be any set of sentences in a first-order language £1K=, where K
includes terminology for arithmetic, and assume that every member of 4 is
true of the natural numbers. We can even let 4 be the set of all sentences in
L 1K= that are true of the natural numbers. Then 4 has uncountable models,
indeed models of any infinite cardinality. Such interpretations are among those
that are sometimes called unintended, or non-standard, models of arithmetic.
Let B be any set of first-order sentences that are true of the real numbers, and
let C be any first-order axiomatization of set theory. Then if B and C are sat-
isfiable (in infinite interpretations), then each of them has countably infinite
models. That is, any first-order, satisfiable set theory or theory of the real num-
bers has (unintended) models the size of the natural numbers. This is despite
the fact that a sentence (seemingly) stating that the universe is uncountable is
provable in most set theories. This situation, known as the Skolem paradox, has
generated much discussion (see, e.g., the papers reprinted in Shapiro (1996)).
In Section 7, we will look at Higher-order classical logic. Higher-order logics
are able to produce models of the theory of real numbers, for example, which
do not have unintended models the same size as the naturals. Similarly, higher-
order logics can model the theory of the natural numbers without producing
any non-standard models.

ALTERNATIVES TO CLASSICAL FIRST-ORDER LOGIC
7 Classical Higher-Order Logic

The formal languages L1K and L1K= sketched above only have one sort of
variable. These are sometimes called first-order variables. Each interpretation
of the language has a domain, which is the range of the first-order variables. It
is what the language is about, according to the given interpretation. Second-
order variables range over properties, classes, relations, or functions of the
items in that domain. Third-order variables range over properties, or relations,
or functions on the items in the range of the second-order variables. Fourth-
order variables range over properties, classes, relations, or functions on the
items in the range of the third-order variables, etc.

A formal language is first-order if it contains first-order variables, and no
others. So the languages sketched above are all first-order. A language is
second-order if it contains first-order and second-order variables, and no oth-
ers. And on it goes. A language is higher-order if it is at least second-order.
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24 Philosophy and Logic

Second-order logic is the logic of second-order languages, and higher-order
logic is the logic of higher-order languages.

It is not an exaggeration to say that first-order logic is the paradigm of con-
temporary logical theory. The vast majority of the works in both philosophical
and mathematical logic concern first-order languages exclusively. Most text-
books do not mention higher-order logic at all, and most of the rest give it scant
treatment.

In contrast, almost all of the central work that launched contemporary
logic concerns higher-order formal languages. Examples include Frege (1879),
Peano (1889), and Whitehead and Russell (1910). First-order logic appeared as
adistinctive study only when some authors, beginning with Lowenheim (1915),
separated out first-order languages as subsystems for special treatment. Early
twentieth-century logicians often referred to the deductive system of first-order
logic as the restricted functional calculus. For more on the historical emergence
of first-order logic, see Moore (1980), Moore (1988), Shapiro (1991, Chapter
7), and Eklund (1996).

7.1 Languages

As above (Section 3.1), let K be a set of non-logical terminology — constants,
predicate and relation symbols, and function symbols. Recall our language
L1K. The language £2K is obtained by adding a stock of (second-order) rela-
tion variables and function variables. Relation variables are upper-case Roman
letters from the end of the alphabet, with or without numerical subscripts.
Function variables are letters like £, g, and A4, with or without numerical sub-
scripts. We will sometimes use a superscript to indicate the degree, or number of
places, of each second-order variable: X! is a monadic predicate variable; /2 is
a binary function variable, etc. In most cases, context will suffice to determine
the degree.
There are four new formation rules:'!

e If /7 is an n-place function variable and 71, . . ., ¢, are terms, then /"¢, ... ¢,
is a term.
e If R" is an n-place relation variable and ¢1,. . .,t, are terms, then R"t| ... ¢,

is an atomic formula.
e If ¢ is a formula and V a relation variable, then VV¢ and 3V¢ are formulas.
e [f ¢ is a formula and f'a function variable, then Vf¢ and 3f¢ are formulas.

We do not mark distinctions between variables in the object language and meta-variables that
range over items in the object language. Context will indicate which is meant.
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Classical First-Order Logic 25

As in the case of first-order languages, a sentence is a formula with no free vari-
ables. For example, 3XVx—Xx asserts the existence of a property that applies to
no objects, and has no free variables.

A symbol for identity (between objects in the domain) is introduced as an
abbreviation,

t=u &g VXXt & Xu)

where ¢ and u are terms. The underlying idea is that two objects are identical
if they have the same properties, or if they are in the same sets... This is not
meant as a deep philosophical thesis concerning the nature of identity (although
it is a formalization of the Leibniz Law of the indiscernibility of identicals). If
desired, one can drop this and add a primitive, logical identity symbol, as in
L1K=.

Sets and classes are extensional, in the sense that if 4 and B are classes with
exactly the same members, then A4 is identical to B. Properties and relations are
intensional, not extensional, in the sense that there can be two distinct proper-
ties that apply to exactly the same things. The property of being a creature with
a heart and the property of being a creature with kidneys are sometimes cited
as an example of the intensionality of properties, since they apply to the same
things, but are different properties.

We do not include a symbol for identity between second-order items, like
relations and functions in our formal languages here. This allows us to forestall
issues concerning the nature and individuation of these items. One can think of
the higher-order items as intensional or one can think of them as extensional,
at least as far as the formalism goes. For the most part, we will use words like
“property,

One can expand the set K to include so-called higher-order non-logical con-

EENT3

class,” and “set” interchangeably.

stants, terms that stand for things like properties (or sets) of properties, or
functions on properties. An example would be a property TWO of properties
such that TWO(P) holds just in case P applies to exactly two things.

A third-order language £3K can be defined from £2K by adding third-order
variables for relations on relations, functions of predicates, functions of func-
tions, etc. Then one could add non-logical constants (to K) for relations on
functions of predicates, and the like. Then one could add fourth-order variables
ranging over such things, thus producing a fourth-order language, £4K, and so
on. No new conceptual issues arise, and we stick to second-order languages
here.

7.2 Deductive System

We assume that the set K of non-logical terminology includes infinitely many
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26 Philosophy and Logic

and elimination rules for negation and the binary connectives are the same as
in Section 4. Let ® be a formula, V" a predicate variable, and B a non-logical
predicate with the same number of places. Then let ®(V|B) be the result of
substituting B for each free occurrence of V in ®. Similarly, if / is a function
variable and d a non-logical function symbol with the same number of places,
then @(4|d) is the result of substituting d for each free occurrence of 4 in @.

The introduction and elimination rules for the second-order quantifiers are
direct analogues of those for the first-order quantifiers. Let I', I'j, and I'; be sets
of sentences and ¢, ¥ sentences:

o (VE):
IfT + YV, then T + ¢(V|B).
IfT + Vhe, then T + ¢(h|d).

e (VI):
IfT + ¢(V|B), then T + VIV, provided that B does not occur anywhere in I’
or in ¢.
IfT + ¢p(h|d), then T + VA, provided that d does not occur anywhere in " or
in ¢.

e (AD):
IfT'+ ¢(V|B), then I + V.
IfT + ¢(h|d), then T + The.

e (3E):
If Ty + 3V and T, ¢(V|B) + i, then I'|, T + ¢, provided that ¥ does not
occur in ¢, I, or .
If Ty + 3h¢ and Ty, ¢(hld) + ¥, then T, T, + ¢, provided that d does not
occur in ¢, [, or y.

So, as in the first-order case, higher-order terms can play the role of parameters
or free variables.

The next item is a comprehension scheme. Let ¢ be a formula whose free
variables are among xp,...x,, and let /' be an n-place relation variable that
does not occur in ¢. Then the following is an axiom — it can be asserted at any
time in a derivation:

AXVx; . VX (X . ox, o B, LX),

Taken together, the instances of the comprehension scheme register the thesis
that every formula determines a relation or, more precisely, for every formula
there is a relation that holds of the same objects or n-tuples.

If the embedded formula ¢ contains bound second-order variables, then the
corresponding instance of comprehension is called impredicative. In effect, we
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Classical First-Order Logic 27

define a relation using a bound variable ranging over all relations (including
the one defined). Some authors do not allow impredicative instances of com-
prehension. Bertrand Russell (1908, p. 237), for example, argues that such
“definitions” are circular; they run afoul of the Vicious Circle Principle:

No totality can contain members defined in terms of itself.

Or Russell (1973, p. 198):

Whatever in any way concerns all or any or some of a class must not be itself
one of the members of a class.

See Feferman (2006) for an account of how the restrictions might be imple-
mented. Here, we adopt the full, impredicative comprehension scheme.

Recall that identity (on the first-order terms) is defined:
l=u oy VX(Xt & Xu).

One can show that the rules for identity in first-order systems can be derived
here (assuming full comprehension). The introduction rule (=I) is: I' + ¢ = .
By our definition, that is

VXXt & XD).

It is an easy exercise to derive this sentence from no undischarged premises.

The elimination rule (=E) is: if [ F t = u and I'; + ¢ then I'|,I; + ¢, where
¢’ is obtained from ¢ by replacing some occurrences of ¢ with u. So suppose
that Ty + ¢ = u, i.e,, ['1 + VX(Xt < Xu). And suppose I, + ¢. Let ¢ be the
result of replacing the occurrences of ¢ in ¢ that are themselves replaced with
u in ¢’ with a variable x that does not otherwise occur in ¢. Notice that i (x|z)
is just ¢, and ¥ (x|u) is ¢’.

The following is an instance of comprehension:

AXVx(Xx > ¥(x)).

Let C be a predicate letter that does not occur in I'j, I'; or ¢, and let I'5 contain
only the following:

Vx(Cx & ¥(x)).

We have ', + ¢, which is T, T + ¢ (x|f). So I',I5,T5 + Ct. So 'y, 1,5 +
Cu (since I'y + Ct < Cu). We thus have I';,I5,I3 + ¥(x|u). But this is
I',I5,I5 - ¢. So I',I, + ¢, by an application of the elimination rule
for the second-order existential quantifier (in light of the above instance of
comprehension).
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28 Philosophy and Logic

The final item in the deductive system is a version of the axiom of choice.
Let X be an n+1-place relation variable and f'an n-place function variable. Then
the following is an axiom:

VX(Vx .. Vx,3pXxy ... xy — JfVxg . VX ..y .. xg).

The antecedent of this conditional asserts that, for each sequence xi,...,x,
there is at least one y such that the sequence xy, . . .,x,,y satisfies X. The con-
sequent asserts the existence of a function that “picks out” one such y for each
X1y Xp.

The axiom of choice has a long and at least once-controversial history (see
Moore (1982)). If the reader has qualms about the axiom of choice, or about
calling the axiom of choice a principle of logic, it can be dropped from the
system. If this reader wishes to retain functions, she can add a comprehension

principle that relates functions to appropriate relations:
VX(Vxy ... Vx,Vz(Xxy ..o xpz o z=y) > VX . . V X0 ..oy .. xy).

The antecedent of the embedded conditional asserts that, for each sequence
X1,...X,, there is exactly one y such that the sequence xi,. . . x,,y satisfies X.
The consequent asserts the existence of a corresponding function. This sentence
follows from the above axiom of choice.

Call our deductive system D2.

7.3 Model Theory

Recall that, for first-order languages, an interpretation is a structure M = (d, I),
where is d a non-empty set, called the domain-of-discourse, or simply the
domain, of the interpretation, and / is an interpretation function. Informally, the
domain is what we interpret the language to be about. It is what the (first-order)
variables range over. The interpretation function assigns appropriate extensions
to the non-logical terminology.

For a given interpretation, a variable-assignment is a function from the (first-
order) variables to the domain. For each interpretation and variable-assignment,
there is a denotation function that assigns a member of the domain to each term.
We then defined a relation of satisfaction between formulas, interpretations,
and variable-assignments. Then the various logical notions, such as validity,
were defined in terms of satisfaction.

This section presents three model-theoretic semantics for the second-order
languages L2K, and provides a brief sketch of a fourth. Each of them builds
on the model theory for the corresponding first-order language, in the sense
that each interpretation has, as components, a domain d and an interpretation
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function /, as in Section 5. We add a range for the relation and function vari-
ables, and then show how the denotation function and the satisfaction relation
apply to the new terms and the new atomic formulas, respectively. The rest is
straightforward.

7.3.1 Standard Semantics

The name “standard” here is more or less common among writers on this topic.
Critics sometimes put the word “standard” in scare quotes, or use phrases like
“so-called ‘standard’ semantics.” In a sense to be made clear below, it is only
standard semantics that makes the logic distinctively second-order.

A standard interpretation of L2K is the same as an interpretation of the
corresponding first-order language, namely, a structure (d, I). The range of the
n-place relation variables is the entire powerset of ", the class of all sets of
n-tuples of members of d. Similarly, the range of the n-place function variables
is the class of all functions from @” to d. So a variable-assignment on an inter-
pretation is a function that assigns a member of the domain d to each first-order
variable, a subset of @" to each n-place relation variable, and a function from
d" to d to each n-place function variable.

To belabor the obvious, function variables are assigned to functions. So the
denotation function for the terms of £2K is a straightforward extension of
the denotation function from the corresponding first-order language. The new
clause is:

e Let M = (d,I) be an interpretation and s a variable-assignment on M. If fis an
n-place function variable and ¢,. . . t, are terms, the denotation of f#,.. . ¢,
is the result of applying the function s(f) assigned to fto the denotations of
the terms #1,. . . t,.

The clause for the satisfaction of the new atomic formulas is:

e Let M = (d,]) be an interpretation s a variable-assignment on M. If X is an

n-place relation variable and ¢, . . . ¢, are terms, then M,s £ Xt,...t, if and
only if the sequence consisting of the denotations of the terms #;,.. .7, is a
member of s(X).

The connectives and first-order quantifiers are interpreted as in the first-order
case. The clauses for the new quantifiers are the straightforward analogue of
the clauses for the first-order quantifiers:

e M,s £ VX¢ if and only if M,s” £ ¢, for every variable assignment s’ that
agrees with s at every variable except possibly X.
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e M,s £ 3X¢ if and only if M,s’ £ ¢, for some variable assignment s that
agrees with s at every variable except possibly X.

e M,s £ Vf¢ if and only if M,s” £ ¢, for every variable assignment s’ that
agrees with s at every variable except possibly f.

e M, sk Jfpifand only if M,s’ £ ¢, for some variable assignment s’ that agrees
with s at every variable except possibly f.

As in the first-order case, if our formula ¢ is a sentence, then the variable
assignment does no work. We can speak directly of whether M E ¢.

The logical notions all carry over, word for word:

e A sentence ¢ of L2K is a standard logical truth if and only if M £ ¢, for
every standard interpretation M.

e A set I' of sentences of L2K is standardly satisfiable if and only if there is
an interpretation M such that M k  for every ¢ € T'.

e A sentence ¢ of L2K is a standard consequence of a set I' of sentences of
L2K, written I £ ¢ if, and only if, for every interpretation M, if M £ ¢, for
every ¢ € I, then M k ¢.

Again, a standard interpretation for £2K is the same as an interpretation for
its first-order counterpart £1K (or £1K=), namely, a domain and an interpre-
tation of the non-logical terminology. That is, in standard semantics, by fixing
a domain one thereby fixes the range of both the first-order variables and the
second-order variables. There is no further “interpreting” to be done.

This is not the case for the next two model-theoretic frameworks introduced
in this section. In those cases, one separately determines a range for the first-
order variables and ranges for the second-order variables.

7.3.2 Henkin Semantics

The central feature of Henkin semantics is that in a given interpretation, the rela-
tion variables range over a fixed collection of relations on the domain, which
may not include all of the relations; the function variables range over a fixed
collection of functions on the domain, which may not contain all of the func-
tions. A Henkin interpretation £2K is a structure M = (d, D, F, Iy, in which d
is a domain and / an interpretation function for the non-logical terminology, as
above.

The new items are sequences. For each n, D(n) is a non-empty subset of the
powerset of " and F(n) is a non-empty set of functions from d" to d. The idea
is that D(n) is the range of the n-place relation variables and F(n) is the range
of the n-place function variables.
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A variable-assignment on M" is a function that assigns a member of d to
each first-order variable, a member of D(n) to each n-place relation variable,
and a member of F(n) to each n-place function variable.

The rest of the presentation of this semantics is the same as that of standard
semantics, almost word for word. The clause for denotation is:

o Let M = (d,D,F,I) be a Henkin interpretation and s a variable-assignment
on M 1f fis an n-place function variable and #,. . . #, are terms, the deno-
tation of f7y, . .., is the result of applying the function s( /) assigned to f'to
the denotations of the terms ¢1,. . . t,.

The clause for the satisfaction of the new atomic formulas is:

e Let M = (d,D,F,I) be a Henkin interpretation and s a variable-assignment
on M If Xis an n-place relation variable and 74, . . . ¢, are terms, then M7 s e
Xt1,. . .t,ifand only if the sequence consisting of the denotations of the terms
ti,...t, is a member of s(X).

The clauses for the second-order quantifiers are:

o MY s £ VX¢ if and only if M s’ £ ¢, for every variable assignment s’ that
agrees with s at every variable except possibly X.

o M s £ 3X¢ if and only if M, s" £ ¢, for some variable assignment s” that
agrees with s at every variable except possibly X.

e M s £ Vfp if and only if M,s" £ ¢, for every variable assignment s’ that
agrees with s at every variable except possibly f.

o M7 s £ 3fp if and only if M5’ £ ¢, for some variable assignment s” that
agrees with s at every variable except possibly f.

In these four clauses, what distinguishes standard from Henkin semantics is the
range of the phrases “every variable assignment” and “some variable assign-
ment.” In a Henkin interpretation, we only consider the functions that assign
members of the various D(n) and F(n) to the second-order variables, while in
standard semantics, we consider every such function.

The logical notions also carry over in a straightforward manner:

o A sentence ¢ of £2K is a Henkin logical truth if and only if M & ¢, for
every Henkin interpretation M.

o A set I' of sentences of L2K is Henkin satisfiable if and only if there is a
Henkin interpretation M such that M’ £ y for every ¢ € T.

e A sentence ¢ of £2K is a Henkin consequence of a set I' of sentences of
L2K, written I' £y ¢ if and only if, for every Henkin interpretation M, if
M ey, for every s € T, then M k ¢.
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There is a sense in which a standard interpretation of £2K is equivalent to the
Henkin interpretation in which, for each n, D(n) is the entire powerset of &, and
F(n) is the collection of all functions from d” to d. Such Henkin interpretations
are sometimes called full interpretations.

The equivalence can be made precise. Let M be a standard interpretation and
let M be the corresponding full Henkin interpretation. Then for each assign-
ment s and each formula ¢, M, s £ ¢ if and only if M”,s £ ¢. In effect, standard
semantics just is the restriction of Henkin semantics to full interpretations.

Notice that on both standard semantics and Henkin semantics, the items in
the range of second-order variables are extensional entities — either sets or func-
tions. Recall, however, that there is no symbol for “higher-order identity” in the
language. As noted, one is free to maintain an intensional understanding of the
higher-order entities, and think of them as attributes, properties, or proposi-
tional functions. For the purposes of model-theoretic semantics, sets can serve
as surrogates for the relevant intensional items. If an advocate of intensional
items believes that for every arbitrary collection S of n-tuples on the domain,
there is a property whose extension is S, then she will favor standard semantics.
Otherwise, we presume that the advocate would favor Henkin semantics (see
Cocchiarella (1988)).

7.3.3 Multi-sorted, First-order Semantics

Here we drop the assumption that the items in the range of the second-order
variables are extensional entities, like sets or functions. A first-order interpre-
tation of L2K is a structure M' = (d,d\,d», {I,p,a)), in which d is a non-empty
set and / an interpretation function assigning items constructed from d to the
items in K as above. For each natural number n, d1(n) and d,(n) are non-empty
sets. They are the ranges of the n-place relation variables and the n-place func-
tion variables, respectively. For each n, p(n) is a subset of d" X di(n). This
represents the interpretation of the “predication” relation in M', between an
n-place “relation” R in M' and n-tuples from the domain, those that have the
relation. It is a sort of meta-relation, or a meta-theoretic relation. For example,
suppose that d;(1) has an object D. This would represent a property or a set.
Then (¢, D) would be a member of p(1) if and only if ¢ is supposed to have that
property or be a member of that set. In like manner, for each natural number
n, a(n)is a function from d”" X d(n) to d. Here, a(n) is the interpretation of the
n-place “application” function in M', from the collection of sequences and the
“functions” in M! to the first domain.

The rest is fairly straightforward, if a bit tedious. A variable-assignment
on M' is a function that assigns a member of d to each first-order variable,
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a member of d(n) to each n-place relation variable, and a member of d,(n) to
each n-place function variable. The relevant clause for denotation is:

e Let M' be a first-order interpretation and s an assignment on M. If fis an n-
place function variable and 71, . . . t,, are terms, then the denotation of f7; . . . ¢,
is the result of applying a(n) to the denotations of 71, . . ., #, and s(f).

In other words, the denotation of f#; .. .¢, is determined by the “application”
function a(n), evaluated at the denotations of the items in 71, . . ., #, and the item
in d>(n) assigned to by s.

The clause for the satisfaction of atomic formulas is similar:

o Let M be a first-order interpretation and s a variable assignment on M!. If X
is an n-place relation variable and 71, . . ., #, are terms, then M seXt...t,
if and only if the sequence consisting of the denotations of #1, . . ., ¢, and s(X)
is a member of p(n).

Here, the atomic formula is interpreted via the “predication” relation p(n).
The clauses for the quantifiers then carry over:

o M' s £ VX¢ if and only if M',s" £ ¢, for every variable assignment s” that
agrees with s at every variable except possibly X.

e M' s £ 3X¢ if and only if M',s’ £ ¢, for some variable assignment s” that
agrees with s at every variable except possibly X.

e M',s £ Vfp if and only if M',s" £ ¢, for every variable assignment s’ that
agrees with s at every variable except possibly f.

e M',s £ 3fp if and only if M',s’ £ ¢, for some variable assignment s’ that
agrees with s at every variable except possibly f.

And the logical notions:

e A sentence ¢ of L2K is a first-order logical truth if and only if M' £ ¢, for
every first-order interpretation M'.

o A setI' of sentences of L2K is first-order satisfiable if and only if there is a
first-order interpretation M' such that M' £ ¢ for every ¢ € T.

e A sentence ¢ of £2K is a first-order consequence of a set I' of sentences of
L2K, written T £y ¢ if and only if for every first-order interpretation M', if
M' £y, for every ¢ € T, then M! £ ¢.

Notice that a given Henkin interpretation (d, D, F, I) is equivalent to the first-
order interpretation {d, d|,ds, (I,p,a)) in which d| is D, d; is F, p recapitulates
the “real” predication (or membership) relation between d and the various
D(n), and a recapitulates the “real” application function from ¢" and the var-
ious F(n) to d. That is, for each n, (u,v) is in p(n) if and only if u € v; and
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a(n)(u,w) = w(u). Thus, for every Henkin interpretation M there is a first-
order interpretation M!, such that for every assignment s on M there is an
assignment s' on M!, such that for every formula ¢ of £2K, M" s £ ¢ if and
only itMs! e @.

There is a converse as well. Let M! = (d,dy,d,{Lp,a)) be a first-order
interpretation of £2K. Then there is a Henkin interpretation M’ = (d, D, F,I)
such that for every variable-assignment s on M there is an assignment s on
M such that for every formula ¢ of L2K,M' s £ ¢ if and only if M7 s £ ¢
(see Shapiro (1991, Chapter 3) for details). The idea is that we replace an item
c of, say, d|(2) with the set of pairs of elements of d that ¢ “holds of,” according
to p(2). To take a frivolous example, suppose that in M!, d is a set of grapes
and d;(2) is a set of tomatoes. Then in the corresponding M, each tomato is
“replaced” by the set of pairs of grapes that bear the M'-interpretation of the
predication relation to it.

It follows that, for each sentence ¢ of L£2K, ¢ is a Henkin logical truth if
and only if ¢ is a first-order logical truth; for each set I' of sentences, I is
Henkin-satisfiable if and only if I is first-order-satisfiable; and ¢ is a Henkin-
consequence of I if and only if ¢ is a first-order-consequence of I'. In short,

Henkin semantics and first-order semantics are pretty much the same.'”

7.3.4 Plural Quantification

All three of the above model-theoretic semantics follow the prevailing custom
of assigning each variable to a distinctive range in each interpretation, and in
each case, the range is a set. On standard, Henkin, and first-order semantics, the
range of each first-order variable is a (non-empty) set, and the range of a given
higher-order variable is a set of sets (of n-tuples) or a set of functions. So all
three semantics preclude an interpretation of a language like £2K in which the
first-order variables do not range over a set. So we cannot give an account of
set theory in which the intended first-order variables range over every member
of the iterative hierarchy, for the reason that typical set theories, such as that of
Zermelo-Fraenkel, entail that there is no set of all sets. So if we are to have a
higher-order set theory, what would its higher-order variables range over?

In response to issues like these, George Boolos (1984; 1985) proposed a
different way to understand at least monadic, second-order relation variables.
According to both standard and Henkin semantics, an existential quantifier 3X
should be read “there is a set X or “there is a property X,” in which case, of

12 See Shapiro (1991, Chapter 3) and Gilmore (1957). This equivalence is due to our decision to
not introduce an identity relation on the higher-order items. Thanks to a referee for highlighting
this.
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course, the locution invokes sets or properties. Against this, Boolos suggests
that a monadic, second-order quantifier be considered a counterpart of a plural
quantifier, “there are (objects).”

The following sentence:

Some critics admire only one another

has a (more or less) straightforward second-order rendering:

AX(GExXx A VaVp(Xx A Axy) — (x #y A Xp))).

According to standard, Henkin, or first-order semantics, this sentence would
correspond to “there is a non-empty set C (of critics) such that, for any x € C,
and any y, if x admires y, then x # y and y € C.” In the language of the seman-
tics, however, this reading implies the existence of a set, while the original
sentence, “some critics admire only one another,” does not, or so it seems.

There is no doubt that native speakers of ordinary natural languages have
no trouble with sentences that contain plural quantifiers. Boolos argues that
logicians can use plural locutions in the meta-language in which we develop
formal, model-theoretic semantics. The plural locution interprets the monadic,
second-order quantifier.'

So construed, a monadic second-order language does not invoke any ontol-
ogy beyond that of its first-order counterpart. In a sense, the range of monadic,
second-order variables is the same as the range of the first-order variables. It is
just that the quantification is plural.

In a second-order formulation of set theory, the “Russell sentence,”
AXVx(Xx < x ¢ x), is a consequence of the comprehension scheme. According
to standard semantics, Henkin semantics, and first-order semantics, it entails
that there is a set whose members are all and only the sets that do not con-
tain themselves. This is easily seen to be contradictory. Is this “Russell set”
a member of itself or not? On Boolos’s interpretation, the Russell sentence
reads, “there are some sets such that any set is one of them just in case it is
not a member of itself,” a harmless truism. We forgo details of Boolos’s (1985)

13 There is an irony here. Godehard Link (1998, p. 314) notes that:

Boolos sought [an] ... interpretation of (monadic) second-order logic ... in which
the second-order variables are not taken to range over any set-like “collections” of
objects from the first-order domain. He found that interpretation in the device of plu-
ral quantification in English. Thus a remarkable inversion of the common practice
of interpretation and regimentation ...[R]ather than explicating natural language in
terms of a formal language, a formal language is interpreted in terms of certain natural
language locutions.
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rigorous, model-theoretic semantics for second-order languages with monadic
relation variables.'#

It seems that the Boolos interpretation for monadic, second-order languages
is intended to be equivalent to standard semantics, at least for interpretations
in which the domain constitutes a set. We have some doubts as to whether
our independent or pre-theoretic grasp of plural quantifiers is sufficiently
determinate for this.

Consider a statement of second-order real analysis of the form:

VXIYH(XY).

The opening second-order quantifiers can be given both a plural and an ordi-
nary, standard reading.'> It had better be the case that if we read the quantifiers
as plurals, we will get exactly the same truth value, in general, as we would if
we understand the quantifiers as ranging over sets of real numbers.

In effect, there needs to be a “plurality” (so to speak) for each set of real
numbers. Does the English plural construction have that determinate a mean-
ing? To be sure, an advocate of the Boolos plural interpretation can stipulate
that she intends the quantifier to have such a meaning in cases like that of real
analysis. Notice, however, that one needs some set theory to do this stipulating.
This consideration might sustain the complaint of Michael Resnik (1988) and
Shapiro (1993) that the sophisticated understanding of the plural construction
used in justifying second-order logic is mediated by set theory.

7.4 Meta-theory

Here we provide brief sketches of some of the main meta-theoretic properties of
second-order languages, using three of the model-theoretic frameworks (we do
not discuss plural quantification). The results vary considerably, depending on
which model-theoretric framework is considered. For more detail, see Shapiro
(1991, Chapters 4 and 5).

7.4.1 Henkin and First-order Semantics

Since, as noted in the previous section, Henkin semantics is equivalent to first-
order semantics for the languages £2K, we need only present the relevant

14 See Linnebo (2017) for an excellent overview of the use of plural quantification in formal
contexts.

Let’s look at an example. Let ¢(X, Y) be a statement that for all x, Yx holds if and only if x is a
limit point of the numbers of which X holds. On a standard reading, YX3Y¢(X, Y) says that for
every set X there is a set Y that contains all and only the limit points of X (i.e., Y is the closure
of X). On a plural reading, the sentence says that for any numbers, there are some numbers such
that a number is one of them just in case it is a limit point of the given numbers.

15

Downloaded from https://www.cambridge.org/core. IP address: 201.141.17.208, on 28 Apr 2022 at 14:59:39, subject to the Cambridge Core terms
of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781108982009


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108982009
https://www.cambridge.org/core

Classical First-Order Logic 37

results for whichever of these is more convenient. Anything said about one
of them applies directly to the other.

The deductive system D2 is not sound for Henkin and first-order seman-
tics. It is straightforward to verify that every Henkin interpretation satisfies the
axioms and rules of a first-order deductive system and the introduction and
elimination rules for the second-order quantifiers, but some Henkin interpreta-
tions do not satisfy instances of the comprehension scheme and some do not
satisfy the axiom of choice. Consider, for example, a structure M = (d,D,F,I)
in which the first-order domain d has two distinct members a, b; D(2) has a sin-
gle member, the relation {(a, a), (b,a)}. Then M does not satisfy the following
instance of the comprehension scheme:

AXVxVY(Xxy > x = y).

In effect, this axiom asserts the existence of the identity relation, but M’ does
not contain such a relation.

Define a Henkin (or first-order) interpretation to be faithful to D2, or sim-
ply faithful, if it satisfies every instance of the comprehension scheme (and the
axiom of choice if that is included in the deductive system). That is, a Henkin
interpretation is faithful if it contains every relation definable via the compre-
hension scheme (and the functions promised by the axiom of choice). To be
sure, there are some faithful interpretations. Recall that a Henkin interpretation
is “full” if it contains every set of n-tuples of members of the domain and every
function on the domain. So faithful interpretations contain every definable set
and every definable function, and so full interpretations are faithful.

All subsequent discussion is restricted to faithful interpretations. Of course,
we now have soundness-by-fiat. We just restrict ourselves to Henkin and first-
order interpretations that satisfy the axioms and rules of D2.

Languages like £2K under Henkin semantics and first-order semantics have
the meta-theoretic features of ordinary, first-order languages. First, the deduc-
tive system D2 is complete for Henkin semantics: Let I” be a set of sentences and
¢ a sentence of L2K. Then if ¢ is true in every faithful Henkin interpretation
of I, then ¢ can be deduced from I' in D2.

The downward Lowenheim-Skolem theorem holds: if a set I' of formulas of
L2K has a faithful Henkin interpretation whose domain is infinite, then I has a
faithful Henkin interpretation whose domain is countable (or the cardinality of
K, whichever is larger). Every Henkin interpretation for £2K has an equivalent
sub-interpretation whose domain is at most countable (or the cardinality of K,
whichever is larger).

The upward Lowenheim-Skolem theorem also holds: if for each natural
number 7, a set I' has a faithful Henkin interpretation whose domain has at
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least n members, then for each infinite cardinal «, I" has a faithful interpreta-
tion whose domain has at least k-many members. The proofs of these theorems
are straightforward adaptions of the usual constructions for first-order logic.'®

As in the case of first-order logic, compactness is a corollary of complete-
ness: let I be a set of formulas of L2K. If every finite subset of T is satisfiable in
a faithful Henkin interpretation, then I itself is satisfiable in a faithful Henkin
interpretation. Recall that a set of sentences is categorical if all of its models
are isomorphic to each other. Under Henkin semantics, we have that no the-
ory with an infinite interpretation is categorical. Thus, second-order languages
with Henkin or first-order semantics are not adequate to characterize infinite
structures up to isomorphism.

7.4.2 Standard Semantics

Recall that standard semantics is equivalent to the restriction of Henkin seman-
tics to full interpretations, structures in which the n-place predicate variables
range over the collection of @/l sets of n-tuples of elements from the domain and
the n-place functions range over the collection of all n-place functions on the
domain. As noted, since full interpretations contain every relation and function,
they certainly contain the functions and relations promised by the instances of
the comprehension scheme and the axiom of choice (assuming separation and
choice in the meta-theory). So full interpretations are faithful, and the deductive
system D2 is sound for standard semantics.

Recall that a set of sentences is categorical just in case all of its models
are isomorphic to each other. We noted above that with Henkin and first-
order semantics, there are no categorical characterizations of any infinite
structure. The crucial feature of standard semantics is the existence of cate-
gorical axiomatizations of the natural numbers, the real numbers, and a host
of other mathematical structures. As we shall see, corollaries of these features
include the refutation of compactness and the Lowenheim-Skolem theorems
and, in light of Godel’s incompleteness theorem for arithmetic, the refutation
of completeness.

The language of arithmetic has 4 = {0, s, +, X} among its non-logical termi-
nology. The theory has first-order axioms stating that the successor function is

16 See Shapiro (1991, pp. 89-95). As a historical note, the now-common Henkin proof of com-
pleteness was first discovered (and reported in Henkin (1950)) in the context of higher-order
logic under (what is here called) Henkin semantics. The same proof was later adapted to provide
a proof of completeness for first-order languages somewhat different from that given in Godel
(1930).
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one-to-one, that zero is not the successor of anything, and the usual recursive
definitions of addition and multiplication:
VaVy(sx = sy — x = y) A Vx(sx # 0)

Vx(x + 0 = x) A VxVy(x + sy = s(x +))
Vx(x X 0 =0) AVxVy(x X sy =x Xy +X).

Then there is the induction axiom, a proper second-order statement:

VX[(X0 A Vx(Xx — Xsx) — VaXx].

Let AR (for “arithmetic”) be the conjunction of these axioms.

The intended model of AR is the interpretation N of £2A whose domain is
the set of natural numbers and which assigns zero to 0, and assigns the succes-
sor function, the addition function, and the multiplication function to s, +, and
X, respectively. It is immediate that N satisfies AR. Moreover, any two inter-
pretations of AR are isomorphic (see Shapiro (1991, pp. 82—83) or the original
Dedekind (1888) for a proof). It follows that if M is any standard interpretation
that makes AR true, then the domain of M is countably infinite. This entails
that the upward Lowenheim-Skolem theorem fails for second-order logic with
standard semantics.

It follows from the categoricity of second-order arithmetic that a sentence ¢
of L2A is true of the natural numbers (i.e., N £ ¢) if and only if AR — ¢ is
a standard logical truth. That is, arithmetic truth is reducible to, or definable in
terms of, standard second-order logical truth.

The proof of Godel’s incompleteness (Godel (1931)) entails that the set of
(first-order) truths of arithmetic is more complex than any set of theorems of
a typical deductive system (see Boolos et al. (2002)). Second-order languages
with standard semantics are thus inherently incomplete, in the sense that there
can be no appropriate deductive system for it.

Compactness also fails. Let ¢ be a constant symbol and consider the follow-
ing set I' of sentences:

{AR,c # 0,c # 50,c # s50,c # 5550,...}.

Each finite subset of I is satisfiable in the natural numbers. But the entire set
I' is not satisfiable, since the denotation of ¢ would have to be different from
the denotations of 0, s0, etc. But, by the induction axiom and the categoricity
result, the denotations of 0, s0O, etc. exhaust the domain of each interpretation
of AR.

This gives us a second refutation of completeness. Since the set I' has no
models at all, it would entail any sentence, say 0 = s0. If there were a sound and
complete deductive system for standard semantics, there would be a deduction
of 0 = s0 from members of I'. But since deductions have to be finite, each
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deduction can have, as premises, only a finite number of members of I'. So
a finite subset of I would entail 0 = s0. But, since each finite subset of I is
satisfiable, it cannot entail this sentence.

The general notion of finitude cannot be captured in any language which sat-
isfies the upward Lowenheim-Skolem theorem. If a theory in such a language
has an interpretation of each finite cardinality, then it has an infinite interpre-
tation. However, the notion of finitude can be expressed with a second-order
language with no non-logical terminology (assuming standard semantics). The
following purely logical sentence,

(FIN) V/=(VaVy(fx = fy — x = y) A Vy(fy # X)),

asserts that there is no one-to-one function from the domain to a proper subset
of the domain. So (FIN) is satisfied by an interpretation M if and only if the
domain of M is finite.!”

Finitude is one of a number of related notions that have adequate character-
izations in second-order languages with standard semantics (usually involving
no non-logical terminology) but cannot be characterized in any compact lan-
guage, including second-order languages with Henkin or first-order semantics.
Examples include countability, well-orderedness, well-foundedness, minimal
closure, and the ancestral.'® Any consistent attempt to formulate a character-
ization of any of these notions in a first-order or Henkin second-order theory
will have unintended interpretations that miss the mark (see Shapiro (1991,
Chapter 5, §5.1)).

All that remains is to refute the downward Lowenheim-Skolem theorem.
In real analysis, the non-logical terminology includes B = {0,1,+,%,<}.
The axioms are those of an ordered field, all of which are first-order,'” plus
a second-order statement of completeness, asserting that every non-empty,
bounded set (or property) has a least upper bound:

VX[(FyXy A IxVy(Xy — ¥y < X))
— Ix[Vy(Xy > y < x) AVz(Vy(Xy - y <z) - x < 2)]].

17" Actually, (FIN) is satisfied by an interpretation M if and only if the domain of M is what is called
“Dedekind-finite”. The axiom of choice entails that Dedekind-finitude is equivalent to finitude.
See Shapiro (1991) for definitions of these notions.

The axioms for an ordered field are that addition and multiplication are associative and
commutative, multiplication is distributive over addition, 0 is the additive identity, 1 is the
multiplicative identity, every element has an additive inverse, every element but 0 has a mul-
tiplicative inverse, < is a linear order, 0 < 1, and the elements greater than or equal to 0 are
closed under addition and multiplication.
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Let AN (for “analysis”) be the conjunction of the axioms of real analysis. The
real number structure constitutes the intended interpretation, and AN is catego-
rical (see Shapiro (1991, p. 84)). Since AN has an uncountable interpretation
and no countable interpretations, the downward Léwenheim-Skolem theorem
fails for second-order languages with standard semantics.

In first-order arithmetic, the (second-order) induction principle is replaced
by a scheme. If ¢ is a formula in the language of first-order arithmetic, then

(6(0) A Vx(p(x) — ¢(sx))) — Vxe(x),

is an axiom. The theory thus has infinitely many axioms.
Similarly, first-order real analysis is obtained by replacing the single com-
pleteness axiom with the completeness scheme,

(Fyp() A IV¥($(y) = y < X))
= IVHP) =y < x) AV2(W(P) =y < 2) = x < 2)],

one instance for each formula ¢ of the language of real analysis that contains
neither x nor z free.

The difference between, say, second-order real analysis and its first-order
counterpart is that in the latter, one cannot directly state that every non-empty
bounded set (or property) has a least upper bound. The closest one can come
is a separate statement for each such set which is definable by a formula in the
language of first-order analysis.

The same, or almost the same, goes for arithmetic and real analysis as for-
mulated in a second-order language with Henkin semantics. To be sure, in
those languages, the induction principle and the completeness principle are
single sentences, with a second-order variable ranging over sets or proper-
ties. However, the only sets or properties that are guaranteed to exist in a
given interpretation are the definable ones — and we only have those thanks
to the explicit restriction to faithful interpretations, interpretations that satisfy
each instance of the comprehension scheme. Without the restriction to faith-
ful interpretations, we are not guaranteed the existence of any particular sets
or properties. One who works in first-order arithmetic or analysis or one who
invokes Henkin semantics on the respective second-order language (restricted
to faithful interpretations) cannot apply the induction or completeness principle
to a set or property until she shows that it is definable in the relevant language.
The only difference between first-order arithmetic and second-order arithme-
tic with Henkin semantics is that a few more properties are definable in the
second-order language than in the first-order language.
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The first-order theory and the Henkin theory have interpretations which
are not isomorphic to the real numbers. These are sometimes called non-
standard interpretations. Indeed, the Lowenheim-Skolem theorems indicate
that for every infinite cardinal «, there are interpretations of first-order arithme-
tic and interpretations of first-order analysis whose domain has cardinality «.
The same goes for Henkin semantics. The study of non-standard interpretations
has proven fruitful in illuminating the original informal theories.

Per Lindstrom (1969) showed that, in a sense, first-order logic is charac-
terized by the meta-theoretic properties that distinguish it from second-order
languages with standard semantics. Let £ be any language/logic that is com-
pact and has the property of the downward Léwenheim-Skolem theorem: if
a theory is satisfiable, then it has an interpretation whose domain is at most
countably infinite. Then £ cannot make any distinction among interpretations
that cannot be made with the corresponding first-order language (see Shapiro
(1991, Chapter 6, §6.5)).

For better or worse, then, standard semantics is what makes second-order
logic distinctive. The categoricity results and the concomitant failure of the
limitative properties are the sources of both the expressive strength and the
main philosophical and technical shortcoming of second-order logic.

Jon Barwise (1985, p. 5) once remarked:

As logicians, we do our subject a disservice by convincing others that logic
is first-order and then convincing them that almost none of the concepts of
modern mathematics can really be captured in first-order logic.

And Hao Wang (1974, p. 154):

When we are interested in set theory or classical analysis, the Lowenheim-
Skolem theorem is usually taken as a sort of defect (often thought to be
inevitable) of the first-order logic ... [W]hat is established [by Lindstrom’s
theorems] is not that first-order logic is the only possible logic but rather that
it is the only possible logic when we in a sense deny reality to the concept of
the uncountable.

The fact that second-order logic, with standard semantics, has rich, expres-
sive resources invites the charge that second-order logic is just a branch of
mathematics, and is not entitled to be called “logic” (see, for example, Quine
(1986)). This is not the place to adjudicate this issue.

8 Intuitionism

Intuitionist logic rejects the law of excluded middle, that is, the law that says
that ¢ V —=¢ holds for any formula ¢. Each instance of this sentence is a logical
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Classical First-Order Logic 43

truth in all of the classical systems above. The rejection of excluded middle also
requires eliminating some other classical laws of logic. In this section, we will
explore some philosophical motivations for the theory, give a proof theory, and
provide two options for a model theory for this logic, one of which is informal.

8.1 Philosophical background

8.1.1 Brouwer and Heyting on the Nature of Mathematics

L. E. J. Brouwer (1964b, p. 77) echoes the Kantian theme that a human being
is not a passive observer of nature, but rather plays an active role in organizing
experience:

That man always and everywhere creates order in nature is due to the fact
that he not only isolates the causal sequences of phenomena ... but also
supplements them with phenomena caused by his own activity.

Mathematics concerns this active role. For Brouwer, the essence of mathemat-
ics is idealized mental construction. Consider, for example, the proposition that
for every natural number n, there is a prime number m > n such that m < n!+2.
For Brouwer, this proposition invokes a procedure that, given any natural num-
ber n, produces a prime number m that is greater than n but less than n! + 2. The
proposition expresses the existence of such a procedure.

Brouwer’s repudiation of some of the classical propositions and inferences
flows from this constructive conception of mathematics. Consider, for example,
the inference of double-negation elimination. Let P be a property of natural
numbers and consider a proposition that there is a number # such that P holds
of n; in symbols this is InPn. For an intuitionist, this proposition is established
only when one shows how to construct a number 7 that has the property P. The
negation of a proposition ¢ is established when one shows that the assumption
of (the construction corresponding to) ¢ is contradictory. Thus, the double-
negation ——3nPn is established when one shows that an assumption =3nPn
is contradictory. Clearly, to derive a contradiction from the assumption that
=3dnPn is not to construct a number 7 such that Pn. Indeed, we can derive the
contradiction and have no idea what such a number » might be. Thus, from
Brouwer’s perspective, double-negation elimination is invalid.?’

20 Consider the proposition that there are two irrational numbers a, b such that a® is rational. Here
is a non-constructive proof: let ¢ be the square root of 2, which, of course, is irrational. If ¢¢ is
rational, then we are done: the square root of 2 is both of the indicated irrational numbers. If
¢* is irrational, then (¢©)¢ is 2, and thus rational. This proof is not acceptable to an intuitionist,
since it does not show how we can find the numbers a, b — it only shows that it is absurd that
there are no such pairs. A constructive proof of this result is known.
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On Brouwer’s view, the practice of mathematics flows from mental intro-
spection. A slogan of traditional idealism is “to exist is to be perceived.” A
corresponding slogan for intuitionism would be that in mathematics, “to exist
is to be constructed.” It follows from Brouwer’s view that all mathematical
truths are accessible to the mathematician, at least in principle:

The ... point of view that there are no non-experienced truths ... has found
acceptance with regard to mathematics much later than with regard to prac-
tical life and to science. Mathematics rigorously treated from this point of
view, including deducing theorems exclusively by means of introspective
construction, is called intuitionistic mathematics. (Brouwer (1964a, p. 90))

For Brouwer, every legitimate mathematical proposition directly invokes
human mental abilities. Mathematical assertions are “realized, i.e. ... convey
truths, if these truths have been experienced.” As understood by an intuition-
ist, the principle of excluded middle amounts to a principle of omniscience:
“Every assignment ... of a property to a mathematical entity can be judged,
i.e., proved or reduced to absurdity.” Brouwer’s argument is that we are not
omniscient and so we should not assume excluded middle. Heyting (1956) is
largely responsible for taking Brouwer’s mathematical ideas and turning them
into a formalized system (perhaps against Brouwer’s own wishes).

8.1.2 Dummett: Considerations on Language

Michael Dummett (1978b) provides a different motivation for the intuition-
istic restrictions on logic. Unlike Brouwer, he focuses on linguistic matters.
He explores the thesis that “classical mathematics employs forms of reasoning
which are not valid on any legitimate way of construing mathematical state-
ments ...” (p. 215). Dummett suggests that any consideration concerning which
logic is correct must ultimately turn on questions of meaning. By its nature, lan-
guage is a public medium, and as such, the meanings of the terms in a language
are determined by how the terms are correctly used in discourse:

The meaning of a mathematical statement determines and is exhaustively
determined by its use. The meaning of such a statement cannot be, or cannot
contain as an ingredient, anything which is not manifest in the use to be
made of it, lying solely in the mind of the individual who apprehends that
meaning... An individual cannot communicate what he cannot be observed
to communicate: if an individual associated with a mathematical symbol or
formula some mental content, where the association did not lie in the use he
made of the symbol or formula, then he could not convey that content by
means of the symbol or formula, for his audience would be unaware of the
association and would have no means of becoming aware of it. (Dummett
(1978b, pp. 216-217))

Downloaded from https://www.cambridge.org/core. IP address: 201.141.17.208, on 28 Apr 2022 at 14:59:39, subject to the Cambridge Core terms
of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781108982009


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108982009
https://www.cambridge.org/core
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This view of language supports Dummett’s manifestation requirement, a thesis
that anyone who understands the meaning of an expression must be able to
demonstrate that understanding through her behavior — through her use of the
expression.

A typical semantics is compositional in the sense that the semantic content
of a compound statement is a function of the semantic content of its parts. In the
above model-theoretic semantics, for example, the truth (or satisfaction) con-
ditions of a complex formula are defined in terms of the truth (or satisfaction)
conditions of its subformulas. Dummett argues that this semantics runs afoul of
the manifestation requirement. Consider, for example, an instance of excluded
middle: ¢ V —¢. According to Dummett, one cannot understand the truth condi-
tions for this in terms of the truth-conditions of its parts, since, according to the
classical framework, one can know that the sentence is true without knowing
which disjunct is true.

Dummett then argues that we can satisfy the manifestation requirement only
if verifiability or assertability replaces truth (or satisfaction) as the main con-
stituent of a compositional semantics. Presumably, language users can manifest
their understanding of the conditions under which each sentence can be veri-
fied or asserted. In mathematics, verification is proof, since a mathematician
can assert a given sentence only if she has proved it.

So instead of providing truth conditions of each formula, we supply proof
conditions. As we shall see, the result is the repudiation of the validity of
excluded middle and other inferences from classical logic.

8.1.3 Drawbacks

Much like the other alternatives we consider, intuitionism is not without its
drawbacks. Most notably, many logicians are loath to reject excluded middle,
which seems to be one of the more intuitive rules. Additionally, if one adopts
intuitionistic logic to do mathematics, there are many classical theorems that
cannot be proven.

8.2 Deduction

The formal language for (first-order) intuitionistic logic is the same as that of
classical first-order logic. We turn to a deductive system D; for intuitionistic
logic. It is called Heyting Predicate Calculus. Recall that an argument is a
non-empty collection of sentences in the formal language, one of which is des-
ignated to be the conclusion. We use “T’,” “T’,” “I';,” etc, to range over sets of
sentences, and we use “¢,” “¥,” “6,” with or without subscripts, to range over
single sentences of the language. We write I ; ¢ to indicate that ¢ is deducible
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from I' in D;. We write +; ¢ to indicate that ¢ can be deduced (in D;) from the
empty set of premises.

8.2.1 Heyting Predicate Calculus

All but one of the rules for our deductive system D for classical first-order logic
carry over to Dy, and there is one new rule. As before, we define the deducibility
relation by recursion, starting with a rule of assumptions:

e (As) If ¢ is a member of T, then T +; ¢.

There are two clauses for each connective and quantifier, indicating how to
“introduce” and “eliminate” sentences in which each indicated symbol is the
main connective. The glosses and motivations from the first half carry over.

(ADIfT F; @ and T +; ¢, then T, T 7 (0 A W).

(AE)IfT +; (O AY), thenT +; 0; and if I' +; (0 A W), then T+ 4.
(V)IfT 7 0, then T 7 (O V ); if T by, then T+ (O V ).

(VE)If Ty k7 (O V), 15,0 +; ¢ and T3,4 +; ¢, then T, 15,15 +; ¢.
(=D If,0 Fp Yy, then T k7 (0 — o).

(=E)IfT) + (0 > ¢)and I 7 0, then T, T F; 4.

(=D IfT,0 +; ¢ and T3, 60 +; =, then T}, T 7 0.

As with classical logic, by (As), we have that {4,-4} +; 4 and {4,-4} +;
—4. So by (—I) we have that 4 +; ——A4. Recall that, in the classical case,
we added a rule of “double-negation elimination” (DNE): if I' + —=—6, then
I' + 6. This is the one rule from the classical deductive system D that does
not carry over. Instead, we add an elimination rule for negation, like the one
we introduced in Section 4, called ex falso quodlibet or, more colorfully,

explosion:”!

e (=E)IfT'; +; 6 and I'; +; =0, then for any sentence ¢, 1,1 7 .

Recall that each instance of this rule is derivable in the classical deductive sys-
tem D, but that the derivation relies on double-negation elimination (DNE),
which is not valid in D;.

21 In presentations of intuitionistic logic, it is customary to introduce a sentential constant L, for
an absurd statement, and to define negation in terms of it: =¢: ¢ — L. We would add an “elim-
ination” rule for L: ', L7 4. It is straightforward to confirm that the above rule (—=E) follows.
Of course, the same move would work for classical logic. The next section concerns logical
systems that demur from (EFQ).
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The other clauses from the classical deductive system D carry over to D;.
Let 0 be a formula, v a variable, and ¢ a term. Then define 6(v|f) to be the result
of substituting ¢ for each free occurrence of v in 6.

e (VE) IfI" +; VO, then T +; O(v|t), for any closed term ¢.

(V1) For any constant ¢, if T" +; 8(v|t), then T +; Vv, provided that ¢ does not
occurin I or 6.

(3I) For any closed term ¢, if I +; (v|?), then T +; Fv0.

(FE) For any constant ¢, if I'y +; 3v0 and I5,0(v|t) +; ¢, then ['1,T +; ¢,
provided that ¢ does not occur in ¢, I'; or 6.

(=I) T +; t = ¢, where ¢ is any closed term.

(=E) For any closed terms ) and t, if 'y vy #; = tp and T +; 6, then ', T +;
6’, where 6’ is obtained from 8 by replacing one or more occurrences of #;
with .

One final clause completes the description of the deductive system Dy:

e (*) That’sall: T +; 6 only if 6 follows from members of I" by the above rules.

8.2.2 Comparison with the Classical System D

It is immediate from the above that one can obtain the classical deductive sys-
tem D from the intuitionistic one D; by adding the rule of double-negation
elimination (DNE): If I' + =—¢ then I' - ¢. One gets the same result by adding
any one of the following:

e The law of excluded middle (LEM): infer (¢ V —¢)
T'F(¢V o).
e Classical reductio: if by assuming —¢ one can derive a contradiction, then
infer ¢, discharging the assumption.
IfT,—¢ -y and I, ¢ + =y, then ', I F ¢.
e (Classical dilemma: if by assuming ¢ one can derive i, and if, by assuming
-, one can also derive ¢, then infer ¢, discharging both assumptions.
Ifl,¢F¢,and [, —¢ F ¢, then [, + .

It is straightforward to show that any of these four items — (DNE), (LEM),
classical reductio and classical dilemma — are equivalent to each other in D;.
First, one can derive any sentence in the form ——(¢ V —=¢) in D;. So an instance
of (DNE) would yield (LEM).>> Conversely, suppose we have (LEM). Take
—=¢ as an assumption. An instance of (LEM) is (¢ V —¢). We can derive ¢ by

22 In effect, the derivation can be found in the first half, where we motivated (DNE) in the classical
system.
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(VE), on the indicated instance of (LEM). The left disjunct is ¢, and ¢ follows
from the right disjunct via (EFQ).

If we had (LEM)), then classical dilemma would follow, via a (VE) on the rel-
evant instance of (LEM). Conversely, if we had classical dilemma, then (LEM)
would follow, since (¢ V —¢) follows from each of ¢ and —¢, via (VI).

Finally, suppose we had (DNE). If, by assuming —¢, we can derive a con-
tradiction, then we can infer ——¢, by (=I). So we can infer ¢ by (DNE). So
classical reductio holds. Conversely, suppose that classical reductio held. And
assume ——¢. If we further assume —¢, we would have a contradiction. So ¢
holds, by classical dilemma, discharging the second assumption. Thus, we can
infer ¢ from ——¢. This is (DNE).

It is well known that in the classical deductive system D, the various con-
nectives and quantifiers can be defined from each other. For example, one can
derive (¢ — ) from (—=¢ V ¢) and vice versa; and one can derive Yx¢ from
—3Jx—¢ and vice versa. We could have just introduced, say, the connectives —
and A, and the one quantifier V, and defined the others from those.

The various inter-definability derivations all fail in the intuitionist system
Dy. For example, one can derive (¢ — ¢) from (=¢ V i), but not vice versa;
and one can derive —=3x—¢ from Vx¢, but not vice versa. So for intuitionistic
logic, all of the connectives and quantifiers are necessary.

8.3 Informal Semantics: The Brouwer, Heyting, Kolmogorov
(BHK) Interpretation

We now turn to giving two systems for the semantics of intuitionistic logic. We
start with the more informal one.

As noted above, in ordinary semantics, one gives truth conditions for each
sentence — the circumstances in which the sentence is true. This is manifest in
the model-theoretic semantics for classical logic, where one gives satisfaction
conditions for each formula, relative to an interpretation and an assignment to
the variables. If the formula has no free variables, then we get truth conditions.
We say what it is for a given sentence to be true in an interpretation.

The Brouwer, Heyting, Kolmogorov (BHK) interpretation replaces truth-
conditions with proof conditions, or, more generally, verification conditions,
in giving a recursive account of the semantics:

e Assume that we are told what counts as a proof of each atomic sentence. In
elementary arithmetic, this would consist of a calculation.

e A proof of a sentence of the form (¢ A ¥) is a proof of ¢ and a proof of .

e A proof of a sentence of the form (¢ V ) is a proof of ¢ or a proof of i (and
it is usually assumed that we know which).
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e A proof of a sentence of the form (¢ — ) is a procedure that transforms
any proof of ¢ into a proof of .
e A proof of a sentence of the form —¢ is a proof that there is no proof of ¢.

The final clauses concern the quantifiers:

e A proof of a sentence of the form Vx¢ is a procedure that, given any # in the
domain, produces a proof that ¢ holds of 7.

e A proof of a sentence of the form Jx¢ is the construction of an object #n and
a proof that ¢ holds of .

It is straightforward to verify, at least informally, that this semantics fits with
the deductive system Dy in the following sense:

Theorem 8.1 IfT +; ¢, then there is a procedure that, given a proof of every
member of T, produces a proof of ¢.

The proof goes by induction on the length of the D, derivation.

Notice also that the rules and theorems of the classical system D that are not
derivable in D; do not seem to be sanctioned by the (BHK) semantics. Consider,
for example, an instance of (LEM): (¢ V —¢). According to (BHK), a proof of
this would be either a proof of ¢, or a proof that there is no proof of ¢. So, from
the point of view of (BHK), the acceptance of every instance of (LEM) would
amount to a statement that every sentence can either be proved or refuted. The
(BHK) reading of (LEM) is that it is an unwarranted principle of omniscience.

Suppose that we had a proof of a sentence in the form ——3x¢. According to
the (BHK) reading, this is, in effect, a proof that there is no refutation of Jx¢.
Prima facie, we can have that without thereby having a proof of 3x¢, for the
latter requires the construction of an object n and a proof that ¢ holds of n. Con-
sider, for example, the above classical proof that there are irrational numbers
a,b such that a® is rational (note 20 above). So double-negation elimination
(DNE) does not seem to be sanctioned on the (BHK) semantics.

8.4 Kripke Frames

Finally, we consider a formal semantics. The reader should note that since the
logic in the meta-theory in which the semantics is presented is classical, the
results reported here would not be acceptable to an intuitionist. This semantics
is a tool for a classical mathematician to study intuitionistic deduction.

A frame F is a triple (W, a, <) where W is a set of “worlds,” a € W, < isa
reflexive and transitive relation on W, and, for each w € W, a < w. One might
think of 7 as a set of possible states of information, and a as the actual state.
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If w < w’, then w’ is a possible continuation of w, or a possible future state of
information of w.%?

Let F = (W,a,<) be a frame. An interpretation on F assigns a classical
interpretation to each world w € W — a domain of discourse and extensions for
the non-logical terminology of the language, with the following provisos:

e Ifw < w’, then the domain at w is a subset of the domain at w’. In other words,
as time moves on, new objects may be created, constructed, or discovered,
but no object is ever destroyed. Once an object exists at a world, it continues
to exist at all future worlds.

e Each constant denotes the same object in all worlds.

e Iffis an n-place function letter, and m, . . . m, are objects in the domain of a
world w, then if finy, ... m, is p in w, then for all worlds w’” such that w < w’,
fmi,...myispinw’.

e [f R is an n-place relation symbol, and if the sequence mj,...m, is in the
extension of R in a world w, then for all worlds w’ such that w < w’,
my,...m, is in the extension of R in w’.

These clauses entail that if an atomic sentence is true in a given state of
information, it remains true in all future states.

Let F = (W,a,<) be a frame, and / an interpretation on F. Let w € W be a
world in F, and let s be a variable assignment on w, a function from the variables
to the objects in w.

We now say what it is for a formula ¢ to be forced in w by I under s:

e The clause for atomic sentences is the same as in classical model theory, but
relativized to a world: Rty . .. t,, is forced at w by / under s if and only if the
sequence of objects denoted by ¢; ..., is in the extension of R at w. And
u = v is forced at w by 7 under s if and only if the denotation of u and the
denotation of v are the same.

e (¢ AY) is forced at w by 7 under s if and only if ¢ is forced at w by / under s
and y is forced at w by 7/ under s.

o (¢ V) is forced at w by [ under s if and only if ¢ is forced at w by / under s
or ¢ is forced at w by / under s.

23 Readers familiar with modal logic will recognize these as the frames for the modal logic S4 (see,

for example, Hughes and Cresswell (1996)). This is consonant with the fact that sometimes S4
is thought to be the modal logic for knowability.
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These two clauses are also the same as in the model theory of classical logic,
but relativized to worlds. The next clauses make reference to other worlds in
the frame.

e (¢ — y)is forced at w by 7 under s if and only if, for all worlds w” such that
w < w’, if ¢ is forced at w’ by / under s, then y is forced at w” by / under s.
Less formally, this says that any future world that forces the antecedent also
forces the consequent.

e ¢ is forced at w by / under s if and only if, for all w’ such that w < w’, it
is not the case that ¢ is forced at w’. Less formally, this says that there is no
future world in which ¢ is forced.

e Vx¢ is forced at w by [ under s if and only if, for all worlds w’ such that
w < w, ¢ is forced at w’ by I under every assignment s’ that agrees with s
at every variable except possibly x.

e dx¢ is forced at w by 7 under s if and only there is an assignment s’ that
agrees with s at every variable except possibly x such that ¢ is forced at w
by /under s’.

The last clause is the same as in the model theory of classical logic, but
relativized to worlds.

Note that the clauses for Vx¢ and 3x¢ are both strong. For the former to be
forced, we must have that ¢ holds for all present and future objects. And for
the latter, there must be an object that exists now (i.e., at w) such that ¢ holds
of that object.

Notice that if the formula is a sentence, then the variable assignment plays
no role. A sentence is forced in an interpretation under a variable assignment
just in case it is forced in that interpretation under every variable assignment.

Theorem 8.2 (Monotonicity) If ¢ is forced at w by I under s and w < w’,
then ¢ is forced at w' by I under s. In words, once a formula is forced, it stays
forced in all future worlds.

Theorem 8.3  This semantics is sound and complete for intuitionistic logic.
That is, if T is a set of sentences and ¢ is a sentence in the language, then
I v; ¢ if and only if, for any interpretation I, any world w in I and any variable
assignment (on the domain of w), if every member of T is forced at w by I under
s, then ¢ is forced at w by I under s.

See Kripke (1965) for proofs.
We close this section with a few examples of Kripke frames. Consider a
frame with two worlds, a and w, with a < w, but not vice versa.
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a

w

Figure 1: 2-world structure

The domain of both worlds is the singleton {0}. In the interpretation, 0 is not
in the extension of a monadic predicate A at the base world a, but 0 is in the
extension of 4 at w. Notice that (40V —A40) is not forced at a (under any variable
assignment). In particular, 40 is not forced at a, and neither is =40, since A0
is forced at w. Also, =—A40 is forced at a, since =40 is not forced at a and
-A40 is not forced at w. But, again, 40 is not forced at a. So this interpretation
undermines the inference of double-negation elimination (DNE).

Consider the following argument:

If the Empire State Building falls, then somebody will be killed; therefore,
there is someone who will be killed if the Empire State Building falls. Put-
ting matters of tense aside, this can be symbolized: (E — 3xKXx), therefore

This argument is valid in classical logic. To establish it, first derive the instance
of (LEM), (E'V —=E), and then apply VE. However, the argument at least seems
to be invalid. The premise is undoubtedly true. Yet, it does not seem that there
is any particular person whose continued life depends on the Empire State
Building not falling.

The argument is not valid in intuitionistic logic. Consider a frame with three
worlds, a, wi,w,. We have a < wy, but not vice versa, and ¢ < w», but not vice

versa.
w1

/

a

AN

w2

Figure 2: 3-world structure

The domain of all three worlds is {c,d}, say, Carol and Dick. The sentence
letter £ is not true at a, but it is at w; and w,. The extension of K is empty at
a, it is the singleton {c} in w; and it is the singleton {d} in w,. In words, the
Empire State Building does not fall (yet) in the base world a, but it does in the
other two worlds. In w;, Carol is killed, and in w,, Dick is killed. Notice that
the premise (E — 3FxKx) is forced at the base world a: all of the worlds in
the frame have it that if £, then somebody is killed. But the conclusion of the
argument 3x(E — Kx) is not forced at the base world a. In particular, it is not
forced at the base world that if the Empire State Building falls, then Carol will
be killed (since Carol is not killed in w»), nor is it forced at the base world that
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if the Empire State Building falls, then Dick will be killed (since Dick is not
killed in wy).

Consider the following frame: There are countably many worlds:
a,wi,wa,. .. Foreachn, a < n,but not vice versa, and if n < m, then w,, < wy,,
but not vice versa.

= —w,—w,..

L A——

Figure 3: Countably-many-world structure

In the interpretation, the domain of the base world a is {0}, and the domain
of w, is the set of natural numbers less than or equal to n. There is just one
monadic predicate letter 4. The extension of 4 is empty at a, and the extension
of A4 at w,, is the set of natural numbers less than n. The idea is that each world
w,, has one new object, the number 7, and that number goes into the extension
of A at the next world w,,41.

Notice that the sentence Vx(Ax V —Ax) is not forced at any world in this
interpretation. For example, each world contains an object (0 at the base world
a and n at w,) that is not in the extension of 4 in that world, but is in the
extension of 4 in the next world. So the following is forced at a:

=Vx(Ax V —A4x).

This last is logically false in classical logic.

9 Paraconsistency: Demurring from ex falso quodlibet

The inference of ex falso quodlibet (EFQ) is that anything can be inferred from
a contradiction: ¢,—¢ E . Although all of the logical systems presented in
previous sections sanction (EFQ), many objections have been raised against it.
In this section, we look at three types of logic that developed partly out of a
desire to reject (EFQ).

Some reject (EFQ) on the ground that a conclusion of a valid argument must
be relevant to its premises. Suppose, for example, that one starts with some
premises I about human nature and facts about certain people, and then deduces
both “Soy milk is really milk”” and “Soy milk is not really milk.” One can per-
haps conclude that there is something wrong with the premises I, but should
we be allowed to then deduce anything at all from I'? Should we be allowed
to conclude that “All cows are brown” and “The incompleteness theorem is

incorrect”?%*

24 Advocates of classical (or intuitionistic) logic agree, of course, that drawing these inferences,
in situations like this, would not be wise, but they insist that these are matters of pragmatic
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Philosophical issues concerning the nature of logical consequence are
involved. Roughly, since whether soy milk is milk has nothing to do with the
status of the incompleteness theorems, some of those who hold that the prem-
ises and conclusion of a valid argument must have something to do with each
other argue that we should not be able to move from “soy milk is milk” and
“soy milk is not milk” to “the incompleteness theorem is incorrect.” See Mares
(2020) for a general overview of the motivations for relevance, or Dunn (2015),
Mares (2004), or Tennant (2017), amongst others, for more detailed, specific,
arguments.

Others object to (EFQ) on the ground that there are (or may be) some true
contradictions, “paradoxical” statements that are both true and false (or true and
not true). Consider, for example, Russell’s paradox, which proved naive set the-
ory to be inconsistent. Russell’s paradox says that if we can make sets out of
whatever we want, then we can form the set out of all of the sets which are not
members of themselves. This set is such that if it is itself a member of itself, then
itis not, and if it is not a member of itself, then it is! On most accounts, this type
of contradiction causes a theory to “explode,” essentially proving that every-
thing is true. The proposal is to treat the existence of such a set as a “dialethia,”
a paradoxical sentence that is both true and not true. This allows one to pre-
serve naive set theory, which allows us to make sets out of anything we would
like. If there are such sentences, then (EFQ) is not truth-preserving — assuming,
of course, that one does not also hold that every statement is both true and not
true. For more developed arguments about dialethias, see Priest (1987), Priest
et al. (2018) and Weber (2011), amongst others.

Logics that do not sanction the validity of (EFQ) are called paraconsistent.
Lewis and Langford (1932) noted that in order to eliminate (EFQ), we also
have to eliminate something else that is at least prima facie plausible. Consider
the following derivation:*®

1.4
2.-4
3.AVB
4.B

The first two lines are the premises of the argument. Line (3) follows from (1)
by the rule of V-introduction (VI), and line (4) follows from (2) and (3) by
disjunctive syllogism (DS).

advisability, not validity. Moreover, there might well be uses of (EFQ) when one is reasoning
under assumptions.

25 Martin (1986) shows that arguments like this were considered as early as the twelfth century.
Note that this derivation of (EFQ) differs from the one given in the first half.
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So, every paraconsistent logic must either reject (VI), reject (DS), or reject
the transitivity of deduction (i.e., the principle that it is acceptable to chain
together valid arguments). The rejection of (VI) is less common and is not
considered here (but see Read (1988)). We consider three brands of paracon-
sistency: varieties of relevant logic, a dialetheic logic, and Neil Tennant’s core
logic. The first two reject (DS) and the third rejects the transitivity of deduc-
tion.” Each section gives details on motivations, a deductive system, and/or a
model theory.

9.1 Relevance
9.1.1 Motivation

Anderson and Belnap (1975) argue that a given conclusion ¢ is a logical con-
sequence of some premises I" only if ¢ is relevant to I'. Clearly, (EFQ) allows
one to infer irrelevant conclusions. For example, from “it is raining” and “it is
not raining” we can conclude “the moon is made of green cheese.” So, accord-
ing to Anderson and Belnap (1975), (EFQ) is not a valid inference form; it is a
fallacy (see also Anderson et al. (1992), Read (1988), Mares (2020)).

The connective ‘— of classical logic is sometimes called a “material con-
ditional.” Anderson and Belnap (1975, pp. 3-5) focus on so-called paradoxes
of material implication as problematic features of classical logic. One such
isd — (B — A). Another is A — (B — B). These are logically true
in classical logic, but do not seem to match intuitions concerning condi-
tional statements. These conditional tautologies seem to have less intuitive
pull than other tautologies. For example, it seems distinctively odd to say that
if it snows in Canada tomorrow, then if there is a rainbow in France, then
there is a rainbow in France. At least part of this oddness (in addition to the
general oddness of expressing a tautology) is that whether it snows in Can-
ada tomorrow really has nothing to do with whether there is a rainbow in
France. Other tautologies do not seem to have quite this feature (for exam-
ple, it will either snow in Canada tomorrow or it will not snow in Canada
tomorrow).

Examples like these highlight the fact that the material conditional does not
accurately capture features of the conditionals of natural language. Anderson
and Belnap wonder whether it should be called a conditional at all. They sug-
gest that a conditional, properly so-called, should have something to do with
inference.

26 For other non-transitive logics, see Ripley (2015) and the work by the Buenos Aires logic group,
including Barrio et al. (2021).
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The paradoxes of material implication come in many shapes and sizes. A
nice summary can be found in Kerr (2021, p. 4) (see also Priest (2001, section
7.5.3)). The following are among the list:

Ex Contradictione Quodlibet: (¢ A —¢) — .
Ex Falso Quodlibet: =¢ — (¢ — ¥).

Verum Ex Quodlibet: ¢ — (W V —).
Positive Paradox: ¢ — (Y — ¢).

Negative Paradox: =¢ — (¢ — ¥).

Linear Order: (¢ — ¥) V (¥ — ¢).
Unrelated Extremes: (¢ A =¢) — (¥ V —).

A i e

We noted above that (EFQ) follows from the usual introduction rule for dis-
junction (VI), disjunctive syllogism (DS), and the transitivity of deduction, the
thesis that deductions can be chained together at will. Anderson and Belnap,
and their followers, demur from (DS), typically conceding the intuitive pull of
this inference rule.?’

Relevance logicians have advocated a wide variety of logical systems, and
we make no attempt to survey them here. In this sub-section, we focus on
deductive systems for the logics E and R of Anderson and Belnap and a sketch
of a situation-semantics kind of model theory (as in Barwise and Perry (1983)).

Relevance logic is good at capturing whether a conclusion is appropriately
related to its premises. It does have some drawbacks, though: we usually have
to give up on some of the more intuitive rules of a system. For example, most
relevant systems do not admit (DS). Anderson and Belnap even admit that this
is a big sacrifice, but they maintain that since they can recapture it at the meta-
level, it is not so bad (see footnote 27). Most relevance logics are in fact quite
weak. For these reasons, amongst others, many classical logicians have opted
to stick with their stronger logic.

9.1.2 Deduction

In previous sections, we presented natural deduction systems, invoking intro-
duction and elimination rules for the connectives and quantifiers. Here we give
Hilbert-style systems, consisting of axioms and very few rules of inference. We
restrict attention to the sentential fragment of the logic.

The system E is supposed to be the logic of (relevant) entailment, and R is
the logic of (relevant) implication. Both systems contain a relevant conditional,

27" Anderson and Belnap note that there is a kind of meta-rule in line with (DS): if one can prove a
sentence of the form ¢ V ¢ and one can prove —¢, then one can prove ¢. Anderson et al. (1992,
pp. 498-502) note that this is a result of using classical logic in the meta-theory. The issues are
complex and subtle.
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but the conditional of E is meant to be strict (in the sense that it is only true if
it is necessarily true). This makes R stronger than E. There are a whole series
of relevance logics, each invoking different axioms (including some of those
presented below). There is much debate about exactly which of these logics
are correct, in some substantive sense. Some authors advocate for very weak
logics (see, for example, Beall (2019), who holds FDE is correct, and Tedder
(2021), who argues for BB). Others hold that logics even stronger than R are
correct (see Avron (1990)). Because of this, there are whole families of rel-
evance logics. For a detailed picture of them, and the relationships between
them, see Dgaard (2016), who provides a map ordered by strength. The system
E has the following rules and axioms (see Mares (2020)):

Identity - ¢ — ¢

EntT + (¢ = ¢) > y¥) - ¢

Suffixing + (¢ = ¢) = (¥ = 0) = (¢ — 0))
A-elimination + (¢ AY) — @, F (P AY) = ¢
v-introduction + ¢ — (@ V), Yy — (¢ V)
A-introduction r (¢ — ¥) A (¢ — 0)) = (¢ — (Y A 6))
v-elimination + (¢ V) — 0) & (¢ — 0) A (¥ — 0))
Contraction + (¢ — (¢ — ) — (¢ — ¥)
Distribution + (¢ — (Y — 0)) = (¢ = ¢¥) — (¢ — 0))
. Contraposition + (¢ — ) — (f — —¢)

. Double-Negation + ——¢ — ¢

. Modus Ponens ¢ — ,¢ + ¢

. Adjunction ¢,y F d N Y

A A AR

[ S —
W N = O

The logic R is the same as E, with the following axiom replacing EntT:
Assertion + ¢ — (¢ > ¥) — ).

It can be shown that the above paradoxes of material implication are not
derivable in either of these systems.

9.1.3 A Sample Model Theory

We will give a kind of “situation semantics” here. There is considerable con-
troversy over what, exactly, situations are. Sometimes a situation is thought of
as a “part of a world” (Beall and Restall (2006, p. 49)), or as a “state of affairs”
(Barwise and Perry (1983, p. 49)). They are also sometimes thought of as pieces
of information (Urquhart (1972)). In any case, a situation is the sort of thing
that makes sentences of a formal language true or false. For present purposes,
it is crucial that, whatever they are, situations can be inconsistent.
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Some technical features are invoked in the semantics:

1. There is a 3-place relationship on situations, R, roughly analogous to the
usual two-place relation in the possible-worlds semantics for intuitionisic
logic and modal logic. There is some controversy over how to interpret this
relation (see Beall et al. (2012)). One thought is that Rabc holds for situa-
tions, a, b, ¢, when the information of the situations a and b are contained in
the situation c.

2. There is a “base” situation 0. Say that a < b if ROab.

3. There is a *-operator on situations, called the Routley star.”® Again, there are
a number of ways to interpret *; one such is that a* is a maximal extension
of a which is “compatible” with a.

Formally, this can be presented as follows (adapted from Anderson, Belnap,
and Dunn (1992, §§48.3, 48.5)):

e A frame is a structure (K, R, 0, ).

e K isanon-empty set—the collection of situations. We use a, b, ¢, . . . to range
over elements of K.

e 0 ek.

e Ris a three-place relation on K.

e & =a.

e If Rabc, then Rac*b*.

An interpretation on a frame is a relation |= from K to the set of sentences of
the language, with the following stipulations. Note that the clauses for conjunc-
tion and disjunction are very similar to those of classical logic and intuitionstic
logic, but the clauses for negation and the conditional are quite different. This
reflects the distinctive features of relevance logics:

e If ¢ is a sentence letter, then, if a |= ¢ and a < b, then b |= ¢.

sl=¢ Ay ifandonlyifs |= ¢ and s |= ¢.

e sl=¢Vyifandonlyifs |= ¢ors |=y.

e 5 |= ¢ if and only if s* £ ¢.

e 5 |= ¢ — y ifand only if for every a, b, c, if Rabc, then either b ¥ ¢ orc |= .

Different logics are obtained by placing restrictions on the accessibility rela-
tion R and the *-operation. The following frame conditions yield a sound and
complete system for the logic R (Anderson et al. (1992, §§48.3, 48.5)):

1. ROaa.
2. If Rabc, then Rbac.

28 See Routley and Routley (1972) and Routley and Meyer (1973).
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3. A kind of associativity: if Ix(Rabx A Rxcd) then Ix(Raxd A Rbcex).
4. Raaa.
5. If Rabc and ROaa’ then Ra’bc.

The conditions needed to get the logic E are significantly more complicated
(see Anderson et al. (1992, §48.6)).

9.2 Dialetheism

Dialetheism is motivated by the idea that in order to resolve some paradoxes,
we allow some sentences to be both true and false, or both true and not true.
Consider, for example, the Liar (1), a sentence which says of itself that it is not
true:

A: A is not true.

Suppose we accept the usual, “naive” principle that a given sentence ¢ is
true if and only if ¢ (with apologies for confounding use and mention). Then,
using classical (or intuitionistic) logic, we are led to contradiction: we have A
if and only if —A.

Within philosophy and logic, the most common reaction (by far) is to restrict
the “naive” truth principle. Sometimes this is done in a way that does not
even allow a Liar sentence to be formulated. Against this, the dialetheist pro-
poses to accept the full truth-principle and to declare that the Liar, and other
similar statements, are dialetheias: they are both true and not true. As noted
above, this requires that disjunctive syllogism be rejected (unless the theorist
somehow maintains that every sentence in the language is true (and false)):
let 4 be both true and false, and B be just false (i.e., not also true). Then
A V B is true. And —4 is true. If (DS) were valid, then B would be true as
well.

Admitting dialetheias has some further benefits: it allows us, for exam-
ple, to pursue naive set theory (mentioned above). It also allows us to look
at theories that are strong enough to be subject to Gddel’s incompleteness
theorems, but to still treat them as both complete and consistent (and, of
course, as incomplete and/or inconsistent as well). However, as one might
expect, many classical logicians have opted to stick with their original sys-
tem because of the oddness of allowing sentences to be both true and not
true.

We next provide the truth tables for the sentential fragment of Priest’s “logic
of paradox” (LP). Let us introduce a third truth-value I, in addition to truth (T)
and falsehood (F). Here are the relevant truth-tables (see Priest (1979)):
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AT F v T I F =
T|T F T|T T T T|F
I |1 F I|T I 1 I|I
F|F F F|T I F F|T

The experienced reader will recognize these as the “strong Kleene” truth-tables,
yielding the logic K3 (see, e.g., Gottwald (2020)). There, the truth-value I
means something like “neither true nor false,” and T is the only “designated”
truth-value. Here, we think of I as “both true and false.” So a sentence with
value 1 is true (and also false). In LP, both T and I are “designated,” they are
both ways a given sentence can be true.

Validity, here and elsewhere, is the necessary preservation of truth. What is
distinctive here is the dialetheic feature that I is a kind of truth. Let a truth-
value assignment be a function from the sentence letters to the truth values
{T, I, F}.For each truth-value assignment, the truth-tables generate a truth-value
for every sentence of the language:

I' |= ¢ if and only if there is no truth-value assignment v such that v(¢) = F'
and for all y € I',v(y) € {[,T}.

We can recapitulate the above reasoning that neither (DS) nor (EFQ) is valid
in LP in terms of the semantics. Consider a truth-value assignment in which 4
is I (both truth and false) and B is F (false only). Then 4 V B is I, and so true,
and —4 is I. But B fails to be true, so (DS) fails. Also 4 A =4 is I, and so true,
but B is F, so (EFQ) fails.

The language, so far, does not have a conditional. It is common to follow
classical logic and define a “material conditional” as follows: ¢ — y if and
only if ¢ A . This results in the following truth-table:

el
4= 4|
— = ==
= — 1| .

On this picture, (—E), or modus ponens, is just an instance of (DS), and so is
not valid. It must be admitted that this makes the logic rather hard to use, given
how essential (—E) is. Priest (2006) develops an “intensional” conditional that
does sanction (—E), as well as a contrapositive inference, but is still compatible
with dialethism. We forego details.
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9.3 Core Logic

Neil Tennant (1997) develops a core logic that is both paraconsistent, on general

).2? Tennant

grounds of relevance, and intuitionistic (see also Tennant (2005)
argues that this system better makes sense of mathematical reasoning. In math-
ematics, we rarely (for example) actually make use of (EFQ) to infer anything
we want. Rather, when we find we have a contradiction, we go back and try to
find where our premises went wrong. Core logic, argues Tennant, has an episte-
mic leg up on its peers: we either learn of a consequence that follows relevantly,
or we learn that our original premises were inconsistent. In this way, Tennant
claims that “our canon of deductive reasoning has been relevantized; but our
powers of reasoning have been left intact” (Tennant (2005, p. 709)). Core logic
is particularly good for automated deduction, as it accurately models actual
computer processing.

Classical logicians typically reject core logic for one of two reasons. First,
since it is non-transitive, its proofs can be very large, and in fact can be expo-
nentially longer than their classical counterparts. Second, though Tennant does
recover what is perhaps the intuition behind (EFQ), that something is wrong
with the premises, he does not recover full, unrestricted, transitivity, and can-
not make use of unrestricted Cut. Tennant does prove a meta-rule showing that
core logic is transitive in certain instances, and these are the instances which
Tennant holds are needed to recover all of mathematics.

The formal language of core logic is the same as that of classical logic as
above, except that there is a primitive symbol L for a contradiction. The intro-
duction and elimination rules of core logic are similar to those of intuitionistic
logic. We will note some of the differences here (but using the current frame-
work for presenting inference rules). The rules for the quantifiers are the same
as in classical and intuitionistic logic.

The rule for L is:

o (1) ILp,—pF L.

Recall the rule (VE) for both intuitionistic and classical logic:

o (VE)IfT | F(OVY),I5,0F ¢and 3,4 + @, then T',15,15 + ¢.
In core logic (and classical core logic), this is bifurcated into cases:

o (VE), IfT1 (O VyY),12,0 - ¢pand 3,4 + ¢, then I', 175,13 + ¢.
o (VEL IfT| F(OVY),I12,0+¢and 5,4 + L, then T'|,15,T5 + ¢.

2 Classical core logic is obtained from core logic by adding the rule: if ', ~¢ + L, then T - ¢.
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o (VE If T} H(OV ), 5,0+ Land 3,4 + ¢, then ', 175,15 F ¢.
o (VE, IfT1 H(OV ), I15,0+ Land I3, + L, then '}, 15,15 - L.

Notice that disjunctive syllogism (DS) is acceptable: By the above rule (L),
we have ¢,—¢ + L. And, of course ¥ + . So, by (VE)3, ¢ Vi, ¢ + .

For some of the rules involving sub-derivations, one must actually use the
assumption to be discharged. For example, in the above (VE), one must use
the assumptions ¢ and ¢ in order to apply the rule. And, in each of the sub-
derivations, the assumption cannot also be an undischarged assumption in the
other sub-derivation.*’

In core logic, all of the elimination rules require that the “major premise”
(the sentence with the item to be “eliminated”) must “stand proud,” in the sense
that it is a premise of the overall deduction, and not the conclusion of another
rule. Another feature of the system is that some of the rules are presented in
“parallelized” form. For example, (AE) is: if I'; F ¢ A ¢ and I, 9,4 + y, then
I'},I7 + x. And at least one of the premises, ¢,y must be actually used in the
sub-derivation.

Recall from the first half that “Weakening” is the thesis that if '} + ¢ and
I} C Iy, then I, + ¢. Theorem 4.2 shows that Weakening is a straightforward
consequence of the way we present the rules for natural deduction, using “arbi-
trary” premise sets I'. Weakening does not hold in core logic, since it allows
irrelevancies to be introduced.’’

Say that an argument (I, P) is core valid if either I" just is {P}, or there is a
derivation (in the foregoing presentation) of P from I' in which every member
of I is used. Of course, the core logician would just call this “valid.”

All core derivations are in normal form, in the sense that there cannot be a
deduction in which the conclusion of an introduction rule is the major premise
for the elimination rule for the same connective.

As a result, the Cut rule is not valid in core logic:

AN orO $,0+T
AOT

Here, capital Greek letters are sets of sentences, and lowercase Greek letters

Cut

are sentences. This implies that the universal transitivity of deduction (UTD)
fails.

30" Something similar holds for the rule of (—I): the consequent cannot be an undischarged
assumption of the main derivation.

31 Weakening also fails in relevance logics, but those are not presented via natural deduction.
Tennant (1997) and (2005) use a style for presenting the deductive system that allows weakening
to fail.
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FO 0,0+T
ANoprT

wTD) 2

This shows why the aforementioned derivation of (EFQ) from (DS) is
blocked. In the application of (VE), the major premise does not “stand proud,”
it is indeed the conclusion of the (VI) rule.

The failure of (UTD) seems like a defect of the system. It precludes the com-
mon practice of using previously proved theorems and lemmas in proving new
theorems. There is a danger that the resulting result cannot be normalized and
thus be rendered as a core proof.

Tennant argues that there is a meta-theoretic result that attenuates this con-
siderably. Suppose that some premises I entail a conclusion ¢ in intuitionistic
logic (which, of course, is transitive). Then there isa set I C I" such that either
(I, ¢) or (I'", 1) is core valid.’> Moreover, this result can itself be proven when
the meta-logic is core logic, and so, in particular, it accords with intuitionism.

Tennant argues that this is a major feature of the system: “if the failure of
unrestricted transitivity of deduction causes pain, it is fully assuaged by the
resulting epistemic gain” (Tennant (1997, p. 344)). Tennant claims that one can
improve many of the more usual derivations by showing that fewer premises
are needed and/or that the premises are inconsistent.

Tennant (2015) provides a nice resolution of the Liar paradox, invoking
core logic (or classical core logic). Suppose we add a truth predicate 7 to the
language, with the naive rules:

T(¢) + ¢
¢+ T($),

where (¢) is a name of the sentence ¢. Suppose also that there is a sentence A
that is equivalent to a statement of its untruth:

A & ~T(Q).

One can derive a contradiction from these principles in intuitionisic (and thus
classical) logic, in the familiar manner.

In core logic (and classical core logic), one can prove 4, i.e., =7({1), from
no other premises, and one can refute A: =7(1) + L. But these two derivations

32 Also: suppose that some premises I entail a conclusion ¢ in classical logic. Then there is a
set IV C T such that either (I'"", ¢) or (I"”, L) in valid in classical core logic. In both cases, the
result is a consequence of a more or less standard Cut-elimination procedure for (some) systems
of natural deduction.
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cannot be chained together to produce a derivation of L. The result of this chain
is not a normal proof, and the usual procedures to “normalize” intuitionistic
(and classical) derivations do not terminate; they each result in an infinite loop.

9.4 Meta-theoretic Issues

As noted, the meta-theory for core logic is done in core logic. This is not the
case for other paraconsistent frameworks, however. Typically, the meta-theory
is classical. This leads to the strange result that (DS) and (EFQ) are both valid
in the metalogic. Given that the logics in question are meant to be solving prob-
lems caused by (EFQ), it seems odd to have this problematic inference repeated
“higher up.”

Significant meta-theoretic results are few and far between. Though, as noted,
there is a proof that the relevant logic R is sound and complete for the given
semantics, most relevant logics do not fare so well. In fact, the semantics for
relevant logic become increasingly complicated even for E, let alone the weaker
logics. And Priest’s LP does not have a decent proof-theory, so it is not even a
candidate to be sound and complete, which means we do not have many meta-
theoretic results to begin with. With LP, we have a good idea of what to make
of truth, represented by the truth tables we gave, but not such a good idea of
what to make of proof beyond that.

With the possible exception of core logic, the paraconsistent systems strug-
gle to make sense of mathematical reasoning, though there is some work
on capturing arithmetic in various relevance logics (see Logan and Leach-
Krause (2021)). There is also some work on “inconsistent” mathematics
(see Mortensen (2013)), but it does not mirror what we typically take to be
mathematical practice.

10 Conclusion

We have provided the basics of classical first-order logic. This included
developing the language, providing the syntax and model-theoretic seman-
tics, and indicating some meta-theoretic results. We indicated that classical
first-order logic has some significant drawbacks: it cannot characterize the
natural numbers, or any other infinite structure, up to isomorphism, and it
fails to capture some important and well-understood mathematical notions. To
address this, and to help get a better understanding of the strengths and lim-
itations of classical logic, we have considered classical, higher-order logic.
When equipped with so-called standard semantics, this framework is very
expressive, to the point that some argue that it is really mathematics, and not
logic.
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We also noted that some of the inferences of classical logic have been
challenged, and we presented some rivals: intituionistic logic and some para-
consistent logics. They also have drawbacks of their own, concerning the
correctness of the disputed inferences. Of course, this is not the place to
adjudicate the various disputes.
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