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FOREWORD TO THE FIFTH SOVIET
EDITION

The present edition was prepared by me after the death of A. Ya. 
Khinchin, an eminent scientist and teacher. Many of the ideas and 
results in the modern development of the theory of probability are 
intimately connected with the name of Khinchin. The systematic 
utilization of the methods of set theory and the theory of functions of 
a real variable in the theory of probability, the construction of the 
foundations of the theory of stochastic processes, the extensive develop­
ment of the theory of the summation of independent random variables, 
and also the construction of a new approach to the problems of 
statistical physics and the elegant system of its discussion—all this is 
due to Aleksandr Yakovlevich Khinchin. He shares with S. N. 
Bernshtein and A. N. Kolmogorov the honor of creating the Soviet 
school of probability theory, which plays an outstanding role in 
modern science. I consider myself fortunate to have been his student.

We wrote this booklet in the period of the victorious conclusion of 
the Great Patriotic War; this was naturally reflected in the elementary 
formulation of military problems which we used as examples. Now— 
fifteen years after the victory—in days when the entire country is 
covered with forests of new construction, it is natural to extend the 
subject matter in the examples to illustrate the general theoretical 
situation. It is for this reason therefore that, not changing the dis­
cussion and elementary character of the book, I have allowed myself 
the privilege of replacing a large number of examples by new ones. 
The same changes, with some negligible exceptions, were introduced 
by me also in the French edition of our booklet (Paris, 1960). 
Moscow, October 6, 1960 B. V. G neden k o



nPEAWCJIOBIIE K AMEPIIKAHCKOMY 
M3AAHI4IO

3 a nocjieflHHe roAbi Teopiin BeponTHocreH npnoGpeJia hckjhomh- 
TejibHO GoJibiuoe 3HaneHHe Kan hjih p33bhthh camon MaTeMaraKH, 
Tan h ajih nporpecca 6yi<BajibHO Bcex OTpacneft ecrecTB03HaHHH, 
TexHHKH h 3K0H0MHKH. Tenepb ee ponb HammaeT oco3HaBaTbC« 
b JiHHrBMCTHKe n Aawe b apxeoJioniH. Bot noneMy Tai< b3>kho 
nan mo>kho iunpe 11 pa3HOo6pa3Hee nonyjiHpH3iipoBaTb ee HAeii h 
pe3yjibTaTbi.

Bo MHornx CTpaHax pa3AaiOTCH HacroHHHBbie rojioca 3a bbcachhc 
3JieMeHTOB TeopHii BepoHTHOcreii b nypc cpeAHen iukojim. 3 iy  
Tonny 3peHHH pa3AejiHJi h noKofiHbi A. ft. Xhhhhh (1894-1959). 
HeAaBHo MHe yAajiocb o6Hapy>KHTb HeSoJibiuyio ero pynonucb, 
B KOTOpofl OH H3J10>KHJ1 CBOH B3rJIHAbI Ha MCCTO TeopHH BepOHT- 
HOCTefl B IHKOJIbHOM npeilOAaBaHHH M3Te.M3THKH H B OMeHb 061IIHX 
nepTax HaMeTHJi o6"beM 11 xapaKTep H3Jio>KeHHH.

f t  cnacTJiHB, hto HacTOhman khhhcio craHeT AocrynHa a.MepiiKQH- 
CKOMy HHTaTenK). 3 a Te nHTHaApaTb JieT, KOTopbie npoTeKJiH c 
MOMeHTa BbixoAa b cbct nepBoro pyccnoro h3A3hhh, noHBHJiocb 
MHoro HHTepecHbix pa6oT, paciUMpiiBrnux none npiiMeHeHHH 
TeopHH BepOHTHOCTeH H O KOTOpbIX MO>KHO yBjieKaTenbuo paccna- 
3aTb Aan<e b nonyJinpHOH khhjkkc. OAHano, MHe He xoTenocb 6bi 
HapymaTb hh nnaH, hh cnuib to to , h to  GbiJio 3aAyM3HO mohm 
yHHTejieM 11 mhoh b nocneAHiie MecHpbi bohubi, npoHecmeiiCH 
yparaHOM no nojiHM 11 ropoAaM Moefi Poahhbi. H3MeHemiH 
KocHyjiHCb JiHiUb HenoTopbix npHMepoB, npeAMeTHoe coAep>i<aHHe 
KOTopbix onpeAeJiHJiocb BpeMeHeM HanucaHiin khhh<kh. 3 th  
H3MeHeHiiH BHeceHbi mhoh b n«Toe pyccKoe H3AaHiie, KOTopoe 
AOJIHiHO BbIHTII B CBCT nOHTH OAHOBpeMCHHO C aMCpHKailCKHM.

24.4.61 B. B. THeAeHKo



FOREWORD TO THE AMERICAN EDITION

In recent years, the theory of probability has acquired exception­
ally great importance for the development of mathematics itself as 
well as for the progress of literally all branches of natural science, 
technology and economy. Its role is now beginning to be acknowl­
edged in linguistics and even in archaeology. It is for this reason that 
it is essential to popularize its ideas and results as widely as possible 
and in all their varieties.

In many countries there is a persistent demand for the introduction 
of the elements of the theory of probability in the high-school curricu­
lum. This point of view was also shared by A. Ya. Khinchin (1894- 
1959). Not long ago, I found a short manuscript of his in which he 
discussed his views on the place of the theory of probability in the 
teaching of school mathematics and he noted in general outline the 
content and nature of presentation.

I am happy that the present little book is accessible to the American 
reader. During the fifteen years that passed from the time the first 
Soviet edition was published, many interesting works appeared which 
extended the field of application of probability theory and about which 
one could tell in a captivating manner even in a popular booklet. 
However, I did not wish to disturb the plan or style of what was 
thought out by my teacher and myself in the last months of the war, 
which swept over the countryside and cities of my country like a 
hurricane. Changes touched upon only certain examples whose 
subject matter was determined by the time when the booklet was 
written. These changes were made by me in the fifth Soviet edition 
which is to be published almost simultaneously with the American 
edition.
April 24, 1961 B. V . G neden k o



FOREWORD TO THE FIRST SOVIET
EDITION

Acquaintance with the theoretical foundations of a mathematical 
science always enables one to apply more knowledgeably and actively 
the results of this science in practice. Likewise, in the area of 
probability theory, the situation is such that a large number of 
leaders (and occasionally also rank and file workers) in the military, 
in industry, agricultural economy, economy, etc., whose mathematical 
training is very limited, must deal with the practical applications of this 
science.

The present little book has as its aim to acquaint, in the most 
accessible form, the workers of this group with the fundamental 
concepts of probability theory and the methods of probability cal­
culations. This booklet is completely accessible to all those who have 
completed the 10-year secondary school [ages 7-17 in the USSR]; it 
is almost entirely accessible to those who have completed the 7-year 
school also [ages 7-14 in the USSR]. In almost all its parts, the book 
is constructed on the basis of concrete, practical examples; in the 
choice of these examples, however, we were guided primarily not by 
their practical reality but by the illustrative value for the mastery of 
the corresponding theoretical situations.
Moscow, January 7, 1945
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PART I

PROBABILITIES





CHAPTER 1

THE PROBABILITY OF AN EVENT

§ 1. The concept of probability

When we say that under given conditions of firing a marksman 
has 92% success we mean that of 100 shots fired by him under certain 
well-defined conditions (e.g., the same target at a prescribed distance, 
the same firearm, and so on), there are approximately 92 successes 
(and hence about 8 failures) on the average. Of course, there will not 
be exactly 92 successful shots out of every 100; sometimes there will 
be 91 or 90 of them, sometimes there will be 93 or 94; at times the 
number of successes can even be noticeably less or noticeably greater 
than 92; but on the average after many repetitions of shots under the 
same conditions, this percentage of target hits will remain unchanged 
as long as with the passage of time no essential changes take place in 
the firing conditions. (Otherwise, for example, our marksman could 
increase his mastery, and thereby increase the average percentage of 
target hits to 95 or higher.) And experience shows that for such a 
marksman, the number of successful shots per hundred will be close to 
92; those hundreds, in which, for example, this number is less than 88 
or greater than 96, although these will be encountered, will occur 
comparatively rarely. The figure 92% which serves as an index of 
mastery of our marksman is usually very stable; i.e., the percentage of 
target hits in the majority of shots (under the same conditions) will be 
almost the same for a given marksman—deviating rather significantly 
from its average value only in rare, exceptional cases.

Let us consider still another example. It is observed in a certain 
factory that under given conditions on the average 1.6% of the 
manufactured articles do not satisfy the standard and are rejected. 
This means that in a collection, say, of 1000 articles which have not 
yet been subjected to inspection, there will be approximately 16 which 
are unusable. Sometimes, of course, the number of rejected articles 
will be somewhat greater, sometimes somewhat less, but on the average 
this number will be close to 16, and in the majority of collections of 
1000 articles it will also be close to 16. It is understood that here also 
we assume that the conditions of production are invariant; i.e., the

3



4 Probability of an Event [ch. 1]
organization of the technological process, equipment, raw materials, 
qualification of workers, and so on, remain the same.

Clearly, one could introduce any number of such examples. In all 
these cases, we see that in homogeneous, numerous operations per­
formed under prescribed conditions (repeated firings, the mass 
production of articles, and so on), the percentage of a certain type of 
event which is important to us (hitting the target, the fact that articles 
do not meet a fixed standard, and so on) will almost always remain 
approximately unchanged, only in rare cases deviating somewhat 
significantly from some average figure. One can therefore say that 
this average figure is a characteristic index of the given operation 
(under prescribed, strictly established conditions). The percentage 
of target hits describes for us the mastery of the marksman, the 
percentage of rejects gives us an estimate of how much of the produc­
tion is of good quality. It is therefore self-evident that the knowledge 
of such indices is very important in the most diverse areas: in military 
operations, technology, economy, physics, chemistry, and other fields; 
for it enables us not only to estimate the outcome of mass phenomena 
which have already occurred but also to foresee the outcome of a mass 
operation in the future.

If, under given firing conditions, a marksman hits the target on the 
average 92 times out of 100 shots, we say that for this marksman and 
under these conditions the probability of hitting the target is 92% (or 
92/100 or 0.92). If, under given conditions, on the average of every 
1000 finished articles in a certain factory there are 16 rejects, then we 
say that the probability of manufacturing a reject is 0.016 or 1.6% for the 
given production.

But in general what do we call the probability of an event in a given 
mass operation? It is now not difficult to answer this question. A 
mass operation always consists in the repetition of a large number of 
identical individual operations (e.g., firing—of individual shots, mass 
production—the manufacture of individual articles, and so on). We 
are interested in a well-defined result of individual operations (hitting 
the target in a single shot, the fact that an individual article is non­
standard, and so forth), and above all in the number of such results in 
some mass operation (how many shots will hit the target, how many 
articles will be rejected, and so on). The percentage or, in general, 
the fractional part of such “ successful” results in a given mass opera­
tion will be called the probability of this result—this is of importance to 
us. In the second example it would be more appropriate to say 
“ unsuccessful” results. However, in the theory of probability it is



[§ 1] Concept o f Probability 5
conventional to call those results which lead to the realization of the 
event which interests us in a problem “ successful.” In this connec­
tion, one must always have in view that the question of the probability 
of an event (result) has meaning only under precisely defined condi­
tions in which our mass operation proceeds. Every essential variation 
of these conditions causes, as a rule, a change in the probability of the 
event under consideration.

If the mass operation is such that event A (for example, hitting the 
target) is observed on the average a times in b individual operations 
(shots), then the probability of the event A under the given conditions

is  ̂ ^or  ̂ %'j• We can therefore say that the probability of a

“ successful” result of an individual operation is the ratio of the number 
of such “ successful” results observed to the number of these individual operations 
constituting the prescribed mass operation. It is self-evident that if 
the probability of some event equals afb, then in every collection of b 
individual operations this event can possibly occur more than a times 
and less than a times—it is only on the average that it occurs approxi­
mately a times. And in the majority of many such collections of b 
operations the number of occurrences of event A will be close to a— 
particularly, i f  b is a large number.

E x a m ple  1. During the first quarter of the year, in a certain city 
there were born:

145 boys and 135 girls in January 
142 ,, ,, 136 ,, ,, February
152 ,, ,, 140 ,, ,, March.

What is the probability that a boy is born? The fractional part of 
boy births is:

f45
280

142
278

152 ̂ ~ 0 520 
292 ~ U‘̂ U

0.518 = 51.8% in January

0.511 = 51.1% in February 

52.0% in March.

We see that the arithmetic average of the fractional parts for the 
individual months is close to the number 0.516 = 51.6%, so the 
probability sought, under the given conditions, is approximately 0.516 
or 51.6%. This number is well known in demography (which is the
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science whose domain is the study of population dynamics); it appears 
that the fractional part of boy births under usual conditions will not 
deviate significantly from this number during various periods of time.

E x a m ple  2. At the beginning of the last century there was dis­
covered a remarkable phenomenon, which received the name 
Brownian movement (after the English botanist Brown who dis­
covered it). This phenomenon is that very fine particles of matter 
suspended in a liquid are in chaotic motion which is executed without 
any visible causes. For a long time the reason for this apparently 
spontaneous motion could not be clarified, until the kinetic theory of 
gases gave a simple and complete explanation: the movement of 
particles suspended in a liquid results from the collision of molecules 
of the liquid against these particles. The kinetic theory of gases 
enables one to calculate the probability that in a given volume of 
liquid there will not be a single particle of suspended matter, the 
probability that there will be one, two, three, and so on, such particles. 
A number of experiments were carried out with the purpose of verifying 
the predications of the theory.

We present the results of 518 observations, made by the Swedish 
chemist Svedberg, of very fine particles of gold suspended in water. 
It was found that in the portion of space under observation, not a 
single particle was observed 112 times, 1 particle was observed 168 
times, 2 particles 130 times, 3 particles 69 times, 4 particles 32 times, 
5 particles 5 times, 6 particles once, and finally, 7 particles once. 
The fractional part of the observed number of particles equals

1120 particles: 775 ~  0.216 
Olo

324 particles: 775 a  0.062 
j i b

1 Aft
1 particle: 775 x  0.325 

Olo
5 „ 51g a  0.010

1302 particles: 7-7-5 x  0.251 
Olo 6 ” 518 ~ 0'°°1 2

69
518 0.133 7 „ 775 x  0.002.Olo

The results of the observations, as it turned out, coincided very well 
with the theoretically predicted probabilities.

E x a m ple  3. In a number of problems which are important in 
practice, it is essential to know how frequently certain letters of the
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Russian alphabet can occur in a text. Thus, for example, it is 
irrational to stock up the same number of all letters in forming a 
typographical font, since certain letters in the text are encountered 
significantly more frequently than others. Therefore, one strives to 
have a larger number of the letters which are encountered more 
frequently. Investigations performed on literary texts led to an 
estimate of the frequency of occurrence of the letters in the Russian 
alphabet, including the spaces between letters, which is summarized 
in the following table1 (set up in the order of decreasing relative 
frequency of occurrence).

Thus, the indicated investigations show that on the average of 1000 
spaces and letters selected at random in a text, the letter “cj)” will 
occur in two places, the letter “ k ” in twenty-eight places, the letter 
“o ” in ninety places, and there will be spaces between letters in one 
hundred and seventy-five places. These data are sufficiently valuable 
information for forming stock fonts.

In recent years similar investigations, no longer restricted to the 
statistics of letters in Russian texts, are beginning to be used extensively 
for the explanation of the peculiarities of the Russian language, and 
also of the literary style of various authors.

Letter
Relative frequency

space
0.175

O
0.090

e, e 
0.072 0.062

H
0.062

T
0.053

H
0.053

Letter c p B JI K M A
Relative frequency 0.045 0.040 0.038 0.035 0.028 0.026 0.025

Letter n y H b l 3 b y  *b

0.014
6

Relative frequency 0.023 0.021 0.018 0.016 0.016 0.014

Letter r H X IO III
Relative frequency 0.013 0.012 0.010 0.009 0.007 0.006 0.006

Letter
Relative frequency

U
0.004

m
0.003 0.002 0.002

Similar data relative to telegraph communications can be used for 
the creation of the most economical telegraph codes which would 
allow one to transmit messages by means of a smaller number of signs 
and, therefore, more rapidly. It has become clear that the telegraph 
codes utilized now are not sufficiently economical.

1 This little table was adapted by the first-named author from the extra­
ordinarily popular booklet Probability and Information by A. M. Yaglom and I. M. 
Yaglom, 2nd ed., Fizmatgiz, 1960.
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§ 2. Impossible and certain events

The probability of an event, obviously, is always a positive number 
or zero. It cannot be greater than unity because in the fraction by 
which it is defined the numerator cannot be greater than the de­
nominator, for the number of “ successful” operations cannot be 
greater than the number of all operations undertaken.

We agree to denote the probability of the event A by P{A). What­
ever this event is, we have

0 < P(A) < 1.

The larger P(A) is, the more often the event A occurs. For example, 
the greater the probability that a marksman hits the target, the more 
often docs he have successful shots. If the probability of an event is 
very small, then it occurs rarely; if P(zl)=0, then the event cither 
never occurs or it occurs very rarely, so that in practice one can con­
sider it to be impossible. In contrast, if P{A) is close to unity, then 
in the fraction by which this probability is expressed, the numerator is 
close to the denominator, i.e., the overwhelming majority of opera­
tions are “ successful” ; if P{A) = 1, then the event A occurs always or 
almost always, so that in practice one can assume it to be, as one says, 
“ certain,” i.e., one can assume that its occurrence is certain. If 
P(A) = 1 /2, then the event A occurs in approximately half of all cases; 
this means that “ successful ” operations arc observed approximately as 
often as “ unsuccessful” ones. If P(A) > 1 /2, then the event A occurs 
more frequently than it does not occur; for P(A) < 1/2, we have the 
reverse phenomenon.

How small must the probability of an event be before wc can assume 
it to be, in practice, impossible? It is impossible to give a general 
answer to this question because everything depends on how important 
the event is with which we are dealing. Thus, 0.01 is a small number. 
If wc have a supply of shells and 0.01 is the probability that a 
shell will not explode upon falling, then this means that approxi­
mately 1 % of the shots will be ineffective. One can reconcile oneself 
to this! But if we have a parachute and the probability that in a 
jump it will not open is 0.01, then it is of course impossible to reconcile 
oneself with this under any circumstances, because this means that in 
one out of a hundred jumps the valuable life of a parachutist will be 
lost. These examples show that in every individual problem wc must 
establish in advance, on the basis of practical considerations, how small 
the probability of an event ought to be in order that we can consider



it to be impossible and of insignificant consequence to the undertaking 
at hand.

[§ 2] Impossible and Certain Events 9

§ 3. Problem

P r o b le m . One marksman has 8 0 %  as his average of target hits 
and another (under the same firing conditions) has 70 % . Find the 
probability of destroying the target if both marksman shoot at it 
simultaneously. The target is assumed to be destroyed if at least one 
of the two bullets hits it.

First method of solution. We assume that 100 double shots are fired. 
The target will be destroyed by the first marksman in approximately 
80 of them. There remain about 20 shots in which this marksman 
misses. Since the second marksman destroys the target on the average 
70 times in 100 shots and hence 7 times in 10 shots, we can expect that 
in these 20 shots in which the first marksman misses, the second 
succeeds in destroying the target approximately 14 times. Thus, in 
all 100 shots, the target turns out to be destroyed approximately 
80 +  14 =  94  times. The probability of destroying the target under the 
simultaneous fire of both marksmen is therefore equal to 9 4 %  or 0.94.

Second method of solution. We again assume that 100 double shots 
are fired. We have already seen that in this connection the first 
marksman has approximately 20 misses. Since the second marksman 
has approximately 30 misses per hundred shots and hence 3 misses 
per ten shots, one can expect that among those 20 shots in which the 
first marksman misses, there will be approximately 6 in which the 
second will also miss. In each of these 6 shots, the target will remain 
undestroyed and in each of the remaining 94 shots at least one of the 
marksmen will shoot successfully and hence the target will be de­
stroyed. We again arrive at the result that for a double firing the 
target will be destroyed in approximately 94 cases in 100; i.c., that 
the probability of destruction is 9 4 %  or 0.94.

The problem we considered is very simple. But, nonetheless, it 
already leads us to a very important result: there are cases when it is 
useful to know how to find, knowing the probabilities of certain events, 
the probabilities of other, more complicated events. In fact, there 
are very many cases like this not only in military operations but also 
in every science and in every practical activity where we encounter 
mass phenomena.

Of course, it would be very inconvenient to search for the particular 
method of solution for every new problem of this sort encountered.
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Science always endeavors to form general rules, the knowledge of 
which would readily permit one to solve mechanically or almost 
mechanically individual problems which are similar to one another. 
In the area of mass phenomena, the science which takes upon itself 
the formulation of such general rules is called the theory of probability. 
The first principles of this science will be given in this book.

The theory of probability is one chapter of mathematical science, 
like arithmetic or geometry. Therefore, its path is the path of precise 
reasoning, and formulas, tables, diagrams, and so on, serve as its tools.



CHAPTER 2

RULE FOR THE ADDITION OF 
PROBABILITIES

§ 4. Derivation of the rule for the addition of probabilities

The simplest and most important rule used in the calculation of 
probabilities is the addition rule, which we shall now consider.

In firing at a target, depicted in Fig. 1, for every marksman standing 
at a prescribed distance, there is a certain probability of hitting each 
of the regions 1,2,3, 4, 5, 6. Suppose that for some marksman the 
probability of hitting region 1 is 0.24 and that the probability of hitting 
region 2 is 0.17. As we already know, this means that of one hundred 
bullets shot by this marksman, 24 bullets (on the average) hit region 1 
and 17 bullets hit region 2.

Suppose that, in some competition, a shot is adjudged “ excep­
tional” if the bullet falls into region 1 and “ good” if it falls into region 
2. What is the probability that the marksman’s shot is either good or 
exceptional ?

It is easy to answer this question. Of every hundred bullets shot 
by the marksman, approximately 24 fall into region 1 and approxi­
mately 17 into region 2. This means that of every hundred bullets

11
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there will be approximately 24+17=41 which will fall into either 
region 1 or into region 2. The probability sought therefore equals 
0.41=0.24 + 0.17. Consequently, the probability that the shot will be 
either exceptional or good equals the sum of the probabilities of the exceptional 
and good shots.

Let us consider still another example. A passenger is waiting for 
trolley No. 26 or No. 16 at a trolley stop at which trolleys with one of 
the four route Nos. 16, 22, 26, and 31 stop. Assuming that the trolleys 
of all routes appear on the average equally frequently, find the 
probability that the first trolley appearing at the stop will have the 
route needed by the passenger.

Clearly, the probability that trolley No. 16 will be the first to 
appear at the stop equals 1/4; the probability that trolley No. 26 will 
be the first is the same. So, the probability sought is obviously equal 
to 1/2. But

1/2 = 1/4+1/4;

therefore we can say that the probability that trolley No. 16 or trolley 
No. 26 will appear first equals the sum of the probabilities of the 
appearance of trolley No. 16 and trolley No. 26.

We can now carry out the general discussion. In the performance 
of a certain mass operation, it was established that in every series of b 
individual operations on the average

a certain result A1 is observed a1 times 
>) )> A 2 ,, a2 ,,
n n A 3 ,, a3 ,,

and so forth. In other words,

the probability of the event Ax equals a1/b 
n » )> A2 ,, a2jb
)> )> >> A 3 ,, a3/b

and so on. How great is the probability that, in some individual 
operation, one of the results Alf A2, A3, . . . occurs, it being immaterial 
which one?

The event of interest can be called ttA1 or A2 or A3 or . . ..” 
(Here and in other similar cases the ellipsis dots [. ..]  denote “ and 
so forth.”) In a series of b operations, this event occurs aY + a2 + a3 
+ . . . times; this means that the probability sought equals

a1 + a2 + a3+ . . . a 1 i a2 i a3 t
b "  ~b+~b+ ~b + ' ‘ '
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which can be written as the following formula:

P(A1 or A2 or A3 or .. .) = P(A1) + P(A2)+P(A3) + .

In this connection, in our examples as well as in our general 
discussion, we always assume that any two of the results considered 
(for instance, A1 and A2) are mutually incompatible, i.e., they cannot be 
observed together in the same individual operation. For instance, 
the trolley arriving cannot simultaneously be from a needed and not- 
needed route—it either satisfies the requirement of the passenger or it 
does not. This assumption concerning the mutual incompatibility of 
the individual results is very important, for without it the addition 
rule becomes invalid and its application leads to serious errors. We 
consider, for example, the problem we solved at the end of the pre­
ceding section (see page 9). There we even found the probability 
that for a double shot either one or the other shot will hit the target, 
in which connection for the first marksman the probability of hitting 
the target equals 0.8 and for the second 0.7. If we wished to apply 
the addition rule to the solution of this problem, then we would at 
once have found that the probability sought equals 0.8 + 0.7= 1.5 
which is manifestly absurd since we already know that the probability 
of an event cannot be greater than unity. We arrived at this invalid 
and meaningless answer because we applied the addition law to a 
case where one must not apply i t : the two results we are dealing with 
in this problem are mutually compatible, inasmuch as it is entirely 
possible that both marksmen destroy the target with the same double 
shot. A significant portion of errors which novices make in the 
computation of probabilities is due in fact to such an invalid applica­
tion of the addition rule. It is therefore necessary to guard carefully 
against this error and verify in every application of the addition rule 
whether in fact, among those events to which we wish to apply it, 
every pair is mutually incompatible.

We can now give a general formulation of the addition rule.
A d d ition  r u l e . The probability of occurrence in a certain operation of 

any one of the results A1} A2, . . ., An (it being immaterial which one) is equal 
to the sum of the probabilities of these results, provided that every pair of them 
is mutually incompatible.

§ 5. Complete system of events

In the Third (Soviet) Government Loan (TSGL) for the re­
construction and development of the national economy, in the course
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of the twenty-year period of its operation, a third of the bonds win 
and the remaining two-thirds are drawn in a lottery and are paid off 
at the nominal rate. In other words, for this loan each bond has a 
probability equal to 1/3 of winning and a probability equal to 2/3 of 
being drawn in a lottery. Winning and being drawn in a lottery are 
complementary events; i.e., they are two events such that one and only 
one of them must necessarily occur for every bond. The sum of their 
probabilities is

and this is not accidental. In general, if A1 and A2 are two com­
plementary events and if in a series of b operations the event A1 
occurs times and the event A2 occurs a2 times, then, obviously, 
a1 + a2 = b. But

P(*i) = af  P(A2) = af

so that

P(At)+P(A,)  = £ l  +  ^  =  5 l + ^ =  1.

This same result can also be obtained from the addition rule: since 
complementary events are mutually incompatible, we have

PiA J+P iAJ  = P ( A , or A2).

But the event “ Ax or A2” is a certain event since it follows from the 
definition of complementary events that it certainly must occur; 
therefore, its probability equals unity and we again obtain

P i A J + P f a )  =  1.

The sum of the probabilities of two complementary events equals unity.
This rule admits of a very important generalization which can be 

proved by the same method. Suppose we have n events Alt A2, . . . ,  
An (where n is an arbitrary positive integer) such that in each individual 
operation one and only one of these events must necessarily occur; we 
agree to call such a group of events a complete system. In particular, 
every pair of complementary events, obviously, constitutes a complete 
system.

The sum of the probabilities of events constituting a complete system is equal 
to unity.
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In fact, according to the definition of a complete system, -any two 

events in this system are mutually incompatible, so that the addition 
rule yields

P(A ) +P{A2) + . . . +P(An) = P(Ai or A2 or . . .  or An).
But the right member of this equality is the probability of a certain 
event and it therefore equals unity; thus, for a complete system, we 
have

P ^ + P ^ + . - . + P ^ , , )  = 1,
which was to be proved.

E x a m ple  1. Of every 100 target shots (target depicted in Fig. 1 
on page 11), a marksman has on the average

44 hits in region 1

[§ 5] Complete System o f Events

30 „ „ 2
15 „ „ 3
6 „ „ 4
4 „ „ 5
1 hit „ 6

(44 + 30+15 + 6 + 4+1 = 100). These six firing results obviously con­
stitute a complete system of events. Their probabilities are equal to

0.44, 0.30, 0.15, 0.06, 0.04, 0.01,

respectively; we have
0.44 + 0.30 + 0.15 + 0.06 + 0.04 + 0.01 = 1.

Shots falling completely or partially into the region 6 do not hit the 
target at all and cannot be considered; this does not, however, hinder 
finding the probability of falling into this region, for which it is 
sufficient to subtract from unity the sum of the probabilities of falling 
into all the other regions.

E x a m ple  2. Statistics show that at a certain weaving factory, of 
every hundred stoppages of a weaving machine requiring the subse­
quent work of the weaver, on the average,

22 occur due to a break in the warp thread 
31 ,, ,, ,, ,, woof ,,
27 „ „ change in the shuttle
3 occur due to breakage of the shuttlecock

and the remaining stoppages of the machine are due to other reasons.
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We see that besides other reasons for the stoppage of the machine, 
there are four definite reasons whose probabilities are equal to 

0.22, 0.31, 0.27, 0.03, 
respectively. The sum of these probabilities equals 0.83. Together 
with the other reasons, the reasons pointed out for stoppage of the 
machine constitute a complete system of events; therefore, the 
probability of stoppage of the machine from other causes equals

1 -0.83 = 0.17.

§ 6. Examples

We frequently successfully base the so-called a priori, i.e., pre­
trial, calculation of probabilities on the theorem concerning a com­
plete system of events which we have established. Suppose, for 
example, that we are studying the falling of cosmic particles into a

/ 2 3

4 5 6

Fig. 2

small area of rectangular form (see Fig. 2)—this area being sub­
divided into the 6 equal squares numbered in the figure. The sub- 
areas of interest find themselves under the same conditions and there­
fore there is no basis for assuming that particles will fall into any one 
of these six squares more often than another. We therefore assume 
that on the average particles will fall into each of the six squares 
equally frequently, i.e., that the probabilities pu />2, p3, pt, p5, p0 of 
falling into these squares are equal. If we assume that we are 
interested only in particles which fall into this area, then it will 
follow from this that each of the numbers p equals 1/6, inasmuch as 
these numbers are equal and their sum equals unity by virtue of 
the theorem we proved above. Of course this result, which is 
based on a number of assumptions, requires experimental verifica­
tion for its affirmation. We have, however, become so accustomed in 
such cases to obtaining excellent agreement between our theoretical 
assumptions and their experimental verifications that we can depend
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on the theoretically deduced probabilities for all practical purposes. 
We usually say in such cases that the given operation can have n 
distinct, mutually equi-probable results (thus, in our example of cosmic 
particles falling into an area, depicted in Fig. 2, the result is that the 
particle falls into one of the six squares). The probability of each of 
these n results is equal in this case to 1 jn. The importance of this 
type of a priori reasoning is that in many cases it enables us to foresee 
the probability of an event under conditions where its determination 
by repetitive operations is either absolutely impossible or extremely 
difficult.

[§ 6] Examples

E x a m ple  1. In the case of government loan bonds, the numbers of 
a series are usually expressed by five-digit numbers. Suppose we 
wish to find the probability that the last digit, taken at random from 
a winning series, equals 7 (as, for example, in the series No. 59607). 
In accordance with our definition of probability, we ought to con­
sider, for this purpose, a long series of lottery tables and calculate 
how many winning series have numbers ending in the digit 7; the 
ratio of this number to the total number of winning series will then be 
the probability sought. However, we have every reason to assume 
that any one of the ten digits 0, 1,2, 3, 4, 5, 6, 7, 8, 9 has as much of 
a chance to appear in the last place in a number of the winning series 
as any other. Therefore, without any hesitation, we make the assump­
tion that the probability sought equals 0.1. The reader can easily 
verify the legitimacy of this theoretical “ foresight” : carry out all 
necessary calculations within the framework of any one lottery table 
and verify that in reality each of the 10 digits will appear in the last 
place in approximately 1/10 of all cases.

E x a m ple  2. A telephone line connecting two points A and B at a 
distance of 2 km. broke at an unknown spot. What is the probability 
that it broke no farther than 450 m. from the point A? Mentally 
subdividing the entire line into individual meters, we can assume, by 
virtue of the actual homogeneity of all these parts, that the probability 
of breakage is the same for every meter. From this, similar to the 
preceding, we easily find that the required probability equals

450
2000 0.225.



CHAPTER 3

CONDITIONAL PROBABILITIES AND THE 
MULTIPLICATION RULE

§ 7. The concept of conditional probability

Electric light bulbs are manufactured at two plants—the first 
plant furnishes 70% and the second 30% of all required production 
of bulbs. At the first plant, among every 100 bulbs 83 are on the 
average standard,1 whereas only 63 per hundred are standard at the 
second plant.

It can easily be computed from these data that on the average each 
set of 100 electric light bulbs purchased by a consumer will contain 77 
standard bulbs and, consequently, the probability of buying a standard 
bulb equals 0.77.2 But we shall now assume that we have made it 
clear that the bulbs on stock in a store were manufactured at the first 
plant. Then the probability that the bulb is standard will change—it 
will equal 83/100 = 0.83.

The example just considered shows that the addition to the general 
conditions under which an operation takes place (in our case this is 
the purchase of the bulbs) of some essentially new condition (in our 
example this is knowledge of the fact that the bulb was produced by 
one or the other of the plants) can change the probability of some result 
of an individual operation. But this is understandable; for the very' 
definition of the concept of probability requires that the totality of 
conditions under which a given mass operation occurs be precisely 
defined. By adding any new condition to this collection of conditions 
we, generally speaking, change this collection in an essential way. 
Our mass operation takes place after this addition under new con­
ditions; in reality, this is already another operation, and therefore the 
probability of some result in it will no longer be the same as that under 
the initial conditions.

We thus have two distinct probabilities of the same event—i.e., the

1 In this regard, we call a bulb "standard” (i.e., it meets certain standard 
requirements) if it is capable of functioning no less than 1200 hours; otherwise, 
the bulb will be called substandard.

a In fact, we have 0 .83-70+  0.63-30 =  77.
18
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purchase of a standard bulb—but these probabilities are calculated 
under different conditions. As long as we do not set down an 
additional condition (c.g., not considering where the bulb was 
manufactured), we take the unconditional probability of purchasing a 
standard bulb as equal to 0.77; but upon placing an additional 
condition (that the bulb was manufactured in the first plant) we 
obtain the conditional probability 0.83, which difters somewhat from the 
preceding. If we denote by A the event of purchasing a standard 
bulb and by II the event that it was manufactured in the first plant, 
then we usually denote by /’(/I) the unconditional probability of 
event A and by PB(A) the probability of the same event under the 
condition that event B has occurred, i.e., that the bulb was manu­
factured by the first plant. We thus have P(A) =0.77, PB(-d) =0.83.

Since one can discuss the probability of a result of a given operation 
only under certain precisely defined conditions, every probability is, 
strictly speaking, a conditional probability; unconditional probabilities 
cannot exist iti the literal sense of this word. In the majority of 
concrete problems, however, the situation is such that at the basis of 
all operations considered in a given problem there lies some well- 
defined set of conditions K which are assumed satisfied for all opera­
tions. If in the calculation of some probability no other conditions 
except the set K are assumed, then we shall call such a probability 
unconditional; the probability calculated under the assumption that 
further precisely prescribed conditions, besides the set of conditions K 
common to all operations, arc satisfied will be called conditional.

rims, in our example, we assume, of course, that the manufacture 
of a bulb occurs under certain well-defined conditions which remain 
the same for all bulbs which are placed on sale. This assumption is 
so unavoidable and self-evident that in the formulation of problems 
we did not even find it necessary to mention it. If we do not place 
any additional conditions on the given bulb, then the probability of 
some result in the testing of the bulb will be called unconditional. 
But if, over and above these conditions, we make still other, additional 
requirements, then the probabilities computed under these require­
ments will now be conditional.

Example 1. In the problem we described at the beginning of the 
present section, the probability that the bulb was manufactured by 
the second plant obviously equals 0.3. It is established that the bulb 
is of standard quality. After this observation, what is the probability 
that this bulb was manufactured at the second plant?

Among every 1000 bulbs put on the market, on the average 770



20 Conditional Probabilities and Multiplication Rule [ch. 3]
bulbs are of standard quality—and of this number 581 bulbs came 
from the first plant and 189 bulbs came from the second.1 After 
making this observation, the probability of issuing a bulb by the second 
plant therefore becomes 189/770^:0.245. This is the conditional 
probability of issuing a bulb by the second plant, calculated under the 
assumption that the given bulb is standard. Using our previous 
notation, we can write P(B) =0.3 and PA(B) ^0.245, where the event 
B denotes the nonoccurrence of the event B.

Example 2. Observations over a period of many years carried out 
in a certain region showed that among 100,000 children who have 
attained the age of 9, on the average 82,277 live to 40 and 37,977 live 
to 70. Find the probability that a person who attains the age 40 will 
also live to 70.

Since on the average 37,977 of the 82,277 forty-year-olds live to 70, 
the probability that a person aged 40 will live to 70 equals 37,977/ 
82,277^0.46.

If we denote by A the first event (that a nine-year-old child lives to 
70) and by B the second event (that this child attains the age 40), then 
obviously, we have P(A) = 0.37,977 2:0.38 and PB(A) ~0.46.

§ 8. Derivation of the rule for the multiplication of prob­
abilities

We now return to the first example in the preceding section. 
Among every 1000 bulbs placed on the market, on the average 300 
were manufactured at the second plant, and among these 300 bulbs 
on the average 189 are of standard quality. We deduce from this 
that the probability that the bulb was manufactured at the second 
plant (i.e., event B) equals P(B) =300/1000 = 0.3 and the probability 
that it is of standard quality, under the condition that it was manu­
factured at the second plant, equals PB(A) = 189/300 = 0.63.

Since, out of every 1000 bulbs, 189 were manufactured at the 
second plant and are at the same time of standard quality, the 
probability of the simultaneous occurrence of the events A and B 
equals

P{A and B) 189
1000 300 . • » , ( * ) . ™ . ) .1000 300

1 This can easily be calculated as follows. Among every 1000 bulbs, on the 
average 700 were m anufactured at the first plant, and am ong every 100 bulbs 
from the first plant on the average 83 are of standard quality. Consequently, 
am ong 700 bulbs from the first plant, on the average 7-83 =  581 will be of 
standard quality. The rem aining 189 bulbs of standard quality were produced 
at the second plant.
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This “ multiplication rule” can also be easily extended to the general 
ease. Suppose in every sequence of n operations, the result B occurs 
on the average m limes, and that in every sequence ol'rn such operations 
in which the result 11 is observed, the result A occurs I times. Then, 
in every sequence of n operations, the simultaneous occurrence of the 
events B and A will be observed on the average I times. Thus,

/>(», -  =. = i ,

P(A and B) = -  = - • -  = P(B)-Plt(A). (1)n n m
M u l tiplic a t io n  R u l e . The probability of the simultaneous occurrence 

of two events equals the product of the probability of the fust event with the 
conditional probability of the second, computed under the assumption that the 
fust event has occurred.

It is understood that we can call either of the two given events the 
first so that on an equal basis with formula (1) we can also write

P{A and B) = P(A).PA(B), (I')
from which we obtain the important relation:

P(A)-Pa(B) = P(B).Ph(A). (2)
In our example, we had

D i a a m  189 i n  a \  7 1  i> tT>\ 189P{A and B) -  100(y (A) -  ]0()» 1 A(1) -  ^ ;

and this shows that formula (T) is satisfied.
E x a m pl e . At a certain enterprise, 9G% of the articles are judged 

to be usable (event A); out of every hundred usable articles, on the 
average 75 turn out to be of the first sort (event B). Kind the 
probability that an article manufactured at this enterprise is of the first 
sort.

We seek P(A and B) since, in order that an article be of the first 
sort, it is necessary that it be usable (event A) and of the first sort 
(event B).

By virtue of the conditions of the problem, P(A) =0.9G and PA{B) 
= 0.75. Therefore, on the basis of formula (1'), P(A and /I) =0.96 
•0.75 = 0.72.

§ 9. Independent events

Two skeins of yarn, manufactured on different machines, were 
tested for strength. It turned out that a sample of prescribed length



22 Conditional Probabilities and Multiplication Rule [ch. 3]
taken from the first skein held a definite standard load with probability 
0.84 and that from the second skein with probability 0.78.1 Find 
the probability that two samples of yarn, taken from two different 
skeins, are both capable of supporting the standard load.

We denote by A the event that the sample taken from the first 
skein supports the standard load and by B the analogous event for the 
sample from the second skein. Since we are seeking P(A and B), we 
apply the multiplication rule:

P(A and B) = P(A)-PA(B).
Here we obviously have P(A) =0.84; but what is PA(B) ? Accord­

ing to the general definition of conditional probabilities, this is the 
probability that the sample of yarn from the second skein will support 
the standard load if the sample from the first skein supported such a 
load. But the probability of event B does not depend on whether or 
not event A has occurred, for these tests can be carried out simul­
taneously and the yarn samples are chosen from completely un­
related skeins, manufactured on different machines. In practice, 
this means that the percentage of trials in which the yarn from the 
second skein supports the standard load does not depend on the 
strength of the sample from the first skein; i.e.,

Pa(B) = P(B) = 0.78.
It follows from this that

P{A and B) = P(A)-P(B) = 0.84 0.78 = 0.6552.
The peculiarity which distinguishes this example from the preceding 

ones consists, as we see, in that here the probability of the result B is 
not changed by the fact that to the general conditions we add the 
requirement that the event A occur. In other words, the conditional 
probability PA (B) equals the unconditional probability P{B). In this 
case we will say, briefly, that the event B does not depend on the event A.

It can easily be verified that if B does not depend on A, then A also 
does not depend on B. In fact, if PA(B)=P(B),  then by virtue of 
formula (2) PB(A) =P(A) and this means that the event A does not 
depend on the event B. Thus, the independence of two events is a 
mutual (or dual) property. We see that for mutually independent 
events, the multiplication rule has a particularly simple form:

P{A and B) = P(A)-P(B). (3)
1 If the standard  load equals, say, 400 grams, then this means the following: 

am ong 100 samples taken from the first skein, 84 samples on the average 
support such a load and IG do not support it and break.
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As in every application of the addition rule it is necessary to establish 
in advance the mutual incompatibility of the given events, so in every 
application of rule (3) it is necessary to verify that the events A and B 
are mutually independent. Disregard for these instructions leads to 
errors. If the events A and B are mutually dependent, then formula 
(3) is not valid and must be replaced by the more general formula (1) 
or 1').

Rule (3) is easily generalized to the case of seeking the probability of 
the occurrence of not two, but of three or more mutually independent 
events. Suppose, for example, that we have three mutually inde­
pendent events A, B, C (this means that the probability of any one 
of them does not depend on the occurrence or the nonoccurrence of 
the other two events). Since the events A, B and C are mutually 
independent, we have, by rule (3):

P(A and B and C) = P(A and B) P{C).
Now if we substitute here for P{A and B) the expression for this 
probability from formula (3), we find:

P{A and B and C) = P(A) ■P{B) ■P{C). (4)

Clearly, such a rule holds in the case when the set under consideration 
contains an arbitrary number of events as long as these events are 
mutually independent (i.e., the probability of each of them does not 
depend on the occurrence or nonoccurrence of the remaining events).

The probability of the simultaneous occurrence of any number of mutually 
independent events equals the product of the probabilities of these events.

E x a m ple  1. A worker operates three machines. The probability 
that for the duration of one hour a machine does not require the 
attention of the worker equals 0.9 for the first machine, 0.8 for the 
second, and 0.85 for the third. Find the probability that for the dura­
tion of an hour none of the machines requires the worker’s attention.

Assuming that the machines work independently of each other, we 
find, by formula (4), that the probability sought is

0.9 0.8 0.85 = 0.612.

E x a m ple  2. Under the conditions of Example 1, find the prob­
ability that at least one of the three machines does not require the 
attention of the worker for the duration of one hour.

In this problem, we are dealing with a probability of the form 
P(A or B or C) and, therefore, we of course think first of all of the 
addition rule. However, we soon realize that this rule is not applicable
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in the present case inasmuch as any two of the three events considered 
can occur simultaneously; for nothing hinders any two machines 
from working without being given attention for the duration of the 
same hour. Moreover, independently of this line of reasoning, we at 
once see that the sum of the three given probabilities is significantly 
larger than unity and hence we cannot compute the probability in this 
way.

To solve the problem as stated, we note that the probability that a 
machine requires the attention of the worker equals 0.1 for the first 
machine, 0.2 for the second, and 0.15 for the third. Since these 
three events are mutually independent, the probability that all these 
events are realized equals

0.1-0.2-0.15 = 0.0003,

according to rule (4). But the events “ all three machines require 
attention” and “ at least one of the three machines operates without 
receiving attention” clearly represent a pair of complementary events. 
Therefore, the sum of their probabilities equals unity and, conse­
quently, the probability sought equals 1—0.0003 = 0.9997. When 
the probability of an event is as close to unity as this, then this event 
can in practice be assumed to be certain. This means that almost 
always, in the course of an hour, at least one of the three machines 
will operate without receiving attention.

E x a m ple  3. Under certain definite conditions, the probability of 
destroying an enemy’s plane with a rifle shot equals 0.004. Find the 
probability of destroying an enemy plane when 250 rifles are fired 
simultaneously.

For each shot, the probability is 1—0.004 = 0.996 that the plane 
will not be downed. The probability that it will not be downed by 
all 250 shots equals, according to the multiplication rule for inde­
pendent events, the product of 250 factors each of which equals 0.996,
i.e., it is equal to (0.996)250. And the probability that at least one 
of the 250 shots proves to be sufficient for downing the plane is therefore 
equal to

1 -(0.996)250.
A detailed calculation, which will not be carried out here, shows that 
this number is approximately equal to 5/8. Thus, although the 
probability of downing an enemy plane by one rifle shot is negligibly 
small—0.004—with the simultaneous firing from a large number of 
rifles, the probability of the desired result becomes very significant.
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The line of reasoning which we utilized in the last two examples can 

easily be generalized and leads to an important general rule. In both 
cases, we were dealing with the probability P{A1 or A2 or Aa . . .  or 
An) of the occurrence of at least one of several mutually independent 
events Aly A2).. ., An. If we denote by Ak the event that Ak will not 
occur, then the events Ak and Ak are complementary, so that

P{Ak)+P{Ak) = 1.

On the other hand, the events Aly A2, . . ., An are obviously mutually 
independent so that

P(AX and A2 and . . . and An) = P(A2) •P(A2) . . . P(An)
= [ i - ^ i ) H i - ^ 2)] . . .  

[ l - P ^ n ) ] .

Finally, the events (A± or A2 or . . . or An) and (Ax and A2 and . . . and 
A„) obviously are complementary; that is, one of the following: 
either at least one of the events Ak occurs or all the events Ak occur. 
Therefore,
P(A± or A2 or . . .  or An) = 1 — P(AX and A2 and . . . and An)

= 1 - [ 1 - P ( A ) ] '[ 1 - ^ W ]  ••• [ 1 - ^ K ) ] .  (5)
This important formula, which enables one to calculate the probability 
of the occurrence of at least one of the events Alf A2). . ., An on the basis 
of the given probabilities of these events, is valid if, and only if, these 
events are mutually independent. In the particular case when all 
the events Ak have the same probability p (as was the case in Example 
3, above) we have:

P{A1 or A2 or . . .  or An) = 1 -  (1 - p ) n. (6)

E x a m ple  4. An instrument part is being lathed in the form of a 
rectangular parallelepiped. The part is considered usable if the 
length of each of its edges deviates by no more than 0.01 mm. from 
prescribed dimensions. If the probability of deviations exceeding 
0.01 mm. is

p± = 0.08 along the length of the parallelepiped
Pa = 0.12 „ width
Pa = 0.10 „ height „ „

find the probability P that the part is not usable.
For the part to be unusable, it is necessary that at least in one of the 

three directions the deviation from the prescribed dimension exceed
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0.01 mm. Since these three events can usually be assumed mutually 
independent (because they are basically due to different causes), to 
solve the problem we can apply formula (5); this yields

P =  \ - { \ - Pl) . { \ - p 2) . { \ - p 3) -0 .2 7 .

Consequently, we can assume that of every 100 parts approximately 
73 on the average turn out to be usable.



CHAPTER 4

CONSEQUENCES OF THE ADDITION AND 
MULTIPLICATION RULES

§ 10. Derivation of certain inequalities

We turn again to the electric light bulb example of the preceding 
chapter (see page 18). We introduce the following notation for 
events:

A—the bulb is of standard quality 
A— the bulb is of substandard quality 
B—the bulb was manufactured at the first plant 
B—the bulb was manufactured at the second plant.

Obviously, events A and A  constitute a pair of complementary 
events; the events B and B form a pair of the same sort.

If the bulb is of standard quality (A), then either it was manu­
factured by the first plant (A and B) or by the second (A and B). 
Since the last two events, evidently, are incompatible with one 
another, we have, according to the addition rule

P(A) = P(A and B)+P(A and B). (1)
In the same way, we find that

P{B) = P(A and B) +P{A and B). (2)
Finally, we consider the event (A or B) ; we obviously have the follow­
ing three possibilities for its occurrence:

1) A and B, 2) A and B, 3) A  and B.
Of these three possibilities, any two are incompatible with one 
another; therefore, by the addition rule, we have

P(A or B) = P(A and B)+P(A and B)+P(A  and B). (3)
Adding equalities (1) and (2) memberwise and taking equality 
(3) into consideration, we easily find that

P(A)+P(B) = P(A and B)+P(A or B),
from which it follows that

P(A orB) = P(A)+P(B)-P(A  and B).
27

(4)
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We have arrived at a very important result. Although we carried 
out our reasoning for a particular example, it was so general that the 
result can be considered established for any pair of events A and B. 
Up to this point, we obtained expressions for probabilities P(A or B) 
only under very particular assumptions concerning the connection 
between the events A and B (we first assumed them to be incom­
patible and, later, to be mutually independent). Formula (4) which 
we just obtained holds without any additional assumptions for an 
arbitrary pair of events A and B. It is true that we must not forget 
one essential difference between formula (4) and our previous 
formulas. In previous formulas, the probability P(A or B) was 
always expressed in terms of the probabilities P(A) and P(B), so that, 
knowing only the probabilities of the events A and B, we were always 
able to determine the probability of the event (A or B) uniquely. 
The situation is different in formula (4): to compute the quantity 
P(A or B) by this formula it is necessary to know, besides P(A) and 
P(B), the probability P(A and B), i.e., the probability of the simul­
taneous occurrence of the events A and B. To find this same prob­
ability in the general case, with arbitrary connection between the 
events A and B, is usually no easier than to find P(A or B) ; therefore, 
for practical calculations we seldom use formula (4) directly—but it is, 
nonetheless, of very great theoretical significance.

We shall first convince ourselves that our previous formulas can 
easily be obtained from formula (4) as special cases. If the events A 
and B are mutually incompatible, then the event (A and B) is im­
possible—hence, P{A and B)= 0—and formula (4) leads to the 
relation

P(A or B) = P{A) +P(B),
i.e., to the addition law. If the events A and B are mutually inde­
pendent, then, according to formula (3) on page 22, we have

P(A and B) = P(A)-P(B), 
and formula (4) yields

P(A or B) = P(A)+P(B)-P(A)-P(B)
= 1 -[1 -T (/1 )] .[1 -T (5 )].

Thus, we obtain formula (5) on page 25 (for the case n = 2).
Furthermore, we deduce an important corollary from formula (4). 

Since P(A and B)>0 in all cases, it follows from formula (4) in all 
cases that

P(A or B) < P(A)+P{B). (5)
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This inequality can easily be generalized to any number of events. 
Thus, for instance, in the case of three events, we have, by virtue of (5),

P{A or B or C) < P(A or B)+P{C)
< P(A)+P{B)+P(C),

and, clearly, one can proceed in the same way from three events to 
four, and so on. We obtain the following general result:

The probability of the occurrence of at least one of several events never exceeds 
the sum of the probabilities of these events.

In this connection, the equality sign holds only in the case when 
every pair of the given events is mutually incompatible.

§11. Formula for total probability

We return once more to the bulb example on page 18 and use, 
for the various results of the experiments, the notation introduced on 
page 27. The probability that a bulb is of standard quality under the 
condition that it was manufactured at the second plant equals, as we 
have already seen more than once,

189
™  = 300 = ° '63

and the probability of the same event under the condition that the 
bulb was manufactured at the first plant is

CO 1
P M )  -  joo = ° 83-

Let us assume that these two numbers are known and that we also 
know that the probability that the bulb was manufactured at the 
first plant is

P(B) = 0.7
and at the second plant is

P(B) = 0.3.
It is required that one find the unconditional probability P(A), i.e., 
the probability that a random bulb is of standard quality, without any 
assumptions concerning the place where it was manufactured.

In order to solve this problem, we shall reason as follows. We 
denote by E the joint event consisting of 1) that the bulb was issued by 
the first plant and 2) that it is standard, and by F the analogous event 
for the second plant. Since every standard bulb is manufactured by
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the first or second plant, the event A is equivalent to the event “E or 
F" and since the events E and F are mutually incompatible, we have, 
by the addition law

P(A) = P(E) +P(F).  (6)

On the other hand, in order that the event E hold, it is necessary 1) 
that the bulb be manufactured by the first plant (B) and 2) that it be 
standard (A) ; therefore, the event E is equivalent to the event “B and 
A,” from which it follows, by the multiplication rule, that

P(E) = P(B) -Pb(A).

In exactly the same way we find that

P(F) = P(B) -Pg(A),
and, substituting these expressions into equality (6), we have

P(A) =P(B)-Pb(A)+P(B).P~b(A).
This formula solves the problem we posed. Substituting the given 
numbers, we find that P(A) = 0.77.

E x a m pl e . For a seeding, there are prepared wheat seeds of the 
variety I containing as admixture small quantities of other varieties— 
II, III, IV. We take one of these grains. The event that this grain 
is of variety I will be denoted by Al} that it is of variety II by A2, of 
variety III by A3) and, finally, of variety IV by A4. It is known that 
the probability that a grain taken at random turns out to be of a 
certain variety equals:

P(AX) = 0.96; P(A2) = 0.01; P(A3) = 0.02 P(A4) = 0.01.
(The sum of these four numbers equals unity, as it should in every 
case of a complete system of events.)

The probability that a spike containing no less than 50 grains will 
grow from the grain equals:

1) 0.50 for a grain of variety I
2) 0.15 „ „ II
3) 0.20 „ „ III
4) 0.05 „ „ IV.

It is required that one find the unconditional probability that the
spike has no less than 50 grains.

Let K be the event that the spike contains no less than 50 grains; 
then, by the condition of the problem, we have
PAl(K) = 0.50; PA2(K) = 0.15; PAf K )  = 0.20; PA<(K) = 0.05.
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Our problem is to determine P(K). We denote by Ex the event that 
the grain turns out to be of variety I and that the spike growing from it 
will contain no less than 50 grains, so that E4 is equivalent to the event 
(Ai and K ); in the same way, we denote

the event (A2 and K) by E2 
the event (A3 and K ) by E3 
the event (A4 and K) by E4.

Obviously, for the event K to occur it is necessary that one of the 
events Elt E2, E3, or Ei occur and since any pair of these events is 
mutually incompatible, we obtain, by the addition rule

P(K) = P (£ 0 + P (£ 2)+ P (£ 3)+ P (£ 4). (7)

On the other hand, according to the multiplication rule, we have

P (^ )  = P{A, and K) = P{A,).PAl{K)

P(E2) = P(A2 and K) = P(A2)-PA2(K)

P(E3) = P(A3 and K) = P(A3)-PA3(K)

P(Ea) = P(A4 and K) = P(A4).PM{K).

Substituting these expressions into formula (7), we find that

P(K) = P i A J - P ^ W + P i A J - P ^ K )
+ P(A3).PA3(K) + P(Ai).PAi(K)>

which obviously solves our problem. Substituting the given numbers 
into the last equation, we find that

P{K) = 0.486.

The two examples which we considered here in detail bring us to an 
important general rule which we can now formulate and prove 
without difficulty. Suppose a given operation admits of the results 
Al, A 2, . . . , A n and that these form a complete system of events. 
(Let us recall that this means that any two of these events are mutually 
incompatible and that some one of them must necessarily occur.) 
Then for an arbitrary possible result K of this operation, the relation

P(K) = P ( A l).PAl(K)+P(A2).PA2(K) + . . .+ P (A n).PAn(K) (8)

holds. Rule (8) is usually called the “formula for total probability 
Its proof is carried out exactly as in the two examples we considered 
above: first, the occurrence of the event K requires the occurrence of

[§ 11] Formula fo r  Total Probability
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one of the events “At and K ” so that, by the addition rule, we have

P(K) = J  P(At andK);  (9)
i-i

second, by the multiplication rule,

P(A{ and K) = P(At)-PAl(K) ;

substituting these expressions into equation (9) we arrive at formula
(8) .

§ 12. Bayes’s formula

The formulas of the preceding section enable us to derive an 
important result having numerous applications. We start w'ith a 
formal derivation, postponing an explanation of the real meaning of 
the final formula until we consider examples.

Again, let the events Aly Az, . . ., An form a complete system of 
results of some operation. Then, if K denotes an arbitrary result 
of this operation, we have, by the multiplication rule

P(At and K) = P ( A f P At(K) = P(K).Pg(At) (1 < i < n), 
from which it follows that

P k W  _  (1 5  ; s  n),

or, expressing the denominator of the fraction obtained according to 
the formula for total probability (8) in the preceding section, we find 
that

P M )  = p W - pM )  (i < i < n). ( 10)

^ P { A r)-PAr{K)
T = 1

This is Bayes's formula, which has many applications in practice in the 
calculation of probabilities. We apply it most frequently in situa­
tions illustrated by the following example.

Suppose a target situated on a linear segment M N  (see Fig. 3) is 
being fired upon; we imagine the segment M N  to be subdivided into 
five small subsegments a, b\ b", c\ c". We assume that the precise 
position of the target is not known; we only know the probability that 
the target lies on one or another of these subsegments. We suppose 
these probabilities are equal to

P(a) = 0.48; P{b') = P{b") = 0.21; P(c') = P(c") = 0.05,
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where now a, b', b", c', c" denote the following events: the target lies 
in the segment a, b', b", c' , c", respectively. (Note that the sum of 
these numbers equals unity.) The largest probability corresponds to 
the segment a toward which we therefore, naturally, aim our shot.

[§ 12] Bayes's Formula

M N

r
-------- V

a
Fig. 3

y

However, due to unavoidable errors in firing, the target can also be 
destroyed when it is not in a but in any of the other segments. Suppose 
the probability of destroying the target (event K ) is

Pa(K)
P„'(K)
PAK)
PC.(K)
pA K)

0.56 if the target lies in the segment a 
0.18 „ „ „ „ b'
0.16 „ „ ,, „ b"
0.06 ,, „ ,, „ c'
0.02   c".

YVe assume that a shot has been fired and that the target was 
destroyed (i.e., event K occurred). As a result of this, the probabilities 
of the various positions of the target which we had earlier [i.e., the 
numbers P(a), P(b'), . . .] must be recalculated. The qualitative 
aspect of this revised calculation is clear without any computations, 
for we shot at the segment a and hit the target—it is clear that the 
probability P(a) in this connection must increase. Now we wish to 
compute exactly and quantitatively the new value due to our shot; 
i.e., we wish to find an exact expression for the probabilities PK(a), 
PK(b'), . . .  of the various possible positions of the target under the 
condition that the target was destroyed by the shot fired. Bayes’s 
formula (10) at once gives us the answer to this problem. Thus,

PK{a) = {P(a).Pa(K)}l{P(a).Pa(K)+P(b').Pb,(K)
+ P(b') ■P A K )  + P(c' ) -PAK) +P(c") ■P A K )} 0 .8 ;

we see that Px(a) is in fact larger than P(a).
We easily find the probabilities PK(b'), . . . for the other positions of 

the target in a similar manner. For the calculations, it is useful to 
note that the expressions given for these probabilities by Bayes’s 
formula differ from one another in their numerators while the 
denominators in these expressions are, however, the same, 
/’(AT) ss0.34.
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The general scheme of this type of situation can be described as 

follows. The conditions of the operation contain some unknown 
element with respect to which n distinct “ hypotheses” can be made: 
Alt A2, . . ., An which form a complete system of events. For one 
reason or another we know the probabilities P{A^) of these hypotheses 
to be tested; it is also known that the hypothesis At “ conveys” a 
probability PAi(R) (1 <i<n) to some event K (for instance, hitting a 
target). Her e, Pa, (K) is the probability of the event K calculated 
under the condition that the hypothesis A{ is true. If, as the result 
of a trial, event K has occurred, then this requires a re-evaluation of 
the probability of the hypothesis At and the problem consists in 
finding the new probabilities PK(At) of these hypotheses; Bayes’s 
formula gives the answer.

In artillery practice, so-called test-firings are carried out which have 
for their purpose making more precise our knowledge of the firing 
conditions. In this regard, not only the position of the target can 
serve as the unknown element whose effect is required to be made 
precise, but also any other element in the firing conditions which 
influences the effectiveness of the results (in particular, some peculiar­
ity of the fire-arm used). It often happens that not one such shot is 
fired but, rather, several, and the problem posed is to calculate the new 
probabilities ofthe hypotheses on the basis ofthe firing results obtained. 
In all such cases, Bayes’s formula also easily solves the problems.

For the sake of brevity in writing, we shall set, in the general scheme 
considered by us,

P(At) = P, and PA,{K) = pt (1 < i < n), 
so that Bayes’s formula has the simple form

2 PrPr
r= I

We assume that s test shots have been fired, in which connection the 
result K occurred m times and did not occur s — rn times. We denote 
by K* the result obtained from a series of s shots. We can assume 
that the results of individual shots constitute mutually independent 
events. If the hypothesis At is valid, the probability of the result K 
equals pt and, hence, the probability of the complementary event that 
K does not occur equals 1 — pt.

The probability that the result K occurred for the definite m shots 
equalsp™(\ —p f ~ m according to the multiplication rule for independ­
ent events. Since the m shots in which the result K occurred can be
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any of the s fired, the event K* can be realized in C™ incompatible 
ways. Thus, according to the rule for the addition of probabilities, 
we have

PaXK *) =  1 —pi)s~m (1 < i < n ) ,

and Bayes’s formula yields

p ip n ^ - p i ) s- m

i  p rp ? ( \ - p ry - mr = 1
which solves the problem posed. Of course, such problems arise not 
only in artillery practice, but also in other areas of human activity.

E x a m ple  1. Referring to the problem we considered in the be­
ginning of the present section, we now seek the probability that the 
target lies in the segment a if two successive shots at this segment 
yielded hits.

Denoting by K* the event of hitting the target twice, we have, 
according to formula (11)

p  = _________ P(a)-[Pa(K)r_________
j P(a)-[Pa(K)]* + P(b')-[Pb' ( K ) y + . . /

We leave it to the reader to carry out the uncomplicated calculation 
and verify that as a result of hitting the target twice the probability 
that the target is situated in the segment a has been increased still 
more.

E x a m ple  2. The probability that in a certain production process 
the articles satisfy a prescribed standard equals 0.96. A simplified 
system of testing1 is suggested which for the articles satisfying the 
standard yield a positive result with probability 0.98 and for articles 
which do not satisfy the standard a positive result with a probability 
0.05. What is the probability that the articles which endure the 
simplified test twice satisfy the standard ?

Here, a complete system of hypotheses consists of two complement­
ary events: 1) that the article satisfies the standard, or 2) that the 
article does not satisfy the standard. The probabilities of these 
hypotheses are, before the test, equal to P^O .96 and P2 = 0.04,

1 T he necessity for a simplified control is encountered very frequently in 
practice. For instance, if upon dispensing electric light bulbs all of them were 
subjected to testing for their ability to burn for a period, say, of not less than 1200 
hours, then the consumer would obtain only burnt-out or almost burnt-out 
bulbs. Thus one must replace the test for period of burning by other tests— for 
example, testing the bulb for lighting up.

[§ 12] Bayes's Formula

(1 <*■<"),  (11)P M )



36 Consequences of Addition and Multiplication Rules [ch. 4]
respectively. Under the first hypothesis, the probability that the 
article endures the test equals /q=0.98 and, under the second hypo­
thesis, the probability equals p2 = 0.05. After a two-fold test, the 
probability of the first hypothesis is equal, on the basis of formula (11), 
to

P^p\ 0.96-(0.98)2
P1P1 +P2 P2 ~  0.96-(0.98)2+ 0.04-(0.05)2

0.9999.

We see that if the article endured the test indicated in the conditions 
of the problem, then we can make an error only once in ten thousand 
cases assuming that it is standard. This, of course, completely 
satisfies the requirements in practice.

E x a m ple  3. In an examination of a patient, it is suspected that he 
has one of three illnesses: A1} A2, A3. Their probabilities, under 
prescribed conditions, are

Pi = 1/2, P2 = 1/6, P3 =l /3,
respectively. In order to make the diagnosis more precise, some 
analysis is specified which yields a positive result with probability 0.1 
in the case of illness Au with probability 0.2 in the case of illness A2, 
and with probability 0.9 in the case of illness A3. The analysis was 
carried out five times and yielded a positive result four times and a 
negative result once. It is required that one find the probability of 
each of the illnesses after the analysis.

In the case of illness Alf the probability of the indicated results of 
the analyses is equal, by the multiplication rule, to pY =C|(0.1)4-0.9. 
For the second hypothesis, this probability equals p2=C3(0.2)*-0.8 
and for the third it is equal to />3 = (71(0.9)4 -0.1.

According to Bayes’s formula, we find that after the analyses the 
probability of illness Ax turns out to be equal to

_______ P\P\_______
P1P1 + P2P2 + P2P2

(1/2)■(0.1)4-0.9 
“  (1 /2) • (0.1)4 • 0.9 + (1 /6) • (0.2)4 • 0.8 + (1 /3) • (0.9)4 • 0.1

the probability of illness A2 is

0 .002;

_____ P2 P2_____
P1P1 +P2 P2 + P2P2

(1/6) • (0.2)4-0.8
”  (1/2) • (0.1 )4 -0.9 + (1/6) • (0.2)4-0.8 + (1/3) • (0.9)4 -0.1 ~ 0 .01 ;
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and for illness A3 it is

_____ P3 P3_____
PlPl+P2p2 + P3p3

(1/3)•(0.9)4-0.1 
“  (1/2) • (0.1)4 -0.9+ (1/6) • (0.2)4 -0.8 + (1/3) • (0.9)4 -0.1 ~

Since these three events Alt A2, A3 form, even after the test, a complete 
system of events, we can as a check on the calculation carried out add 
the three numbers obtained and verify that their sum is equal to 
unity, as before.



CHAPTER 5

BERNOULLI’S SCHEME

§ 13. Examples

E x a m ple  1. Among fibers of cotton of a definite sort 75% on 
the average have lengths less than 45 mm. and 25% have lengths 
greater than (or equal to) 45 mm. Find the probability that of three 
fibers taken at random two will be shorter than and one will be longer 
than 45 mm.

We denote the event of choosing a fiber of length less than 45 mm. 
by A and the event of choosing a fiber of length greater than 45 mm. 
by B ; it is then clear that

P(A) = 3/4; P(B) = 1/4.

We shall further agree to denote the following compound event by 
AAB: the first two fibers chosen are shorter than 45 mm. and the third 
fiber is longer than 45 mm. It is clear what the meaning of the 
schemes BBA, ABA, and so on, will be. Our problem is to compute 
the probability of the event C: that of three fibers two are shorter than 
45 mm. and one fiber is longer than 45 mm. Evidently, for this to 
happen one of the following schemes must be realized:

AAB, ABA, BAA. (1)

Since any two of these three results are mutually incompatible we 
have, by the addition rule

P{C) = P{AAB) + P(ABA)+P{BAA).

All three terms in the right member are equal inasmuch as the results 
of the choice of the fibers can be assumed to be mutually independent 
events. The probability of each of the schemes (1), according to the 
multiplication rule for probabilities of independent events, is repre­
sentable as the product of three factors ofwhich two equal P(A) = 3/4 
and one equals P(B) = 1/4. Thus, the probability of each of the 
three schemes (1) equals

(3/4)2-(1/4) = 9/64,
38
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and, consequently,

39

P{C) = 3 -(9/64) = 27/64, 
which is the solution of our problem.

E x a m ple  2. As the result of observations extending over many 
decades it was found that of every 1000 newly born children on the 
average there are born 515 boys and 485 girls. In a certain family 
there are six children. Find the probability that there are no more 
than two girls among them.

For the occurrence of the event whose probability we are seeking, 
it is necessary that there be either 0 or I or 2 girls. The probabilities 
of these particular events will be denoted by P0, Pit respectively.
It is clear that, according to the rule for the addition of probabilities, 
the probability sought is

P = P0 + P1 + P2. (2)
For each child, the probability that it is a boy equals 0.515 and, 
hence, the probability that it is a girl equals 0.485.

P0 is the easiest to find; this is the probability that all the children 
in the family are boys. Since the birth of a child of either sex can be 
considered as independent of the sex of the remaining children, the 
probability, according to the rule for the multiplication of probabilities, 
that all six children are boys is equal to the product of six factors each 
equal to 0.515, i.e.,

P0 = (0.515)6 a  0.018.
We now go over to the calculation of Pl5 i.e., the probability that of 

the six children in the family one child is a girl and the remaining five 
are boys. This event can occur in six different ways depending on 
which child in the order of birth is a girl (i.e., first, second, etc.). We 
consider any of the possible ways of this event, for example the one 
that a girl is born as the fourth child. The probability of this pos­
sibility, according to the multiplication rule, equals the product of six 
factors of which five equal 0.515 and the sixth (situated in the fourth 
place) equals 0.485; i.e., this probability equals (0.515)5-0.485. This 
is also the probability of each of the other five possibilities of the event 
which interests us at the moment; therefore, the probability P1 of this 
event is equal, according to the addition rule, to the sum of six 
numbers each equal to (0.515)5-0.485, i.e.,

Pj = 6- (0.515)B-0.485 s  0.105.
We now turn to the calculation of P2 (i.e., the probability that two 

of the children are girls and four are boys). Analogous to what
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precedes, we at once note that this event admits of a whole series of 
possibilities. One of the possibilities will be, for instance, the follow­
ing: the second and fifth child in order of birth are girls and the 
remainder are boys. The probability of each of the possibilities, 
according to the multiplication rule, equals (0.515)4 • (0.485)2 and, 
consequently, P2 equals, by the addition rule, the number (0.515)4- 
(0.485)2, multiplied by the number of all possibilities of the type 
considered; the entire problem thus reduces to the determination of 
this last number.

Each of the possibilities is characterized by the fact that of six 
children two are girls and the remainder are boys; the number of 
different possibilities consequently equals the number of distinct 
choices of two children from the six at hand. The number of such 
choices equals the number of combinations of six distinct objects taken 
two at a time; i.e., C§ = (6• 5)/(2 • 1) = 15. Thus,

P2 = Cf-(0.515)4-(0.485)2 = 15• (0.515)4■ (0.485)2 s  0.247.
Combining the results obtained above, we have

P = P0 + P1+P2 x  0.018+0.105 + 0.247 = 0.370.
Thus, in about 37% of the families having six children we will find 
fewer than three girls and, hence, more than three boys among the 
children.

§ 14. The Bernoulli formulas

In the preceding section, we became acquainted by means of a 
number of examples with the scheme of repeated trials, in each of which 
an event A can be realized. We attribute a very broad and varie­
gated sense to the word “ trial.” Thus, if we fire at a certain target, 
by a trial we shall understand each individual shot. If we test 
electric light bulbs for length of burning, then a trial will be understood 
to be the testing of each bulb. If we are studying the composition of 
newly born children by sex, weight, or height, then a trial will be 
understood to be the investigation of an individual child. In general, 
by a trial we shall in what follows understand the realization of 
certain conditions in the presence of which some event of interest to 
us can occur.

We have now arrived at the consideration of one of the important 
schemes in the theory of probability having, besides application in 
various branches of knowledge, great significance also in probability 
theory itself as a mathematical science. This scheme consists in
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considering a sequence of mutually independent trials, i.e., of such 
trials for which the probability of some result in each of them does not 
depend on what results occurred or will occur in the remainder. In 
each of these trials, there can occur (or not occur) some event A with 
probability p which does not depend on the number of trials. The 
scheme just described has received the name Bernoulli scheme since the 
origin of its systematic study can be traced back to the renowned Swiss 
mathematician Jacob Bernoulli, who lived at the end of the seven­
teenth century.

We have already dealt with the Bernoulli scheme in our examples; 
in order to convince ourselves of this, it is sufficient to recall the ex­
amples of the preceding section. We shall now solve the following 
general problem; all the examples we considered up to this point in 
this chapter were particular cases of this.

P ro b lem . Under certain conditions, the probability that the event 
A occurs in every trial equals p ; find the probability that a sequence 
of n independent trials yields k occurrences and n — k nonoccurrences 
of the event A.

The event whose probability is' sought splits into a number of 
possibilities; in order to obtain one definite possibility, we must 
arbitrarily choose from the given sequence any k trials and assume 
that the event A occurred for precisely these k trials and that A did 
not occur for the remaining n — k. Thus, every such possibility 
requires the occurrence of n definite results—in this number k occur­
rences and n — k nonoccurrences of the event A. By the multiplication 
rule, we find that the probability of each definite possibility equals

pk{ \ - p y - k.
The number of different possibilities equals the number of different 
sets of k trials each of which can be constructed from n distinct trials, 
i.e., it is equal to C„. Applying the addition rule and the known 
formula for the number of combinations of n objects taken A: at a time,

k(k— 1). . .2 • 1
we find that the probability of k occurrences of the event A with n 
independent trials equals

Pn(k) = n{% l l ^ i l n ~ i k r -)] p k( [ - p ) n- k> (3)
which solves our problem. It is frequently more convenient to 
represent the expression C„ in a somewhat different form; multiplying

[§ 14] Bernoulli's Formulas
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the numerator and denominator by the product (« — £)[n — (A+ 1)1 
. . . 2 1 ,  we obtain

= __________n{n— 1). . .2 • 1__________
" k{k- \ ) .  . . 2 - l ( n -* ) - [n - ( *+ l ) ] . . . 2 - r

or, denoting for brevity the product of all integers from 1 to m in­
clusively by m\,

For Pn(k), this yields

(4)

Formulas (3) and (4) are usually called Bernoulli’s formulas. For large 
values of n and k, the computation of Pn(k) according to these formulas 
is rather difficult since the factorials n\, kl, (n — k)\ are very large 
numbers which are rather cumbersome to evaluate. Therefore, in 
calculations of this type specially compiled tables of factorials as well 
as various approximation formulas are extensively used.

E x a m pl e . The probability that the consumption of water at a 
certain factory is normal (i.e., it is not more than a prescribed number 
of liters every twenty-four hours) equals 3/4. Find the probability 
that in the next 6 days the consumption of water will be normal in 
the course ofO, 1, 2, 3, 4, 5, 6 days.

Denoting by P6{k) the probability that in the course of k days out 
of 6 the consumption of water will be normal, we find, by formula (3) 
(where we must set /> = 3/4), that

I'J fi) -  (3/4)* = 3*/4«,

A (5) =G-(3/4)s- I / 4 = — ,

34 6-5 34 15-34
^-(4) = Cq- (3/4)4 • (1/4)2 = C l|a  =

6-5-4 33 90 -33
Pe( 3) =  Ce3-(3/4)3-(l/4)3 =  =  — >

6-5 15.32
P6(2) = _ ( 3 / 4 ) 2-(l/4)4 = - ^ ~ ,

/>6(l) = 6-(3/4).(l/4)3 = ^ ;

finally, wc evidently have P6(0) (i.e., the probability that there is 
excessive consumption in each of the 6 days) equal to 1 /46. All six
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probabilities are expressed as fractions with the same denominator, 
46 = 4096; we use this, of course, to shorten our calculations. These 
yield

Pe{6) X 0. 18; P6(5) a  0.36; P6{4) =  0.30;

P6{3) x  0.13; P6{2) x  0.03; P6(l) =  P6{0) a; 0.00.

We see that it is most probable that there will be an excessive 
consumption of water in the course of one or two days of the six and 
that the probability of excessive consumption in the course of five or 
six days, i.e., /^ ( l) +7^(0), practically equals zero.

§ 15. The most probable number of occurrences of an
event

The example which we just considered shows that the probability 
of a normal consumption of water in the course of exactly k days with 
increasing k at first increases and then, having attained its largest 
value, begins to decrease; this is most clearly seen if the variation of 
the probability P$(k) with increasing k is expressed geometrically in 
the form of a diagram, shown in Fig. 4. A still clearer picture is

given by diagrams of the variation of the quantity Pn(k) as k increases 
when the number n becomes larger; thus, for n= 15 and p=  1/2, the 
diagram has the form shown in Fig. 5.

In practice, it is sometimes required to know what number of 
occurrences of the event is most probable, i.e., for what number k the 
probability Pn(k) is the largest. (In this connection, it is, of course, 
assumed that p and n are prescribed.) The Bernoulli formulas allow 
us in all cases to find a simple solution of this problem; we shall occupy 
ourselves with this now.
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Fig. 5

We first calculate the magnitude of the ratio Pn(k + 1 )jPn(k). 
virtue of formula (4),

/»„(*+1)
ii;

(A+l)!(n-A-l )!
/>fc+1(l - p ) n-k-l (

By

(5)

and, from formulas (3) and (5), we have
/>n(*+l) n\k\{n-k)\pk+ \ \ - p y - k- 1 n - k  p

Pn{k) (£+ l)!(n — l)!n!/>k(l —p)n~k ~ k + \ ’\ - p
The probability Pn{k+ 1) will be larger than, equal to, or less than the 
probability Pn(k) depending on whether or not the ratio Pn(k + 1 )/Pn(k) 
is larger than, equal to, or less than unity, and the latter, as we see, 
reduces to the question of which of the three relations

n — k p , n — k p _ , n — k p
J f c + T T ^ >  ’ F T T T ^ -  ’ k ^ i T T p (6)

is valid. If we wish, for example, to determine the values of k for 
which the inequality Pn(k+1) > Pn{k) is satisfied, then we must 
recognize for what values of k the inequality

or

n — k p
k + i ' T ^ p > 1

(n-k)P > (k+l ) ( \ - p)
holds. From this we obtain

n p - ( l - p )  > k;
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thus, as long as k increases but does not attain the value np — (1 — p), 
we will always have Pn{k + 1) > Pn(k). Thus, with increasing k, the 
probability P„{k) will always increase. For example, in the scheme to 
which the diagram in Fig. 5 corresponds, we have p=  1/2, «=15, 
np — (1 — p) = 7; this means that as long as k< 7 (i.e., for all k from 0 to 
6 inclusively), we have Pn(k+ 1) > Pn(k). The diagram substantiates 
this.

In precisely the same way, starting with the other two relations in 
(6), we find that

Pn(k+ 1) = P n(k) if k = n p - ( \ - p )
and

Pfk +  1) < Pn(k) if k > np - { \ -p ) ;
thus, as soon as the number k exceeds the bound np — ( \ —p), the 
probability Pn(k) begins to decrease and will decrease to Pn{n).

This derivation first of all convinces us that the behavior of the 
quantity Pn(k) considered by us in the examples is a general law which 
holds in all cases: as the number k increases, P„(k) first increases and 
then decreases. But, more than this, this result also allows us to 
solve quickly the problem we have set for ourselves—i.e., to determine 
the most probable value of the number k. We denote this most 
probable value of the number k by k0. Then

^„(*o+l) < P f k 0),
from which it follows, according to what precedes, that

k0 > np- (  1 -p).
On the other hand,

Pffo  1) < Pn{k0),
from which, according to what precedes, the inequality

k0-  1 < np- (  1 -p)
or

k0 < n p - { \ - p )  + \ = np+p
must hold. Thus, the most probable value k0 of the number k must 
satisfy the double inequality

n p - ( \ - p )  < k0 < np+p. (7)
The interval from np — (1 —p) to np+p, in which the number k0 must 
therefore lie, has length 1 as can be shown by a simple calculation; 
therefore, if either of the endpoints of this interval, for instance the 
number np — ( \ —p), is not an integer, then between these endpoints 
there will necessarily lie one, and only one, integer and A:0 will be
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uniquely determined. We ought to consider this case to be normal; 
for, p is less than 1, and therefore only in exceptional cases will the 
quantity np — { \—p) be an integer. In this exceptional case, in­
equalities (7) yield two values for the number k0: np — { \—p) and 
np+p, which differ from one another by unity. Those two values 
will also be the most probable; their probabilities will be equal and 
exceed the probability of any other value of the number k. This 
exceptional case holds, for instance, in the scheme expressed by the 
diagram in Fig. 5; here, «=15, p=  1/2 and hence np — ( \ —p)=7 , 
np+p = 8; the numbers 7 and 8 serve as the most probable values of 
the number k of occurrences of the event; their probabilities are 
equal to one another, each of them being approximately equal to 
0.196. (All this can be seen on the diagram.)

E x a m ple  1. As the result of observations over a period of many 
years, it was discovered, for a certain region, that the probability that 
rain falls on July 1 equals 4/17. Find the most probable number of 
rainy July l ’s for the next 50 years. Here, n = 50, /> = 4/17, and

np- (1 -p)  = 50-(4/17)-13/17 =11.
As this number turned out to be an integer, it means we are dealing 
with the exceptional case; the most probable value of the number of 
rainy days will be the numbers 11 and 12 which are equally probable.

E x a m ple  2. In a physics experiment, particles of a prescribed type 
are being observed. Under fixed conditions, during an interval of 
time of definite length, on the average 60 particles appear and each of 
them has—with a probability 0.7—a velocity greater than ti0. Under 
other conditions, during the same interval of time there appear on the 
average only 50 particles, but for each of them the probability ofhaving 
a velocity exceeding p0 equals 0.8. Under what conditions of the 
experiment will the most probable number of particles having a 
velocity exceeding v0 be the greatest?

Under the first conditions of the experiment,
n = 60, p = 0.7, n p - { \ - p )  = 41.7, *0 = 42.

For the second conditions of the experiment,
n = 50, p = 0.8, np— (1 —p) = 39.8, k0 = 40.

We see that the most probable number of “ fast” particles under the 
first conditions of the experiment is somewhat larger than under the 
second.

In practice, we often encounter the situation when the number n is 
very large; e.g., in the case of mass firing, the mass production of
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articles, and so on. In this case the product np will also be a very 
large number provided the probability p is not unusually small. 
And since in the expressions np — (1 — p) and np+p, between which 
lie the most probable number of occurrences of the event, the quan­
tities p and 1 —p are less than unity, we see that both these expressions 
and hence the most probable number of occurrences of the event are 
all close to np. Thus, if the probability of completing a telephone 
connection in less than 15 seconds equals 0.74, then we can take 
1000 0.74 as the most probable number of connections, among every 
1000 calls coming into the central exchange, made in less than 15 
seconds.

This result can be given a still more precise form. If k0 denotes the 
most probable number of occurrences of the event in n trials, then k0/n 
is the most probable “ fraction” of occurrences of the event for the 
same n trials; inequalities (7) yield

l ~P <
n ~ n (8)

Let us assume that, leaving the probability p of the occurrence of the 
event for an individual trial invariant, we shall increase indefinitely 
the number of trials n. (In this connection we, of course, also increase 
the most probable number of occurrences k0.) The fractions (1 —p)/n 
and pjn, appearing in the left and right members of the inequalities (8) 
above will become smaller and smaller; this means that, for large n, 
these fractions can be disregarded. We can now consider both the 
left and right members of the inequalities (8) and hence also the 
fraction k0jn contained between them to be equal to p. Thus, the 
most probable ratio of occurrences of the event—provided there are a large 
number of trials—is practically equal to the probability of the occurrence of the 
event in an individual trial.

For example, if for certain measurements the problem of making 
in an individual measurement an error comprised between a and /3 
equals 0.84, then for a large number of measurements one can expect 
with the greatest probability errors comprised between a and /? in 
approximately 84% of the cases. This does not mean, of course, 
that the probability of obtaining exactly 84% of such errors will be 
large; on the contrary, this “ largest probability” itself will be very 
small in a large number of measurements (thus, we saw in the scheme 
in Fig. 5 that the largest probability turned out to be equal to 0.196 
where we were dealing with 15 trials altogether; for a large number of 
trials it is significantly less). This probability is the largest only in



48 Bernoulli’s Scheme [ch. 5]
the comparative sense: the probability of obtaining 84% of the 
measurements with errors comprised between a and is larger than 
the probability of obtaining 83% or 86% of such measurements.

On the other hand, it is easily understandable that in extended 
series of measurements the probability of a certain individual number 
of errors of a given quantity cannot be of significant interest. For 
example, if we carry out 200 measurements, then it is doubtful 
whether it is expedient to calculate the probability that exactly 137 
of them will be measurements with the prescribed precision because 
in practice it is immaterial whether the number is 137 or 136 or 138 
or even, for instance, 140. In contrast, questions of the probability 
that the number of measurements for which the error is between 
prescribed bounds will be more than 100 of the 200 measurements 
made or that this number will be somewhere between 100 and 125 or 
that it will be less than 50, and so on, are certainly of practical interest. 
How should we express this type of probability? Suppose we wish, 
for example, to find the probability that the number of measurements 
will be between 100 and 120 (including 120); more specifically, we 
will seek the probability of satisfying the inequality

100 < k < 120,

where k is the number of measurements. For these inequalities to be 
realized, it is necessary that k be equal to one of the twenty numbers 
101, 102, . . ., 120. According to the addition rule, this probability 
equals

P(\00 < k < 120) =  />2oo(101)+/>200( 1 0 2 ) + . . .+ P 2oo(120).

To calculate this sum directly, we would have first to compute 20 
individual probabilities of the type Pn(k) according to formula (3); 
for such large numbers, such calculations present insurmountable 
difficulties. Therefore, sums of the form obtained are never computed 
by means of direct calculations in practice. For this purpose there 
exist suitable approximation formulas and tables. The composition 
of these formulas and tables is based on complicated methods of 
mathematical analysis, which we shall not touch upon here. How­
ever, concerning probabilities of the type F(100 <k< 120) one can 
obtain information by simple lines of reasoning in many cases which 
lead to the complete solution of the problem posed. We shall discuss 
this problem in the following chapter.



CHAPTER 6

BERNOULLI’S THEOREM

§ 16. Content of Bernoulli’s theorem

Let us take another good look at the diagram in Fig. 5 (on page 
44), where the probabilities of various values of the number k of 
occurrences of the event under consideration are the numbers Pi5(k), 
which are depicted by the vertical lines. The probability assigned to 
some segment of values of k (the probability that the number of 
occurrences of the event of interest to us turns out to be equal to some 
one of the numbers of this segment) is equal, according to the addition 
rule, to the sum of the probabilities of all the numbers of this segment; 
i.e., it is equal to the sum of the lengths of all vertical lines situated over 
this segment. Pictorially, the figure shows that this sum is quite 
different for various segments of the same length. Thus, the segments 
2<k<5  and 1 <k< 10 have the same length; the probability of each 
of them is expressed by the sum of the lengths of three vertical lines, 
and we see that for the second segment this sum is significantly larger 
than for the first. We already know that the diagrams of the prob­
abilities Pn(k) have, for all n, basically, the same form as the diagram 
in Fig. 5; i.e., the quantity Pn(k) at first increases with increasing k and 
then, after passing through its largest value, it decreases. It is 
therefore clear that of the two segments of values of the number k 
having the same length, the one situated nearer the most probable 
value, k0, will in all cases have the largest probability. In particular, 
on the segment having the number k0 as its center we will always have 
a greater probability than on any other segment of the same length.

But it turns out that much more can be said in this regard. There 
are in all «+ 1 possible values of the number k of occurrences of the 
event in n trials (0 <k<n). We take the segment having center at k0 
and containing only a small fractional part, for example one hun­
dredth, of the possible values of the number k. It then turns out that 
if the total number n oftrials is very large, the predominant probability 
will correspond to this segment and all other values of the number k 
taken together have a negligibly small probability. Thus, although 
the segment we chose is negligibly small in comparison with n (on the

49
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figure it occupies in all a one-hundredth part of the entire length of 
the diagram), nevertheless, the sum of the vertical lines situated over 
it will be significantly larger than the sum of all remaining vertical 
lines. The reason for this lies in the fact that the lines in the central 
part of the diagram are many times larger than the lines situated near 
the ends. Thus, for large n the diagram of the quantity Pn(k) has a 
form which is approximately that shown in Fig. 6.

Fig. 6

In practice, this obviously means the following: if  we perform a series 
of a large number n of trials, then we can expect with a probability close to 
unity that the number k of occurrences of the event A will be very close to its 
most probable value, differing from the latter only by an insignificant fractional 
part of the total number n of trials made.

This proposition, known under the name of Bernoulli's theorem and 
discovered at the beginning of the eighteenth century, is one of the 
important laws of probability theory. Up to the middle of the last 
century, all proofs of this theorem required complicated mathematical 
means and the great Russian mathematician P. L. Chebyshev was the 
first to find a very simple and short derivation of this law; we now 
present Chebyshev’s remarkable proof.

§ 17. Proof of Bernoulli’s theorem

We already know that for a large number n of trials, the most 
probable number k0 of occurrences of the event A differs very little 
from the quantity np, where p, as always, denotes the probability of 
the event A for an individual trial. It is therefore sufficient for us to 
prove that, for a large number of trials, with very high probability the 
number k of occurrences of the event A will differ from np by very little 
—by not more than an arbitrarily small fractional part of the number 
n (not more, for example, than by 0.01 n or 0.001 n, or, in general, not
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more than by en where e is an arbitrarily small number). In other 
words, we must show that the probability

P(\k — np \> en)  (1)

will be as small as we please for sufficiently large n.
In order to verify this, we note that according to the law of addition, 

probability (1) equals the sum of the probabilities Pn(k) for all those

values of the number k which lie at a distance not more than en from 
np; in our typical diagram (Fig. 7), this sum is expressed by the sum 
of the lengths of all vertical lines lying exterior to the segment AB—to 
the right as well as to the left of it. Since the sum total of all the 
vertical lines (being the sum of the probabilities of a complete system 
of events) equals unity, this means that the overwhelming portion (al­
most equal to unity) of this sum corresponds to the segment AB and 
only a negligibly small part of it corresponds to the regions lying 
exterior to this segment.

Thus,
P(\k-np\ > e») -  2  W  (2)

|te - n p |  > en

We now turn to Chebyshev’s line of reasoning. Since in every term 
of the sum written down we have

k — np 
en > 1

and hence



we can only increase this sum if each of its terms Pn{k) is replaced by 
the expression
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Therefore,

P(\k — np\ > En) <
| * r - n p |2  ( - ? )n p | > c n '  t ,n  /

P M

= i  2  «->'p y p m -
t  "  |A: — npl > cn

Furthermore, it is obvious that the last sum is increased still more if 
further new terms are added to the terms it already has, forcing the 
number k to range over not only the parts to the left of np — en and 
to the right of np + en, but over the entire series of values which are 
possible for it, i.e., the entire series of numbers from 0 to n inclusive. 
We thus obtain, a fortiori,

P{\k-tip\ > en) < - i a  2  (k ~ nP)2p»(*)• (3)
b 71 k = 0

The latter sum differs advantageously from all the preceding sums 
in that it can be computed precisely; the Chebyshev method thus 
consists of replacing sum (2), which is difficult to estimate, by the sum 
(3), which admits of an exact computation.

We now proceed to make this calculation; no matter how long it 
may appear to take us, these are simply difficulties of a technical 
nature which anyone who knows algebra can handle. The remark­
able idea of Chebyshev has already been completely utilized by us, as 
it consisted, namely, in the transition from equality (2) to inequality (3).

First of all, we easily find that

2  (k — np)2Pn(k) = 2 k2pn{k)-2nP 2  kPn{k)+n2p2 2>»(*)- (4)
k  = 0  k = 0 k  = 0  0

Of the three sums in the right member, the last is equal to unity since 
it is the sum of the probabilities of a complete system of events. This 
means that it only remains for us to calculate the sums

2 kpn(k) and 2 k2P"W-
k = 0 k = 0

In this connection, in both sums the terms corresponding to k = 0 are 
equal to zero so that one can start the summation with k= 1.



1) To calculate both sums, we express Pn(k) according to formula 
(4), Chapter 5 (see page 42). We find that 

n n kn̂

since, obviously, n! = n (n — 1)! and k ! = k (k — 1)!, we find that
n " (n — 1)!

M = nP Z, 7f“ Tmr

or, setting A: — 1 = / in the sum in the right member and noting that I 
varies from 0 to n — 1 as k varies from 1 to n,

n -  1
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(n — 1) -  (k -  1)

2  «■•(*) -  "p 2  n f  - r - 1k= 1

= np 2  ^n-l(0-
1 =  0

n - 1
The last sum, i.e., 2  ^n-1(0> °f course* equals unity because it is the 

1 =  0

sum of the probabilities of a complete system of events—all possible 
numbers of occurrences of the event I for n — 1 trials. Thus, for the

n
sum y  kP{k), we obtain the very simple expression

k^ 0

2  kPn(k) = np. (5)
k = 0

2) To calculate the second sum, we first find the quantity
n
2  k(k— \)Pn(k) ; since the term corresponding to /:= 1 is obviously

k= 1
equal to zero, the summation can begin with the value k = 2. Noting 
that nl — n(n— l)(/z — 2)! and that k\=k(k— 1)(k — 2)!, we easily 
conclude, setting k — 2=m, similarly to what we did before, that

2  k (k - \ )p n(k) = J  k (k - \ )p n(k)
k  = 1 k  = 2

A k ( k - l ) n \
iZ k f ( n - k y . P {‘ P>

n -  k

~ n(n l)fi2Z 2 {k-2 ) \ [ ( n - 2 ) - ( k - 2 ) ] \pk
. (1 _^(n-2)-(k-2>

= n(n—\)p2 "2  , / ” ~ 2)! v, r  (1 ~p)n-

= n (n -\)p 2 2  Pn-afa) = n{n-\)p2,

hfc-2

i-2 -m

m = 0
(6)
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because the last sum is again equal to unity being the sum of the 
probabilities of a complete system of events—all possible numbers 
of occurrences of the events for n — 2 trials.

Finally, formulas (5) and (6) yield

2  « • „ «  = j  k(k-\)p„(k)+  j  **v*)
k =  1 1 k  =  1

= n(n— l)p2 + np = n2p2 + np(l — p). (7)
Now, both of the sums that we needed have been computed. Sub­
stituting results (5) and (7) into relation (4), we find finally that

2  {k — np)2Pn(k) = n2p2 + np(l-p) — 2np-np + n2p2
k = 0

= np{\ -p) .
Substituting this simple expression we just derived into inequality (3), 
we obtain

P(\k — np\ > en) < c2„2
P (l-P)

e2n (8)

This inequality completes the proof of everything required. In fact, 
it is true that we could have taken the number e arbitrarily small; 
however, having chosen it, we do not change it any more. But the 
number n of trials in the sense of our assertion can be arbitrarily large. 
Therefore, the fractionp( \ — p) j(e2n) can be assumed to be as small as 
we please, since with increasing n its denominator can be made 
arbitrarily large whereas the numerator at the same time remains 
unchanged.

For example, let /> = 0.75, so that
1 - p  = 0.25 and />(1 -p )  = 0.1875 < 0.2;

choose e = 0.01; then inequality (8) yields

i
If, for instance, we take n = 200,000, then

P(\k— 150,000| > 2000) < 0.01.
In practice, this means, for example, the following: if in some pro­
duction process, under fixed operating conditions, 75% on the 
average of the articles possess a certain property (for example, they 
belong to the first sort), then of 200,000 articles, from 148;000 to 
152,000 articles will possess this property with a probability ex­
ceeding 0.99 (i.e., almost certainly).

. 3\k— - n 4 > O.Olnj 0.2 
0.0001 -n

2000
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In regard to this matter we must make two observations:
1. Inequality (8) yields a very rough estimate of the probability 

P{\k—np\>en)\ in fact, this probability is significantly smaller— 
especially for large values of n. In practice, we therefore make use 
of more precise estimates whose derivation is, however, considerably 
more complicated.

2. The estimate, given by inequality (8), becomes significantly 
more precise when the probability/) is very small—or just the opposite 
—very close to unity. Thus, if in the example we have just intro­
duced, the probability that the article possesses a certain property 
equals p = 0.95, then 1—/) = 0.05, and /)(1 — p) <0.05. Therefore, 
choosing e = 0.005, n = 200,000, we find that

P(\-P) . 0.05-1,000,000 
e2n 25-200,000 ’

just as before. But now en is not equal to 2000 but only to 1000; 
from this (since np = 190,000) we conclude that with practical certainty 
the number of articles possessing the property under consideration 
will, for a total number of 200,000 articles, lie between 189,000 and 
191,000. Thus, inequality (8) practically guarantees us that the 
number of articles possessing the property concerned will be in an 
interval for p = 0.95 of half the length of that for p = 0.75, because we 
have here

P( |A -190,0001 > 1000) <0.01.

Problem. It is known that one-fourth of the workers in a particular 
branch of industry have an elementary school education. For a 
certain investigation, 200,000 workers are chosen at random. Find 
1) the most probable value of the number of workers with an element­
ary school education among the 200,000 workers chosen and 2) the 
probability that the true (actual) number of such workers deviates 
from the most probable number by no more than 1.6%.

In the solution of this problem, we start with the fact that the 
probability of having an elementary education equals one-fourth for 
each of the 200,000 workers chosen at random. (This is precisely the 
key to the meaning of the phrase “ at random.”) Thus, in our 
problem, we have

n = 200,000, p = 1/4, k0 = np = 50,000, p(l -p )  = 3/16.

We are seeking the probability that \k — np\ <0.016n/) or that \k—np\ 
< 800, where k is the number of workers with an elementary school

[§ 17] Proof o f  Bernoulli's Theorem
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education. We choose e so as to have en = 800; from this we find that 
£ = 800/n = 0.004. Formula (8) yields

/>(!*-50,0001 > 800) < 16.0 000016.200,000 ~ ° '°6’

from which it follows that
P( |k -50,0001 < 800) > 0.94.

Answer. The most probable value, which is what we are looking 
for, equals 50,000; the probability sought is greater than 0.94. 
(Actually, the probability sought is significantly closer to unity.)



PART II

RANDOM VARIABLES





CHAPTER 7

RANDOM VARIABLES AND 
DISTRIBUTION LAWS

§ 18. The concept of random variable

In our preceding discussion, we have many times now encoun­
tered quantities whose numerical values cannot be determined 
once for all but rather vary under the influence of random actions. 
Thus, the number of boys per hundred newly born babies will not be 
the same for every hundred. Or, the length of a cotton fiber of a 
definite sort varies significantly not only with the various regions 
where this sort is produced but even with the bush or boll itself. We 
now introduce still more examples of quantities of this kind.

1) Firing from the same firearm at the same target and under 
identical conditions, we nevertheless observe that the shells fall in 
different spots; this phenomenon is called the “ dispersion” of shells. 
The distance of the spot where the shell falls from the place of its 
issue is a quantity which assumes various numerical values for various 
shots, depending on random conditions which could not have been 
taken into consideration in advance.

2) The speed of gas molecules does not remain constant, but 
rather varies due to collisions with other molecules. In view of the 
fact that every molecule can either collide or not collide with every 
other gas molecule, the variation of its speed possesses a purely random 
character.

3) The number of meteors falling onto the earth [these meteors are 
then called meteorites] in the course of a year, which enter the 
atmosphere and are not burned up, is not constant but rather is 
subject to significant variations which depend on a whole series of 
conditions of random character.

4) The weight of grains of wheat grown on a certain plot of ground 
is not equal to some definite quantity but varies from one grain to 
another. Because of the impossibility of evaluating the influence of 
all factors (e.g., the quality of the soil in the plot of ground on which 
the spike with the given grain grew, the conditions of sunlight under
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which the grain was illuminated, the control of water, and others) 
determining the growth of the grain, its weight is a quantity which 
varies according to the case at hand.

Despite the diversity of the examples considered, all of them, from 
the point of view of interest to us, present the same picture. In each 
of these examples, we are dealing with a quantity which in one way or 
another characterizes the result of the operation undertaken (for 
example, the counting of meteors or the measurement of the length 
of fibers). Each of these quantities can assume, no matter how homo­
geneous we may strive to make their conditions, various values for 
various operations, which depend on random differences in the circum­
stances of these operations which are beyond our control. In 
probability theory, quantities of this sort are called random (or 
stochastic) variables', the examples we have introduced are already 
sufficient to convince us how important the study of random variables 
can be in the application of probability theory to the most varied 
areas of knowledge and practice.

To know a given random variable does not mean, of course, that 
we know its numerical value, because if we know, for instance, that a 
shell fell at a distance of 926 m. from the spot where it was fired, then 
by the same token this distance would already assume a definite 
numerical value and would cease to be a random variable. Then, 
what ought we to know about a random variable in order to have the 
most complete information concerning it, namely, as a random 
variable? Clearly, to this end, we must first of all know all the 
numerical values which it is capable of assuming. Thus, if in firing 
from a cannon under certain definite conditions the smallest range of 
the shell observed equals 904 m. and the greatest is 982 m., then the 
distance from the spot where the shell hits to the place where it is 
fired is capable of assuming all values included between these two 
bounds. In example 3), it is clear that the number of meteorites 
which reach the earth’s surface in the course of a year can have as a 
value any non-negative integer, i.e., 0, 1,2, and so forth.

However, knowledge of only one enumeration of possible values of a 
random variable still does not yield information about it which could 
serve as material for the estimates required in practice. Thus, if in 
the second example we consider the gas under two distinct tempera­
tures, then the possible numerical values of the speed of the molecules 
for them are the same and, consequently, the enumeration of these 
values does not enable one to make any comparative estimate of these 
temperatures. Nevertheless, different temperatures indicate a very
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essential difference in the composition of the gas—a difference 
concerning which only one enumeration of the possible values of the 
speeds of the molecules does not give us any idea. If we wish to 
estimate the temperature of a given mass of gas and we are given only 
a list of possible values of the speeds of its molecules, then we naturally 
ask how often a certain speed is observed. In other words, we 
naturally strive to determine the probabilities of various possible values 
of the random variable of interest to us.

§ 19. The concept of law of distribution

As a beginning, we take a very simple example. A target, 
depicted in Fig. 8, is fired at; hitting region I gives the marksman three 
points, the region II two points, and the region III one point.1

[§ 18] Concept o f Random Variable

As an example of a random variable, we consider the number of 
points won with a single shot. The numbers 1, 2, and 3 serve here as 
possible values; we denote the probabilities of these three values by 
p i,p2,p 3 , respectively, so that, for instance, p3 denotes the probability 
of hitting the region I of the target. Although the possible values of 
our random variable are the same for all marksmen, the probabilities 
Pi) p2 ) and pi can differ very essentially from one another for different 
marksmen and, clearly, the difference in the quality of firing is 
determined by this difference. Thus, for a very good marksman, we 
could have, for instance, p3 = 0.8, p2 = 0.2, p1=0; for an average 
marksman,/>3 = 0.3,/>2=0.5,/q=0.2; and for a thoroughly unskilled 
marksman, />3 = 0.1, p2=0.3, px =0.6.

If in a certain firing, 12 shots are fired, then the possible values of 
the numbers of hits in each of the regions I, II, and III are given by all 
integers from 0 to 12 inclusive; but this fact in itself still does not 
enable us to judge the quality of the firing. On the contrary, we can

1 The reader can object saying that hitting region I I I  (i.e., a miss) should not 
be given a point. However, if a point is given for the right to fire then the one 
who fired the bad shot has already by the same token received one point.
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get a complete picture of this quality if besides the possible values of 
the number of hits we are also given the probabilities of these values, 
i.e., the numbers which indicate how frequently in a series of 12 shots 
one encounters a certain number of hits in each region.

Clearly, the situation in all cases will be the following: knowing the 
probabilities of the various possible values of the random variables, 
we will by the same token know how often we ought to expect the 
appearance of more favorable or less favorable values of them, and 
this, manifestly, is sufficient to judge the effectiveness or the quality of 
this operation with which the given random variable is concerned. 
Practice shows that knowledge of the probabilities of all possible values 
of the random variable under investigation is in reality sufficient for 
the solution of any problem connected with the use of this random 
variable as an index to estimate the quality of the corresponding 
operation. We thus arrive at the result that, for a complete character­
ization of a certain random variable as such, it is necessary and suf­
ficient to know:

1) the enumeration of all possible values of this variable and
2) the probability of each of these values.
From this it is clear that it is convenient to specify a random 

variable by means of a table having two rows: the upper row contains 
in any order the possible values of the random variable and the lower 
row contains their probabilities, so that under each of the possible 
values is placed its probability. Thus, in the example we considered 
above, the number of points awarded in one shot by the best marksman 
can, as a random variable, be represented by the table

T able I

1 2 3

0 0.2 0.8

In the general case, a random variable whose possible values are 
*i> x2 > • • ■ > xn and whose corresponding probabilities are plt p2, . . •, pn 
is represented by the table

x2 . . .

Pi P2 Pn
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To give such a table, i.e., to give all possible values of the random 
variable together with their probabilities, means, as we say, that we 
give the distribution law of this random variable. Knowing the dis­
tribution law of a given random variable enables one to solve all 
probability problems connected with it.

Problem. The number of points awarded to a marksman for one 
shot has the distribution law (I); the same number of points for the 
second marksman has the following distribution law:

[§ 19] Concept o f Law o f Distribution

T able II

I 2 3

0.2 0.5 0.3

Find the distribution law for the sum of the points awarded both 
marksmen.

It is clear that the sum we are dealing with here is a random 
variable; our problem is to set up its table. To this end, we must 
consider all possible results of the combined firing of our two marks­
men. We arrange these results in the following table, where the 
probability of each result is calculated according to the multiplication 
rule for independent events and where x denotes the number of points 
awarded the first marksman and y  is the number of points awarded 
the second marksman:

No. of 
the result

X y x + y Probability of the 
the result

(1) 1 l 2 0-0.2 = 0
(2) 1 2 3 0-0.5 = 0
( 3) 1 3 4 0-0.3 = 0
(4 ) 2 1 3 0.2-0.2 = 0.04
( 5) 2 2 4 0.2-0.5 = 0.1
(6) 2 3 5 0.2-0.3 =  0.06
( 7) 3 1 4 0.8-0.2 =  0.16
(8) 3 2 5 0.8-0.5 =  0.4
(9) 3 3 6 0.8-0.3 =  0.24

This table shows that the sum x + y  which interests us can assume 
the values 3, 4, 5, and 6; the value 2 is impossible inasmuch as its
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probability equals zero.1 We have x+y = 3 in the cases of the results 
(2) and (4); hence, in order that the sum x+y obtain the value 3, it is 
necessary that one of the results (2) or (4) occur and the probability of 
this, according to the addition law, equals the sum of the probabilities 
of these results, i.e., it is equal to 0 + 0.04 = 0.04. For the sum

x+y = 4
it is necessary that one of the results (3), (5), or (7) occur; the prob­
ability of this sum is therefore equal (again according to the addition 
rule) to 0 + 0.1 +0.16 = 0.26. In a similar manner, we find that the 
probability that the sum x+y has the value 5 equals

0.06 + 0.4 = 0.46,
and the probability of the value 6, which appears only in the case of 
result (9), equals 0.24. Thus, for the random variable x+y we 
obtain the following table of possible values and their probabilities:

T able III

3 4 5 6

0.04 0.26 0.46 0.24

Table III solves the problem posed completely.
The sum of all four probabilities in Table III equals unity; every 

distribution law should, of course, possess this property inasmuch as 
we are dealing with the sum of the probabilities of all possible values 
of a random variable, i.e., with the sum of the probabilities of some 
complete system of events. It is convenient to make use of this 
property of distribution laws as a method for checking the accuracy 
of the calculations made.

1 O ne can, of course, consider the num ber 2 also to be a possible value of the 
quantity  x + y  having probability 0. This is similar to what we did, for the sake 
of generality, for the value 1 in T able I.



CHAPTER 8

MEAN VALUES

§ 20. Determination of the mean value of a random variable

The two marksmen we were just discussing, when firing together, 
can earn either 3 or 4 or 5 or 6 points, depending on the random 
circumstances; the probabilities of these four possible results are 
indicated in Table III on page 64. If we ask “ How many points do 
the two marksmen earn with one (double) shot?” , we are unable to 
give an answer to this question because different shots yield different 
results. But, in order to estimate the quality of firing of our two 
marksmen, we will, of course, be interested in the result not of a single 
pair of shots (this result can be random) but in the average result after 
an entire series of pairs of shots. But how many points on the average 
does one pair of shots by our marksmen yield? This question is 
posed in an altogether intelligible way and a clear-cut answer to it can 
be given.

We shall reason as follows. If the pair of marksmen shoot a 
hundred double shots, then, as is shown by Table III

approximately 4 of these shots yield 3 points each
)) 26 4yy yy yy * yy

46 5yy yy yy u yy
24 yy yy yy ^ yy

Thus, on the average, each group of one hundred double shots yields 
the pair of marksmen a total number of points which is expressed by 
the sum

34-I-4-26 +  5-46 +  6-24 = 490.

Dividing this number by 100, we obtain that on the average 4.9 
points are awarded for each shot; and this yields the answer to the 
question we posed. We note that instead of dividing the sum total 
(490) by 100 (as we have just done), we could, even before adding, 
have divided each of the terms by 100; then the sum gives us directly 
the average number of points for one shot. It is simplest to carry out 
this division by dividing the second factor of each term by 100; for 
these factors were obtained by multiplying the probabilities, indicated
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in Table III, by 100, and, therefore, to divide them by 100, it suffices 
simply to return to these probabilities. For the average number of 
points awarded for one shot we thus obtain the expression:

3 • 0.04 + 4 • 0.26 + 5 • 0.46 + 6 • 0.24 = 4.9.
The sum appearing in the left member of this equality, as we see 
directly, is formed from the data in Table III by a very straight­
forward rule: each of the possible values indicated in the upper row 
of this table is multiplied by its probability appearing under it in the 
table and all such products are then added.

We now employ this same line of reasoning for the general case. 
We assume that a certain random variable is given by the table

* 1 * 2

P i P 2 P k

We recall that if the probability of the value x1 of the quantity x 
equals pu then this signifies that in a series of n operations this value xy 
will be observed approximately n1 times, where n1jn=p1, which 
implies that n1=np1; analogously, the value x2 in this connection is 
encountered approximately n2 = np2 times, and so on. Thus, a series 
of n operations will contain, on the average,

n\ = nPi operations where x = x: 
n2 = np2 ,, ,, x = x2

= npk » » * = xk.
The sum of the values of the quantity x in all n operations carried out 
will therefore be approximately equal to

x1n1 + x2n2+ . . . +xknk = n(xlp1+x2p2+ . . . +xkpk).
Therefore, the mean value x of a random variable, corresponding to 
an individual operation and obtained from the sum just written down 
by dividing by the number n of operations in the given series, will be 
equal to

X = X1p1+x2p2+ . . . +xkpk.
We thus arrive at the following important rule: to obtain the mean 

value (or mathematical expectation or expected value) of a random variable we 
must multiply each of its possible values by the corresponding probability and 
then add up all the products obtained.
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Of what benefit to us can knowledge of the mean value of a random 

variable be? In order to answer this question more convincingly, 
we shall first consider a few examples.

Example 1. We return once more to the two marksmen. The 
number of points they are awarded are random variables whose 
distribution laws are given by Table I for the first marksman and by 
Table II for the second (see pages 62 and 63). One careful glance at 
these two tables already shows us that the first shoots better than the 
second; in fact, the probability of the best result (3 points) is signifi­
cantly greater for him than for the second marksman whereas, in 
contrast, the probability of the worst result is greater for the second 
marksman than for the first. However, such a comparison is not 
satisfactory as it is purely qualitative in character—we still do not 
possess that measure or that number whose magnitude would give a 
direct estimate of the quality of the firing of one or the other marksman 
in a way similar to the way in which the temperature, for instance, 
directly estimates the amount of heating of a physical body. Not 
having such an estimation measure, we can always encounter the 
case for which a direct consideration does not yield an answer or for 
which this answer can be questionable. Thus, if, instead of Tables I 
and II, we had the tables

T able I' T able II'

1 2 3

0.1 0.6 0.3

1 2 3

0.4 0.1 0.5

for the first marksman for the second marksman

then it would be difficult by a single glance at these tables to decide 
which of the two marksmen shoots better; true—the best result (3 
points) is more probable for the first than for the second, but at the 
same time the worst result (1 point) is also more probable for him 
than for the second; in contrast, the result of 2 points is more probable 
for the second than for the first.

We now form, by the rule indicated above, the mean value of the 
number of points for each of our two marksmen:

1) for the first marksman,
1 -0.4 + 2 -0.1 +3-0.5 = 2.1;

2) for the second marksman,
1 -0.1 +2-0.6 + 3 -0.3 = 2.2.
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We see that the second marksman wins on the average a slightly 
greater number of points than the first; in practice, this means that in 
a repeated firing the second marksman will, generally speaking, 
produce a somewhat better result than the first. We now say with 
conviction that the second marksman shoots better. The mean value 
of the number of points won gave us a suitable measure with the aid 
of which we can easily, and by a method which leaves no doubt, 
compare the skills of the different marksmen with one another.

E x a m ple  2. In assembling a precision instrument, it might be 
required, depending on one’s success, to make 1, 2, 3, 4, or 5 trials for 
the exact fitting of a certain part. Thus, the number x of trials 
necessary to attain a satisfactory assembly is a random variable with 
the possible values 1, 2, 3, 4 , 5 ; suppose the probabilities of these 
values are given by the following table:

1 2 3 4 5

0.07 0.16 0.55 0.21 0.01

We can study the problem of supplying a given assembler with the 
number of parts needed for 20 instruments.1 In order to be able to 
make an approximative estimate of this number, we cannot make use 
of the given table directly—it tells us only that in various cases the 
situation is different. But, if we find the mean value x of the number 
of trials x which are necessary for one instrument and multiply this 
mean value by 20, then we obviously obtain an approximate value of 
the number sought. We find that

* =  1 -0.07 +  2 -0 .1 6  +  3 -0 .5 5  +  4 -0 .2 1 + 5 -0 .0 1  =  2 .93 ;

20* =  2.93 • 20 =  58.6 a  59.

In order that the assembler have a small surplus to take care of the case 
when the expenditure of parts actually exceeds expectation, it will be 
useful in practice to give him 60-65 parts.

In the examples considered, we are dealing with a situation in which 
for a certain random variable practice requires a known initial, 
approximate estimate; we cannot give such an estimate by a single 
glance at- the table—the table tells us only that our random variable

1 In  this connection, we will assume that a part rejected in assembling one 
instrum ent is no longer used in assembling others.
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can assume such-and-such values with such-and-such probabilities. 
But the mean value of the random variable calculated by this table is 
already capable of yielding such an estimate because this is namely the 
value which our quantity will assume on the average in a more or less 
extended series of operations. We see that from the practical side, 
the mean value characterizes the random variable especially well 
when we are dealing with a mass operation or one that is repeated 
frequently.

Problem 1. A series of trials with the same probability p of the 
occurrence of a certain event A is carried out, in which connection the 
results of the individual trials are mutually independent. Find the 
mean value of the number of occurrences of the event A in a series of 
n trials.

The number of occurrences of event A in a series of n trials is a 
random variable with possible values 0, 1, 2 , . . . ,  n, where the 
probability of the value k is equal, as we know, to

Therefore, the mean value sought equals

1  kPnik).
k = 0

We calculated this sum in the course of the proof of Bernoulli’s 
theorem (see page 53) and we saw that it was equal to np. We also 
verified that the most probable number of occurrences of the event A in 
n trials is, in the case of large n, close to np. We now see that the 
average number of occurrences of the event A for arbitrary n is pre­
cisely equal to np. Thus, in the given case, the most probable value 
of the random variable coincides with its mean value. We must, 
however, avoid thinking that this coincidence holds for arbitrary 
random variables for, in general, the most probable value of a random 
variable can be very far removed from its mean value. Thus, for 
instance, for the random variable with distribution law

0 5 10

0.7 0.1 0.2

the most probable value is 0 and the mean value is 2.5.
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Problem 2. Independent trials are made in each of which some 

event A can occur with probability 0.8. Trials are made until the 
event A occurs; the total number of trials does not exceed four. 
Determine the average number of trials made.

The number of trials which are to be made under the conditions of 
the problem can equal 1,2,3, or 4. We must calculate the probability 
of each of these four values. In order that only one trial suffice, it is 
necessary that the event A occur at the first trial; the probability of 
this is

Pi = 0.8.

In order that exactly two trials be required, it is necessary that the 
event A does not occur at the first trial and that it does occur at the 
second trial. The probability of this, by the multiplication rule for 
independent events, equals

p2 = (1-0.8)-0.8 = 0.16.
In order that three trials be required, it is necessary that the event A 
does not occur at the first two trials but that A occurs at the third trial. 
Therefore,

/>3= (1 —0.8)2-0.8 = 0.032.
Finally, the necessity for four trials arises under the condition that A 
does not occur for the first three trials (independently of what the 
fourth trial yields); therefore

/>4 = (1-0 .8)3 = 0.008.
Thus, the number of trials made, as a random variable, is determined 
by the distribution law

1 2 3 4

0.8 0.16 0.032 0.008

The mean value of this number therefore equals
1 -0.8 + 2-0.16 + 3-0.032 + 4-0.008 = 1.248.

If, for instance, 100 such observations are to be made, then it can be 
assumed that approximately 1.248•100~ 125 trials will have to be 
made.

In practice one frequently encounters problems formulated this way. 
For example, we test a yarn for strength and we give it a higher 
classification if it does not break even once under the load P when
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samples of standard length from the same skein (or lot) are tested. 
Each time no more than four samples are tested.

Problem 3. A certain plot of ground has the form of a square 
whose side according to given aerial photographic measurements 
equals 350 m. The quality of the aerial photograph is determined by 
the fact that an error of

0 m. has probability 0.42 
± 10 m. ,, 0.16*
+ 20m. ,, 0.08
+ 30m. ,, 0.05.

Find the mean value of the area of the plot.
Depending on the randomness of the aerial photographic measure­

ment, the side of the plot is a random variable whose distribution law 
is given by the table

T able I

320 330 340 350 360 370 380

0.05 0.08 0.16 0.42 0.16 0.08 0.05

From this we can at once find the mean value of this random variable, 
since in the given case we do not even need to apply our computation 
rule; in fact, since the same errors in one or another direction are 
equally probable, it is already clear from symmetry that the mean 
value of the side of the plot equals the observed value, i.e., 350 m. In 
more detail, the expression for the mean value will contain the terms

(340 +  3 6 0 )-0 .1 6  =  [(350 + 1 0 ) +  (3 5 0 -1 0 ) ] -0 .1 6  
=  2 -3 5 0 0 .1 6  

(330 +  3 7 0 )-0 .0 8  =  2 -3 5 0 -0 .0 8  
(320 +  380) -0.05 =  2 -3 5 0 -0 .0 5 ;

it is therefore equal to 350-(0.42+ 2-0.16 + 2-0.08+ 2-0.05) =350.
One might conclude that from these same symmetry considerations, 

the mean value of the area of the plot must equal 3502 = 122,500 m.2; 
this would be the case if the mean value of the square of a random

* This is understood to mean that the error +  10 m. and the error —10 m. 
each have the probability 0.16; the same is to be understood for the other 
probabilities.
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variable equalled the square of its mean value. This is, however, not 
the case; in our example, the area of the plot can have the values

3202, 3302, 3402, 3502, 3602, 3702, 3802.

Now which of these values holds in reality depends on which of the 
seven cases listed in Table I is present, so that the probabilities of these 
seven values are the same as the probabilities in Table I ; more briefly, 
the distribution law of the area of the plot is given by the table

3202 3302 3402 3502 3602 3702 3802

0.05 0.08 0.16 0.42 0.16 0.08 0.05

and, consequently, its mean value equals

3202 • 0.05 + 3302 • 0.08 + 3402 • 0.16 + 3502 • 0.42 + 3602 0.16 
+ 3 702 • 0.08 + 3802 • 0.05.

And, here, it is useful in order to shorten the calculations to make use 
of the symmetry on hand; we must see how this is done because such 
possibilities of simplification arise rather frequently. We can rewrite 
the above expression in the form

3502 • 0.42 + (3402 + 3602) -0.16 + (3302 + 3702) ■ 0.08 
+ (3202 + 3802) -0.05

= 3502 • 0.42 + [ (350 -  10)2 + (350 + 10)2] • 0.16 
+ [(350 -  20)2 + (350 + 20)2] -0.08 
+ [(350 -  30)2 + (350 + 30)2] • 0.05

= 3502[0.42 + 2 • 0.16 + 2 • 0.08 + 2 • 0.05]
+ 2 -102 0.16 + 2 -202 0.08 + 2-302-0.05

= 3502 + 2-(16 + 32 + 45) = 122,686.

In this method of calculation, all computations can be made “ men­
tally.”

We see that the mean value of the areas of the plot turned out to be 
somewhat larger (it is true that in practice the difference in this case is 
imperceptible) than the square of the mean value of a side (i.e., 
larger than 3502= 122,500). It is easily proved that at the base of 
this lies a general rule: the mean value of the square of an arbitrary 
random variable is always larger than the square of its mean value.
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In fact, suppose we have a random variable x with a perfectly arbitrary 
distribution law

*1 x2 Xk

Pi P2 Pk

then the quantity x2 will have the following distribution law:

xf xi xl

Pi P2 Pk

The mean values of these two quantities are equal to

and
* ~ xlPl+x2p2+ ■ ■ ■ +xkPk

x2 = xlPl+x2p2+ ■ ■ ■ +xkPk, 
respectively. We have

72-{ x )2 = 7 - 2  (*)2+(*)2. (*)

Sincep1 +p2 + . .. +pk = I, the three terms in the right member of (*) 
can be written in the form

1 =  1

2(*)2 = 2 (*)(*) = 2x 2  xiPi = 2  2***A>
1=1 1=1

w a = i  a = i1= 1 1
respectively; therefore

x2- ( x ) 2 = 2  {*i2-2**i + (*)2)A = 2  (*(-*)2A-
1=1 1=1

Since all terms in the sum in the right member are non-negative, we 
have

which was to be proved.
x2 — (x)2 > 0,



CHAPTER 9

MEAN VALUE OF A SUM AND OF A
PRODUCT

§ 21. Theorem on the mean value of a sum

We frequently must calculate the mean value of the sum of two 
random variables (and sometimes also of a larger number) whose 
mean values (i.e., mathematical expectations) are known. Suppose, 
for instance, that two factories manufacture the same product, where 
it is known that on the average the first factory produces 120 articles 
daily and the second 180. Can we, with the aid of these data, 
establish the mean value of the number of articles which one could 
expect daily from both factories together? Or are these data 
insufficient and must we know, besides the mean values, something 
more about the two random variables under consideration (for 
instance, must we know their distribution law's completely) ?

It is very important that for the calculation of the mean value of a 
sum it be sufficient in all cases to know the mean values of the sum­
mands, and that the mean value of the sum be expressed in all cases 
in terms of the mean values of the summands in the very simplest 
manner which one could possibly imagine: the mean value of a sum 
always equals the sum of the mean values of the summands. Thus, if x and y 
are two perfectly arbitrary random variables, then

x+y = x+y.

In the example introduced above x is the number of articles of the 
first factory and y is the number of articles of the second factory: 
x — 120, y=  180 and, hence,

x+y = x+y = 300.

In order to prove the asserted rule in the general case, we shall 
assume that the quantities x and y, respectively, are subject to the 
following distribution laws.
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T a ble  II
[§ 21 ] Mean Value o f a Sum

T a ble  I

* 1 * 2 X k

P i P 2 P k

75

yi y2 yi

?i % <h

Then, the possible values of the quantities x +y will be all possible sums 
of the form xt +y}, where 1 < i < k and 1 <j < I. The probability of 
the value which we shall denote by pi]} is unknown; this is the
probability of the two-fold event x = xi,y= yi (i.e., the probability that 
the quantity x will have the value x, and that the quantity y will have 
the value^). If we could assume these two events to be mutually inde­
pendent, then by the multiplication rule we would, of course, have

Pij = PiQi> (0
but from this point on we shall no longer assume these events to be 
independent. Thus, equality (1), generally speaking, will not hold, 
and we must take into consideration that knowledge of Tables I and 
II does not permit us to conclude anything about the quantities p{j.

By the general rule, the mean value of the quantity x+y equals the 
sum of the products of all possible values of this quantity by the 
corresponding probabilities, i.e.,

______  k  1

x +y = 2  2  (xi+yi)Pu<=i }= i

= 2  4  2  /»«)+ 2 4 2  A*)- (2)<=i \ /=i  / y=i \i=i /
i

We now consider more carefully the sum 2  Pu\ this is the sum of the
/ = i

probabilities of all possible events of the form (x = xl,y=yj), where the 
number i is the same in all terms of the sum and the number j  varies 
from term to term, ranging over all its possible values from 1 to I 
inclusive. Since the events y=yt are obviously incompatible for

i
distinct j ’s, then, by the addition rule, the sum 2  Pu the prob-

y = i
ability of the occurrence of any one of the I events (x = xi,y=yj) (j=  1, 2,

But to say “ some one of the events x = xuy=yf (1 < j< l) occurred” 
is entirely equivalent to simply saying “ the event x = xt occurred” ; in 
fact: 1) if one of the events (x, = x,i) y=y}) (it being immaterial what 
j  is) occurred, then, obviously, the event x=xt also occurred; 2)
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conversely, if the event x = x{ occurred, then, inasmuch as y necessarily 
assumes one of its possible values yu y2, ■ ■ -,yj, some one of the events

(x = xh y=yj) (1 <j<l) must also occur. Thus, 2  Pw being the
probability of occurrence of any one of the events (x=xu y=yP) 
(1 < j< l), simply equals the probability of the event x=xu i.e.,

(
2  Pa = Pi-1 = i

In a perfectly analogous way, we can of course convince ourselves that
k

2  P a =1=1
and substituting these expressions into equality (2), we find that

___  k I
x+y = ^  x,pt+ 2  M i = *+9> 

i=i 1=1
which was to be proved.

The theorem we just proved for the case of two terms automatically 
generalizes to the case of three and more terms; in fact, by virtue of 
what we just proved, we can write

x+y + z = x+y + 1 = x+y + z,
and so on.

E x a m pl e , n machines are set up in a certain plant and one article 
is collected from each machine. Determine the average number of 
rejected articles if it is known that the probability of producing a 
reject is p  ̂ for the first machine, p2 for the second machine, . . ., pn 
for the nth machine.

The number of rejects when analyzing one article is a random 
variable which is capable of assuming only two values: 1 if this 
article is a reject and 0 if it is usable. The probabilities of these 
values for the first machine equal p± and 1 —pY respectively, as a 
consequence of which the average number of rejected articles from 
the number taken from the first machine equals

l ^ i  + 0 - ( l - A )  =Pi- 
For the second machine the average number of rejected articles from 
among those taken equals p2, and so forth. The total number of 
rejected articles is the sum of the rejected articles among the articles 
produced on the first, second, and the other machines. Therefore, 
by virtue of the rule for the addition of mean values which we just
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established, the average number of rejected articles among those 
chosen equals

Pi +P2 + • • • +Prv
which solves the problem posed.

In particular, if the probability of producing a reject is the same for 
all machines (p1 =p2 = ■ ■ ■ =Pn~P)> then the mean value of the total 
number of rejects equals np. We already obtained this result on 
page 53 [formula (5)]. It is interesting to compare the cumbersome 
calculations which we needed for this purpose with the simple line of 
reasoning, requiring no calculations whatsoever, which led us here to 
the same result. However, we gained not only in simplicity but also 
in generality. In our previous derivation, we assumed the results of 
producing individual articles to be mutually independent events and 
in reality our former method of derivation was suitable only under this 
hypothesis; but now we can do without this assumption, since the law 
of addition of mean values, on which we based our new derivation, 
holds for arbitrary random variables without any restriction. Thus, 
whatever the mutual dependence between individual machines and 
the articles made by them is, if only the probability p of producing a 
reject is the same for all machines then the mean value of the number 
of rejected articles is always equal to np for n articles chosen at random.

§ 22. Theorem on the mean value of a product

The same problem, which we solved for a sum of random 
variables, must frequently also be considered for their products. 
Suppose the random variables x and y are again subject to the dis­
tribution laws indicated by Tables I and II, respectively. Then the 
product xy is a random variable for which products of the form x,yt 

l < j < / )  serve as possible values; the probability of the 
value x{yt equals ptj. The problem consists in finding a rule which 
would enable us to express, in all cases, the mean value xy of the 
quantity xy in terms of the mean values of the factors. The solution 
of this problem in the general case, however, turns out to be 
impossible. The quantity xy, generally speaking, is not uniquely 
determined by knowing the mean values x and y (i.e., various values 
of the quantity xy are possible for the same x and y); as a result of 
this no general formula can exist which expresses xy in terms of 
x and y.

But there is one particular case when such an expression is possible 
and then the connection obtained is of an extraordinarily simple
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character. We shall agree to call the random variables x and y 
mutually independent if the events .* = *, and y=yt are mutually inde­
pendent for arbitrary i and j, i.e., if the condition that one of our two 
random variables take on one or another definite value does not 
influence the distribution law of the second random variable. If the 
quantities x andy are mutually independent in the sense just defined, 
then

Pu = Pi<li (* = 1, 2, . . . ,  k; j  = 1,2,.
according to the rule of multiplication of independent events; there­
fore,

k  I k  I

= 2  2  = 2 2  x<utPdiii = i / = i i = i j = i
k  I

= 2  X'P' 2  m* =(=i /=i
Therefore, for mutually independent random variables, the mean value of the 
product equals the product of the mean values of the factors.

As in the case of addition, this rule which we derived for the product 
of two random variables automatically generalizes to the product of an 
arbitrary number of factors; in this connection, it is only necessary 
that these factors be mutually independent, i.e., that knowledge of any 
definite values for each group of these quantities does not influence 
the distribution laws of the remaining quantities.

E x a m ple  1. We shall assume that it is necessary to measure an 
area of rectangular form by means of an aerial photo survey and that 
the measurement of the sides of this rectangle give 72 m. and 50 m. 
The distribution law of the measurement errors is not known but it is 
known that the errors of the same magnitude in one or the other 
direction are equally probable; it is then clear from symmetry 
considerations (and it can easily be proved—see Problem 3 on page 
70) that the mean values of the sides of the rectangle coincide with 
the obtained results of measurement. If these two results of measure­
ment can be considered mutually independent random variables, then 
the mean value of the area according to the multiplication rule which 
we just derived will be equal to the product of the mean values of its 
sides, i.e., 72x50 = 3600 m.2. But there can sometimes be a basis 
for assuming the measurements of the sides to be mutually dependent. 
This will be so, for example, in the case when both measurements are 
made with the same improperly calibrated instrument. If measure­
ment of the length yields a result which significantly exceeds the true
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length, then we naturally have the right to assume that the measuring 
instrument is as a rule inclined to give quantities which are too 
large, as a consequence of which the probability of exaggerated 
values will also increase in measurements of the width, so that it is 
impossible to consider these two quantities to be mutually independent. 
In such cases, the mean value of the area cannot be taken equal to 
the product of the mean values of the sides of the rectangle and, to 
determine it, supplementary information is required.

Example 2. Along a conductor, whose resistance depends on 
random circumstances, there flows an electric current whose strength 
also depends on chance. It is known that the mean value of the 
resistance of the conductor equals 25 ohms and that the mean strength 
of the current equals 6 amperes. It is required that one compute the 
mean value of the electromotive force (i.e., voltage) E of the current 
flowing in the conductor.

According to Ohm’s law,
E = RI,

where R is the resistance of the conductor and /  is the strength of the 
current. According to our assumption,

R = 25, 7 = 6 ;

then, assuming the quantities R and /  to be mutually independent, we 
find that

R = R I  = 25-6 = 150 volts.



CHAPTER 10

DISPERSION AND MEAN DEVIATIONS

§ 23. Insufficiency of the mean value for the 
characterization of a random variable

We have already seen repeatedly that the mean value of a random 
variable gives us an approximate, initial “ measure” of the variable 
and that there are many cases when, for the practical purposes 
confronting us, this representation is sufficient. Thus, for the com­
parison of the proficiency of two marksmen in a competition it is 
sufficient for us to know the mean value of the number of points won 
by them; for the comparison of the effectiveness of two different 
ways of computing the number of cosmic particles it is completely 
sufficient to know the mean value of the number of particles not 
counted which these two systems are capable of admitting; and so on. 
In all these cases, we gain an essential advantage by describing our 
random variable by one number—its mean value—instead of giving it 
by a complicated distribution law. The situation appears as though 
we had before us not a random variable but rather a quantity, with a 
perfectly well-defined value, which is known with certainty.

However, much more frequently we encounter another state of 
affairs in which the features of a random variable which are most 
important for practical purposes are not characterized by its mean 
value to any extent whatsoever, but require a more detailed knowledge 
of its law of distribution. We have a typical case of this sort in the 
investigation of the distribution of errors in measurement. Let x be 
the magnitude of the error, i.c. the deviation of the value obtained 
of the quantity being measured from its true value. In the absence 
of systematic errors the mean value of the errors of measurement, 
which we shall denote by x, equals zero. We shall assume that the 
measurements are carried out under this condition. The question 
arises, how will the errors be distributed? How frequently will an 
error of a given magnitude be encountered ? Knowing only the value 
x = 0, we cannot obtain any answer to all these questions. We know 
only that positive and negative errors are possible and that their 
chances are approximately the same because the mean value of the

80
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magnitudes of the errors equals zero. But we do not know the most 
important thing: will the results of measurement—in the majority of 
cases—lie close to the true value of the quantity being measured so 
that we can count on each measurement result with a high degree of 
certainty, or will they mostly be scattered at great distances in both 
directions from the true measurement? Both possibilities are 
completely admissible.

Two observers, making measurements with the same mean value of 
error x, can obtain measurements of different degrees of precision. 
It can happen that one of them yields systematically a greater “ dis­
persion” of the measurement results than the other. This means that 
for this observer the errors can take on larger values on the average 
and hence the measurements will deviate more from the quantity 
being measured than for the other observer. And this is possible 
although the mean value of the measurement errors is the same for 
both observers.

Let us consider another example. Let us imagine that two 
varieties of wheat are tested for productivity. Depending on the 
random circumstances (e.g., the amount of rainfall, the distribution of 
fertilizer, the amount of sunlight, etc.), the harvest from a square 
meter is subject to significant variations and represents a random 
variable. Let us assume that under the same conditions the average 
harvest is the same for every variety—for instance, 240 grams per 
square meter. Can one judge the quality of the variety being tested 
only by knowing the value of an average harvest ? Clearly not, since 
that variety is of the greatest economic interest whose productivity is 
least subject to the random influences of weather and other factors—in 
other words, for which the “ dispersion” of productivity is the least. 
We thus see that in testing one variety of wheat against another for 
productivity the extent of its possible variations has an importance, no 
less than the average productivity.

§ 24. Various methods of measuring the dispersion of a
random variable

The examples introduced above, as well as a number of others 
which are analogous to them, show convincingly that in many cases 
in order to describe certain interesting features of random variables, 
the specification of their mean values is simply insufficient. These 
features, which are of practical interest, remain completely unknown 
for such specifications, and to describe them we must either have
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before us the entire distribution table, which is almost always com­
plicated and inconvenient, or else we endeavor to introduce for the 
desired description, besides the mean value, one or two numbers of a 
similar type so that this small group of numbers gives a sufficient 
practical characterization of those features of the quantity studied 
which are of importance to us. We now consider how this last 
possibility can be realized.

As the examples which we have considered show, the most important 
question in many practical cases turns out to be how large, generally 
speaking, the deviations of the values which are actually assumed by 
the given random variable are from their mean value, i.e., how 
extensively these values are strewn, scattered, or dispersed. Will they 
be, for the most part, closely grouped around a mean value (and hence 
also among themselves), or, on the contrary, will the majority of them 
differ very markedly from the mean value (in which case, certain of 
them will, of necessity, also differ significantly from one another) ?

The following crude scheme enables us to form a clear picture of 
this difference. We consider two random variables with the following 
probability distributions:

T a b le  I T a b le  I I

-0.01 + 0.01

0.5 0.5

-100 + 100

0.5 0.5

Both random variables whose tables we have shown have zero for their 
mean value, but, whereas the first of them always assumes values very 
close to zero (and close to one another), the second, in contrast, is 
capable of assuming only values which differ considerably from zero 
(and from one another). For the first quantity, knowing its mean 
value gives us, at the same time, initial information of all its actual 
possible values; but for the second, the mean value is removed very 
significantly from the actual possible values and does not give any 
representation of them. We say, in the second case, that the possible 
values are dispersed much more than in the first.

Thus, our problem is to find a number which could, in an intelligible 
way, give us a measure of the dispersion of the random variable which 
would at least indicate how large we must expect deviations of this 
quantity from its mean value to be. The deviation x — x of a random 
variable from its mean value x is itself obviously a random variable;
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the absolute value |x — *| of this deviation, which characterizes its 
magnitude without dependence on sign, is also a random variable. 
It is desirable to have a number which could basically characterize its 
random deviation |x — *|—to tell us how large, for instance, this 
deviation can turn out to be. To solve this problem, there exist many 
different methods, of which the following three are the most fre­
quently used in practice.

1. Mean deviation. For the first evaluation of the random variable 
|x —f| it is most natural to take its mean value |x—x|. This mean 
value of the absolute value of the deviation is called the mean deviation 
of the quantity x. If the random variable x is given by the table

* 1 x 2 X k

P i P 2 P k

then the table for.the random variable |jc — x| has the form

P i P 2 P k

k
where x= 2  xiPt- For the mean deviation Mz of the quantity x, we

< = i
obtain the formula

________  k

M z = |* -* | = 2  \xi~ x \Pi>
1-1

k
where, of course, we again have x = 2  xiPi- For quantities given by( = i
Tables I and II, x = 0, and we have

Mzt = 0.01 and M Zll = 100,
respectively. But both examples are trivial since in both cases the 
absolute value of the deviation turns out to be capable of assuming 
only one value, thus losing its random variable character.

We calculate, further, the mean deviation for random variables, 
defined by Tables I' and II' on page 67. We saw there that the mean 
values of these quantities are equal to 2.1 and 2.2, respectively; i.e.,
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they are very close to one another. The mean deviation for the first 
quantity equals

11 —2.11 -0.4+ |2 —2.11 -0.1 4-13 — 2.11 -0.5 = 0.90,
and for the second it is

11 —2.21 -0.1 4- 12 —2.2 | -0 .6 +  |3 —2.2 | -0.3 =  0.48.

We see that the mean deviation for the second quantity is just about 
half as large as for the first. In practice this means, obviously, that 
although both marksmen win, on the average, approximately the 
same number of points—and in this sense they can be acknowledged 
to be equally skillful—for the second marksman the firing is of a 
significantly more uniform nature. His results are significantly less 
dispersed than those of the first marksman who, with the same 
average number of points, fires unevenly, frequently giving results 
which are much better as well as much worse than the average.

2. Standard deviation. It is very natural to measure initially the 
magnitude of the dispersion with the aid of the mean deviation, but 
at the same time it is also very inconvenient in practice, inasmuch as 
calculations and estimations involving absolute values are frequently 
complicated and sometimes even completely unfeasible. Therefore, 
in practice, we usually prefer to introduce another measure for the 
magnitude of dispersion.

Like the deviation x — x of the random variable x from its mean 
value x, the square (x—x)2 of this deviation is also a random variable, 
whose table in our old notation has the form

(Xl-X )2 (xk- * ) 2

P i P 2 P k

Hence the mean value of this square equals

2  (*«t - 1
This quantity gives us an idea of what the square of the deviation 
x — x is approximately equal to. Extracting the square root of this 
quantity, i.e.,

Qz = J 2'V <Baj
we obtain a quantity capable of characterizing for us the approximate
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magnitude of the deviation itself. The quantity Qz is called the 
standard deviation (or the root mean square deviation) of the random 
variable x, and its square Q? is called its variance. Of course, this 
new measure of the magnitude of the dispersion is of a somewhat 
more artificial character than the mean deviation which we introduced 
above. Here we go along a roundabout way, first finding an approxi­
mate value for the square of the standard deviation (i.e., for the vari­
ance) and then, by extracting the square root, returning to the 
standard deviation itself. But, in compensation, as we shall see in the 
next section, the utilization of the standard deviation Qz significantly 
simplifies the calculations. It is this, namely, which forces statisticians 
to prefer to make use of the standard deviation in practice.

E x a m pl e . For the random variables defined by Tables I' and II' 
on page 67, we have

Q2Zl. = (1 —2.1)2 0.4 +(2 —2.1)2 0.1 + (3 —2.1)2-0.5 = 0.89
and

Q2ZI1. = (1 —2.2)2 0.1 + (2 —2.2)2 0.6+ (3 —2.2)2-0.3 = 0.36, 
respectively; consequently,

QZl. = \/089  a  0.94 and QZll. = 0.60.

Previously, for these same random variables we found the mean 
deviations to be

MXl. = 0.90 and MZll, = 0.48.
We see that the standard deviation, as well as the mean deviation, is 
significantly larger for the first random variable than for the second; 
whether we measure the dispersion by the mean deviation or by the 
standard deviation, in either case we arrive at the same result: the 
first of our two random variables is dispersed to a greater degree than 
the second.

In each case before us the standard deviation turned out to be 
greater than the mean deviation; it is easy to see that this is what 
should be the case for an arbitrary random variable. In fact, the 
variance Q2, as the mean value of the square of the quantity |x — x\, 
according to the rule proved on page 73, cannot be less than the square 
of the mean value Mz of the quantity |x—x\, and it follows from Q2> M 2 
that Qz > Mx.

3. Probable (or equally likely) deviation. Frequently, especially in 
military operations, another method is utilized for determining the 
extent of dispersions; we shall discuss it in terms of an artillery example.
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We assume that artillery fire is executed from the point 0  in the 

direction OX (Fig. 9); the distance x of the spot where the shell hits 
from the place of firing is a random variable whose mean value x 
indicates to us the position of the “ center of impact” C (OC=x). The 
points of impact of the individual shells are more or less dispersed 
about C.

The deviation x — x of the random variable we are studying (i.e., 
the range of the shell) from its mean value is at the same time the 
deviation of the point of impact of the shell from the center of impact 
C; every estimate ofthe quantity |x — x\ therefore estimates at the same 
time the degree of dispersion—of scattering—of the missiles about this 
center C and thus serves as an important index of the quality of fire.

n oc C ec
i  -  g- . ** y ' ^ ---------►vr

X

F ig . 9

If we mark off a very small segment of length a to the left and right 
of the point C, then only a small number of shells will fall inside the 
segment of length 2a with center at the point C, obtained in this way 
—in other words, the probability that |x — x| <a will still be small for 
small a. But we shall now extend the segment we constructed by 
increasing the number a (which, as we know, was chosen arbitrarily). 
The larger the segment constructed, the larger will be the fractional 
part of the shells falling inside it and correspondingly, the larger will 
be the probability of an individual shell falling inside this segment. 
When a is very large, then practically all the shells will fall inside this 
segment; thus, with the continuous increase of the number a, the 
probability of the inequality

\x — x| < a

increases from zero to one. At first, for small a, it is more probable 
that

|x — x| > a,

i.e., that the shell will fall outside the segment; and then for large a, 
it is more probable that we will have |x — x| < a, i.e., that the shell will 
fall inside the segment. Therefore, somewhere in the transition from 
small values of the number a to large ones, there must be a value a0 
of this number a such that the shell has equal probability of falling
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inside or outside the segment of length 2a0, constructed about the 
point C. In other words, the inequalities

\x -x \ < aQ
and

\x — x\ > a0
are equally probable and hence the probability of each of them equals 
1/2 (if we agree to disregard the negligibly small probability of the 
exact equality |x — x| = a). For a < a 0, the second inequality written 
down above is the more probable and for a > a0 the first. Thus, 
there exists a uniquely defined number a0 such that the absolute value 
of the deviation can turn out to be larger or smaller than a0 with 
equal probability.

How large a0 is depends on the qualities of the cannon being fired. 
It is easily seen that the quantity a0 can serve as a measure of dis­
persion of the shells, in a manner similar to the mean deviation or the 
standard deviation. In fact, if, for example, a0 is very small, then 
this means that half of all shells fired by the first cannon already fall 
in a very small segment surrounding the point C, which implies that 
there is comparatively insignificant dispersion. In contrast, if a0 is 
large, then, even after surrounding the point C with a large segment, 
we must, in spite of everything, consider that half of the shells will fall 
outside the bounds of this segment; this evidently shows that the shells 
are widely dispersed about the center.

The number a0 is usually called the equally likely (or probable) 
deviation of the quantity x; thus, the probable deviation of the random 
variable x is the number such that the deviation x — x can turn out to 
be in absolute value larger as well as smaller than this number with 
equal probability. Although the probable deviation of the quantity x 
which we shall denote by Ex is not more convenient, for mathematical 
calculations, than the mean deviation Mx and much less convenient 
than the standard deviation Qx, nevertheless in artillery studies it is 
agreed to use the quantity Ex for the estimation of all deviations. In 
the following, we shall find out why this usually does not lead to any 
difficulties in practice.

§ 25. Theorems on the standard deviation
We shall now show that the standard deviation actually possesses 

special properties which make it preferable to every other measure of 
the magnitude of dispersion—mean deviation, probable (i.e. equally 
likely) deviation, etc. As we shall realize a little later, the following 
problem is of fundamental value for applications.
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Suppose that we have several random variables xu x2, ■ . ., xn with 

standard deviations qu q2, . . qn. We set xx+x2 + . . . +*ri = Ar and 
ask ourselves how to find the standard deviation Q of the quantity X  
if qu q2, . . ., qn are given and if we assume the random variables 

(1 <i<n) to be mutually independent.
By virtue of the theorem on the addition of mean values, we have

X  = x̂  -\-x2-\- . . . +.*„
and, consequently,

X - X  = (*i—*i) + (x2- x 2) + . . . +(*„-*„), 
from which it follows that

( x - X y  = 2  (**-*<)U = 1 
n n

i = 1

We now note that

= 2  (*<-*<)2+ 2  2
i = l  k =  1 

i * k

( i )

(.x - x y  =  Q \  (Xi- x ty  =  qf (i < ; < * ) ;

using the rule for the addition of mean values, we therefore find that

e2 -  2  ?f+ Z 2  (2)1 = 1 1 = 1 k =1

But, since the quantities xt and xk, according to our hypothesis are 
mutually independent for i k, we have, by the rule for the multipli­
cation of the mean values of mutually independent quantities,

(*i ~  *i) • ( * k  ~  **) = ( x k  ~  x k )

for ij=k. Here, both factors in the right member are equal to zero 
inasmuch as, for instance,

(x,-x ,)  = x ,-x , = 0;

thus, in the last sum in equality (2), each term separately vanishes, 
which leads us to the relation

= 2 »?.i - 1
i.e., the variance of the sum of mutually independent random variables equals 
the sum of their variances.

We see that in the case of mutually independent random variables, 
there is adjoined to the rule for the addition of mean values the very
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important rule for the addition of variances', for standard deviations, we 
obtain from this

« = J I  «?• <3>
This possibility simply expresses the standard deviation of a sum in 
terms of the standard deviations of its summands in the case in which 
they are mutually independent, and it represents one of the most 
important reasons for preferring the standard deviation in comparison 
with the mean, probable, or other deviations.

E x a m ple  1. For n shots with the same probability p of a hit, the 
mean value of the number of hits equals np (as we saw on page 77). 
In order initially to estimate how large the deviation of the actual 
number of hits from this mean value can turn out to be, we shall find 
the standard deviation of the number of hits; this is most simply done 
by applying formula (3).

In fact, the number of hits for n shots can be considered as the 
number of hits among n single shots (we already did this on page 76), 
and, since we consider these n outcomes to be mutually independent 
random variables, by the rule for the addition of variances we can 
make use of formula (3) to calculate the standard deviation Q of the 
total number of hits, where in (3) qly q2, .. ., qn denote the standard 
deviations of the number of hits for individual shots. But, the 
number of hits x, for the ith shot is defined by the table

1 0

p 1 - p

Therefore, xt=p and q? = (x — xi)z= ( l—p)2p+p2( \ —p)= p(l—p); 
consequently,

Q = J 2 ^  ^ nP(l ~P)•

This completes the solution of the problem posed. Comparing the 
mean value np of the number of hits with its standard deviation 
Vnp{ 1 — p), we see that for large values of n (i.e., for a large number of 
shots) the latter is significantly less than the first and constitutes only 
a small portion of it. Thus, for n = 900, p= lj2, the mean value of 
the number of hits equals 450 and the standard deviation equals
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V900- 1/2-1/2= 15, so that the actual number of hits will deviate 
from its mean value by approximately only 3^1%.

Example 2. Let us imagine that a certain mechanism is being 
assembled which consists of n parts put together one right next to the 
other along a straight line and held together at the ends by some 
encompassing part (see Fig. 10). The length of each part can differ 
somew'hat from the corresponding standard and is therefore a random 
variable. We assume these random variables to be independent. If 
the average lengths of the parts and the standard deviations of these 
lengths are equal to

a l> a 2i ■ ■ •) a n a n d  9 l )  ^2)  • • •) 9n)

respectively, then the mean value and standard deviation of the length 
of the chain consisting of n parts are equal respectively to

n / n

a = 2  °k and ? = J  2  &■
k = 1 ^  fc= 1

In particular, if n = 9, a1=a2= . . . =ag=\0  cm. and q1 = q2= . . .  
= <79 = 0.2 cm., then a = 90 cm. and q= V 9 • (0.2)2 = 0.6 cm.

J  2 J n
Fir. 10

We thus see that if on the average the length of every individual 
part deviates from its mean value by 2%, then the length of the chain 
consisting of these parts differs from its mean value by approximately 
$% only. This situation—i.e., the decrease in the relative error upon 
addition of random variables—plays a significant role in the assembly 
of precision mechanisms. In fact, if there were no mutual com­
pensation of the deviations of the dimensions of the individual parts 
from the prescribed normal dimensions, then in the assembly of 
mechanisms one would continually encounter cases when the en­
compassing parts would not hold together the chain to be enveloped; 
or, conversely, in this connection, there would remain extraordinarily 
large gaps. In both cases, an obvious reject would be obtained. To 
combat this rejection by means of lessening the “ tolerances” (i.e., by 
means of lessening the admissible deviations of the actual dimensions 
of the parts from those prescribed) would not be expedient, because a
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comparatively small increase in the precision of the parts would 
greatly increase their cost.1

Example 3. We assume that n measurements of a certain quantity 
are made under uniform conditions. As a result of an entire series 
of circumstances (e.g., the position of the instrument, the observer, 
the state of the atmosphere, the presence in it of dust, and so forth), 
the different measurements will yield, generally speaking, distinct 
results—there are random errors in the measurement. We shall denote 
the results of measurement by x1} x2, . . ., xn, assigning to each x the 
value of its measurement. The mean value of all these random 
variables is the same, x. It is also natural, obviously, to assume the 
standard deviation q to be the same for all measurements, inasmuch 
as they are made under the same conditions. Finally, we assume, as 
usual, that the quantities x1} x2, . . xn are mutually independent.

We now consider the arithmetic mean
= x1+x2 + . . . +xn 

n
of the results of n measurements. This is a random variable; we shall 
find its mean value and standard deviation. According to the 
addition rule,

£ = - (*i+*2+ • • • +*n) = \  (*l+*2 + • • • + *n) = («*) = *5

i.e., the mean value, as was essentially clear already earlier, is the same 
as for each individual measurement.

Further, the standard deviation of the sum x̂  +x2 + . . . + x„is equal, 
by the rule for the addition of variances (3), to

Q = Vnq2 = qVn, 
and the standard deviation of the quantity £, comprising (l/n)th of 
this sum, equals

Q q_
» V  n

We have arrived at an important result: the arithmetic mean of n 
mutually independent and identically distributed random variables has:

a) the same mean value as each of the component quantities;
b) a standard deviation which is 1/Vn times as large as each of the 

component standard deviations.
1 In recent years, technological thinking has come around to the conclusion 

that the creation of a theory of tolerances, based on argum entation and results 
from the theory of probability, is necessary. This theory of tolerances is now 
being vigorously developed by Soviet scientists.
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Thus, if the mean value of the quantity being measured is x = 200 m. 

and the standard deviation is  ̂= 5 m., then the arithmetic mean £ of 
a hundred results of measurement will of course have the same number, 
200 m., as its mean value; but its standard deviation will be (l/\/l00)th  
= (l/10)th as large as for the individual measurement; i.e., it will 
amount to 10 =0.5 m. Thus, one has reason to expect that the
arithmetic mean of a hundred actual results of measurement will be 
significantly closer to the mean value 200 m. than the result of any 
individual measurement. The arithmetic mean of any number n of 
mutually independent quantities, each having the same variance q2, possesses a 
variance equal to q2/n.



CHAPTER 11

LAW OF LARGE NUMBERS

§ 26. Chebyshev’s inequality

We have already asserted many times that the knowledge of any 
of the measures of dispersion of a random variable (for instance, its 
standard deviation) enables us to obtain a first approximation of how 
large the deviations (of the actual values of this quantity from its 
mean value) must be expected to be. However, this observation in 
itself is still devoid of any quantitative evaluation and does not enable 
us even to calculate approximately how probable large deviations can 
turn out to be. All this motivates us to carry out the following 
straightforward analysis, which was first carried out by Chebyshev. 
We start with the expression for the variance of a random variable x 
(see page 84):

Q i  =  2  ( * i - * ) 2Pi -t = i
Let a be an arbitrary positive number; if we discard all terms where 
|x, — x| < a in the above sum and retain only those for which |x, — x| > a, 
this sum can only decrease as a result:

Ql>  2  (x i - * ) 2P i ■
\ z l - z \ > a

But this sum decreases still more if we replace the factor (*, — x)2 in 
each of its terms by the smaller quantity a2 :

Q z  >  « 2 2  A -
III-j| >a

The sum now appearing in the right member is the sum of the prob­
abilities of all those values xt of the random variable x which deviate 
from x in one or the other direction by more than a; by the addition 
law, this is the probability that the quantity x take on any one of these 
values. In other words, this is the probability P d * —x| >a) that the 
deviation actually obtained be greater than a; we thus find

/>(!*-*! > «) < f .
93

( 1)
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which enables us to estimate the probability of deviations greater than 
an arbitrary prescribed number a, provided the standard deviation Qz 
is known. True—the estimate given by “ Chebyshev’s inequality” 
(1) frequently turns out to be very crude; nevertheless, it can be used 
directly in practice, not to mention that it is of very great theoretical 
significance.

At the end of the preceding section, we considered the following 
example: the mean value of the results of measurement is 200 m., the 
standard deviation is 5 m. Under these conditions, the probability of 
actually obtaining a deviation greater than 3 m. is noticeably high 
(one can imagine it to be greater than a half; its exact value can of 
course be found only when the distribution law of the results of the 
measurement is completely known). But we saw that for an arith­
metic mean £ of a hundred results of measurement, the standard 
deviation amounts in all to 0.5 m. Therefore, by virtue of inequality 
(1), we have

T (|f-2 0 0 | > 3) < ^  = 0.03.

Thus, for the arithmetic mean of 100 measurements, the probability 
of obtaining a deviation of more than 3 m. is already very small. (In 
fact, it is even much smaller than the bound we obtained, so that 
in practice one can completely disregard the possibility of such a 
deviation.)

In Example 1 on page 89, we had a mean value of450 and standard 
deviation 15 for the number of hits with 900 shots; for the probability 
that the actual number m of hits will be contained, for instance, 
between 400 and 500 (i.e., |tn — 4501 <50), the Chebyshev inequality 
yields

T (|m — 4501 < 50) = l - / 5(|m-450| > 50) > 1 -  — = 0.91.

In fact, the actual probability is significantly larger than this.

§ 27. Law of large numbers

Suppose we have n mutually independent random variables 
*i> *2, • • ., xn with the same mean value a and the same standard 
deviation q. For the arithmetic mean of these quantities,

,  *!+*2+ • • • +*nc = -------------------- >
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as we saw on page 91, the mean value is equal to a and the standard 
deviation equals therefore, Chebyshev’s inequality yields

> a) < ^  (2)

for arbitrary positive a.
Suppose, for instance, that we are dealing with the arithmetic mean 

of n measurements of a certain quantity and suppose, as we had 
before, that q = 5 m., a = 200 m. We then obtain

J>(|f-200| > c ) < ~

We can choose a very small—for example, a =0.5 m.; then

100
—200| > 0.5) < ~

If the number n of measurements is very large, then the right-hand 
member of this inequality is arbitrarily small; thus, for n= 10,000, it 
equals 0.01 and we have

/>(|£-200| > 0.5) < 0.01

for the arithmetic mean of 10,000 measurements. If we agree to 
disregard the possibility of events having such small probabilities, 
then we can assert that for 10,000 measurements, their arithmetic 
mean will certainly be different from 200 m. in one or the other 
direction by not more than 50 cm. If we wished to attain a still 
better approximation, for instance to 10 cm., then it would be necessary 
to set a = 0.1 m. and we would obtain

Pdf-2001 > 0.1) < 25 
0.0 In

2500
n

!In order to make the right-hand member of this inequality less than 
0.01, we would have to take a number of measurements equal not to 
10,000 (which is now insufficient), but rather to 250,000. It is clear 
that in general we can, no matter how small a is, make the right-hand 
member of inequality (2) as small as we please—to this end, we must 
only take n sufficiently large. Thus, for sufficiently large n we can 
assume that the reverse inequality

l£-«l *
is arbitrarily close to certainty.

a
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I f  the random variables x1; x2, . . xn are mutually independent and if they 

all have the same mean value a and the same standard deviation, then the 
quantity

^  _  * i  + * 2 +  • • • + * n

n
will differ from a by an arbitrarily small amount for sufficiently large n with a 
probability which is as close to unity as we please (i.e., practically certain).

This is the simplest particular case of one of the most fundamental 
theorems of probability theory—the so-called law of large numbers, 
which was discovered in the middle of the last century by the great 
Russian mathematician Chebyshev. The profound content of this 
remarkable law consists in that, whereas an individual random 
variable can (as we know) frequently take on values which are far 
removed from its mean value (i.e., it can have significant dispersion), 
the arithmetic mean of a large number of random variables behaves in 
this relation completely differently: such a quantity has very little 
dispersion—it assumes, with very high probability, only values which 
are close to its mean value. This of course occurs because upon 
taking the arithmetic mean the random deviations in one or the other 
direction mutually cancel each other out, as a result of which the total 
deviation turns out to be small in the majority of cases.

The important and frequently encountered application of the results 
of the Chebyshev theorem which we just proved consists in being able 
to judge, after a comparatively small test (or sample), the quality of a 
large quantity of homogeneous material. Thus, for example, the 
quality of cotton found in a bale is judged by several small bunches 
(i.e., samples) pulled out at random from various places in the bale. 
Or, the quality of a large lot of grain is judged by several small scales 
(measures) filled with grains caught at random by the scales from 
various spots of the lot being evaluated.1 Judgments of the quality of 
production, made on the basis of such a choice, possess great accuracy 
since the number of grains caught in the scales, say, although small in 
comparison with the entire supply of grain, is in itself large and enables 
one, according to the law of large numbers, to judge sufficiently 
accurately the mean weight of one grain and hence the quality of the 
entire lot of grain. In exactly the same way, one judges a twenty- 
pood2 bale of cotton by a small sample containing several hundred 
fibers which weigh, altogether, some decimal part of a gram.

1 T he scales catch, say, 100-200 grains and  the entire lot contains tens and 
perhaps even hundreds of tons of grain.

1 O ne pood equals approxim ately 16.38 kg.
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§ 28. Proof of the law of large numbers

Up to this point, we considered only the case in which all the 
quantities xly x2, . . . have the same mean value and the same standard 
deviation. The law of large numbers, however, is applicable under 
much more general assumptions. We shall now consider the case 
when the mean values of the quantities xly x2, . ■ ■ can be arbitrary 
numbers (we shall denote them by aly a2, . . ., respectively), which, 
generally speaking, may be distinct. Then the mean value of the 
quantity

. 1 ,
S =  “  ( * l + * 2 +  • • • +  * n )

will obviously be the quantity
, 1 /A = -  (a1 + a2 + . . . +a„),

where, by virtue of Chebyshev’s inequality (1),

P (\( -A \  > «) < | f  (3)

for arbitrary positive a. We see that everything reduces to estimating 
the quantity Q2—but here it is almost as simple to estimate this 
quantity as in the particular case considered earlier. Q2 is the 
variance of the quantity £ which is equal to the sum of n mutually 
independent random variables divided by n (we of course retain the 
assumption of mutual independence). By the law of addition of 
variances, we therefore have

Q t = l 2 (9i+?a+ . . • +ql),

where qly q2, . . . denote the standard deviations of the quantities ay, 
x2, . . respectively. We shall now also assume that these standard 
deviations may be, generally speaking, distinct. However, we shall 
admit nonetheless that no matter now many quantities we take 
(i.e., no matter how large the number n is), the standard devia­
tions of these random variables will all be less than some positive 
number b. In practice, this condition turns out always to be satisfied, 
since one must combine quantities of more or less the same type and the 
degree of their dispersion turns out to be not too different for distinct 
quantities. Thus, we shall assume that qi < b (i = 1, 2, . . .); but then 
the last equality gives us

b21
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as a consequence of which we conclude from inequality (3) that

P( \ ( -A \  > a) < 4 ,

No matter how small a might be, for a sufficiently large number n of 
random variables taken, the right-hand member of this inequality can 
be made arbitrarily small; this, evidently, proves the law of large 
numbers in the general case which we just considered.

Thus, if  the quantities x1} x2, . . .  are mutually independent and all their 
standard deviations remain less than the same positive number, then, for 
sufficiently large n, one can expect arbitrarily small (in absolute value) devia­
tions for the arithmetic mean

, 1 ,
S  =  -  ( * l + * 2 +  • • • + * n )

with a probability as close to unity as we please.
This is the law of large numbers in the general form given it by 

Chebyshev.
It is now appropriate to turn our attention to one essential situation. 

We assume that a certain quantity a is being measured. Repeating 
the measuring, under the same conditions, the observer obtains the 
numerical results x1} x2>. . . ,  xn which do not coincide completely. 
As an approximate value of a, he takes the arithmetic mean

1 ,a ~ - (Ar1+x2+ . . . + *„). n

One asks, can one hope to obtain a value of a which is as precise as vve 
please by carrying out a sufficiently large number of trials?

This will be the case if the measurements are carried out without a 
systematical error; i.e., if

xk = a (for k = 1,2, . . ., n)

and if the values themselves do not possess any indeterminacy—in 
other words, if in making the measurements, we read those indications 
on the instrument which are in reality obtained there. But if the 
instrument is constructed so that it cannot yield readings more accurate 
than a certain quantity S, for instance because of the fact that the 
width of the scale division on which the reading is made equals 8, 
then it is understood that one cannot hope to obtain accuracy greater 
than + 8. It is clear that in this case the arithmetic mean will also 
possess the same indeterminacy 8 as docs each of the xk s.
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The remark just made teaches us that if instruments give us results of 

measurements with a certain indeterminacy 8, then to strive by means 
of the law of large numbers to obtain a value a with greater accuracy is 
a delusion and the calculations themselves made under these cir­
cumstances become an empty arithmetic exercise.



CHAPTER 12

NORMAL LAWS

§ 29. Formulation of the problem

We saw that a significant number of natural phenomena, 
production processes, and military operations occur under the essential 
influence of certain random variables. Frequently, owing to the 
fact that a phenomenon, process, or operation is not determinate, all 
that we may know about these random variables is their laws of 
distribution; i.e., the itemization of their possible values with an 
indication of the probability of each of these values. If the quantity 
can be assigned an infinite set of distinct values (the range of a shell, 
the size of error in a measurement, and so forth), then it is preferable 
to indicate the probability not of the individual values of it, but of 
entire portions of such values (for example, the probability that an 
error of measurement lie between — 1 mm. and + 1 mm., between 0.1 
mm. and 0.25 mm., and so on.) These considerations do not modify 
the essence of the matter at hand—in order to make the most effective 
use of random variables, we must obtain the most precise presentation 
possible of their laws of distribution.

If, endeavoring to learn the distribution laws of the random 
variables which we encounter, we reject all discussions and conjectures 
of a general nature, approach every random variable without any 
preliminary suppositions, and strive to find by purely experimental 
means all features of the distribution law peculiar to it, then we would 
set before ourselves a problem which is almost impossible to solve 
without a great expenditure of labor. In every new case, a large 
number of trials would be required in order to establish even the more 
important features of a new, unknown distribution law. Therefore, 
scientists have for a long time now been striving to find such general 
types of distribution laws whose presence could reasonably be pre­
dicted, expected, surmised, if not for all, then at least for extensive 
classes of random variables encountered in practice. A long time 
ago, just such types were established theoretically and their existences 
were subsequently confirmed experimentally. It is readily under­
stood how convenient it is to be able on the basis of theoretical

100
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considerations to predict in advance of what type must be the distribu­
tion law for a random variable that we may encounter. If such a 
conjecture turns out to be correct, then usually a very small number 
of trials or observations is sufficient to establish all necessary features 
of the distribution law sought.

Theoretical investigations have shown that in a large number of 
cases encountered in practice we can with sufficient justification 
anticipate distribution laws of a definite type. These laws are called 
normal laws. We shall briefly discuss these laws in the present chapter 
—omitting all proofs and precise formulations because of their 
difficulty.

Among the random variables which we encounter in practice, very 
many have the nature of “ random discrepancies” or of “ random 
errors” or at least they can be easily reduced to such “ errors.” 
Suppose, for example, that we are studying the range x of a shell 
fired from some cannon. We naturally assume that there exists some 
average range .v0 on which we set the aiming instruments; the 
difference x — x0 constitutes the “ error” or “ discrepancy” in the 
range, and the study of the random variable x reduces entirely and 
directly to the investigation of the “ stochastic error” x — x0. But such 
an error, whose magnitude varies from shot to shot, depends as a rule 
on very many causes which act independently of one another: the 
random vibrations of the barrel of the cannon, the unavoidable (even 
though small) difference in the weight and form of the shells, the 
random variation of atmospheric conditions causing variations in air 
resistance, the random errors in aiming (if aiming is made anew before 
every firing or before every short sequence of firings)—all these and 
many other causes are capable of producing errors in the range. All 
these individual errors will be mutually independent random variables, 
in which connection they are such that the action of each of them con­
stitutes only a very small portion of their collective action and the final error 
x — x0, which we wish to investigate, will simply be the total effect of 
all these stochastic errors resulting from the individual causes. Thus, 
in our example the error of interest to us is the sum of a large number 
of independent random variables and it is clear that the situation will 
be similar for the majority of stochastic errors with which we deal in 
practice.

The theoretical discussion, which we cannot reproduce here, shows 
that the distribution law of a random variable which is the sum of a 
very large number of mutually independent random variables 
must be close to a law of some definite type—indeed, by virtue of
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the fact alone that, whatever the nature of the terms, each of them is 
small in comparison with the entire sum.1 And this type is the type of 
normal laws.

It is thus possible for us to assume that a very significant portion of 
the random variables which we encounter in practice (i.e., all errors 
composed of a large number of mutually independent stochastic 
errors) is approximately distributed according to normal laws. We 
must now become acquainted with the fundamental features of these 
laws.

§ 30. Concept of a distribution curve

In § 15 we already had the opportunity to represent distribution 
laws graphically—with the aid of a diagram; this method is very useful 
inasmuch as it enables us at a glance, without recourse to the study of

tables, to grasp the important features of the distribution law being 
investigated. The scheme of this representation is as follows: on a 
horizontal straight line we mark off the different possible values of the 
given random variable, starting with some reference point 0— 
positive values are marked off to the right and negative ones to the 
left (see Fig. 11). At each such possible value we plot along a vertical, 
upward, the probability of this value. The scale in both directions is 
chosen so that the entire diagram has a convenient and easily readable 
form. A quick glance at Fig. 11 convinces us of the fact that the 
random variable which it characterizes has the most probable value 
*5 (which is negative) and that as the possible values of this quantity 
depart from the number x5 their probabilities continually (and rather 
rapidly) decrease. The probability that the quantity take on a value 
included in some interval (a, fi) is equal, according to the addition 
rule, to the sum of the probabilities of all possible values lying in this 

1 In this connection, see also the Conclusion.
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segment and is geometrically represented by the sum of the lengths of 
the vertical lines situated on this segment; in Fig. 11, P(a< 
=pi+p2 +pi+p5 - If the number of possible values is very large, as 
frequently happens in practice, then, in order that the line not extend 
too far along the horizontal, we take a very small scale in the hori­
zontal direction, as a consequence of which the possible values are 
arranged extremely densely (Fig. 12) so that the tips of the vertical 
lines drawn merge, as far as our eye is concerned, into one dense curve, 
which is called the distribution curve of the given random variable. 
And here, of course, the probability of the inequality a < x < /? is 
represented graphically as the sum of the lengths of the vertical lines 
situated on the segment (a, fl). We now assume that the distance 
between two neighboring possible values is always equal to unity;

Fic. 12

this will be the case, for instance, if the possible values are expressed by 
a sequence of successive integers, which in practice can always be 
attained by choosing a sufficiently fine unit in our scale. Then the 
length of every vertical line is numerically equal to the area of the 
rectangle for which this line serves as the height and whose base equals 
its unit distance from the neighboring line (Fig. 13). Thus, the 
probability of the inequalities a<x<fi can be expressed graphically 
as the sum of the areas of rectangles, drawn in the figure, situated on 
these segments. But if the possible values are arranged very densely 
as in the preceding Fig. 12, then the sum of the areas of such rectangles 
does not differ practically from the areas of the curvilinear figures 
bounded below by the segment (a, /J), above by the distribution curve, 
and on the sides by the vertical lines drawn at the points a and /J (see 
Fig. 14).1 Thus, on a curvilinear diagram of the type shown in

1 In this connection, of course, we take, as before, as unity the length of the 
distance between two neighboring possible values.
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Fig. 14, the probability that the given random variable fall into some 
segment is simply and conveniently expressed by the area lying over 
this segment and below the distribution curve. If the distribution 
law of the given quantity is given by such a curvilinear diagram, then 
we do not draw vertical lines on it which are of no value and would 
only obstruct the figure. And even the question of the probabilities 
of individual values would in this situation lose its reality; if there are

■i
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f--------

r--------

1

[-------- 1
<f-------- 1

-----------------------------------------------------

1
Fig. 13

very many possible values (this lies at the basis of all curvilinear 
diagrams), then the probabilities of individual values will be, as a rule, 
negligibly small (practically equal to zero) and are devoid of all 
interest. Thus, in measuring the distance between inhabited points, 
it is not at all important to know that the result of measurement 
deviates from the true value by exactly 473 cm. In contrast, the

question of the probability that the deviation is contained in the 
interval from 3 m. to 5 m. is of essential interest. And so in all such 
cases we conclude that if the random variable takes on very' many 
values, then it is important for us to know the probability not of the 
individual values but the probability of entire segments of such values. 
But it is namely these latter probabilities which can be pictorially and 
directly represented by areas on curvilinear diagrams, as we have just
seen.
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§ 31. Properties of normal distribution curves

A quantity which is distributed according to a normal law always 
has an infinite set of possible values; therefore, it is convenient to 
express the normal laws by means of curvilinear diagrams. In 
Fig. 15, there are shown several distribution curves for normal laws. 
Disregarding all differences in the appearance of these curves, we see 
in them the clearly expressed features common to all of them:

1) All the curves have one highest point such that if we depart 
from it to the right or left they continually decrease. Clearly, this 
means that upon departure of the values of the random variable from 
its most probable value, their probabilities continually decrease.

2) All the curves are symmetrical w'ith respect to a vertical line 
draw’n through the highest point. Clearly, this means that the values 
which are equally distant from the most probable value have the same 
probability.

3) All the curves have a bell-shaped form: in the vicinity of the 
highest point they are concave downward and at some distance from 
the highest point they bend and become concave upward. This 
distance, as well as the maximal height, is different for distinct curves.1

In what respect do distinct normal curves differ from one another? 
In order to answer this question clearly, we must first of all recall that 
for every distribution curve all the area situated under it equals unity, 
because this area equals the probability that the given random 
variable take on some one of its values; i.e., the probability ofa certain 
event. The difference of individual distribution curves from one 
another therefore consists only in that this total area, w'hich is the same 
for all curves, is distributed differently over various parts of the curve. 
For normal laws, as the curves in Fig. 15 show, the question basically 
consists of ascertaining what portion of this total area is concentrated 
on the parts which are immediately adjacent to the most probable 
value and what portion on parts at a greater distance from this value. 
For the law represented in Fig. 15(a), almost all the area is concentrated

1 For readers who are familiar with the elements of higher mathem atics, we 
note that the equation of the curve, expressing a normal law, has the form

y =  {l/(cV 2jr)}-exp { - ( x - a ) a/(2a2)},

where exp a means the num ber e = 2.71828. . .— the base of natural logarithms— 
to the power a; w =  3.14159. . . is the ratio of the length of a circumference of a 
circle to its d iam eter; and the quantities a, a2 are the mean value and variance 
of the random  variable. Knowledge of the analytic form of the normal law 
can make it much easier for the reader to become acquainted with the further 
m aterial in the book. However, the discussion of all that follows is also access­
ible to the reader who is not at all acquainted with higher mathematics.
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in the immediate vicinity of the most probable value; this means that 
the random variable with predominant probability—and, hence, 
in the overwhelming majority of cases—takes on values near its most 
probable value. Because, by virtue of the symmetry mentioned 
above, in the case of a normal law the most probable value always 
coincides with the average value, we can say that the random variable 
subject to law (a) is not dispersed much; in particular, its variance and 
standard deviation are small.

Conversely, in the case shown in Fig. 15(c), the area concentrated 
in the immediate vicinity of the most probable value comprises only a 
small portion of the total area (we see at once the difference if we

Fig. 15

juxtapose on Fig. 15(a) and Fig. 15(c) the portions (a, /?) of the same 
length and the areas situated on them). Here, it is very probable, 
therefore, that the random variable will take on values which deviate 
significantly from its most probable value. The quantity is extremely 
dispersed; its variance and standard deviation are large.

Case (b), obviously, occupies a position intermediate between cases 
(a) and (c).

In order to become acquainted in the quickest way with the entire 
set of normal laws and to learn how to apply these laws, it will be 
expedient for us to proceed from two fundamental properties of these 
laws. These properties, which will now be formulated in detail, 
cannot be proved here since to do this we would have first of all to
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define the normal laws precisely, which would require of the reader 
knowledge of higher mathematics.

P r o p e r t y  1. If the quantity x is distributed according to a normal 
law, then,

1) for arbitrary constants c>0 and d, the quantity cx + d is also 
distributed according to some normal law; and,

2) conversely, given an arbitrary normal law, a (unique) pair of 
numbers c>0 and d can be found such that the quantity cx + d is 
distributed precisely according to this law.

Thus, if the random variable x is distributed according to a normal 
law, then the distribution laws to which the quantities cx + d are subject, 
for all possible values of the constants c > 0 and d, comprise all normal 
laws.

P r o p e r t y  2. If the random variables x and y are mutually inde­
pendent and are distributed according to normal laws, then their 
sum z = x+y is also distributed according to some normal law.

Assuming these two fundamental properties without proof, we can 
now rigorously establish a number of properties of normal laws which 
follow from them—these properties are especially important in 
practice.

I. For any two numbers a and q > 0 there exists a unique normal law with 
mean value a and standard deviation q.

In fact, suppose x is a random variable, distributed according to a 
normal law' with mean value x and standard deviation Qx. On the 
basis of Property 1, our assertion will be proved if we show that there 
exists a unique pair of numbers c > 0 and d satisfying the requirement 
that the quantity cx + d has the mean value a and standard deviation 
q. If the table of values of x has the form

T a ble  I

*1 *2 *n

Pi P2 Pn

then to the quantity cx + d (where c> 0 and d are, for the time being, 
arbitrary numbers) there will correspond the table

C X y + d cx2 + d cxn + d

Pi P2 Pn
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n n

Clearly, 2  x k P k  =  x . 2  (**.- — x ) 2p k  =  Q 2z -  Our requirements reduce
k =  1 k = 1

to the two requirements:
n n

2  ( c x k  +  d ) P k  =  2  ( r *fc +  ^ “ a ) 2/ ' fc =  ? 2 -
k = 1 f c = 1

The first of these conditions yields
n n

f  2  x k P k  +  d  ' Z , P k  =  a ,
k =  1 f c = 1

or,
cx + d = a, (1)

and the second yields

2  {cxk + d - c x -d )2pk = C2 2  ( x k ~ x ) 2P k  = c 2 Q 2z  = q 2 ,
k  = 1 k = 1

from which it follows (since c is > 0) that

f = qlQz, (2)
and, hence, (1) implies that

d = a —cx = a — qxlQz. (3)
Thus, for given a and q, the numbers c and d can always be found 

with the aid of formulas (2) and (3) and they are unique; also, the 
quantity cx + d is subject to the normal law with mean value a and 
standard deviation q\ with this, our assertion is completely proved.

If we do not restrict ourselves to normal laws, but rather consider 
all possible distribution laws, then the prescription of the mean value 
and variance or the standard deviation of a random variable still gives 
us very little information about its distribution law since there exist 
very many (and in this connection essentially distinct) distribution 
laws which possess the same mean value and the same variance; in 
the general case, the prescription of the mean value and variance only 
very approximately characterizes for us the distribution law of the 
given random variable.

The situation is quite different if we agree to restrict ourselves to the 
consideration of only normal laws. On the one hand, as we have just 
convinced ourselves, an arbitrary assumption concerning the mean 
value and variance of a given random variable is compatible with the 
requirement that it be subject to a normal law. On the other hand— 
and this is most important—if we have reason to assume in advance 
that the given quantity is distributed according to one of the normal



109
laws, then the prescription of its mean value and variance uniquely 
determines its distribution law so that its nature as a random variable 
becomes completely known. In particular, knowing the mean value 
and the variance of such a quantity, we can calculate the probability 
that its value will belong to some arbitrarily chosen interval.

II. The ratio of probable deviation to the standard deviation is the same for 
all normal laws.

Suppose we have two arbitrary normal laws and let x be a random 
variable subject to the first of these laws. In virtue of the fundamental 
Property 1, there exist constants c> 0 and d such that the quantity 
cx + d is distributed in accordance with the second of the given laws. 
We denote the standard deviation and the probable deviation of the 
first quantity by Qz and EZ) respectively, and the same deviations of the 
second quantity by q and e, respectively. By the definition of the 
probable deviation, we have

P(\(cx + d )-(cx  + d)\ < e) = 1/2,
or

P{c\x-x\ < e) = 1/2,
or, finally,

< ;)  = 1/2-

From this, again by virtue of the definition of the probable deviation, 
it follows that ejc is the probable deviation of the quantity x, i.e.,

[§ 31] Properties o f  Normal Distribution Curves

from which it follows that
e

therefore, ratio (2) above shows that

— = 3 -
Ez Qz

which implies that
e _  Ez
~q = Q )

i.e., the ratio of the probable deviation to the standard deviation is 
the same for the two laws. Since, by hypothesis, these laws were two 
arbitrary normal laws, our assertion is proved.
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The ratio ejq is thus an absolute constant; we denote it by the letter 
A; A has been computed and found to be

By virtue of this exceptionally simple connection between the numbers 
e and q, it is immaterial in practice, for quantities distributed according 
to normal laws, which of the two distribution characteristics we shall 
use. We saw above that, generally speaking (i.e., even if we do not 
restrict ourselves to quantities which are distributed according to 
normal laws), the standard deviation possesses a whole string of 
simple properties which other measures of dispersion lack and which 
in the majority of cases force theoreticians as well as practitioners to 
choose precisely the standard deviation as the measure of dispersion. 
We also pointed out above that artillery personnel, nevertheless, 
almost alw'ays make use of mean deviations. We shall now see why 
this tradition cannot cause any serious consequences: those random 
variables with which artillery science and practice deal almost always 
turn out to be distributed according to normal laws, and, for such 
quantities, by virtue of the proportionality mentioned above, the 
choice of one or another characterization is immaterial in practice.

III. Suppose x and y are mutually independent random variables, subject to 
normal laws, and that z = x + y. Then

where Ex, Ey, Ez denote the probable deviations of the quantities x, y, z, 
respectively.

An analogous formula for standard deviations, as we know from § 25, 
holds, whatever may be the distribution laws of the quantities x and y. 
In the case in which these are normal laws, the quantity z, by virtue 
of the fundamental Property 2, is also distributed according to a 
normal law; therefore, in view of the preceding Property II, we have

This means that for an arbitrary normal law, we have

Es = VE* + E*,

and, hence,

Ez = A V Q fT Q l = V(XQz)2 + (XQv)2 = V E f + E2.
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We see that in the case of normal laws, one of the most important 

properties of standard deviations carries over directly to probable (i.e., 
equally likely) deviations also.

§ 32. Solution of problems

We agree to call a law for which the mean value equals zero and 
whose variance equals unity a fundamental normal law. If x is a random 
variable possessing a fundamental normal law, then we agree, for the 
sake of brevity, to write

P(|*| < a) = 0(a)
for an arbitrary positive number a. Thus, 0(a) is the probability 
that the quantity x which is subject to a fundamental normal law does 
not exceed in absolute value the number a. A very precise table has 
been constructed for the values of 0(a), giving its values for various 
values of the number a. Such a table serves as an indispensable tool 
for everyone who has to deal with probability calculations. It is 
appended to every book devoted to probability theory. At the end of 
the present book (on page 123), the reader will also find such a table. 
Having a table of values of the function 0(a) at hand, one can easily 
and with a great deal of precision carry out all calculations for arbit­
rary quantities distributed according to normal laws. We shall now 
show by means of examples how this is done.

P roblem  1. A random variable x is distributed according to a 
normal law with mean value x and with standard deviation Qz. Find 
the probability that the deviation x — x does not exceed in absolute 
value the number a.

Let z be a random variable distributed according to a fundamental 
normal law. By virtue of the fundamental Property I (page 107), 
numbers c>0 and d can be found such that the quantity cz + d has 
mean value x and standard deviation Qz; i.e., it is subject to the same 
normal law as the given quantity x. Therefore,

P(|x—x| < a) = P(\(cz + d) — (cz + d)\ < a)
= P(c\z — z\ < a) ;

but, by virtue of formula (2) on page 108, we here have c = QzIQz = Qx, 
since Qz = 1 (the variance equals unity for a fundamental normal law). 
We therefore find that

P (\x-x\ < a) = P(Qx\z—z\ < a)
=  P(\A < =  * (« /& )•

[§ 31] Properties o f  Normal Distribution Curves

(4)
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This solves our problem, since the quantity <P{alQz) is found directly 
from the table. Thus, our table—with the aid of formula (4)— 
enables us to calculate easily the probability of any boundary of the 
deviation for a quantity which is subject to an arbitrary normal law.

E x a m ple  1. Some part of a mechanism is prepared on a machine. 
It turns out that its length x represents a random variable distributed 
according to a normal law and it has mean value 20 cm. and standard 
deviation 0.2 cm. Find the probability that the length of the part lies 
between 19.7 cm. and 20.3 cm.; i.e., that the deviation in either 
direction does not exceed 0.3 cm.

By virtue of formula (4) and our table, we have

P(|x —20| < 0.3) = = 0(1.5) = 0.866.

Thus, about 87% of all articles prepared under the given conditions 
will have lengths between 19.7 cm. and 20.3 cm.; the remaining 13% 
will have greater deviations from the average.

E x a m ple  2. Under the conditions of Problem 1, find out to what 
precision the length of an article can be guaranteed with a probability 
of 0.95.

The problem consists, obviously, in finding a positive number a for 
which

P (|* -2 0 | < a) > 0.95.
The calculations of Example 1 show that a = 0.3 is too small here 

because in this case the left-hand member of the last inequality is less 
than 0.87. Since, according to equation (4),

P ( |, - 2 0 | < a) =  < f ( ^ )  -  0(5«),

we must first find in our table a value 5a for which
0(5a) > 0.95.

We find that this will be the case for
5a > 1.97,

from which it follows that a > 0.394. Thus, we can guarantee, with 
a probability exceeding 0.95, that the deviation of the length will not 
exceed 0.4 cm.

E x a m ple  3. In certain practical problems, we assume that the 
random variable x which is distributed according to a normal law 
does not reveal a deviation greater than three standard deviations Qz. 
What basis do we have for this assertion ?
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Formula (4) and our table show that

< 3Qz) = 0(3) > 0.997,
and, consequently, that

Pflje-jcl > 3Qz) < 0.003.
In practice, this means that the deviations which surpass in absolute 
value 3Qx will be encountered more rarely on the average than three 
times in a thousand. Is it possible to neglect such a probability or 
must it nevertheless be considered? This, of course, depends on the 
content of the problem and cannot be prescribed for all situations.

We note that the relation Td* — x| <3QZ) =0(3) is evidently a 
particular case of the formula

P (\x-x \ < aQx) = 0(a), (5)
which follows from formula (4) and holds for every random variable x 
which is distributed according to a normal law.

E x a m ple  4. It is found in connection with the average weight of an 
article of 8.4  kg. that the deviations which in absolute value exceed 
50 g. are encountered on the average three times in every 100 articles. 
Allowing that the weight of the articles is distributed according to a 
normal law, determine its probable deviation.

We are given
T ( |* - 8 . 4 |  > 0.05) = 0.03,

where x is the weight of an article chosen at random. It follows from 
this that

0.97 = P(|je-8.4| < 0.05) = 0^— j;

our table shows that 0(a) =0.97 for atz2A2.

which implies that

0.05 2 . 12,

Qx
0.05
2.12'

Therefore

The probable deviation, as we know, equals

Ez = 0.674Q* 0.0155 kg. = 15.6 g.

E x a m ple  5. In firing from a certain cannon, the deviation of the 
shell from the target is due to three mutually independent causes: 1) 
the error in determination of the position of the target, 2) the error
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in aiming, and 3) the error from causes which vary from one shot to 
another (e.g., the weight of the shell, atmospheric conditions, and so 
forth). Assuming that all three errors are distributed according to 
normal laws with mean value 0 and that their probable deviations are 
equal to 24 m., 8 m., and 1-2 m., respectively, find the probability that 
the total deviation from the target does not exceed 40 m.

Since the probable deviation of the total error x is, by virtue of 
Property II (see page 109), equal to

V/242 + 82+ 122 = 28 m.,

the standard deviation of the total error equals
28

0.674 41.5

and, hence,

< 40) = a  <£(0.964) = 0.665.

Deviations which do not exceed 40 m. will thus be observed in approxi­
mately 2/3 of all cases.

P roblem  II. The random variable x is distributed according to 
the normal law with mean value x and standard deviation Qz. Find 
the probability that the deviation x — x is in absolute value included 
between the numbers a and b (0 <a<b).

Since, by the addition rule,

P (\x-x\ < b) = ^(l* — x| < a)+P(a < |x—x| < b),

we have

P{a < |x—x| < b) = Pd* — x| < b)— /’(lx — x| < a)

and this solves the problem posed.
In the great majority of problems in practice, this table of values of 

the quantity <£(a) which we have been using all along proves to be, 
however, an unduly cumbersome calculation tool. It frequently 
turns out to be necessary to consider only the probability that the 
deviation x — x falls into more or less large intervals; therefore, it is 
desirable, for practical purposes, to have, alongside our “ complete” 
table, also abridged tables which are easily constructed from the 
complete table with the aid of formula (6).
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W e n ow  g iv e  an  ex a m p le  o f  con stru ctin g  this sort o f  tab le  w h ich  is a 

great d ea l crud er th an  th e tab le  at th e end  o f  this book  (p. 123), but 
w h ich  neverth eless is en tire ly  su fficien t in  m a n y  cases. VVe su b d iv id e  
th e  en tire  in terva l o f  v aria tion  o f  th e q u a n tity  |a — a| in to  five sub- 
in terva ls: 1) from  0  to 0 .3 2 Q z , 2) from  0 .3 2 Q Z to 0.69Q *, 3) from  
0.69Q * to 1.15Q*, 4) from  1.15 Q X to 2 .5 8 Q x, an d  5) from  2.58Q * to  
m ax |a — a |.

M a k in g  use o f  form u la  (4 ), w e find th at

P ( | a - a | <  0.32Q *) =  0 ( 0 .3 2 )  a  0 .2 5
P (0 .3 2 Q I <  |a — a | <  0.69Q *) =  0 ( 0 . 6 9 ) - 0 ( 0 . 3 2 )  «  0 .25
P(0.69QX <  ja — a| <  1.15Q*) =  0 ( 1 . 1 5 ) - 0 ( 0 . 6 9 )  a  0 .2 5
P n . 1 5 0 ,  <  I a - a  <  2 .5 8 0 *  =  0 ( 2 . 5 8 ) - 0 ( 1 . 1 5 )  x  0 .2 4

P ( | a - a | >  2.58Q *) =  1 - 0 ( 2 . 5 8 )  a  0 .01 .

I t  is co n v en ien t to d ep ic t th e result o f  these ca lcu la tion s w ith  the  
aid  o f  a  g ra p h ica l sch em e (see F ig . 16). H ere , th e en tire  real lin e  is

05% t2% 125% 125% 125% 125% 125% 125% 12% 05%
___ ~ " y "  ' — 7 l : y r " —

-258Qx ~1MX -0.69QX 0J2QX 0 0.320X0S9!}X U50x 258QX

[§ 32] Solution o f  Problems

Fig. 1G

subdivided into ten subintervals—five of which are positive and five 
negative. Above each subinterval we have indicated what percentage 
of the deviations actually observed will on the average fall into this 
subinterval. Thus, for example, according to the calculations made 
above, approximately 25% of all deviations should fall into the sub­
intervals (—1.15(2*, — 0.690*) and (0.690*, 1.15Q*) taken together. 
By virtue of the symmetry of the normal laws, the deviations will fall 
with approximately the same frequency into both of these sub­
intervals, so that about 12.5% of the total number of deviations will 
fall into each of them. Having at hand this simple scheme, or one 
similar to it, we can immediately visualize in a rough way the dis­
tribution of the deviations for a random variable which is subject to a 
normal law with arbitrary mean value and standard deviation.

Finally, we consider how to calculate the probability that a random 
variable which is subject to a normal law lies in some arbitrarily 
prescribed subinterval.

Problem III. Knowing that the random variable a is distributed 
according to a normal law with mean value a and standard deviation
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Qj, calculate w ith the aid of the table the probability of the inequality 
a<x<b,  where a and b (a<b) are arbitrary, prescribed numbers.

We will have to consider three cases, depending on the disposition 
of the numbers a and b with respect to x.

First case: x<a<b.
According to the addition rule, we have

P(x < x < b) = P(x < x < a)+P(a < x < b), 
from which it follows that

P{a < x < b) = P(x < x < b)—P(x < x < a)
= P (0 < .v — x < b — .v) — P (0 < .v — ,v < a — x).

But, by virtue of the symmetry of the normal laws, we have, for 
arbitrary a>0

P (0 < x — x < a) = P( — a < x — x < 0)
1= g L ( - a  < x — x < a) = -/>(|.v-.v| < a)

= H<r> ( 7)

therefore,

P(a < x <

Second, case\ a <x<b.
Here, by virtue of formula (7), we have 
P(a < x < b) = P (a < x < x)+P(x < x < b)

= P(a — x < x — x < 0)+P(0 < x — x < b — x)

Third case: a<b <x.
Here, we have

P(a < x < b) = P(a < x < x) — P(b < x < x)
= P(a — x < x — x < 0) —P(b — x < x — x < 0)

The problem is thus solved for all three cases. We see that for a 
random variable distributed according to an arbitrary normal law, the
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table enables us to find the probability that this quantity fall into an 
arbitrary subinterval and by the same token characterizes completely 
its distribution law.

In order to see how the calculations are carried out in practice, we 
shall consider the following example.

E x a m pl e . Firing is executed from the point 0  along the straight 
line OA'. The average range of the shell equals 1200 m. Assuming 
that the range H  is distributed according to a normal law with standard 
deviation 40 m., find what percentage of the shells overshoot the 
average range by 60 to 80 m.

In order that a shell have such a range, we must have 1260 <H 
< 1280; applying the final formula in Problem III, first case, above, 
we find that

P(1260 < H  < 1280) = 1 f / 1 2 8 0 - 1 2 0 0 \  /1 2 6 0 — 1 2 0 0 \]

2 \  \  40  }  I  40  j )

-  {0(2) -0 (1 .5 )} .

From the table, we find that
0 ( 2 )  a  0 .9 5 5 , 0 ( 1 .5 )  ^  0 .8 6 6 ,

from which it follows that
P(1260 < H  < 1280) ^  0.044.

We see that a trifle more than 4% of the shells fired will have the 
indicated range.



CONCLUSION

During recent decades, the theory of probability has been trans­
formed into one of the most rapidly developing mathematical sciences. 
New theoretical results reveal new possibilities for the utilization of 
the methods of probability theory in the natural sciences. A more 
detailed study of natural phenomena puts pressure at the same time 
on the theory of probability to search for new methods and new laws 
which are generated by chance. The theory of probability is one of 
those mathematical sciences which are not separated from life and 
from the problems of other sciences, but rather go hand in hand with 
the general development of the natural sciences and technology. The 
reader must not misunderstand what we have just asserted and think 
that the theory of probability is now transformed into only a support, 
an auxiliary tool, for the solution of practical problems. Not at all— 
during the last three decades the theory of probability has been trans­
formed into a harmonious mathematical science with its own problems 
and methods of investigation. At the same time, it has turned out 
that the most important and natural problems of the theory of 
probability as a mathematical science assist in the solution of actual 
problems in the natural sciences.

The origin of the theory of probability goes back to the middle of 
the seventeenth century and is connected with the names Fermat 
(1601-1665), B. Pascal (1623-1662) and Huygens (1629-1695). In 
the works of these scholars, there appeared in embryo form the con­
cepts of the probability of a stochastic event and of mathematical 
expectation (i.e., the expected or mean value) of a random variable. 
The point of departure for their investigations was problems connected 
with games of chance. However, the importance of new concepts for 
the study of nature was clear to them and Huygens, for example, in 
the collection On Calculations in Carnes of Chance wrote: “The reader will 
note that we are dealing not only with games, but also that the 
foundations of a very interesting and profound theory are being laid 
here.” Among later scholars who exerted significant influence on 
the development of the theory of probability one must point out 
Jacob Bernoulli (1654—1705), whose name we have already met in the 
text of our book, Dc Moivre (1667-1754), Bayes (1702-1761), P. 
Laplace (1749-1827), Gauss (1777-1855), and Poisson (1781-1840).
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The forceful development of probability theory is closely connected 

with the traditions and attainments of Russian science. At the time in 
the last century when probability theory went into eclipse in the West, 
in Russia the brilliant mathematician P. L. Chebyshev found a new 
means for its development—the over-all investigation of a sequence of 
independent random variables. Chebyshev himself, and his students 
A. A. Markov and A. M. Lyapunov, obtained fundamental results by 
this means (e.g., the law of large numbers and Lyapunov’s theorem).

The reader is already acquainted with the law of large numbers, 
and our next problem now consists in giving an idea of the second 
important proposition of probability theory, which has been named 
Lyapunov’s theorem—also called the central limit theorem of the 
theory of probability.

The reason for the great importance of this theorem is that a 
significant number of phenomena whose origin depends on chance 
proceed, in their fundamental behavior, according to the following 
scheme: the phenomenon under study is subjected to the action of an 
enormous number of independently acting stochastic causes each of 
which exerts only a negligibly small influence on the course of the 
phenomenon as a whole. The action of each of these causes is 
expressed by random variables £1} £2, . . ., and their combined in­
fluence on the phenomenon equals the sum Jn = + £2 + • • • + £n-
Since the consideration of the influence of each of these causes (in 
other words, indication of the distribution function of the quantities £) 
and even the straightforward enumeration of them is practically 
impossible, it is clear to what extent it is important to evolve methods 
enabling one to study their combined action independently of the 
nature of each individual term. The usual methods of investigation 
are incapable of solving the problem posed—other methods must come 
to replace them, methods for which a large number of causes acting on 
the phenomenon would not be a hindrance, but would rather ease the 
solution of the posed problem. These methods should compensate 
for the insufficient knowledge of each of the individual acting causes 
by their large number—by their preponderance. The central limit 
theorem, established by the works, principally, of Academicians P. L. 
Chebyshev (1821-1894), A. A. Markov (1856-1922) and A. M. 
Lyapunov (1857-1918), asserts that if the acting causes fj, £2, . . ., 
are mutually independent, if their number n is very large, and if the 
action of each of these causes in comparison with their total action is 
not large, then the law of distribution of the sum sn can differ only 
insignificantly from a normal distribution law.
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We introduce below examples of phenomena which proceed 

according to the scheme just described.
In firing from a cannon to a target, deviations of the point of impact 

of the shell from the point aimed at are unavoidable. This is the well 
known phenomenon of the dispersion of shells. Since the dispersion 
is the result of the action of an enormous number of independently 
acting factors (for example, the irregularities in the milling of the 
shell casing, the head of the shell, the variations in the density of the 
material of which the head of the shell is made, the minute variation 
in the quantity of explosive material in the various shells, the small 
errors, which are unnoticeable to the eye, in the aiming of the cannon, 
the minute variation in the composition of the atmosphere for the 
various firings, and many others), each of which influences only to an 
almost negligible degree the trajectory of the shell, then it follow's 
from Lyapunov’s theorem that it ought to be subject to a normal law. 
This situation is taken into consideration in the theory of artillery fire 
and is deemed fundamental in the evolution of firing rules.

When we carry out any observation with the purpose of measuring 
some physical constant, then an enormous number of factors each of 
which cannot be evaluated individually but which generates errors 
in measurements, unavoidably influence the result of our observation. 
In this number are included the errors in the condition of the measuring 
instrument, whose indications can vary without our knowing it under 
the influence of various atmospheric, temperature, mechanical and 
other causes. In this number are errors due to the observer, due to 
the peculiarities of his sight or hearing and due also to unknown 
effects depending on the psychological and physical condition of the 
observer. An actual error in measurement is thus the result of an 
enormous quantity of, so to speak, elementary errors which are 
negligible in magnitude, are mutually independent, and which depend 
on the case at hand. By virtue of Lyapunov’s theorem, we can again 
expect that the errors in observation will be subject to a normal 
distribution law'.

We can introduce as many such examples as we please: the position 
and velocity of the molecules of a gas, defined by a large number of 
collisions with other molecules; the quantity of diffused material; the 
deviation of the parts of a mechanism from a prescribed dimension in 
the mass production of mechanisms; the distribution of the growth 
of animals, plants or any of their organs, and so forth.

The perfection of physical statistics and also of a number of branches 
of technology placed before probability theory a large number of
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entirely new problems which do not fit into the framework of classical 
schemes. At the time when physics and technology were interested 
in process (i.e., in phenomena proceeding according to time), probability 
theory neither had general methods nor had it evolved particular 
schemes for the solution of problems which arose in the investigation 
of such phenomena. There arose a continual demand for the evolu­
tion of a general theory of stochastic processes, i.e., for a theory which 
would study random variables depending on one or several contin­
uously varying parameters.

We shall enumerate several problems leading to the consideration 
of random variables whose variation proceeds with time. Let us 
imagine we have set for ourselves the goal of investigating the move­
ment of some molecule of gas or liquid. This molecule collides at 
random moments with other molecules, in which connection it 
changes its speed and direction of motion. This variation in the 
condition of the molecule is subjected to the action of chance at every 
moment. Knowledge of a whole series of physical phenomena is 
required for its study, leading directly to a method of calculating the 
probability of the number of molecules that succeed in moving a 
certain distance in some interval of time. Thus, for instance, if two 
gases or two liquids are brought into contact, there then begins a 
mutual penetration of the molecules of one of the gases or liquids into 
the other; i.e., diffusion occurs. How rapidly does this diffusion 
process proceed, according to what laws, and when will the mixture 
of gases or liquids which is being formed become practically homo­
geneous? Answers to all these questions are given by the statistical 
theory of diffusion, on the basis of which lie the probabilistic considera­
tions in the study of stochastic processes.

Obviously, an analogous problem arises also in chemistry when the 
process of the chemical interaction of substances is studied—i.e., the 
process of a chemical reaction. What portion of molecules has 
already entered into the reaction, how does the reaction proceed with 
time, when is the reaction practically complete ?

A very important number of phenomena are due to radioactive 
decay. This phenomenon consists in that the atoms of a radioactive 
substance decompose, transforming into the atoms of another element. 
Each decomposition of an atom occurs in a moment, similar to an 
explosion with the emission of a certain quantity ofenergy. Numerous 
observations show that decompositions of atoms occur at random 
moments and independently of one another (with the condition that 
the mass of the radioactive substance is not too large). It is very
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essential in the investigation of the process of radioactive decay to 
determine what the probability is that after a prescribed interval of 
time a certain number of atoms will decompose. This is a typical 
problem in the theory of stochastic processes. Formally, if we are 
satisfied with only an explanation of the mathematical picture of the 
phenomenon, other phenomena proceed in exactly the same way: 
loads at a telephone station (i.e., the number of calls made at the 
telephone station by subscribers), Brownian movement, the breaking 
of thread on a weaving machine, and many others.

The origin of the general theory' of stochastic processes was laid by 
the fundamental works of the Soviet mathematicians A. N. Kol­
mogorov and A. Ya. Khinchin at the beginning of the 1930’s. Some­
what earlier, in the first decades of the present century, A. A. Markov 
began the study of sequences of dependent random variables, which 
sequences received the name Markov chains. The theory developed 
by him—at first only as a mathematical discipline—was transformed 
in the nineteen twenties, in the hands of physicists, into an active tool 
for the study of natural processes. From that time on, many scientists 
(S. N. Bernshtein, V. I. Romanovsky, A. N. Kolmogorov, J. Hada- 
mard, M. Frechet, W. Doeblin, J. Doob, W. Feller, and others) have 
made significant contributions to the theory of Markov chains.

In the 1920’s, A. N. Kolmogorov, Ye. Ye. Slutsky, A. Ya. Khinchin, 
and Paul Levy found a close connection between the theory of 
probability and the mathematical disciplines which are devoted to the 
study of sets and the general concept of function (the theory of sets and 
the theory of functions of a real variable). E. Borel had arrived at 
these same ideas somewhat earlier. The discovery of this connection 
proved to be extraordinarily fruitful and it was namely in this way 
that scientists succeeded in finding finally the solution of the classical 
problems posed by Chebyshev.

Finally, we must mention the works of S. N. Bernshtein, A. N. 
Kolmogorov, and von Mises on the construction of the logical 
harmonious theory of probability which was capable of dealing with 
various problems that had arisen previously in the natural sciences, in 
technology, and in other fields of knowledge.

In the contemporary turbulent development of probability theory 
an especially large role is played by science in the USSR, United 
States, France, Great Britain, Sweden, Japan, and Hungary. More­
over, interest in this scientific discipline has greatly grown in all 
countries largely under the influence of the persistent requirements of 
practice in its most variegated manifestations.



APPENDIX
Table of values of the function O(a)

a ®(«) a a < P ( a ) Q <D(fl) a
0.00 0 . 0 0 0 0.60 0.451 1.20 0.770 1.80 0.928 2.40 0.984
0.01 0.008 0.61 0.458 1.21 0.774 1.81 0.930 2.41 0.984
0.02 0.016 0.62 0.465 1.22 0.778 1.82 0.931 2.42 0.984
0.03 0.024 0.63 0.471 1.23 0.781 1.83 0.933 2.43 0.985
0.04 0.032 0.64 0.478 1.24 0.785 1.84 0.934 2.44 0.985
0.05 0.040 0.65 0.484 1.25 0.789 1.85 0.936 2.45 0.986
0.06 0.048 0.66 0.491 1.26 0.792 1.86 0.937 2.46 0.986
0.07 0.056 0.67 0.497 1.27 0.796 1.87 0.939 2.47 0.986
0.08 0.064 0.68 0.504 1.28 0.800 1.88 0.940 2.48 0.987
0.09 0.072 0.69 0.510 1.29 0.803 1.89 0.941 2.49 0.987

0.10 0.080 0.70 0.516 1.30 0.806 1.90 0.943 2.50 0.988
0.11 0.088 0.71 0.522 1.31 0.810 1.91 0.944 2.51 0.988
0.12 0.096 0.72 0.528 1.32 Q.813 1.92 0.945 2.52 0.988
0.13 0.103 0.73 0.535 1.33 0.816 1.93 0.946 2.53 0.989
0.14 0 . 1 1 1 0.74 0.541 1.34 0.820 1.94 0.948 2.54 0.989
0.15 0.119 0.75 0.547 1.35 0.823 1.95 0.949 2.55 0.989
0.16 0.127 0.76 0.553 1.36 0.826 1.96 0.950 2.56 0.990
0.17 0.135 0.77 0.559 1.37 0.829 1.97 0.951 2.57 0.990
0.18 0.143 0.78 0.565 1.38 0.832 1.98 0.952 2.58 0.990
0.19 0.151 0.79 0.570 1.39 0.835 1.99 0.953 2.59 0.990

0.20 0.159 0.80 0.576 1.40 0.838 2.00 0.955 2.60 0.991
0.21 0.166 0.81 0.582 1.41 0.841 2.01 0.956 2.61 0.991
0.22 0.174 0.82 0.588 1.42 0.844 2.02 0.957 2.62 0.991
0.23 0.182 0.83 0.593 1.43 0.847 2.03 0.958 2.63 0.991
0.24 0.190 0.84 0.599 1.44 0.850 2.04 0.959 2.64 0.992
0.25 0.197 0.85 0.605 1.45 0.853 2.05 0.960 2.65 0.992
0.26 0.205 0.86 0.610 1.46 0.856 2.06 0.961 2.66 0.992
0.27 0.213 0.87 0.616 1.47 0.858 2.07 0.962 2.67 0.992
0.28 0.221 0.88 0.621 1.48 0.861 2.08 0.962 2.68 0.993
0.29 0.228 0.89 0.627 1.49 0.864 2.09 0.963 2.69 0.993

0.30 0.236 0.90 0.632 1.50 0.866 2.10 0.964 2.70 0.993
0.31 0.243 0.91 0.637 1.51 0.867 2.11 0.965 2.72 0.993
0.32 0.251 0.92 0.642 1.52 0.871 2.12 0.966 2.74 0.994
0.33 0.259 0.93 0.648 1.53 0.874 2.13 0.967 2.76 0.994
0.34 0.266 0.94 0.653 1.54 0.876 2.14 0.968 2.78 0.995
0.35 0.274 0.95 0.658 1.55 0.879 2.15 0.968
0.36 0.281 0.96 0.663 1.56 0.881 2.16 0.969 2.80 0.995
0.37 0.289 0.97 0.668 1.57 0.884 2.17 0.970 2.82 0.995
0.38 0.296 0.98 0.673 1.58 0.886 2.18 0.971 2.84 0.995
0.39 0.303 0.99 0.678 1.59 0.888 2.19 0.971 2.86 0.996

2.88 0.996
0.40 0.311 1.00 0.683 1.60 0.890 2.20 0.972
0.41 0.318 1.01 0.688 1.61 0.893 2.21 0.973 2.90 0.996
0.42 0.326 1.02 0.692 1.62 0.895 2.22 0.974 2.92 0.996
0.43 0.333 1.03 0.697 1.63 0.897 2.23 0.974 2.94 0.997
0.44 0.340 1.04 0.702 1.64 0.899 2.24 0.975 2.96 0.997
0.45 0.347 1.05 0.706 1.65 0.901 2.25 0.976 2.98 0.997
0.46 0.354 1.06 0.711 1.66 0.903 2.26 0.976 3 tf fQ 0 QQ70.47 0.362 1.07 0.715 1.67 0.905 2.27 0.977 3 10 Q Q Q f t
0.48 0.369 1.08 0.720 1.68 0.907 2.28 0.977  ̂ ?n 0  Q Q Q
0.49 0.376 1.09 0.724 1.69 0.099 2.29 0.978 3i30 0.999
0.50 0.383 1.10 0.729 1.70 0.911 2.30 0.979 3.40 0.999
0.51 0.390 1.11 0.733 1.71 0.913 2.31 0.979 3.50 0.9995
0.52 0.397 1.12 0.737 1.72 0.915 2.32 0.980 3.60 0.9997
0.53 0.404 1.13 0.742 1.73 0.916 2.33 0.980 3.70 0.9998
0.54 0.411 1.14 0.746 1.74 0.918 2.34 0.981 3.80 0.99986
0.55 0.418 1.15 0.750 1.75 0.920 2.35 0.981 3.90 0.99990
0.56 0.425 1.16 0.754 1.76 0.922 2.36 0.982
0.57 0.431 1.17 0.758 1.77 0.923 2.37 0.982 .4.00 0.99994
0.58 0.438 1.18 0.762 1.78 0.925 2.38 0.983
0.59 0.445 1.19 0.766 1.79 0.927 2.39 0.983 5.UU
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This compact volume equips the reader with all the facts 
and principles essential to a fundamental understanding of 
the theory of probability. It is an introduction, no more: 
throughout the book the authors discuss the theory of 
probability for situations having only a �nite number of 
possibilities, and the mathematics employed is held to the 
elementary level. But within its purposeiy restricted range 
it is extremely thorough, well organized, and absolutely 
authoritative. It is the only English translation of the latest 
revised Russian edition; and it is the only current 
translation on the market tnat has been checked and 
approved by Gnedenko himself.

After explaining in simple terms the meaning of the 
concept of probability and the means by which an event is 
declared to be in practice, impossible, the authors take up 
the processes involved in the calculation of probabilities. 
They survey the rules for addition and multiplication of 
probabilities, the concept of conditional probability, the 
formula for total probability, Bayes's formula, Bernoulli’s 
scheme and theorem, the concepts of random variables, 
insu� ciency of the mean value for the characterization of a 
random variable, methods of measuring the variance of a 
random variable, theorems on the standard deviation, the 
Chebyshev inequality, normal laws of distribution, 
distribution curves, properties of normal distribution 
curves, and related topics.

The book is unique in that, while there are several high 
school and college textbooks available on this subject, there 
is no other popular treatment for the layman that contains 
quite the same material presented with the same degree of 
clarity and authenticity. The reader who shies away from 
oversimpli� ed popularizations may be sure that in this 
book he is getting a perfectly reliable scienti� c treatment. 
Anyone who desires a fundamental grasp of this 
increasingly important subject cannot do better than to 
start with this book.

New translation of � fth (revised) Russian edition (1960) 
by Leo F. Boron. New preface for Dover edition by B. V. 
Gnedenko.
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