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Preface

This book is a philosophical interpretation of relevant logic. Relevant logic,
also called ‘relevance logic’, has been around for at least half a century. It has
been extensively developed and studied in terms of its mathematical properties.
So relevant logic is a highly developed and mathematically well-understood
branch of non-classical logic. But what is it good for and why should we adopt
it? I think that it is a good tool for understanding ordinary deductive reasoning
and that it provides us with the tools to understand conditionals. And that is
what this book is all about.

Unlike intuitionist logic, relevant logic does not come packaged with its own
philosophy. There are intuitionists, and they all share a large number of impor-
tant philosophical views that non-intuitionists reject. Although some relevant
logicians have talked about ‘the relevantist’, relevantism is not a well-developed
view, nor one that is widely held even by relevant logicians. By and large, we
are free to adopt their own philosophical interpretation of relevant logic.

Historically, my own view developed out of my acquaintance with the pos-
sible worlds approach to semantics. When I was a graduate student, I studied
modal logic and Montague grammar and found the framework of possible
worlds to be a very intuitive, elegant and powerful framework in which to do
semantics. Later, after I had become immersed in relevant logic, I wanted to
give others the same sort of feeling of being at home in relevant logic that 1
had felt when I was first exposed to possible world semantics. This book is the
latest product of that attempt.

I begin with the possible worlds framework. It provides both the basis for my
semantics and the ontology that underpins that semantics. The central notion in
my interpretation of relevant logic is that it shows us how to make inferences
about what situations hold at worlds. I have borrowed the notion of a situation
from the situation semanticists — Jon Barwise, John Perry and their followers.
But I have constructed these situations out of the elements available in possible
world semantics.

What I want to do in this book is be able to give philosophers and others an
intuitive grasp of what’s going on in relevant logic and its semantics, and to
show that it is viable and useful.

vii



viii Preface

I'have three main aims in this book. First, I try to show that relevant logic and
its semantics are intelligible and intuitive. Second, I argue that relevant logic is
useful. It provides us with a theory of inference, is the basis for a good theory
of conditionals, and has several other uses. Third, I try to demonstrate that
relevant logic does not force any untoward philosophical commitments on us.
I argue this last point by constructing a model for relevant logic out of possible
worlds, individuals and structures available in Peter Aczel’s non-well-founded
set theory. The latter is a very elegant theory and I recommend it to everyone
working in logic.

Possible world semantics is the current paradigm in philosophical logic. If 1
can show that the same entities (pretty much) that are used in possible world
semantics can be used to construct the model that I intend for relevant logic,
I can undercut any metaphysical argument against relevant logic.

Although I do not assume any previous familiarity with relevant logic, this
book is not a textbook in relevant logic. Rather, it is a philosophy book
about relevant logic. I have tried to make the ideas in it accessible to peo-
ple familiar with natural deduction. I have not tried to provide a survey of
relevant logics, nor of the mathematical results about relevant logic. There are
various good surveys of this sort. Among the shorter surveys are (Dunn 1986),
(Mares and Meyer 2001), and (Mares 2002b). For readers with a good deal
of logical sophistication, there are the Entailment volumes (Anderson and
Belnap 1975) and (Anderson et al.1992), and the volumes of Relevant Logics
and their Rivals (Routley et al.1982) and (Brady 2003). More recently,
there are two excellent textbooks on substructural logics. Relevant logics are
substructural logics, and so are treated in these books. The books are Greg
Restall’s An Introduction to Substructural Logics (Restall 2000) and Francesco
Paoli’s Substructural Logic: A Primer (Paoli 2002). I reccommend Restall’s and
Paoli’s books for readers who want to explore the technical properties of rel-
evant logics and compare them to other sorts of logics. For the reader who
would like a good and very readable general introduction to the topic of non-
classical logics, there is Graham Priest’s An Introduction to Non-Classical Logic
(Priest 2001).

One last note. I use the term ‘relevant logic’ rather than ‘relevance logic’
because it sounds more natural. I find that North Americans tend to use ‘rel-
evance logic’ and Australasians and Europeans use ‘relevant logic’. I haven’t
canvassed the views of people from other continents, so I can’t speak with
authority about what they would say. Some people have tried to link different
attitudes towards logic to the use of these different terms, but my usage is merely
one of convenience. In fact, in an early draft of this book I used the two terms
interchangeably. I was told by my editor and three referees to choose one term
and stick with it. So I chose ‘relevant logic’.



Preface ix

The plan of this book

The book is divided into three parts. In the first, I outline relevant logic and its
model-theoretic semantics. While doing so, I give both philosophical motiva-
tions. In so doing, I do not discuss every aspect of the logic and its semantics.
Rather, I paint a picture of the logic using a fairly broad brush. I leave ‘house-
keeping’ details for appendices that appear at the end of the book. I have a
chapter on each of the more problematic connectives — implication, negation,
and modal operators. In addition, there is a chapter introducing the principal
ideas behind relevant logic, a chapter introducing possible world semantics
and the Routley—Meyer semantics, and a chapter discussing the metaphysical
implications of adopting relevance logic.

The second part uses the semantics and ideas from the first part to develop a
theory of conditionals. There are two chapters in this section — one on indicative
conditionals and the other on counterfactuals.

The third part of the book goes into more detail about the theory of deductive
inference. Chapter 9 gives some technical details concemning the nature of
premises and logical consequence. Chapter 10 uses these details, along with
the theory of conditionals developed in part II, to give an analysis of the rule
of disjunctive syllogism. In the final chapter, further uses of relevant logic and
some interesting open problems are discussed.
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Relevant logic and its semantics






1 What is relevant logic and why do we need it?

1.1 Non-sequiturs are bad

The central aim of relevant logicians has been to give a more intuitive
characterisation of deductive inference. Consider the following example. Since
1993, when Andrew Wiles completed his difficult proof of Fermat’s Last
Theorem, mathematicians have wanted a shorter, easier proof. Suppose when
someone addressing a conference of number theorists, suggests the following
proof of the theorem:

The sky is blue.

.. There is no integer n greater than or equal to 3 such that
for any non-zero integers x, y, z, x" = y" 4+ z".

This proof would not be well received. It is a non-sequitur — its conclusion does
not, in any intuitive sense, follow from its premise. It is a bad proof.

But let’s think about this a little harder. According to the standard definition
of ‘validity’, an argument is valid if and only if it is impossible for the premises
all to be true and the conclusion false. The conclusion is not just true; it is
necessarily true. All truths of mathematics are necessary truths. Thus, it is
impossible for the conclusion to be false. So, it is impossible for the premise to
be true and the conclusion to be false. Therefore the argument is valid. Moreover,
the proof is sound, since its premise is also true. But it is clear that it is a bad
argument and no one would take it seriously. Therefore, we need some notion
other than the standard definition of validity to determine what is wrong with
this proof. I suggest that what is wrong is that the standard notion of validity is
too weak to provide a vertebrate distinction between good and bad arguments.
It allows too many non-sequiturs to be classified as good arguments.

The standard notion of validity is at the heart of the logical theory known
as classical logic. Classical logic is the sort of logic that students learn in
introductory symbolic logic courses. Since we deal almost exclusively with
propositional logic in this book, it will suffice here to discuss only the classical
propositional calculus. The method of determining validity that we teach first
to students is the method of truth tables. We first list the propositional variables

3



4 Relevant logic and its semantics

that occur in the premises and conclusion and then we list each of the premises
and the conclusion, all along a top row. Then we list in each subsequent row
one combination of truth values for the propositional variables. The following
is a schematic truth table for an inference with two propositional variables,
premises Ay, ..., A, and conclusion B:

A,...A, B

MmN N
mMNT NS

Each row of the truth table defines a ‘possibility’! and determines the truth value
of each premise and conclusion in each of these possibilities. An argument is
valid, according to the classical propositional calculus, if and only if in every
row in which every premise is true the conclusion is also true.

Now, if we have a conclusion that is true in every possibility, then the ar-
gument is valid, regardless of what the premises say. Consider, then, a state-
ment that we can prove to be true in every possibility on the truth tables, such
as, gV ~q. On the classical account of validity, the following argument is
valid:

S A

L.V o~q
Thus, if we set p to mean ‘my dog barks at rubbish collectors’ and ¢ to mean
‘it is raining in Bolivia right now” we find out that the inference

My dog barks at rubbish collectors

.". Either it is raining in Bolivia right now
or it is not.

is valid. Since the premise is true, the argument is also sound. But like the first
inference that we investigated, it is a very bad argument. Thus, the classical
notion of validity does not agree with our pre-logical intuitions about where
the division between good arguments and non-sequiturs should be. Classical
logic allows connections between premises and conclusions in valid arguments
that are extremely loose. There needs to be more of a connection between the
content of the premises and conclusion in an argument that we are prepared to
call ‘valid’.

1 A possibility here is not a possible world. The rows of truth table are far too under-specified
to determine a possible world. We will look at possible worlds in some depth in chapter 2
below.



What is relevant logic? 5

1.2 The classical theory of consequence

We can avoid the problem given above if we think about the issue in syntactic,
rather than semantic terms. In a mathematical proof, for example, we could
demand that only obvious axioms and a few primitive rules are to be used. If
we take this line, then the ‘proof’ of Fermat’s last theorem given above would
be rejected. Similarly, we could demand that an argument such as the one from
‘My dog barks at rubbish collectors’ to ‘Either it is raining in Bolivia right now
or it is not’ be recast in terms of a system of proof, such as a natural deduction
system, that also contains only a few rules.

But there are still problems with the classical view of consequence, even
treated in this form. To see these problems, let’s consider a standard proof
theory for classical logic, of the sort that we teach to students in an introductory
course on symbolic logic. The system that we consider here is a ‘Fitch-style’
natural deduction system (Fitch 1952). Readers who are familiar with this type
of natural deduction system can skim this section. But don’t skip it altogether,
for there are some points made in it that we will build on later.

The structures that we construct in a natural deduction system are proofs.
The first step in a proof is a formula that is a hypothesis. Every subsequent step
in the proof is also a hypothesis or it is a formula that is derived from previous
steps by means of one of the rules of the system. Each hypothesis introduces
a subproof of the proof. The notion of a proof and a subproof are relative.
Subproofs themselves can have subproofs. Subproofs here are indicated by
means of vertical lines, as we shall see below.

There are three rules of proof that we will use that do not involve any logical
connective, such as conjunction, disjunction, implication, or negation. The first
of these is arule that allows us to introduce a formula as a premise, or hypothesis.
The other two rules allow us to copy formulae in proofs. The rule of repetition
(rep) allows us to copy a line of a proof within that proof and the rule of
reiteration (reir) allows us to copy a line from a proof into any of its subproofs
(or subproofs of subproofs, and so on). This will all become clearer when we
look at some examples of proofs. But before we do so, we need to discuss the
rules governing the connectives.

Each connective has two rules associated with it—an introduction rule and an
elimination rule. In this chapter, we will only be concerned with the implication
connective (— ). The elimination rule for implication is?

(— E)From A — B and A to infer B.

The rule of implication introduction is a little more difficult. It says that

(— I) Given a proof of B from the hypothesis A,
one may infer A — B.

2 | present rules of inference in the style of (Anderson et al.1992).



6 Relevant logic and its semantics

Consider, for example, a proof of the formula A — ((A — B) — B):

1. A hyp

2. A—> B hyp

3. A 1, reit

4. B 2,3, > E
5. (A— B)— B 2—-4, > 1

6. A>({(A—>B)—>B) 1-5 —>1
Now let’s take a look at an easier proof, this time for the scheme, A — A:

1. |A hyp
2. |A 1, rep
3.A>A 1=-2, =1

There seems to be nothing objectionable about this proof. But, according to the
classical theory of consequence, we can convert it into a proof of A — A from
the irrelevant hypothesis B as follows:

1. |B hyp
2. A hyp
3. A 2, rep

4. |[A> A 2-3,—>1

Thus, for example, we can prove from ‘The sky is blue’ that ‘Ramsey is a dog
implies that Ramsey is a dog.” The former has nothing to do with the latter.

What the above proof illustrates is that in the classical theory of consequence
we can add any premise to a valid deduction and obtain another valid deduction.
Thus we can add completely irrelevant premises. This seems to be far too
generous a notion of consequence and the classical notion of implication seems
to capture a far looser relationship between propositions than does our common
notion of implication.

Let us go on to see how relevant logic is supposed to remedy this situation.

1.3 The real use of premises

The problem with non-sequiturs like the ones discussed above is that some of
the premises of the inferences appear to have nothing to do with the conclusion.
Relevant logic attempts to repair this problem by placing a constraint on proofs
that the premises really be used in the derivation of the conclusion.

We will present this idea in the context of Anderson and Belnap’s natural
deduction system for relevant logic. The idea is pretty simple. Each premise,
or rather hypothesis, in a proof is indexed by a number. The various steps in a
proof are indexed by the numbers of the hypotheses which are used to derive
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the steps. For example, the following is a valid argument in this system:

1 A— B“] hyp
2. | |Ap hyp
3 A — By, 1, reit

2,3, > E

N
IS
&

The numbers in curly brackets are indices. The indexing system allows us to
do away with the scope lines, since the numbers indicate in which subproof a
step is contained. Removing the scope lines, we get the following proof:?

1. A— B[” hyp
2. A{z] hyp
3. B(I.Z] 1,2, > E

Here we can see, without scope lines, that there are two subproofs, since there
are two indices (hence two hypotheses) used in the proof. Moreover, we do not
need to use the reiteration rule in this proof. The indices make sure that when
we use a step from a proof and one from a subproof in combination, as we have
done here in the modus ponens that gives us step 3, we do so in the subproof.
This is indicated by the fact that the number of the later hypothesis appears in
the index of the conclusion.

Indices are important for tracking which conclusions depend on which hy-
potheses. They help to eliminate non-sequiturs, like the one presented in the
introductory section above, and they guide the way in which premises can be
discharged in conditional proofs, which are the topic of the next section.

14 Implication

In natural deduction systems we do not usually merely display proofs with
hypotheses. We discharge premises to prove theorems of a system. The key
rule that we will use here is the rule of conditional proof, or — I (implication
introduction), viz.,

From a proof of B, from the hypothesis Ay to infer A & By,
where k occurs in «.

The proviso that k occur in « is essential. It ensures that, in this case, A is
really used in the derivation of B. And so relevant implication also captures
this notion of the real use of a hypothesis in bringing about a conclusion. The

3 Readers familiar with E. J. Lemmon’s introductory logic book (Lemmon 1965), will recognise
this style of proof. Lemmon’s system, however, is set up for classical logic rather than rele-
vant logic. One main difference is that the two systems have different conjunction introduction
rules.
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reason that this rule is key in proving theorems is that it allows us to remove
numbers from an index. In the terminology of natural deduction, it allows us to
discharge hypotheses.

This rule of implication introduction forces the antecedent and consequent
of a provable implication to have something to do with one another. Suppose
that A — B is provable in this system. Then, it can be shown that A and B have
some ‘non-logical content’ in common. That is, they share at least one proposi-
tional variable. This is called the ‘variable-sharing property’ or the ‘relevance
property’.

In previous sections, we have been discussing the problem of logical rele-
vance in terms of inference, but we can also think about it in terms of implication.
Relevant logic was developed in part to avoid the so-called paradoxes of material
and strict implication. These are formulae that are theorems of classical logic,
but are counterintuitive when we think of the arrow as meaning ‘implication’
in any ordinary sense of the term, or any pre-logical philosophical sense.

Let us look first at the paradoxes of material implication. Among them are
the following:

M1 A — (B — A) (positive paradox);
M2 ~A— (A — B);

M3(A - B)Vv (B — A);

M4(A —> B)v (B —> O).

These schemes are paradoxical because they seem so very counterintuitive. For
example, take paradox M3. If we accept the scheme (A — B)V (B — A),
then we are committed to holding that for any two propositions one implies
the other. But this violates our preformal notion of implication. The problem
with material implication as a way of representing our pre-theoretical notion of
implication is that it is truth functional. The two truth values by themselves are
not enough to determine when an implication holds. Something else is needed.

Could this something else be necessity ? That is, should we follow C. I. Lewis
in claiming that implication is really strict implication? It would seem not, for
strict implication has its own menu of paradoxes. Among these are:

S1A— (B — B),

S2A — (Bv ~B);

S3(AA ~A) — B (ex falso quodlibet).
S1 and S2 are instances of the general rule regarding strict implication that all
valid formulae follow from any proposition. Butaccording to our pre-theoretical

logical intuitions, it does not seem that we are justified in inferring any logical
truth from any proposition. Similarly, it does not seem that we are justified in
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inferring any proposition from any logical falsehood. But this is exactly what
ex falso quodlibet says.

Lewis and C. H. Langford give an ‘independent argument’ for ex falso quodli-
bet. Here I reproduce their argument with only minor notational changes.

From a proposition of the form AA ~ A, any proposition whatever, B, may be deduced
as follows:
Assume AA ~A (1)
(H—> AQ)
If Aistrue and A is false, then A is true.
(1) > ~A (3)
If A is true and A is false, then A is false.
2> AvVvBE@
If, by (2), A is true, then at least one of the two, A and B, is true.
(O RNCHE
If, by (3), A is false; and, by (4), at least one of the two, A and B, is true; then B must
be true. ((Lewis and Langford 1959), p. 250)

Is this argument good? I think not.

It seems that Lewis had already seen what was wrong with the argument in
his 1917 article ‘The Issues Concerning Material Implication’ (Lewis 1917).
There he sets out a dialogue between two characters — X and himself (L). Here
is a relevant part of that dialogue:

L. But tell me: do you admit that ‘Socrates was a solar myth’ materially implies 2 + 2 =
5?

X. Yes; but only because Socrates was not a solar myth.

L. Quite so. But if Socrates were a solar myth, would it be true that 2 + 2 = 5? If you
granted some paradoxer his assumption that Socrates was a solar myth, would you feel
constrained to go on and grant that 2 4 2 = 57

X. I suppose you mean to harp on ‘irrelevant’ some more. ((Lewis 1917), p. 355)

Let’s apply this line of reasoning to the Lewis and Langford argument given
above. Suppose that we ‘grant some paradoxer his assumption’ that AA ~Ais
true. We then have to take seriously what would happen in a context in which
a contradiction is true. We will explore this issue in depth in chapters 5 and 10
below. We will argue in chapter 10 that it is the last step — the use of disjunctive
syllogism — that is unwarranted. If we allow that a proposition and its negation
can be both true in the same context, then we cannot infer from ~Aand A Vv B
that B is true. For it might be that A Vv B is made true by the fact that A is true
alone, despite the fact that B fails to be true.

We will leave topics concerning negation to later. To understand fully the
treatment of negation in relevant logic, we need to understand its semantics.
Other paradoxes, such as positive paradox are treated by the relevant logician’s
insistence that the hypotheses in a proof really be used in that proof. Consider
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the following attempt at a proof of positive paradox:

1. A[l} hyp

2. B[2] hyp

3. A“] 1, reit.

4. B —> A“] 2— 3, -1

©

A=> (B> Ay 1-4,->1

The illegitimate move here is the use of implication introduction in the fourth
step. 2 does not belong to {1} and so we cannot discharge the second hypothesis
here.

1.5 Implication and entailment

In the preceding sections, we have been discussing the notion of implication. As
we have said, the relation of implication holds between two propositions if the
consequent follows from the antecedent. By itself, this statement does not give
us a very good interpretation of implication. It is rather ambiguous. As we shall
see throughout this book, there are many different ways in which propositions
can follow from one another. The matter is made worse by the fact that various
philosophers use the word ‘implication’ to refer to different relations.

In chapter 3 below, we will make our use of ‘implication’ quite precise. But
for the moment, we will note that the relation of implication, as we use this
term here, is a contingent relation. What we mean by a contingent relation can
be understood most clearly if it is contrasted to the corresponding necessary
relation, which is known as entailment. Consider the scheme,

The proposition p follows from p A q.

The notion of ‘following from’ here can be taken to be a very strong rela-
tionship.* For we can derive by logical means alone the proposition p from
the conjunction p A q. The connection between p and p A g is a necessary
connection. Now consider the following statement:

A violation of New Zealand law follows from not paying income tax on honoraria given
for presenting seminars at other universities.

Here the relationship between not paying income tax on an honorarium and a
violation of the New Zealand tax code is not a necessary connection. We can
easily imagine a world in which the tax code were different such that it made
honoraria tax exempt income. When we make claims like the one above, we
do so assuming other facts that connect the failure to pay tax and a violation

4 Tuse the phrase ‘can be taken to be’ here because if a strong relationship holds, then every weaker
relation holds as well.
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of the law, that is, particular facts about the New Zealand tax code. Thus, the
way in which the violation of the law and the failure to pay tax are connected is
contingent. We say that the relationship between the axioms of arithmetic and
2 + 2 = 4 is that of entailment and the relationship between the failure to pay
tax and the violation of the law is that of implication.

Like implication, entailment is a relevant conditional. Some philosophers
have held that entailment is just necessary material implication. That is, the
proposition that A entails B is interpreted as (I(A D B), where the box means
‘it is necessity that’ and the hook is material implication. But on this analysis
every proposition entails every truth-table tautology and every proposition is
entailed by every contradiction. These are no less counterintuitive in the case
of entailment than they were in the case of implication.

In chapter 3 below, we develop an interpretation of implication that makes
sense of the notion of propositions following one another contingently. The the-
ory is called the theory of situated inference. The theory gives an interpretation
of relevant implication in terms of inferential connections between parts of the
world. Very briefly, it says that an implication, A — B, is true in a part of the
world if there is information in that situation that tells us that if A is true in
some part of the world, then B is also true in some part of the world. These
parts of the world are situations. I shall show how the various elements of the
natural deduction system for relevant logic can be interpreted in this situational
framework.

In chapter 6, we will use the theory of situated inference as a basis for a
theory of entailment. I follow Anderson, Belnap and many others in holding that
entailment incorporates implication and necessity. Thus, when we add modality
to our semantics, we get a semantics for entailment as well. As we shall see, the
issues involved are more complicated than this, but that is the essence of the view.

1.6 Relevance and conditionals

Although they are important notions, implication and entailment are related to a
class of connectives that are much more prevalent in everyday discourse. These
are the natural language conditionals. Natural language conditionals have very
different properties from implication and entailment. Implication and entail-
ment, for example, are transitive. Consider the following proof:

1. A—> B{” hyp
2. B> C(z} hyp
3. Ap hyp
4. B“.3] ],3, — F
5. Cp3 2,4, - E
6. A—>C{|V2) 3—5, -1
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Thus, from the premise that A — B and the premise that B — C, we can infer
that A — C. A similar proof is valid for relevant entailment as well.

Our ordinary conditionals, however, are not transitive. Suppose that we have
a friend, Nick, who is in poor financial shape, but wants to buy a new boat. You
say to me, correctly,

If Nick buys a new boat, he will be completely broke.

And I say, also correctly,
If Nick wins the lottery, he will buy a new boat.

If transitivity were to hold of conditionals, we would be able to infer:
If Nick wins the lottery, he will be completely broke,

which is ridiculous. In chapters 7 and 8, however, I show that our semantics
for implication can be used as a framework for a theory of ordinary language
conditionals.

But ordinary conditionals are very much like implication and entailment,
since they too are relevant. To see this point, let us look at a more traditional
view of conditionals. In chapter 7 below, we will discuss the most prominent
theories of conditionals at length, but we do not need that sort of detail at
this stage. Here let us merely present and attack a straw position, one that is
probably no longer held by anyone in the field (at least without a good deal of
supplementation), but is very close to the position of many. I will call it ‘the
standard view’.

I follow the standard view in accepting that we can distinguish between
counterfactual conditionals and indicative conditionals. The easiest way to make
this distinction is through a fine old example due to Ernest Adams. Consider
the following statement:

If Oswald did not shoot Kennedy then someone else did.

This statement is true. We know that Kennedy was shot by someone, so if not
Oswald, then it must have been someone else. In addition, someone uttering this
conditional does not (at least for the sake of the conversation) assume that the
antecedent is true or assume that it is false, i.e. that Oswald did shoot Kennedy
or that he did not. The above conditional is an indicative conditional. On the
other hand, consider the following conditional:

If Oswald hadn’t shot Kennedy someone else would have.

This is a counterfactual conditional. Someone uttering it would assume for the
sake of the conversation at least that the antecedent is false. Thus the antecedent
of a counterfactual conditional is a hypothesis that is (usually at least) assumed
to be false. The standard view holds that indicative conditionals are material
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conditionals and that counterfactual conditionals are ‘worlds conditionals’ (to
use Frank Jackson’s phrase). In its simplest form (due to Robert Stalnaker), this
view holds that a counterfactual conditional ‘If it were the case that A it would
be the case that B’ is true if and only if in the closest possible world to our own
in which A is true, B is true as well.

Let us begin by criticising the standard theory of counterfactuals, because
that criticism is slightly easier to see, and then we will move on to the indicative
conditional. The standard view does not have an adequate treatment of coun-
terpossible conditionals. On the standard view, a counterfactual conditional is
true if and only if at the closest possible world in which the antecedent is true
the consequent is also true. But consider the following counterfactual:

If Sally were to square the circle, we would be surprised. (1.1

There is no possible world at which Sally squares the circle. Stalnaker gives
all such counterpossibles the value true and we will have the standard view
do so too. In respect to (1.1), the standard view seems to get things right,
since, intuitively, it is a true conditional. But now consider a closely related
conditional, (1.2) below.

If Sally were to square the circle, we would not be surprised.  (1.2)

On the standard theory, (1.2) is also true. But this seems to get things wrong,
at least according to our intuitions on the matter. Let us call a pair of coun-
terpossibles such that one differs from the other only by virtue of a negation
in its consequent and such that they have different truth values, non-trivial
counterpossible pairs.

These are not isolated examples. There are many cases of non-trivial coun-
terpossible pairs. For instance,

If water were an element, it could not be decomposed into hydrogen
and oxygen.

This statement is true, and its counterpossible mate is false. Likewise, the fol-
lowing counterpossible taken from Hartry Field is true, but its mate is false:

If the axiom of choice were false, the well-ordering theorem would
fail. ((Field 1989), p. 237)

The antecedent of this conditional is impossible, if the axiom of choice is true.’
Then, the counterpossible ‘If the axiom of choice were true, the well-ordering

3 Field does not think that the antecedent of this counterfactual is impossible. He thinks that there
is no most general notion of possibility. In other words, he rejects the notion of metaphysi-
cal possibility. 1, on the other hand, will dogmatically accept metaphysical possibility without
argument.
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postulate would hold’ would be true and its counterpossible mate would be
false.

Our counterpossibles have all so far had antecedents that are metaphysically
impossible. I follow the mainstream in the metaphysics of modality in equating
metaphysical and logical possibility. But many philosophers seem not to have
adopted this position. For them, let us consider a few straightforwardly ‘counter-
logical-possibles’. First, it would seem that it is true that,

If Sally were to prove A, we would be surprised,

where A is some long truth-functional contradiction. For an even more blatant
example, consider the following statement:

If ‘pn ~p’ were true, then there would be a true contradiction.

Its mate too is false.

Similar examples can be found for indicative conditionals. Suppose that you
have made a bet with me that our friend Sally cannot square the circle. Also
suppose that she has been given a time limit and that limit has been reached,
but neither you nor I know of her success. Thus, it would seem that,

If Sally has squared the circle, you lose the bet
is true and,
If Sally has squared the circle, you win the bet

is false. If we take the indicative conditional to be a material conditional, then
both of these statements turn out true. So, just as in the case of counterfactuals,
the standard view seems inadequate to deal with indicative conditionals.

The standard view also has difficulties with the failure of an antecedent to be
relevant to the consequent of a conditional. To take an example from a poem
by the nineteenth-century poet, Frederick Locker-Lampson:®

If I pick this guinea pig up by the tail, its eyes will fall out.

No one would believe this conditional merely on the basis of the fact that
guinea pigs have no tails. Yet the standard view takes it to be true. Moreover,
the counterfactual,

If I were to scare this pregnant guinea pig, its babies would be
born without tails.

is counted as true by the standard view, yet it seems false. Relevant logicians,
like myself, have placed the blame in both of these cases on a failure on the
6 Locker-Lampson’s poem is called ‘A Garden Lyric’. This example was first used to motivate

relevant logic by Alan Anderson (Dunn 1986). I am very grateful to Lou Goble for tracking
down the poem. Previously, many had thought that Anderson had invented the example.
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part of the standard view to take relevance into account. We claim that there has
to be some real relation between the antecedent and consequent of a true con-
ditional, We say that any good analysis of conditionals should incorporate
relevance.

In chapters 7 and 8 below, we develop a semantics for indicative and coun-
terfactual conditionals, which uses as a basic framework the semantics for
implication developed in chapters 2, 3, and 4. The use of the semantics for
implication as a basis for the semantics for conditionals allows conditionals to
inherit some of the relevance properties from implication.

1.7 Why are these examples important?

David Dowty, Robert Wall, and Stanley Peters consider the project of semantic
theory to be quite similar to the Chomskian project of finding a universal gram-
mar. What a semantics should explain, on their view, are certain sorts of lin-
guistic intuitions held by native speakers. They say

In constructing the semantic component of a grammar, we are attempting to account not
for speakers’ judgements about grammaticality, grammatical relations, etc., but for their
judgements of synonymy, entaiiment, contradiction, and so on. ((Dowty et al.1985),
p.2)

On this view, the way a semantical theory should be confirmed or refuted is
quite straightforward. Semanticists should judge the success of their project
against the fit between the entailments, synonymies, contradictions, and so on,
that it forces and native speakers’ intuitions about these phenomena. This is
what I try to do in this book.

Counterpossibles play an important role in explanation and thought. For
example, we express the entrenchment of beliefs by means of dispositional
counterfactuals. I might express the fact that my belief that my dog Ramsey
loves pizza is deeply entrenched by ‘If Ramsey were to refuse a piece of pizza,
I would be shocked.” Likewise, we can analyse the entrenchment of our beliefs
in logical necessities by counterpossibles, such as the Sally sentences given
above.

Consider the view of Stalnaker that part of what constitutes adopting a
conditional belief is to adopt a doxastic strategy (Stalnaker 1984). If the an-
tecedent comes true, adopt a belief in the consequent. This theory seems right
for some cases, if not for all. We adopt the same sort of strategies in some cases
concerning counterpossibles. If I believe, say, that +/2 would be rational if
the circle could be squared with a compass and straight edge alone, then I adopt
the strategy of believing that +/2 is rational upon discovering that the circle can
be squared. Note that what I do not do is merely adopt a strategy about what
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to do if I have a justified belief in the antecedent. I want my beliefs to accord
with the truth and so I want to modify them in accordance with what is true,
not what merely appears to be true. So the content of my belief, it would seem,
should reflect what goes on in situations in which the circle really is squared.

One might reply that strategies which depend upon a counterpossible propo-
sition’s obtaining are useless. But the fact that the antecedent will in fact never
come true is beside the point. The antecedents of most counterfactuals will
never come true (after all, counterfactuals are usually stated by people who
think their antecedents are false). The point is that the believer may not know
this (or even may not be certain of it). We are here not talking about strategies
that are supposed to be used but about strategies that give us at least part of the
analysis of the contents of beliefs.

With regard to the phenomena of relevance failure, I have similar remarks to
make. The desire for a relevant analysis of the conditional seems rather firmly
entrenched both in the history of logic and in philosophy of language, as I
argue in chapter 7 below. Moreover, our intuitions about relevance with regard
to conditionals seem quite robust. Thus, it would seem that only by having an
analysis that pays attention to relevance can we do justice to our thinking about
conditionals.

As I will argue in chapter 3 below, it is natural to cash out informational
dependencies in terms of relevant logic. Taking conditionals to be ways of
asserting informational dependencies gives a uniform and natural treatment of
these bits of language. I shall argue that this relevant theory accounts for the
phenomena of relevance and relevance failure better than its alternatives. It
accounts for a wider class of cases and it does it more naturally.

1.8 Why not pragmatics?

One question that I often hear is this: why not start with a possible world
semantics and use pragmatics to deal with non-sequiturs, counterpossibles,
and the other phenomena that we have discussed? Pragmatics is a branch of
linguistics and the philosophy of language that studies features of context. For
example, in semantics we treat the word ‘but’ as being synonymous with the
word ‘and’. That is, we treat them both as having the same truth table. But they
have very different pragmatic features. We use ‘but’ to indicate that there is
some tension between the two statements that we are connecting with it. The
word ‘and’ is much more neutral. This tension is somehow indicated by the use
of ‘but’, although the tension is not logically implied by it. Likewise, one might
think that uses of ‘implies’ have a pragmatic feature that indicates a relevance
between antecedent and consequent.

First, I know of no serious, rigorous, attempt to give a pragmatic solution to
these problems. Until such a theory is presented, it is difficult to say whether
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a pragmatic theory would be successful. Second, theories of pragmatics are
notoriously vague. They tell us, for example, to reject the above argument
because it violates the Gricean maxim to ‘be relevant’. What counts as relevant
is left unsaid in Grice’s theory. Surely, if there is a theory of relevance that is
more rigorous than this, it would be better, all things being equal, to appeal
to the more rigorous theory. And relevant logic does provide a very specific
view about what counts as a relevant deduction. Third, there is a much deeper
difficulty with any pragmatic solution. The problem with our proof of Fermat’s
Last Theorem is that the preniise does not establish the conclusion. Surely it
is the primary job of logic to give us a theory of what premises establish what
conclusions. If our logical system does not do that, it is defective as a theory of
ordinary reasoning.

1.9 So what’s the down-side?

So far, the case we have presented for relevant logic seems very strong. Our
intuitions support the need for relevance constraints on proof. These constraints,
in the form of the requirement that premises really be used in deductions,
are easy to formulate and understand, at least for the fragment of the natural
deduction system that we have considered so far. If this were all there were to
the issue, we could stop here.

Contemporary logic, as done by philosophers, computer scientists, and math-
ematicians, incorporates two fields — proof theory and model theory.” We have
already looked at some of the proof theory of relevant logic. In the next chapter
we will turn to model theory and its relationship to proof theory. There we will
discuss the reason why model theory has an important place in philosophical
logic and what model theory can do for us. Briefly, model theory — also known
as ‘formal semantics’ or merely ‘semantics’ — gives a partial specification of a
theory of meaning and a theory of truth for a language.

As we shall see, the semantics for relevant logic has both important similarities
and differences to the semantics for more widely accepted logics, such as clas-
sical logic and modal logic. The differences between the semantics for those
logics and that for relevant logic, however, need to be understood and motivated,
and this is the task of chapters 3 through 6.

1.10 A note on the metalanguage

Although I am interpreting and defending relevant logic in this book, the logic
I use to talk about it is classical. In particular, the logic used to formulate its
7 This is not quite accurate. Modern logic is made up of proof theory, model theory, set theory,

and recursion theory. But set theory (apart from the brief discussions in chapters 4 and 11 below)
and recursion theory are beyond the scope of this book.
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semantics is first-order classical logic (i.e. the standard logic taught in introduc-
tory logic courses). The use of classical logic in doing mathematics is vindicated
in chapter 10. This justification covers the use of classical logic in semantics as
well. I use classical logic for two reasons. First, I am trying to defend relevant
logic against criticisms levelled largely by philosophers who accept classical
logic. Since I accept classical logic as well (in the way explained in chapter 10),
classical logic is a language that is common to both myself and the people
against whom I am arguing. Second, classical logic is a relatively simple logic
and its use makes ideas clearer.



2 Possible worlds and beyond

2.1 Introduction

In this chapter we present the ‘relational’ semantics for relevant logic. We begin
by introducing the motivations for truth-theoretic semantics. We also look at
the possible world semantics for modal logics. The semantics for relevant logic
is a modification of the semantics for modal logics. Looking at the semantics
for modal logics will allow us to introduce in an easier form certain ideas that
are repeated in the relevant semantics. In addition, as we shall see, the modal
semantics has certain important virtues. We shall show, in this and the next
chapter, that the relevant semantics has these virtues as well.

2.2 Why truth-theoretic semantics?

In the last chapter we looked at a fragment of the natural deduction system for a
relevant logic. We saw that it uses similar rules to those of the natural deduction
system for classical logic, but restricts them by forcing the premises of an
argument really to be used in that argument. Why not stop there and say that
this is all there is to relevant logic? There is something still missing. First, we
need to understand the rest of the logic — its treatment of conjunction, disjunction
and negation. As we shall see, it is difficult to interpret them entirely in terms
of the natural deduction system. Second, what we have said so far is inadequate
as an interpretation of implication. We also need some way of understanding,
not only how to prove that an implication is true, but what it means for an
implication to be true.

Now, we could develop an interpretation of relevant logic in which the theory
of truth and meaning of the connectives is explicated by the natural deduction
system. This, in effect, is what Michael Dummett has done for intuitionist
logic.! On Dummett’s interpretation of intuitionist logic, the notion of truth
is eliminated and replaced by the notion of constructive proof. An intuitionist
does not say that a statement is true, but rather that it can be asserted in the
sense that there is adequate evidence to prove it. Now, as Dummett notes, the

I Following the work of Jan Brouwer, Arend Heyting, Andrei Komolgorov and Dag Pravitz.
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replacement of the notion of truth with the notion of assertibility forces on us
the need to recast what we say about various things in a rather radical way. For
example, we can no longer say that there may be truths of mathematics that
are impossible to prove, for this transcendent notion of truth no longer makes
sense.

Or it might seem that we could use the natural deduction system to develop an
‘inferential semantics’ for relevant logic. Wilfred Sellars has distinguished be-
tween referential and inferential semantics (Sellars 1963). A referential seman-
tics is the sort of semantics that we will examine throughout most of this book. It
takes the meaning of an assertion to be its truth conditions. Moreover, as we shall
see soon, the truth conditions of an assertion are determined (at least in part)
by the referents of the terms in it. An inferential semantics, on the other hand,
takes the meaning of a sentence to be determined by commitments taken on by
people who utter that sentence. For example, making an assertion commits one
to providing evidence that this assertion is true. In his books Making it Explicit
(Brandom 1994) and Articulating Reasons (Brandom 2000), Robert Brandom
develops inferential semantics and defends it. In (Lance and Kremer 1996),
Mark Lance and Philip Kremer use Brandom’s view to interpret a natural de-
duction system for relevant logic as formalising the notion of linguistic com-
mitment. Roughly, Lance and Kremer interpret a sentence A — B as saying
that anyone who believes A is committed to believing B as well. Although the
Lance-Kremer view is interesting and worth pursuing, I will not examine it
here. I have two reasons for setting it aside. First, there is a technical point.
As Lance has argued, the logic of commitment is not the logic R of relevant
implication, but rather the logic E of relevant entailment (Lance 1988). In this
book I am particularly interested in interpreting and defending R. Second, there
is a strategic point. My strategy in this book is to show philosophers who hold
rather conservative views about semantics and metaphysics that they can ac-
cept relevant logic without changing their views very much. So I want to avoid
radical claims as much as possible.

Thus, we will look at the truth-theoretic semantics for relevant logic. To
explain what a truth-theoretic semantics is all about, we will take a quick detour
through the history of this field.

2.3 From Tarski

The modern history of truth-theoretic semantics begins in 1932 with the pub-
lication of Alfred Tarski’s “The Concept of Truth in Formalised Languages’
(Tarski 1985). We won’t go through Tarski’s theory as he presented it, but a
standard modernised version of Tarski’s ideas.

Let’s say that we have a language with a finite number of predicates and
individual constants (such as proper names). Then, we can construct recursive
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truth conditions for the sentences of that language. Tarski explicitly devel-
oped his theory for formal languages only, not for natural languages, which
he thought were logically incoherent. Let’s follow Tarski and set out a theory
of truth for a simple formal language. Our language contains proper names,
predicates, parentheses, and the connectives, A (conjunction), Vv (disjunction),
and ~ (negation). Sentences are formed in this language using the standard
formation rules. The semantics that we will give to this language is the classical
semantics. That is, the logic of this section of the book is a classical logic.

Modernisations of Tarski’s 1932 paper make truth relative to a model. A
model is a mathematical structure. We shall look at a variety of models in
this book. Here we will start with a simple model. This model contains a
set of individuals, I, called the ‘domain’, and a function, v, called a ‘value
assignment’. The value assignment is a function from individual constants to
individuals (i.e. to elements of /) and, for all natural numbers n, from n-place
predicates to n-ary sequences of elements of /. The model M is a pair (/, v),
where [ is a set of individuals and v is a value assignment. Thus,

* Where P is an n-place predicate and ¢, ..., c, are individual constants,
P(cy ...cp) is true on M if and only if < v(cy), ..., v(c,) > is in v(P) (if
s0, < v(cy), ..., v(c,) > is said to ‘satisfy P according to v’);?

* Where A and B are formulae of the language, (A A B) is true in M if and
only if both A and B are true in M;

e Where A and B are formulae of the language, (A Vv B) is true in M if and
only if at least one of A and B are true in M;

e Where A is a formula of the language, ~ A is true in M if and only if A is
not true in M.

We can see now how these truth clauses work. The first clause sets out a base
case. Suppose that we were to tell a computer the values of v for all of its
arguments. Then it would know what sequences of individuals satisfy what
predicates according to v. Given this knowledge, the other clauses act as in-
structions to the computer to generate the truth conditions for any formula of
our language.

Around Tarski’s theory, a powerful philosophy of language has developed.
This philosophy holds that we understand what a sentence means if and only
if we understand what would make it true (i.e. its truth conditions). We begin
with an understanding of the truth conditions of atomic formulae. For example,
I know what it would be for the desk in front of me to be red all over and I know
what it would be for my dog to bark, and so on. Luckily for us, it is not the
job of logic to explain how we understand what makes atomic formulae true.
That is for the philosophies of language and mind (as well as psychology) to
explain. As we have seen, given our understanding of the truth conditions for

2 where < v(cy), ..., v(cp) > is a sequence made up of v(cy), ..., v(cy).
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atomic formulae, we can use the recursive truth clauses for the connectives to
generate truth conditions for any sentence of our simple language, just as the
computer described above could. On the truth-conditional theory of meaning,
given our grasp of the truth conditions for atomic formulae and our understand-
ing of the truth-clauses for the various connectives, we can understand any
complex sentence of the language. Thus, we get an explanation of how we can
come to understand sentences that we have never heard before.

This view of language understanding has shaped a good deal of the history
of logic and philosophy of language during the twentieth century. In particu-
lar, it has had a very important influence on the development of views about
implication. And to these we now turn.

24 To possible worlds

As we saw in chapter | above, C. 1. Lewis proposed his logics of strict im-
plication as ways of capturing the intuitive meaning of ‘implication’. We will
examine the semantics of this notion in the present section. This will allow us
to see why this semantics cannot capture the notion of relevance that we are
after and why our notion needs a more complicated semantics.

Some caveats are in order here. First, we are not going to deal with C. L
Lewis’s preferred logic, S2. That logic has a rather unusual semantics and
the point that we wish to make can more easily be demonstrated using normal
modal logics. So that we can understand the semantics for normal modal logics,
we will set down a few definitions. A modal logic is, for the purposes of this
book, a logic that contains the symbols O (‘it is necessary that’) and < (‘it
is possible that’). A classical modal logic is a logic that contains the scheme
CA =~[1 ~A (which we call ‘Def$’) and is closed under that following
rule:

Where A = B is a theorem of the logic, so is A = OB.

A regular modal logic is alogic that includes Def<> and is closed under the rule
Where A D B is a theorem of the logic, so is A D OB.

And a normal modal logic is a logic that is regular and is closed under the rule
Where A is a theorem of the logic, so is OA.

It is easy to see that every regular and normal modal logic is also classical.
We will look here only at the semantics of normal modal logics. This se-
mantics was developed in the late 1950s (and published in the early 1960s)
by Saul Kripke. There is a good deal of debate about who really was the first
person to discover the possible world semantics for modal logic. What is clear
is that Jaakko Hintikka, Stig Kanger and Arthur Prior, among others, at least
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had ideas that were very close to Kripke’s. The semantics begins with a set
of indices called ‘possible worlds’. The notion of a possible world was intro-
duced into philosophy by Leibniz, in the seventeenth and eighteenth centuries.
A possible world is a complete universe. In different possible worlds different
things happen. For example, in our world there are no talking donkeys, but in
other possible worlds there are talking donkeys. There is also a binary rela-
tion (a two-place relation) on possible worlds. This is called an ‘accessibility
relation’.

In possible world semantics, truth is relativised to worlds. So, instead of
talking about the truth or falsity of a formula in a model, we talk about the truth
or falsity of a formula in a particular world in a model. This relativised notion
of truth is used to provide truth conditions for the modal operators, viz.,

{JA is true in world w in a model M if and only if for every world
w'such that w’ is accessible from w, A is true at w’

and

QA is true in world w in a model M if and only if there is some
world w’such that w’ is accessible from w and A is true at w’.

One might wonder what gain is made by translating modal talk into talk about
possible worlds. But the virtues of this translation are considerable. First, the
semantics is couched in the language of set theory. We talk about sets of points
(i.e. possible worlds) and relations between these points. Relations, moreover,
can themselves be treated as sets of a sort; in the case of binary relations, as
sets of ordered pairs of points. Thus, for example, if the accessibility relation
holds between w and w’, then the ordered pair (w, w’) is among the members
of the set that makes up the accessibility relation.

The language of set theory is extensional, unlike the language of modality and,
more to the point, it is very well understood mathematically. A propositional
operator is intensional if it does not allow us to replace the formulae within its
scope with formulae of the same truth value. For example, both 2+ 2 = 4’
and ‘It is cloudy right now’ are true, but ‘It is necessary that 2 + 2 = 4’ is true
and ‘It is necessary that it is cloudy right now’ is false. Thus, ‘it is necessary
that’ is an intensional operator, and the language of modal logic is said to be an
intensional language. Intensional operators are difficult to treat mathematically.
Set theory, however, has no intensional operators and is mathematically easier
to use. Moreover, set theory has been around for a long time and a lot of its
mathematical properties are very well understood. The translation of modal
logic into a set-theoretic semantics has allowed for the proof of many theorems
that would have been difficult to prove otherwise.

3 Ordered pairs are themselves sets. The pair (w, w’) can be defined as {w, {w. {w'}}}.
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Second, the translation of modal logic into possible world semantics has
given modal logic a compositional semantics. Like Tarski’s theory of truth
for propositional logic (that we discussed above), possible world semantics
treats the truth conditions of complex sentences as being functionally depen-
dent on the truth conditions of the simple sentences that make them up. Thus,
assuming the truth conditional theory of meaning, we can say that a person will
understand the statement ‘necessarily, Ramsey is a dog’ if she understands the
truth conditions for ‘Ramsey is a dog’ and the meaning of ‘necessarily’. In this
way, possible world semantics fits very well into the philosophy of language
that I outlined above.

Third, possible world semantics has the virtue of providing an intuitive and
philosophically satisfying interpretation of modality. There are various types
of modality. For example, there is nomic necessity. A statement is nomically
necessary if it is necessary according to the laws of nature. In order to under-
stand nomic necessity in terms of possible world semantics, we think of the
accessibility relation in the following way. A world w’ is nomically accessible
from w if and only if the laws of nature at w are all obeyed at w’. Let ‘[Jy’
be the nomic necessity operator. Thus the formula Uy A is true at w if and
only if for every world w’ that is nomically accessible from w, A is true at
w’. That is a simple example,* and there some others that are more difficult.
It does, however, illustrate well the intuitions that stand behind possible world
semantics.

Note that I am not claiming that it is philosophically unproblematic or even
intuitive to hold that there are possible worlds other than the one in which we
live. Most philosophers have trouble believing in the existence of other worlds,
or at least admit that a commitment to them is problematic. I am only claiming
that talk about other possible worlds is intelligible and can make modal talk
easier to understand.

Fourth, possible world semantics can be used to treat many elements of
language other than the operators ‘possibly’ and ‘necessarily’. It can be modified
to give a semantics for temporal operators, such as ‘it will at some time happen
that” and ‘it will always happen that’. As we have seen briefly in chapter 1 above
and will discuss at greater length in chapter 8 below, it can also be modified
to give a semantics for counterfactual conditionals. And there are other uses
of possible world semantics. For example, Richard Montague showed that it
can be used to give a very realistic semantics for large fragments of natural
languages. In science, a theory’s ability to treat a wide range of phenomena is
a good reason to adopt that theory. Possible world semantics has the virtue of
being able to treat a wide range of linguistic phenomena.

4 1t is not without its philosophical problems as well. For it depends on there being a coherent

notion of a law of nature, which some philosophers (such as Nancy Cartwright, Bas van Fraassen
and Ronald Giere) doubt.
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Thus we can see that possible world semantics has four important theoretical
virtues. In this and following chapters, I will argue that the semantics for relevant
logic has all these virtues as well.

2.5 Neighbourhood semantics

Before we leave the topic of the semantics for modal logic, we should discuss
neighbourhood semantics. This notion is crucial to the argument of chapter 3
below.

Neighbourhood semantics is a sort of possible world semantics but a bit
different from the semantics for normal modal logic that we discussed above.
Suppose that we want to model alogic that is not regular. Thus, we do not want to
make valid the rule that allows us to infer from its being a theorem that A D B to
its being a theorem that LJA D [JB. A way of doing so was discovered by Dana
Scott and developed by Krister Segerberg (Segerberg 1971). We start with a set
of possible worlds and a relation N. Unlike the previous semantics, this relation
is not a relation between worlds, but a relation between worlds and sets of
worlds. If X is a set of worlds and Nw X, X is said to be a ‘neighbourhood of w’.

The truth condition for necessity in this semantics is given in terms of neigh-
bourhoods. A truth set for a formula ‘A’ is the set of worlds at which ‘A’ is true.
We represent the truth set of ‘A’ by ‘|A|’. Thus, ‘L]A’ is true at w if and only if
Nw|A|. We can see easily how this semantics allows us to model non-regular
logics. Suppose that ‘A D B’ is a valid formula and that N w|A]. So, OA holds
at w. There is nothing in this semantics that forces Nw|B| so let’s say that it is
false at w. So, ‘1B’ is not true at w. Thus, ‘CJA D OB’ is false at w and it is
not valid.

In chapter 3 below, we will use neighbourhood semantics to give an interpre-
tation of the relational semantics for relevant logic. But, before we can develop
an interpretation of the relevant semantics, we have to understand the basic
ideas of that semantics.

2.6 Modelling irrelevance

The question we have before us is how to give a truth conditional semantics for
relevant logic. We now have some tools that might seem useful in answering
that question, but they aren’t enough.

Suppose that we begin with the idea that implication should be a truth func-
tion. A function, recall, is a mathematical device that takes an argument (or
sequence of arguments) and returns a value. A truth function is a function on
the set of truth values — it takes a truth value (or a sequence of truth values) and
returns a truth value. If we have only the truth values T (true) and F (false), to
define implication as a truth function we need then to find a function that takes
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pairs from the set {T, F} and returns either T or F. The obvious way to do this
is to get the truth function:

p

SRR
™ =T e
A Aly

This, of course, is the truth table for material implication, and so it makes valid
the paradoxes that we are trying to avoid. But, given the constraint that we are
trying to construct a truth-functional semantics for implication with only two
truth values, this table is the best we can get.

For consider an alternative, for example,
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Here we have a table that does not make valid the paradoxical formula, ‘p —
(g — p)’. For the case in which ‘p’ is true and ‘g’ is false. Then ‘¢ — p’ is
true and so ‘p — (¢ — p)’ has a truth implying a truth and this gives us the
value false. But now our implication is practically useless. For one of the main
purposes of having an implication connective is that it licenses modus ponens.
That is, if we have a true implication ‘A — B’ and we know that ‘A’ is true,
we can infer that ‘B’ is true as well. But if we adopt this truth table we are
never in this situation. For every implication with a true antecedent is false on
this truth table. So, we can never use modus ponens. Other alternative truth
tables invalidate other intuitive rules. It would seem that, given the constraint
of a two-valued truth table, the best we can do is material implication. So, we
should not try to give a two-valued functional semantics for anything that we
want to call ‘relevant implication’.

We could move to semantics with more than two truth values. It turns out
that no finite valued truth table can capture relevant implication. The rea-
sons for this are technical and are treated in (Anderson and Belnap 1975) and
(Anderson et al. 1992). Instead of taking this route, let’s see what happens when
we attempt to use a Kripke-style possible world semantics for relevant logic.

Suppose now that we have a class of models that include a set of possible
worlds and a single binary accessibility relation. Can we use these to model
relevant implication?

The obvious way to model implication in this semantics is to use the following
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truth condition: ‘A — B’ is true at a world w if and only if for every world w’
such that w’ is accessible from w, either ‘A’ is false in w’ or ‘B’ is true in w’.
This truth condition says that an implication is true in a world if and only if the
corresponding material implication is true in every accessible world.

This truth condition is a great advance over truth tables. It allows us to avoid
paradoxes such as ‘p — (g — p)’. But the modal truth condition is just the
truth condition for strict implication, and strict implication comes with its own
set of paradoxes, as we have seen in chapter 1 above. For example, we now make
valid the formula ‘p — (¢ — ¢)’. For choose an arbitrary world w'. In every
world either ‘g’ is true or it is false, hence this is so in every world accessible
from w’, either ‘g’ is true or it is false. Thus, ‘¢ — ¢’ is true in w’. Again
choose an arbitrary world w. In every world accessible from w, ‘q — ¢’ is true
(as we have just argued). Thus, in every world either ‘p’ is false or ‘g — ¢’ is
true. Hence, ‘p — (¢ — ¢)’ is true in every world.

Other truth conditions using Kripke-style models come aground in different
ways. There are such models for logics that are almost relevant — that is, they
make valid some but not all of the paradoxes, but none for the sorts of relevant
logics that we are studying (see (Anderson et al. 1992), § 49.1).

We have seen some ways to model irrelevant logics. Now let us go on to look
at ways of modelling relevant logics.

2.7 Modelling relevance

When Richard Routley and Bob Meyer developed the semantics for relevant
logic, they did so with the possible world semantics for modal logic in mind.
They modified the possible world semantics to fit relevant logic. In doing so,
they replaced the binary accessibility relation with a three-place (or ‘ternary’)
accessibility relation. Instead of talking about possible worlds, we will now
switch to discussing ‘situations’. The indices in the Routley—Meyer semantics
are not entirely like possible worlds. We will discuss the distinction between
worlds and situations more thoroughly in the next chapter, but we can make a
few cursory points about it here.

First, whereas worlds are complete, situations can be incomplete. To use the
terminology of Barwise and Perry (Barwise and Perry 1983), worlds decide
every issue. That is, they tell us, for any proposition, whether that proposition
is true or false. Situations, on the other hand, do not decide every issue. In
some situations, the information whether a given proposition is true or false is
lacking. This property of situations is sometimes expressed by saying that at
some situations ‘the principle of bivalence fails’. Second, situations need not
be consistent. That is, there are some situations that make contradictions true.
Possible worlds, on the other hand, are completely consistent.
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Routley and Meyer place a three-place (or ‘ternary’) relation on situations.
We will follow them and use the letter R for this relation. The Routley—Meyer
truth condition for implication is

‘A — B’ is true at a situation s if and only if for all situations x and
yif Rsxy and ‘A’ is true at x, then ‘B’ is true at y.

Chapter 3 below is mostly concerned with the interpretation of this relation and
this truth condition. In order for the Routley—Meyer semantics to have the same
sort of status as a theory of meaning and a theory of truth as the possible world
semantics for modal logic, it needs a reasonable interpretation. But for now, we
will leave this semantics as an uninterpreted mathematical theory.

The Routley—Meyer semantics for relevant logic, however, clearly has some
of the same virtues as possible world semantics for modal logic. First, it trans-
lates an intensional language into the extensional language of set theory. As in
the case of modal logic, this translation has the virtue of enabling logicians to
prove theorems about the logic that would have been difficult to prove other-
wise. One wonderful example of such a theorem is Alasdair Urquhart’s proof
that several relevant logics are undecidable. This means that there is no foolproof
mechanical method that will always tell us whether or not a given formula is a
theorem of this logic. Many quantificational logics are undecidable, but these
relevant logics are among the very few naturally motivated propositional logics
to have this property. To prove this theorem, Urquhart shows how to construct
models of the sort described here from mathematical structures called ‘projec-
tive spaces’. Projective spaces (of infinite dimension) have the property that
there is no general mechanical method for telling whether a given equation
can be deduced from the axiom set that determines a given projective space.
This property is very close to undecidability. Urquhart uses his construction
of models from projective spaces to transfer this property of projective spaces
onto the logics characterised by the models.

Second, as in the case of possible world semantics, the Routley—Meyer se-
mantics provides relevant logic with compositional theories of meaning and
truth. If we know the truth values of some sentences at the various situations
in our model and we know which situations are related to which other situa-
tions, then we know the truth values of compound sentences containing these
sentences. (It is clear, given what we have already said that this is the case for
sentences containing implication as the only connective, but as we shall see it
is true of the other connectives as well.)

The Routley—Meyer semantics is also known as the ‘relational semantics’ for
relevant logic, and we will often use this name for it. There are semantics that do
not use relations. There is Urquhart’s ‘semilattice semantics’ (Urquhart 1972)
and Kit Fine’s ‘operational semantics’ (Fine 1974) that use operators
on pairs of situations and there is J. M. Dunn’s algebraic semantics
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((Anderson and Belnap 1975), and (Anderson et al.1992)). In this book, we
will only examine the relational semantics.

2.8 What about valid formulae?

One very interesting aspect of the relational semantics is its treatment of valid
formulae. In the possible world semantics for normal modal logic, a formula is
valid in a model if and only if it is true in every possible world in that model.’
This definition of validity is very intuitive. To be valid is to be true everywhere —
it is to be true no matter what. But this standard definition of validity won’t
work in the Routley—Meyer semantics. As we have seen, Routley and Meyer
set up their semantics so that, for any formula, there will be models that contain
worlds at which those formulae fail to hold. Thus, if we adopt the standard
treatment of validity, we no longer have any valid formulae. So, what happens
to the notion of valid formulae in relevant logic?

Before I give Routley and Meyer’s solution to this question, let me say that
the problem of valid formulae is less severe than it might seem at first. My view®
is that logic has become overly concerned with theorems and valid formulae.
What is more important is the notion of a valid inference, and this is where
the emphasis lies in the current project. The emphasis on theorems, I think, has
its origin in the fact that logic in the nineteenth and twentieth centuries was
largely taken over by mathematicians who were used to thinking in terms of
mathematical theories. A theory is a set of statements or formulae. Thus, one
would think that a logic should be treated as a set of formulae too.

This is not to say that all logicians have been of this tradition. Proof theorists,
beginning with Gerhard Gentzen, have made inference their main object of
study. As Gentzen said, when presenting his systems of natural deduction,

The formalisation of logical deduction, especially as it has been developed by Frege,
Russell, and Hilbert, is rather far removed from the forms of deduction used in mathe-
matical proofs . .. In contrast, I intended first to set up a formal system which comes as
close as possible to actual reasoning. ((Gentzen 1969), p. 68)

It is the study of the notion of proof, rather than the study of valid formulae,
that is central to our understanding of reasoning — everyday reasoning as well
as mathematical reasoning.

But we cannot avoid the topic of valid formulae completely, at least not
in relevant logic. As we saw in the introductory chapter above, the natural
deduction system for relevant logic allows us to prove theorems — i.e. those

5 This is now the standard account. Kripke, on the other hand, had a single designated world in
each model and a formula was said to be valid if it was true in each designated world in each
model (Kripke 1965b).

% Which I owe largely to discussions with my former colleague, Peter Schotch.
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formulae that we can prove with the null-set as subscript. So the question
becomes the following. In our semantics how can we represent those formulae
that can be proven in the natural deduction system?

In the semantics, we distinguish between ‘logical’ and ‘non-logical’ situa-
tions. A formula is valid in a model’ if and only if it holds at all the logical
situations. We shall examine the formal properties of logical situations in chap-
ter 3 below, and there I will give a philosophical explanation of this distinction.

The role of logical situations in our models is rather interesting. To understand
this role, we need to understand the notion of a deduction’s being valid in
a model. Let’s say that we have a model M. This model includes a set of
situations, among which are some logical situations, a ternary accessibility
relation, and a value assignment that gives propositional variables the value
true at some situations. As we shall see throughout the rest of this chapter
there are further constraints on models, but this will do for now. A one-premise
deduction from A to B is said to be valid on M if and only if for every situation
s in M, if A is true at s according to M, then B is also true at s according
to M.

As we shall prove later, logical situations have an elegant relationship to valid
deductions. This relationship is captured by the semantic entailment theorem:

Theorem 1 (Semantic Entailment) [f, the deduction from A to B
isvalid in M, then ‘A — B’ is a valid formula in M.

If a formula is valid in all models, then it is said to be ‘semantically valid’
or merely ‘valid’. Thus, if a deduction is valid in all models, then the cor-
responding implication is also valid in all models. This relationship between
deductions and implications is a semantic version of what is usually called the
‘deduction theorem’. The deduction theorem states that if a deduction is valid
(on a proof theory) then the corresponding implication is a theorem of that proof
theory.

2.9 *Persistence

(This and the next section below are more technical than the others and can
be skipped without dire consequences, but is accessible to and should be of
interest to readers with moderate formal training.)

Let’s make matters a bit more rigorous. In order to prove the semantic en-
tailment theorem, we need first to understand a closely related notion, that of
the persistence or hereditariness relation. This is a binary relation on situation,
written ‘<", In chapter 4 below, we will see how to construct this relation. For

7 “Validity in a model’ is not universally accepted terminology. Sometimes a formula is said to be
‘verified in a model’ instead.
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any situations s and ¢, if s < ¢, we say that ¢ extends s. The persistence relation
is reflexive, transitive and anti-symmetrical. That is, it is a partial order.
The persistence relation can be defined as follows. For any situations ¢ and u,

t < u if and only if there is some logical situation s such that Rstu.

We place two constraints on models in order to get the persistence lemma stated
below. First, we constrain the accessibility relation such that if s” < s and Rstu,
then Rs’ru. Second, we place a constraint on our value assignment, that is, for
any propositional variable p, if p is true according to assignment v at s and
s <z, then p is also true at t according to u. These two constraints make it easy
to prove our persistence lemma, namely,

Lemma 2 (Persistence) For any formula ‘A’, value assignment v,
and situations s and t, if ‘A’ is true at s according to vand s 4 t,
then ‘A’ is true at t according to v.

The proof of this lemma from these constraints is quite easy, and I leave it to
the interested reader.

Given the persistence lemma and the definition of the persistence relation, it is
quite easy to prove the semantic entailment theorem. First, we take an arbitrary
logical situation s. We also suppose that for any situation ¢ and formulae ‘A’
and ‘B’, if ‘A’ is true at r according to v then ‘B’ is also true at ¢ according
to v. We now show that ‘A — B’ is true at s according to v. We take arbitrary
situations ¢ and u such that Rstu and show that, if ‘A’ is true at t according
to v, then ‘B’ is true at u according to v. By the definition of the persistence
relation, ¢ < u (since s is a logical situation and Rstu). Suppose that ‘A’ is
true at ¢ according to v. Then, by the persistence lemma, ‘A’ is also true at u
according to v. By our assumption, for any situation, if A is true at that situation
according to v then so is ‘B’. Thus, ‘B’ is true at s according to v, and this is
what we needed to show. For, generalising, ‘A — B’ is true at s according to v.
We generalise again to say that if the deduction from ‘A’ to ‘B’ is valid in a
model, then ‘A — B’ is also valid in the model, and that is just the semantic
entailment theorem.

2.10 *Modelling inference

So far we have looked at theorems and at inferences with only one premise.
In this section, we will discuss what it means for a deduction with an arbitrary
number of premises to be valid. The star on the section heading indicates that
the material in this section is a bit harder than that in other sections. Readers
who know a little more logic than just what is taught in a standard introductory
course, however, should be able to understand it.
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We have a ternary accessibility relation on situations. We can, however,
construct relations of any ‘arity’ greater than three using this ternary relation.
An arity of a relation is the number of arguments that the relation can take —
thus, for example, a ternary relation has an arity of three. We introduce the
notation R" for n > 0 and give it meaning as follows:

R%st if and only if s < ¢;
R'stu if and only if Rstu;

R"™ sy . spqat iff AX(R"s) ... Spp 1% & Rxs,0t),

for n > 1. So, for example,

R?stuv if and only if 3x(Rstx & Rxuv),

and,

R3stuvw if and only if Ix(R%stux & Rxvw),

where 3x(R%stux & Rxvw) itself simplifies down to IxIy(Rsty & Ryux
& Rxvw).

Now we can define the validity in a Routley—-Meyer model of an inference.
We say that an inference from the premises A, ..., A, to the conclusion B is
relevantly valid in a model M if and only if for all situations s, ..., s, if for
each i such that 1 <i <n, A; is true at s; in M then, for any situation ¢
such that R"s|...spt, B is true at ¢ in M. We will deal with the philo-
sophical interpretation of these accessibility relations and relevant inference
in chapter 3 below. For now, we will leave the system completely uninter-
preted.

In terms of the natural deduction system, we can think of the subscripts as
referring to situations. The case where there is only one number in a subscript,
in say, A1y, is easiest. The structure ‘A(;)’ tells us that there is some situation
(call it ‘s;”) in which the formula ‘A’ is true. Where there is more than one
number, the interpretation is slightly trickier. Take, for example, the structure
‘Af1,2)°. The subscript ‘{1, 2} is taken to refer to some arbitrary situation ¢ such
that Rs)spt. Similarly, the subscript ‘{1, 2, 3}’ is taken to refer to an arbitrary
situation ¢ such that R%s,s;s3¢. And so on.

The idea here is to generalise the accessibility relation. As we have seen,
‘A — B’ is valid in a model if and only if the inference from A to B is truth
preserving in every situation in that model. Thus, we have a correlation in our
semantics between implication and inference. In makes sense to connect the
accessibility relation — the element of the semantics that treats implication —
with inference more generally. Thus, we use the technique of relational prod-
ucts to generalise the accessibility relation to relations of arbitrary arity and
treat inference in terms of this class of relations. In fact, as Meyer suggests in
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(Mares and Meyer 2001), we can omit the superscripts altogether. For, this is the
‘same relation’ construed as holding between different numbers of situations.
It has the same function in each of these cases — to provide a semantics for de-
ductive inference. We will follow Meyer in this practice and omit superscripts
on the accessibility relation.

2.11 Conjunction and disjunction

The truth condition for conjunction is the usual one, viz.,
‘A A B’istrue at s if and only if ‘A’ is true at s and ‘B’ is true at s.

The truth condition for disjunction is also the standard one adopted from
possible world semantics. That is,

‘A v B’istrue at s if and only if ‘A’ is true at s or ‘B’ is true at s.

The truth condition for conjunction makes valid the following rules in the
natural deduction system:

From A, and B, to infer A A B, (A I);
From A A B, to infer A, or B, (A E).

These rules merely say that if we know that two formulae are true in the same
situation, then we can infer that their conjunction is also true in that situation
and that if we know that a conjunction is true in a situation, then we can infer
that either conjunct is also true in that situation. This very closely corresponds
to the truth condition for conjunction.

Whereas there is not much to say about the truth condition for disjunc-
tion, there is a lot to say about the disjunction rules in the natural deduc-
tion system. Anderson and Belnap’s rules of disjunction introduction are the
following:

From A, to infer A v B,
and
From B, to infer A v B,.

These rules are fairly standard. And we can see that they correspond closely with
the truth condition for disjunction. They say if a formula is true at a situation
then so is the disjunction of that formula and any other formula. What is more
interesting is their rule of disjunction elimination. The Anderson and Belnap
rule is

From AV B,, A Cg and B — Cg to infer Cypup.
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Anderson and Belnap’s rule can be understood as a relevant version of the
disjunction elimination rule used in Gerhard Gentzen and Dag Prawitz’s natural
deduction systems for intuitionist and classical logics, viz.,

(A] [B]

AvB C C
C

The notation here is easy to understand. A formula in square brackets indicates
a hypothesis. Thus, if we have a disjunction and from the hypothesis of each
disjunct we can prove a formula C, then we can infer C. This, in effect, is what
we have in Anderson and Belnap’s inference rule.

Recently Ross Brady has come up with an alternative rule of disjunction
introduction. The problem with the Anderson and Belnap rule is that, together
with the rest of the introduction and elimination rules, it does not allow the
derivation of the principle of distribution, that is,

From A A (B V C), toinfer (A A B) V(A AC),.

Clearly, distribution is valid on our semantics. Thus, we need it in our natural
deduction system. Anderson and Belnap add it as one of the basic rules of the
system. But Brady’s new rule allows us to derive distribution.

To do so, Brady adds a new structure type to his system — lines of proof. His
new rule of disjunction elimination is the following:

(Brady v E) From A v B, to infer A,, B,.

The two subscripted formulae separated by a comma constitute a single step in
a proof. They introduce two lines of proof. Within a line of proof, we can use all
of the standard rules. Here is how we can use this device to prove distribution:

1. A/\(BVC)“] hyp

2. A[n 1, ANE

3. Bv C[]] 1, ANE

4, B“], Cm 3, Brady vE
5. AA B“,, C[” 2,4, Al

6. AA B“], AN C[]} 2,5, Al

7. (A/\B)V(A/\C)m, A/\C“) 6, vI

8. (A/\B)V(A/\C)“], (A/\B)V(A/\C)“] 7, vi

9. (A/\B)V(A/\C)“} 8, ,E

The rule of (, E) states that we can infer from C,, C, to C,. That is, we are
allowed to conflate two lines of proof if they prove the same thing. Together
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Brady’s rules of disjunction elimination and comma elimination give us the
effect of Gentzen and Prawitz’s disjunction elimination rule for classical and
intuitionist logic.

Brady’s technique of lines of proof is a very elegant addition to the natural
deduction system for relevant logic, but since Brady’s system is equivalent to
Anderson and Belnap’s system, and since we will discuss disjunction very little
in the rest of this book, we will leave this topic here and I will leave the reader
to choose between these systems.

2.12 *Constraints on the accessibility relation

In order to give a semantics for relevant implication and relevant deduction, in
the sense determined by the logic R, we need to place a few constraints on the
behaviour of the accessibility relation.

As we have said, we interpret the subscript ‘{1, 2}’ as used in our natural
deduction system to represent an arbitrary situation t such that Rs;s>t (where
‘1" refers to s; and ‘2’ refers to s3), and so on, for numbers higher than 2.
It does not matter in our natural deduction system in which order we state a
hypothesis or in which order we use it in a proof. The order in which information
is presented in a deduction is not crucial. We need {1, 2} and {2, 1} to coincide.
To represent the arbitrariness of the order of premises in our semantics we
constrain the accessibility relation such that, if Rs;s5t, then it is also the case that
Rs>s,t. More generally, we postulate that for any situations, sy, ...5;, 5, ..., S,
(where n is some number greater than or equal to 2), if Rs) ...s;5;...5, then
Rsy...sjs;...s5,t. In other words, we can permute any two situations except
the last one, which stays fixed.

The next constraint is also easily motivated in terms of the natural deduction
system. Consider the following deduction:

1. (A g B) A A[” hyp

2. A— By, 1, AE
3. A[” 1, NE
4. B[” 2, 3, —> F

This is a very simple inference, but it illustrates something interesting. On our
interpretation of the subscripts in deductions, {1} refers to a situation s. This
deduction tells us that if (A — B) A A is true in s then B is also true in s. In
order to ensure that this argument is valid, we postulate that, for any situation
s, Rsss. This implies also that for any number of s’s (greater than 2), Rs . ..s.

There is one more constraint on the accessibility relation that we need to
postulate. This one tells us that we can use the information in a situation as
many times as we want in a deduction. It says that if the relation R ...s ...t
holds (where R is at least of degree 2), then the relation R . . .55 .. . ¢ also holds.
For example, if we have Rstu in a model, then we also have Rsstu and Rsttu. (But
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we do not necessarily have Rstuu.) This postulate corresponds to the feature of
our natural deduction system that we can use any single hypothesis as many
times as we want in a given deduction.

213  The logic R*

Now we have enough information to give a definition of a Routley-Meyer
model. A positive relational frame is a triple < sit, logical, R > such that sit
is a non-empty set (of situations), logical (the set of logical situations) is a
non-empty subset of sit, and R satisfies the following postulates:

o IfR...st...u,then R...ts...u (interchange);

e If R...s...t, then R...ss ...t (repetition);

® Rsss (complete reflexivity);

o If Rstu and s’ < s, then Rs'tu,

where < is defined as follows:

¢t < u if and only if there is some logical situation s such that Rstu.

A positive relational model is quadruple < sit, logical, R, v > such that < sit,

logical, R > is a positive relational frame and v is a value assignment, i.e. a

function from propositional variables to sets of situations such that:

¢ For any value assignment v, any propositional variable p, and any situations s
andt,if s € v(p) (i.e.if pis true at s according to v) and s J ¢, thent € v(p).
The truth clauses for formulae can now be stated. We use the notation

‘s =y A’ to mean that A is true in s according to v. For any propositional

variable p and any formulae A and B, we have:

1. s =, pif and only if s € v(p);

2.s =y AABifandonlyifs =, Aands =, B;

3.skE=y AvBifandonlyifs =, Aors |, B;

4.5 =, A — Bifandonly if VxVy((Rsxy & x =, A) D y =, B).

In clause 4, the hook (or horseshoe) expresses material implication. As we said
in chapter 1 above, we use a classical metalanguage to describe our logic. This
will be justified in chapter 10 below.

Every instance of each of the following schemes is valid in the class of models
that we have just described:

Scheme Name
A—> A Identity
(B—> C)—> ((A—> B)—> (A — C)) Suffixing
(A—> (B—>C))— (B— (A— C)) Permutation
(A->(A—> B)—>(A—>B) Contraction
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Moreover, all logical situations (indeed, all situations) are closed under modus
ponens. Hence the valid formulae of our logic are closed under modus ponens.

The logic defined by these theses and the rule of modus ponens is the logic
R_, (the implication fragment of R). This is a system which contains all of the
theorems of Anderson and Belnap’s system R, which contain only propositional
variables, parentheses and the implication connective.

Let’s turn now to the valid schemes that also include conjunction and disjunc-
tion. The schemes that we make valid can be classed into different groups. First,
we have a scheme that roughly corresponds to the conjunction introduction rule
in our natural deduction system, viz.,

(A—-> BDAN(A—=>CH - (A= (BAQO)).

And then there are two schemes that roughly express the conjunction elimination
rule:

(AANB)—> A,
and,
(AAB)—> B.

For disjunction, the converse is true. We have two schemes that capture the
disjunction introduction rule, viz.,

A — (AV B),
and,
B — (AvV B).

And we have one scheme that roughly corresponds to the disjunction elimination
rule:

(A->C)A(B—=>C)—» ({(Av B)Y— (O).
This last scheme may not look like it has anything to do with the eliminationrule,
since disjunction appears for the first time in its consequent. But, ‘permuting’
this scheme we obtain the following:

(AVB)—> (A= CO)A(B = C) - O).

This principle looks very much like the rule of disjunction elimination.
We need one more axiom scheme and another rule to finish off our presen-
tation of R*. The scheme is the distribution of conjunction over disjunction:

(ANBVCH) > ((AANBYV(AANQC)).

The rule is a rule of adjunction. It tells us that we can infer that AA B is a
theorem from the information that A is a theorem and B is a theorem. Together
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all of these schemes define the negation-free fragment of the logic R. This logic
is called ‘R*’ (for ‘positive R’ ).

2.14 The problem of interpreting the semantics for relevant logic

Now we have a semantics for relevant implication, at least for the fragment of
it that includes implication, conjunction and disjunction. But, as it stands, our
semantics is just a pile of mathematics. To make it into a structure that gives
meaning to the connectives and to relevant inferences, we need a philosophical
interpretation of this pile of mathematics.

Giving a philosophical interpretation to the Routley—Meyer semantics is the
most important philosophical problem facing relevant logicians at the present
time. As Graham Priest says,

. if the ternary relation semantics is to justify the fact that some inferences are valid
and some are not, then there must be some acceptable account of the connection between
the meaning of the relation and the truth conditions of [implications]. ((Priest 2001), p.
198)

Priest points out that we use the semantics to justify the acceptance of some
inference rules and to justify the acceptance of some formulae as theorems and
to reject other rules and formulae. For this justification to be robust, we need a
way of understanding the ternary relation. And this interpretation has to justify
our treatments of implication and inference.

In the next chapter we provide such an interpretation.
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31 The problem of implication

We introduced the problem of implication in the previous chapter. The problem
is to give an intuitive semantics for relevant implication. In the previous chapter,
we looked at the Routley-Meyer semantics for relevant logic, but we did not
give it an interpretation. We cannot claim that relevant logic has an intuitive
semantics until we do so. That is the task of the present chapter.

We begin with our basic ontology — the list of things that we presuppose in
our semantics. The elements of our ontology are situations and possible worlds,
as well as individuals and sets. We have met situations and worlds already in
this book, but here and in the next chapter we will look at them in much more
depth.

After we introduce our ontology, we give an intuitive semantics for im-
plication using neighbourhoods, which were briefly introduced in the previous
chapter. The bulk of the chapter shows how, given a few reasonable assumptions,
we can view the Routley—Meyer semantics to be just the intuitive semantics in
disguise. In addition, given the resulting interpretation of the Routley-Meyer
semantics, we can justify the postulates (given in section 2.13) which yield a
semantics for the relevant logic R.

3.2 Situations and worlds

We have already been introduced in chapter 2 to the notion of a possible world.
Situations are somewhat less familiar objects to philosophers and semanticists
and we will begin with them. They were introduced into logic in the early
1960s by Saul Kripke, who used ‘evidential situations’ in his model theory for
intuitionist logic (Kripke 1965a). Situations were introduced into linguistic and
philosophical semantics by Jon Barwise and John Perry in the early 1980s in
their work on ‘situation semantics’. The classic text on situation semantics is
their book, Situations and Attitudes (Barwise and Perry 1983).

Barwise, Perry and others use situations to model the fact that we express
partial information when we communicate. We do not know what is going on in

39
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the whole world, but rather tell people what is going on in our own surroundings.
These surroundings are situations. But a situation, as I use the term, need not
be an agent’s physical location. We can use situations, for example, to model
an agent’s state of beliefs. Situations are structures of information, rather than
physical locations, and can include information from various sources. As we
shall see in later chapters, this feature of situations can be very useful.

Possible worlds theorists attempt to capture this partiality of information by
taking the meaning of a sentence to be a set of worlds. Thus, for example, if I
say ‘Ramsey is in my house’ I am expressing the set of worlds in which Ramsey
is in my house at the current time. These worlds may vary in terms of whether it
is raining in Wellington at that time, and so on. Thus, I am not communicating
what the weather is when I make this statement (see (Stalnaker 1986)).

But there are important differences between the possible worlds theory and
situation theory. Consider the following statement:

The dog barked at a possum yesterday.

Traditional treatments of definite descriptions have us searching for aunique dog
as the referent of ‘the dog’, but of course there are many dogs. Here the phrase
‘the dog’ refers to a particular dog from a particular situation introduced by the
context in which the statement is uttered. If I were to utter ‘the dog’, the phrase
would usually refer to Ramsey, who is my dog. Robin Cooper (Cooper 1993)
argues that the statement indicates a situation in which there is one dog — the
speaker’s dog. This is called the ‘resource situation’ for the statement. The
definite description can be treated as picking out a unique dog, even though
there is more than one dog in the world.

Now, I am not claiming that there is no way in which a possible worlds se-
manticist can treat the above sentence. In fact, there are many such treatments
in the literature. Instead, I am merely claiming, following the situation seman-
ticists, that the ubiquity of expressions that clearly depend on restricted parts of
the world gives us reason to believe that natural language is built primarily to
talk about restricted parts of the world and not talk just about complete possible
worlds. Unlike possible worlds semantics, situation semanticists build semantic
partiality into their semantics at its very foundation. This seems to them — and
to me — to be a more reasonable way to do semantics.

From the standpoint of relevant logic, there is another way in which the
partiality of situations is useful. According to possible world semantics every
tautology is true in every possible world. On the possible worlds theory of
entailment, A entails B if and only if in every possible world in which ‘A’ is true,
‘B’ is true as well. Thus, every statement entails every tautology. And, thus, the
possible worlds approach condemns us to fallacies of relevance. The situational
approach to semantics, on the other hand, does not have this consequence, since
not every tautology is true in every situation. And so using situations allows us
to avoid these fallacies.
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We do not, however, eschew possible worlds from our semantics altogether.
In fact, we will need them for our analyses of negation and modality. As far as
the current chapter is concerned, we require at least that there is one possible
world — the actual world.

In situation semantics, there are two sorts of situations — concrete situations
and abstract situations. A concrete situation is just a part of the world. It might
be a physically connected situation, such as my study and its contents while I am
typing this sentence. Or it might be physically disconnected. It might include
my lounge and its contents while I am on the phone with my friend in Canada
and her lounge and contents during the same period. Such a situation might be
needed to understand the meanings of the statements made during the phone call.

An abstract situation, on the other hand, is an abstract representation of a
part of a world. It might be an accurate representation or an inaccurate one.
Our formal semantics will use abstract situations. In chapter 4 below we will
construct abstract situations and discuss what it is for one to be an accurate
representation of a part of a world. But what we are modelling with abstract
situations is what goes on in concrete situations. And one sort of process that
goes on in concrete situations is what I call ‘situated inference’.!

33 Situated inference

When we make an inference about what is happening in the world, we do so
from the limited perspective of some situation. But we do sometimes make
claims about other situations, even some that are distant in time and space from
our own physical location.

Consider the following argument. Star X is moving in an ellipse. Therefore,
there must be another body near it with a heavy gravitational pull. Astronomers
use their observations of the movement of star X to hypothesise that there is
another star (or other heavy body) near X. The astronomers are located in a
situation that includes their labs, photographs of the star, and so on. And they
use physical laws, facts about the cameras and telescopes used to make the
photographs, and perhaps other information, to make inferences about what is
going on in the distant part of the universe that includes star X and this other
heavy body.

We can understand this inference in situational terms. The astronomers are in
asituation, s. They assume on the basis of images in telescopes and photographs
that there is a star X, which is moving in an ellipse. That is, they hypothesise a
situation ¢ such that in ¢ there is a star X that is moving in an ellipse. And on
the basis of the information in s (such as laws of nature, facts about cameras,
telescopes, the photographs, etc.), they conclude that there is some situation,
! The term ‘situated inference’ is used by Alice ter Meulen in a different way. My apologies for

any confusion that this causes, but it is a very good name for the process that [ am describing
(see (ter Meulen 1995), § 1.3).
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u, that obtains in the same world in which there is some heavy body affecting
the motion of X.

As we saw in chapter 2, we can think of the numbers in the indices in our
natural deduction system as denoting situations. When we write ‘A;)’, we are
saying that the proposition A holds at situation 1.

When we make a hypothesis in an inference in our natural deduction system,
we hypothesise that a proposition is true in a situation and that this situation
obtains in a particular world. This world is held fixed for the entire inference.
Thus, suppose we have an inference that begins with the following hypotheses:

1. A“] hyp
2. By hyp

We read this as saying that we hypothesise that there is a situation in a world
in which ‘A’ holds and that there is a situation in the same world in which ‘B’
holds.?

Indices that include more than one number indicate where the information
came from that allows us to deduce the existence of a certain type of situation
in a world. So, when we write ‘A 2 we are saying that there is some situation
in the same world as 1 and 2 in which A holds and that we derived this from
the information in 1 and 2. In addition, we really used information from both
1 and 2 to derive that A is true in this situation.

Here is a simple inference — a case of modus ponens:

1. A - B[]] hyp
2. Ay hyp
3. B[l.Z] 1,2, — E.

Here we start from the perspective of situation 1. In that situation, we have the
information that A implies B. Then we assume that there is a situation 2 in the
same world that supports the proposition, A. Thus we can infer that there is a
situation in that world in which B obtains.

To see how implication fits into the theory of situational inference, let’s take
another look at the rule of implication introduction.

From a proof of B, from the hypothesis A, to infer A — B,_y),
where k occurs in «.

In situational terms, this says that, if we can infer, on the basis of the hypothesis
that there is a situation in the world in which A holds, that there is a situation

2 This interpretation of the Routley-Meyer semantics builds on work by Alasdair Urquhart in
(Urquhart 1972) and John Slaney in (Slaney 1990). Instead of situations, Urquhart uses ‘pieces
of information’ and Slaney uses ‘bodies of information’.
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in which B holds, then we can infer that there is a situation in which A — B
holds.

We use this reading of the rule of implication introduction to formulate our
truth condition for implication:

A — Bistrue at s ifand only if there is information in s such that on the hypothesis that
there is some situation t in the same world as s in which A holds, we can legitimately
derive that there is some situation u in the same world in which B holds.

34 Informational links

Our theory of implication depends on its sometimes being the case that we
can infer (under hypothesis) what sorts of situations exist in our world. The
information in a situation will sometimes justify such inferences. The sort of
information that justifies these inferences, 1 call ‘informational links’, but are
often called ‘informational constraints’ or merely ‘constraints’.

The notion of an information constraint has its roots in Gilbert Ryle’s view
of laws of nature as ‘inference tickets’. Ryle says that,

Alaw is used as, so to speak, an inference ticket (a season ticket) which licences its pos-
sessors to move from asserting factual statements to asserting other factual statements.
((Ryle 1949), p. 121)

One of the uses of laws of nature is to provide licence for inferences of certain
sorts. If we know that it is a law that every massive object warps space, then
from the fact that m has mass, we can infer that m warps space.’

Laws of nature are not the only facts that license inferences. I call any fact
that licenses a situated inference an ‘informational link’. Keith Devlin gives the
following list of kinds of links:

Constraints may be natural laws, conventions, analytic rules, linguistic rules, empirical,
law-like correspondences, or whatever. ((Devlin 1991), p. 12)

Jon Barwise and Jerry Seligman give a similar list:

3 Readers familiar with the literature on relevant logic might wonder how I can appeal to Ryle’s
views in support of my interpretation of the logic R, when Anderson and Belnap created the logic
T (for ‘ticket entailment’) explicitly to capture the notion of an inference ticket. The idea behind
T is to distinguish the way in which inference tickets act in derivations from other kinds of propo-
sitions. Only inference tickets can act as major premises in arguments (in particular, as the first
premise in an implication elimination). But, as Anderson and Belnap themselves point out, Ryle’s
view does not itself entail the structure of inference captured in T ((Anderson and Belnap 1975),
p. 41). 1 think that the ticket analogy also supports treating implications as minor premises and
basic facts as major premises. Suppose that I am in a train station a. I then know that if 1 were
to have a ticket from a to b, that 1 could travel to b. Likewise, if I am in a situation s in which
A holds, I know that on the hypothesis that if there is a situation in that world which carries the
information that licenses the inference from A to B, that there is a situation in the same world in
which B holds.
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Some of them are ‘nomic’ regularities, of the kind studied in the sciences; others, such
as those relating a map to mapped terrain, are conventional; and others are of a purely
abstract or logical character. ((Barwise and Seligman 1997), p. 9)

Note that neither Devlin nor Barwise and Seligman claim to have a complete
list of kinds of informational links.

My use of informational links together with situations has its origin in David
Israel and John Perry’s theory of information. For them, a link is a piece of
information that tells us that *for every situation of type T, there is one of type
T ((Israel and Perry 1990), p. 10). We do not need to concern ourselves with
situation types here. On our view, a link is information that tells us that if there
is a situation in this world in which a proposition A holds, then there is also a
situation in the same world in which B holds (for some propositions A and B).

How informational links allow us to make inferences about the nature of other
situations is quite simple. Let us take another astronomical example. Suppose
that some astronomers observe that a distant star has gone supernova. From this
fact, the salient laws of nature, and so on, the astronomers can predict the time
at which the radiation from that star will strike various bodies in the universe
and so they know facts about situations other than the ones which consist rather
narrowly of the star’s going supernova.

For yet another example, consider a stop sign at an intersection. Suppose
that s is a situation which includes the local council’s having made a law about
traffic signs. According to s, we can infer from a sign’s being at a particular
corner and facing a particular direction and the fact that the council erected the
sign that motorists travelling in a certain direction should stop at the white line
on the road in front of the sign. In this way, conventions help to ground situated
inferences.

On my view, informational links are themselves contained as information in
situations, and vary from situation to situation. For example, the information
that a particular convention is in place may be contained in one situation, but
not in another.*

To be an informational link a relation needs to be perfectly reliable.
As Barwise and Seligman argue, causal relations are often not reliable
enough to be considered informational links. They use the example of a
flashlight with an unreliable connection between the button and the light
((Barwise and Seligman 1997), p. 17). Sometimes pushing the button turns on
the light, but sometimes it does not when other factors come into play, such as a
wire’s coming loose. The problem is that unreliable connections do not warrant
deductive inference. At best, they can be used to justify defeasible inference.

4 This accords with the view of Routley and Meyer themselves who say that ‘relative to the laws
in s, Rstu means that u is accessible from ¢; i.e., if the antecedent of an s-law is realised in ¢,
then its consequent is realised in u’((Routley and Meyer 1972), p. 195).



Situating implication 45

A defeasible inference is one that may not hold if extra information comes to
light. Implication, in the sense that we mean it here, is a non-defeasible relation
between propositions.

It may be, however, that many of our inferences about other situations are in
fact defeasible. In this case, we may take implication to be an idealisation. As we
shall see in chapter 7 below, we present a view of natural language conditionals
in which conditionals are interpreted to license defeasible inferences about
situations and the connections between them.

Let us sum up the theory of situated inference. From the standpoint of a
situation we can infer what other sorts of situations are in the same world, or
would be in the same world, using the information in our situation (such as the
informational links contained in it), plus the basic deductive techniques of our
natural deduction system.

Let’s consider a brief example. Suppose that we are in a situation s in which
there is an instance of a law of nature such that we can infer from A to B. Then,
we can write,

1.A— By.

Now we can show that (B — C) — (A — C) also holds in s. We start by
hypothesising that there is some situation 1 in the same world such that,

2.B—> C[”‘

Then, to show that there is some situation in the same world in which A — C
is true, we postulate a situation in which A holds, that is,

3. A‘z}.
So, from steps 1 and 3, we obtain,
4. Bis.y,

which means that, on the basis of the information in s and in our hypothesised
situation 2, we have inferred the existence of a situation in the same world in
which B is true. We use steps 2 and 4 and modus ponens to get,

5. C[S,l,z}'

Now we can put together the formula that we want using conditional proof.
From steps 3-5, we discharge our second assumption to get,

6.A— C[s’”.
From steps 2-6, then we discharge our first assumption to obtain,

7. (B e d C) i d (A i d C)[s].
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So, we have proven that (B — C) — (A — C) is true at s, which is what we
set out to show.

35 Modelling situated inference I: neighbourhood semantics

What inferences are legitimate in a situation are determined by the facts in that
situation. But mathematical logicians, like myself, like to provide models of
inference that employ extensional entities, such as sets and functions. In this
way, we can use ordinary tools of mathematics, such as set theory, to analyse
the formal system.

In this chapter, I present one of the central notions of Richard Routley
and Robert Meyer’s model theory for relevant logic — their ternary accessi-
bility relation — and motivate it. But I do not begin by presenting the rela-
tion. Instead, we will start in this section by looking at a function on pairs of
situations.

We use arelation / that relates a pair of situations to propositions. We call /,
the implication relation. A proposition here is a set of situations. In fact, only
certain sets of situations will do as propositions —as we shall see in section 4.11
below — but the conditions on propositions do not concern us here. Where A is
a formula, |A] is the proposition that it expresses, that is, the set of situations
in which ‘A’ is true.

Where X is a proposition, /st X if and only if we can legitimately infer from
the hypothesis that s and ¢ exist in the same world to the conclusion that there
is some situation in the same world in which X obtains. Now we can set the
following truth condition for implication:

‘A — B’istruein s iff Vx(‘*A’ is true in x D Isx|B|).

This truth condition says that an implication is true at a situation if and only if
hypothesising the existence in the same world of a situation which makes the
antecedent true allows us to infer the existence of a situation in that world in
which the consequent holds.

The modelling of situated inference in terms of a function of this sort is a
form of neighbourhood semantics. Neighbourhood semantics for modal logic
was explained in section 2.5 above. Here if Ist|A|, then we say that |A| is a
neighbourhood of s and t. As far as I know, Lou Goble was the first person to
develop a neighbourhood semantics for relevant logics, but our version of it is
slightly different than Goble’s.’

5 Goble’s theory is developed in several unpublished manuscripts. 1 hadn’t thought of the current
interpretation explicitly in terms of neighbourhoods until I saw Goble’s work.
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3.6 Adding conjunction and disjunction

As we saw in chapter 2 above, our truth condition for conjunction is the standard
one, viz.,

‘A A B’ istrue at s if and only if ‘A’ is true at s and ‘B’ is true at s.

This truth condition might seem rather straightforward. But the interaction
between it and our neighbourhood semantics for implication will be of some
importance to us. The first point that we will need to make is that our truth
condition for conjunction entails the following identity:

A A B| = |AIN|B.

In words, the proposition expressed by a conjunction is identical to the set-
theoretic intersection of the propositions expressed by the conjuncts. This iden-
tity seems natural.

It also seems natural to want our semantics to allow the following inference:

‘A— B’istrueats
‘A— C’istrue at s

A= (BAC)Y istrue at s

Suppose that striking a dry match with oxygen present implies that it will give
off light and striking it with oxygen present also implies that it will give off
heat. Then striking a dry match with oxygen present implies that it will give
off both light and heat. In addition, every proposed theory of implication that I
know of makes this inference valid. So, it would seem that we should constrain
our semantics to make it valid as well.

Making this deduction valid in our neighbourhood semantics is quite easy.
All we have to do is set the following condition on /:

(Conj) (IstX & IstY) D Ist(X NY).

In words, if, from the hypotheses that s and ¢ hold at the same world, we can
infer that there is some situation in X that holds in that world and some situation
Y that holds in this world, then we can infer that there is some situation in both
X and Y that holds in that world.

Let us relate what we have said about the semantics for implication more
explicitly to situated inference. Suppose that,

Ist|A|
and,

Ist|B|.
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In terms of situated inference, we can say that
Agsr)
and,
By
By condition (Conj), we know that,
Ist(|A]| N |B)).
Thus, by the truth condition for implication, we obtain,
Ist|A A BJ.
Translating this conclusion into the language of situated inference, we have,
A A By .

As we have also seen in chapter 2 above, corresponding to the above semantic
inference, the natural deduction system has the rule,

From A, and B, toinfer A A B,. (A )
The conjunction elimination rule is the obvious one, viz.,
From A A B, to infer A, or By. (A E)

The rule of conjunction elimination is straightforward, but there is an issue
that we need to discuss regarding the rule of conjunction introduction. The intro-
duction rule says that inferring a conjunction is justified only if we have derived
the two conjuncts with the same index. This is very important. An alternative
conjunction introduction rule that might seem reasonable is the following:

From A, and Bg to infer A A Byyg.( A 1(a))

This rule is unacceptable to relevant logicians. For it allows us to infer paradoxes
of material implication. Consider the following argument:

1. A{}] hyp

2. B{z] hyp

3. A/\B“z] 1,2, Al(a)
4. A[l,2] 3,AE

5. B—)A“] 2"—4, — 1

6 A>(B—> Ay 1-5 -1

In effect what happens in this argument, and is allowed more generally if we
accept (Al (a)), is that we allow the addition of irrelevant premises. For suppose
that we have a valid inference from the premises A, ..., A" to the conclusion
B. Then, we can take an arbitrary new premise, A and construct an inference
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from A%, A', ..., A" to B by conjoining A° to any of the other premises using
(A1(a)) and then eliminating the conjunction as is done in the inference above.
Then the derivation of B will seem to depend not juston A', ..., A" but on A°
as well.

Happily, the theory of situated inference does not warrant (A7(a)). For, what
it says is that given a situation in which A holds and a situation in which B
holds, we can infer that there is a situation in which both A and B hold. Whereas
it may be true of any world that for any two situations s and ¢ in it there is a
situation u in it in which all the propositions of each of s and ¢ also hold in u,
but the inference to the existence of this sort of situation is hardly justified by
the information in every situation. It is too much to ask of all our situations that
they contain this much information about the nature of worlds.

As we have seen in chapter 2 above, the truth clause for disjunction is the
following:

‘Av B’istruein s iff ‘A’ is true in s or ‘B’ is true in s.
Correspondingly, the proposition |A v B| is the union of the propositions | A|
and | B|.

Interestingly, disjunction does not create the same difficulties in the semantics
that conjunction does. Recall that the rule of conjunction of consequents posed
a problem for our semantical analysis and required the addition of a postulate
governing neighbourhoods. Disjunction is the ‘dual’ connective to conjunction

and the dual to the principle of conjunction of consequents is the principles of
the elimination of disjunction of antecedents, viz.,

‘(AvB)— C’istrue at s
CA— Clistrueat s

and,

‘‘AvB)—> Cistrue at s
S'B—= Clistrueats

The converse rule is,

‘A— C’istrue ats
‘B — C’istrue ats

5. (AVvB)— Cistrueat s’

These rules follow directly from the structure of our neighbourhood semantics,
without additional postulates. I will leave the proof of this to the very interested
reader.

More interesting for us are the rules,

‘A— B’istrueats
‘A—> (BvC)istrueats
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and,

‘A— C’istrueats
‘A= (BvC)istrueats’

Our semantics also justifies this rule. What we use to justify it is the following
principle. If IstX and X is a subset of Y, then IstY. This principle, in turn,
is justified by our interpretation of the relation /. What ‘/stX’ says is that
s contains the information that if ¢ obtains, then so does some situation in
X. But if X is a subset of Y, then every situation in X is also in Y. Thus, if
IstX is true, then s contains the information that if ¢ obtains so does some
situation in Y. Since X is a subset of X U Y, then if /st X, it should also be
the case that Ist(X U Y) and Ist(Y U X). (This is actually redundant, since
XUY=YUX)

3.7 Modelling situated inference II: relational semantics

We can generalise what we have said about conjunction. Suppose, for example,
we are in a situation s and we hypothesise that there is a situation ¢ and in it
an object i which is uniformly green and that i’s surface occupies a region  in
space. Let’s call the proposition that i is uniformly green, g, and the proposition
that i’s surface occupies r, ‘o’. From the standpoint of s, g A o implies every
proposition of the form r’ is occupied by a uniformly green surface, where
r’ is a subregion of r. According to what we said in the preceding section,
the conjunction of pairs of these propositions are also implied by g A o (and
conjunctions of these conjunctions, and so on).

It seems reasonable, however, to say that not only does g A o imply each
of these propositions and finite conjunctions of these propositions, but it also
implies the conglomerate of all these propositions. We only have a finite con-
junction in our language, but we should think of this in conceptual, rather than
linguistic terms. When we think of what g A o implies, it is intuitive to say that
it implies that there is a situation in the present world in which every subregion
of r is uniformly green.

We can capture this intuition in our formal semantics by postulating that, for
all situations s and ¢, the intersection of all the neighbourhoods of s and ¢ is also
a neighbourhood of s and ¢.° Let us call the intersection of the neighbourhoods
of s and ¢, P(s,1).

For a moment, let’s return to what we said about finite conjunction. As
we said, we need to close the neighbourhoods of a pair of situations under

6 In order to set the stage for the argument that follows, we have to assume also that the intersection
of the neighbourhoods of s and ¢ contains at least one situation.
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intersection. From the standpoint of our interpretation of relevant implication,
this says something rather interesting. Suppose that X and Y are propositions
and X is a neighbourhood of s and ¢ and so is Y. Then X N Y would also be a
neighbourhood of s and ¢. This tells us that if s and ¢ obtain in the same world,
then so does some situation from X N Y. We need no extra information to know
that some situation obtains in that world in which X holds and some situation
obtains in which Y holds. Thus, /st X provides superfluous information as does
IstY.

The same holds for generalised intersection. Knowing that some situation
from the intersection of all the neighbourhood of s and ¢ is in that neighbourhood
gives us more information than does the information that any other proposition
is a neighbourhood of s and ¢. Therefore, we really need to state only that this
generalised intersection P(s,t) is such that IstP(s, t).

We now define a ternary relation on situations, R.

Rstu if and only if u is in P(s, t), that is, if and only if u is in the
intersection of the neighbourhoods of s and't.

We can read Rstu as saying that, given the hypotheses that s and ¢ obtain in
the same world, u is among the candidates that we can infer also to obtain in
that world. The situation 4 will contain all the information that can be inferred
from the information in s and ¢. Given the information in s and 7, we cannot
deductively infer which of the situations u such that Rszu obtain. But we can
know that on the hypothesis that s and ¢ obtain at the same world, at least one
such u also obtains at that world.

This relation, R, is the Routley—Meyer accessibility relation. Given this
definition, we can derive the following theorem from our neighbourhood
semantics.

Theorem3 ‘A — B’istrue ats iff VXVy((Rsxy & ‘A’ is true at
x) D ‘B’istrue at y)

A proof of this theorem can be found in section 3.12 below. The theorem proves
the equivalence that Routley and Meyer use as a truth condition for implication.
We can read the truth condition as saying that ‘A — B’ is true in a situation
s if and only if, when we postulate the existence of any situation in the same
world in which ‘A’ holds, we can infer that there is a situation in that world in
which ‘B’ holds. And this is just our interpretation of relevant implication of
section 3.5 above.

Thus, we have accomplished one of the tasks that we set out in the introduc-
tory section for this chapter. We have provided an interpretation of the ternary
relation in the semantics for relevant logic. Now we need to go on to interpret
the other features of the Routley—Meyer semantics.
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38 A part—whole relation on situations

One situation might be part of another situation. For example, the situation s that
just contains all the information that is present in my study while I am writing
this sentence is contained in the situation ¢ that contains all the information
present in Wellington while I write this sentence. The persistence relation that
we discussed in chapter 2 above is a part—whole relation on situations. Thus, if
s <t we can say that s is part of z.

39 The place of theorems in a universe of situations

As we saw in section 2.8 above, a formula is valid in a model in the Routley-
Meyer semantics if and only if that formula is true in every logical situation
of that model. In section 2.8 we saw that the logical situations have a rather
neat relationship to the valid inferences that have only one premise. That is,
according to the semantic entailment theorem, if it is valid in a model to infer
from ‘A’ to ‘B’, then ‘A — B’ is valid in that model. As we saw in section 2.10,
this relationship extends very nicely to inferences with more than one premise.
I am not going to claim any deep philosophical motivation for the distinction
between logical and non-logical situations. Rather I appeal to the elegance of
this relationship between logical and non-logical situations as a reason to accept
this aspect of the model theory. In scientific investigations elegance counts as a
virtue of a theory. I think that the same should be said of semantical theories. All
things being equal, we should accept the more elegant semantical theory. Thus,
the elegance of the relationship between valid inference, valid formulae, and
logical situations gives us some justification to accept the current semantical
theory.

3.10 Non-normal situations

Very few of the situations in our model are logical situations. The other situations
are, in the parlance of modal logic, non-normal situations. That is, a non-normal
situation is a situation in which some or all of the laws of logic fail. The concept
of a non-normal situation is due to Kripke who uses non-normal worlds in his
semantics for non-normal modal logics (Kripke 1965b).

There are, however, interesting differences between Kripke’s non-normal
worlds and Routley and Meyer’s non-normal situations. In Kripke’s semantics,
the truth conditions for the modal operators at non-normal worlds are not the
same as their truth conditions at normal worlds. If, as we have assumed, these
truth conditions at least in part constitute the meaning of these operators, then
on Kripke’s semantics the meanings of the modal operators are not the same at
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normal worlds as they are at non-normal worlds.” This is not the case with the
Routley-Meyer semantics. The truth condition for implication, and all the other
connectives, is the same throughout the frame. Thus, at least in this regard, the
Routley-Meyer semantics does not force connectives to change meaning from
situation to situation.

What is also interesting is that in our semantics, it is not the presence of non-
normal situations that requires explanation. Rather, it is the selection of certain
situations as those that determine the logical truths that needed justification.
This inverts the strategy of (Priest 1992). Priest suggests that we treat non-
normal situations as the sort of situations that would be described by ‘logic
fiction’:

[Just as there are possible worlds where the laws of physics are different, so there
are possible worlds where the laws of logic are different. Anyone who understands
intuitionist logic or quantum logic, for example, has some idea of what things would be
like if these were correct (assuming, for the sake or argument, that they are not). Few
novelists have (yet) explored the genre of stories about worlds where the laws of logic
are different (logic fiction?). But it shouldn’t be too difficult to write interesting such
stories. ... Such stories may bend the mind, but no more so than stories set in worlds
with strongly non-Euclidean geometries. (Ibid., p. 292)

Logic fictions are stories in which the laws of logic are different. The possibility
of our understanding such stories argues for the existence of situations in which
the laws of logic are not those of the actual world.

I will not argue against the notion of logic fictions. We certainly could tell
stories using alternative logics. And I won’t argue that we could not construct
a set of ‘situations’ to model these stories; in fact, I will follow Priest’s lead in
this regard in section 8.10 below.

On the other hand, I will argue against Priest’s use of the notion of logic fiction
to interpret his semantics. Priest illustrates his notion of non-normal worlds
using a simple and attractive model theory. On this semantics, conjunction
and disjunction have their usual truth conditions throughout the frame, but
implication is given a different truth condition at normal situations than it is
given at non-normal situations (ibid., pp. 293f.). I have already expressed
qualms about varying the truth condition of connectives from situation to sit-
uation, but my difficulty here is with Priest’s interpretation of his semantics.
On his semantics, as we have said, the truth conditions for conjunction and
disjunction are the standard ones and they hold throughout his frame. Thus, for
example, for all situations s,

‘A A B’ istrue at s iff ‘A’ is true at s and ‘B’ is true at s.

7 This is not to say that there is no reasonable reading of Kripke’s model theory. See
(Cresswell 1967).
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Implications, in contrast are made true by non-normal situations in haphazard
ways. Thus, contraposition, modus ponens, and other standard rules fail at non-
normal situations. If we can understand fictions in which these rules fail, it does
not seem farfetched to claim that we can also understand fictions in which the
above rule for conjunction fails.

If we want to include all situations that correspond to possible logic fictions,
it would seem that the view we should hold is that all sets of propositions
correspond to situations. This, in effect, is the view that Takashi Yagisawa
supports (Yagasawa 1988). My criticism of the view in Yagasawa’s paper® is
that it does not predict the behaviour of connectives in ordinary discourse. As
is, it gives rise only to a very trivial theory of semantic entailment. Propositions
entail themselves and nothing else. Thus I reject both Priest’s view of non-
normal situations and Yagasawa’s very generous view of worlds.

3.11 An alternative interpretation of the relational semantics

Surprisingly, there are very few interpretations of the Routley—Meyer semantics
on the market. One rather elegant interpretation is due to Jon Barwise and has
been developed by Greg Restall.

The interpretation employs Jon Barwise’s channel theory (Barwise 1993). On
Barwise’s view, information flows between ‘sites’ by means of ‘channels’. A
channel exists between sites when there is a flow of information between those
sites. In my lounge, I see a news correspondent from in front of the destroyed
World Trade Center in New York. I can see this because there is a channel
connecting the distant news correspondent to me. The connection from him to
me is made up of wires connected in the right ways, transmitters, satellites,
and so on. This physical link gives rise to a channel through which information
flows.

Barwise (Barwise 1993) and Restall (Restall 1996) have suggested treating
the Routley~Meyer semantics in channel theoretic terms. We should think of
situations as being sites of information. One site, for example, contains the
news reporter at Ground Zero. Another site contains me and my lounge and
television set.

Some situations are also channels of information that connect sites. On their
interpretation, we read Rstu as saying that s is a channel between ¢ and u.

This interpretation motivates a slightly weaker logic than R. Here is the
problem: on the channel theoretic reading, Rsss says that s is a channel from

8 Yagasawa, I think, does not hold this view. He seems to hold that this view is the one that, given
David Lewis’ motivations for modal realism in (Lewis 1986), Lewis should accept. In other
words, he takes it to be a reductio of Lewis’ position.
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itself to itself. It does not seem intuitive to require of all situations that they be
channels from themselves to themselves, at least not if the notion of a channel
is a generalisation of cases like that of the link between television cameras and
a television.

The existence of this other interpretation, however, poses no threat to my
own interpretation. The channel-theoretic reading introduces a different use for
arelevant logic than the one that I have in mind (i.e. situated inference).

3.12 A proof of theorem 3

For readers who have a more formal bent, I include a proof of theorem 3. The

proof is quite simple. It does, however, require the following two assumptions:

1. The set of neighbourhoods of s and ¢ is closed upwards under supersets.
This means that if X C Y and IstX, then IstY.

2. The set of neighbourhoods of s and ¢ is closed under intersections. In par-
ticular, the intersection of the whole neighbourhood of s and ¢t (P(s,¢)) is a
neighbourhood of s and ¢.

Here is a proof of theorem 3. We need to show that

s Eyv A — Bifand only if VxVy((Rsxy & x =, A) D y =, B),

where ‘s =, A” means “A’ is true at s according the value assignment v’.
We will prove this biconditional one direction at a time. First we will assume
s =y A > B and show VxVy((Rsxy & x =, A) D y k=, B). This is rather
easy. By the truth condition for implication, we have

s =y A — Bifand only if Vx(x =, A D Isx|B|,),

where |B|, is the set of situations that make B true according to v.Therefore,
from our assumption that s =, A — B we obtain

Vx(x =y AD P(s, x) S |Bly).
Then, by the definition of R, we have

VaVy((Rsxy & x =, A)Dy =y B),

which is what we set out to prove.
The other direction is only slightly harder. We begin by assuming that

VaVy((Rsxy & x =, A)Dy =y B)
and proving that s =, A — B. By this assumption, for any situation ¢ in |A|,,

P(s, 1) < |B|,.
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By assumption 2 above, Ist(P(s, t)). Thus, by assumption 1, we have
Ist|B),.

Generalising, by the truth condition for implication, we have
sFyA— B,

as required, ending the proof of the theorem.



4 Ontological interlude

4.1 Semantics and metaphysics

In this book I am urging people to accept relevant logic and its semantics. In this
chapter we discuss what metaphysical consequences are entailed by accepting
the semantics. But before we can get into this issue properly, we should discuss
what it means to accept a theory.

Theories can be treated either realistically or anti-realistically. A realist about
a subject like semantics, will ask of the theory whether or not it is literally true.
If it is found not to be true, then the realist will reject the theory. For a realist,
to accept a theory is to believe that it is literally true. Anti-realists, on the other
hand, do not use the literal truth of a theory as the criterion of acceptance.

There are various brands of anti-realism. Those that are most relevant to the
subject of semantic theories are instrumentalists and fictionalists. Instrumental-
ists about semantic theories hold that talk about things like possible worlds is
useful for understanding our semantic intuitions but are not to be taken literally
(see e.g., (Kripke 1972)).

Fictionalists also hold that we should not treat the claims made in a semantic
theory as being literally true. Suppose, for example, that we adopt a fictionalist
attitude towards the semantics for relevant logic. Then, when we say, for ex-
ample, ‘There are situations that make contradictions true’ (as we shall say in
chapter 5 below), what we mean is that according to this semantics there are
situations that make contradictions true. In addition, the fictionalist about this
semantics will also hold that the semantics is an appropriate fiction to use to
analyse the meaning and truth value of our statements about implication. The
fictionalist will say that a statement ‘A — B’ is true if and only if according to
the semantics for relevant logic it is true (Rosen 1990).

Fictionalists trade in the commitments of a given theory for the difficulty of
explaining why the theory is appropriate to give truth conditions for a given sort
of discourse. A very interesting example of a defence of a sort of fictionalism is
given by Richard Joyce (Joyce 2001). Joyce claims that our moral views are not
made true by any class of moral facts, but rather that morality is a convenient
fiction. He claims that we evolved to believe in certain moral ‘truths’ such as that

57
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stealing and unjustified killing are wrong. These beliefs help us coordinate our
actions and hence to live in societies. Thus Joyce defends our moral discourse
without committing himself to the existence of moral facts.

If we adopt an instrumentalist or fictionalist attitude towards the semantics
for relevant logic, then our task is made easier. I think that the arguments of
this book go some way to arguing that the semantics for relevant logic or, more
accurately the intended model, is an appropriate fiction to use to determine the
truth or falsity of implicational statements.

On the other hand, if we adopt a realist view towards the semantics, we
need to investigate what commitments it has in terms of what entities it pos-
tulates and what else it needs in order to make it true. The remainder of this
chapter is presented from a realist’s point of view. That is not to say that
I am rejecting anti-realism. I give no arguments and take no stand either way.
But to take realism seriously, we need to investigate the commitments of the
theory.

4.2 The reductive project

One way of evaluating a theory is to do so in terms of W. V. O. Quine’s criterion
of ontological commitment. According to the criterion of ontological commit-
ment, if we accept a theory we have to accept the existence of the entities that
the theory requires. We determine what entities the theory requires, on Quine’s
view, by translating our theory into quantified classical logic and then seeing
what statements of the form ‘dx Fx’ (‘there are some F's’) are derivable in the
theory. If ‘3x Fx’ is derivable in the theory, then the theory is committed to the
existence of F's. We won’t give a complete formalisation of our semantical the-
ory here. That won’t be necessary. We will be able to determine the ontological
commitments of our theory in a semi-formal setting.

So far, we have treated situations and possible worlds as primitives in our
ontology. We could continue to do so, but many philosophers would find this
dissatisfying. One way in which theories are judged, according to a broadly
Quinean philosophy of science, is in terms of what ontological commitments
they make. The fewer commitments made by a theory, all things being equal,
the better the theory is.

The main competitors for the relevant theories of implication and conditionals
are semantical theories based on possible worlds. These theories, like our own,
accept possible worlds, but they eschew situations. And so it looks like they
win in terms of ontological commitment. It would be a great bonus for our
own theory if we could show that it has no more in the way of ontological
commitments than do these possible world semantics. And this, with certain
qualifications, is what I set out to do in this chapter.

My strategy is to show that we only need the following entities for our seman-
tical theory — possible worlds, individuals and sets. Situations are constructed
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from these primitives. All of these entities are employed by possible world
semantics as well. Therefore, in terms of ontological economy, possible world
semantics is no better off than is the semantics for relevant logic.

Well, almost. In constructing my models for relevant logic, I use a non-
standard set theory. This is Peter Aczel’s non-well-founded set theory. We will
examine non-well-founded set theory in some detail in section 4.6 below, but
I will give a brief description of it here.

As opposed to standard set theories, non-well-founded set theory allows sets
to be members of themselves or to be members of members of themselves,
and so on. Aczel proved that, if standard Zermelo—Fraenkel (ZF) set theory
is consistent, then so is his non-well-founded set theory. Thus, using his set
theory is as ‘safe’ as using ZF. As Jon Barwise and Laurence Moss have shown,
non-well-founded set theory provides for an elegant version of possible world
semantics for model logic, and I adapt the Barwise and Moss method here to
deal with relevant logic. As we shall argue in section 4.6 below, there are other
good reasons to accept non-well-founded set theory.

The use of non-well-founded set theory is not essential to the present project.
In section 4.12 below, we shall see that models for relevant logic, which incor-
porate the same basic ideas, can be constructed using standard set theory. But the
model theory that employs standard set theory is not as elegant mathematically,
and so I accept the version that uses non-well-founded set theory.

4.3 Possible worlds and individuals

The first two elements in our ontology are possible worlds and individuals.
There is some controversy in philosophy of logic over what sorts of things each
of these are, so we should say a few words about them here.

We have already discussed the debate between realists and anti-realists with
regard to semantics. Among realists about possible worlds, there are two
camps — vertebrate realists and ersatzers. Vertebrate realists hold that possi-
ble worlds are universes like our own. They believe that there are many parallel
universes and each contain individuals standing in relations to one another.
The most famous (and perhaps only) vertebrate realist is David Lewis. There
are many types of ersatzers, but they all believe that possible worlds are ab-
stract objects or constructions from abstract objects. Some believe that possible
worlds are sets of sentences, some believe that they are properties or complex
properties, and others believe that they are sets of propositions.

Luckily, we do not have to take a stand in the debate between vertebrate
realists and ersatzers. In my theory, possible worlds are primitives — they get no
analysis. Now, this does not mean that further analysis of them is impossible.
Rather, if there is a way of analysing possible worlds in terms of more primitive
(and more satisfactory) entities, then my theory can accept this analysis. We
need possible worlds, wherever they come from.



60 Relevant logic and its semantics

We also need individuals. The two most common theories of individuals on
the market at the present time are the theory of counterparts and the theory
of trans-world individuals. On counterpart theory, no individual exists in more
than one world. On the theory of trans-world individuals, on the other hand,
the same entity can exist in many worlds. On this issue, I will side with the
theory of trans-world individuals. There are technical reasons for doing so. It
is very difficult to give an adequate semantics for a logic using counterpart
theory. I won’t give a knock-down argument for this claim here, but rather
merely point to the history of the use of counterpart theory in modal logic.
David Lewis’ (Lewis 1968) counterpart-theoretic semantics for modal logic is
badly flawed in the sense that it does not characterise any normal modal logic
(see (Hazen 1979) and (Woollaston 1994)).!

44 Properties and relations

I take properties and relations to be functions from worlds to sets. What sort of
sets are in the range of a property depends upon the type of that property. For
example, a monadic property of individuals is a function from worlds to sets
of singletons of individuals, a binary relation on individuals is a function from
worlds to sets of pairs of individuals, and so on. I follow standard practice in
maths and philosophy in taking functions to themselves be sets of sorts. Thus
properties and relations, in this sense, are reducible to the primitive elements
of my construction.

The types of properties and relations that we will need in future chapters ex-
tends beyond first-order properties and relations of possible individuals. We will
require a variety of properties of properties and relations between properties,
and so on. Like first-order properties and relations, higher-order properties and
relations are just functions; in this case they are functions from worlds to sets
of n-tuples of properties or relations. Clearly, since we have already assumed
a standard set theory, accepting higher order properties of this sort is no extra
ontological commitment at all. This commitment is derivable from our basic
ontology.

We adopt standard notation from the logical theory of types to be used when-
ever we need to indicate the type of an entity. Our basic type is that of an
individual, :. We can now define the hierarchy of types recursively. Our set of
types is the smallest set such that ¢ is initand if 7y, ... , T, are types, then so is
(1, ..., 7). So, for example, the entity P® is a property of individuals, R¢" is
a binary relation between individuals, S is a relation between properties of

! Graham Forbes avoids the difficulties in Lewis’ semantics, but his semantics has two different
truth conditions for statements of the form ‘OA’, depending on the form of ‘A’ ((Forbes 1985),
p- 63). This sort of technical complication is best avoided here, where the technical material is
difficult enough as it is.
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individuals and individuals, and so on. Where the type of an entity is obvious,
we omit the superscripts.

One might worry that the present notions of property and relation are too ex-
tensional. The adequacy of this view in the present context should be judged on
what inferences it licenses. Suppose, for example, that P and Q are predicates
that are given properties as semantic values and that co-refer in all possible
worlds. In this instance we would have to hold that, for example, the implica-
tion P({) — A is equivalent to Q(i) — A. This inference does not seem espe-
cially intuitive to me, but then again, I have no intuitions that weigh against it
either. But if this inference is problematic, there are simple ways to complicate
our theory of properties (for example, by making a property to be a pair of a
property in the present sense and a Fregean mode of presentation or a mental
representation, and so on). Until such a difficulty is found, I suggest that we
resist all attempts to make the theory more complicated.

4.5 States of affairs

A state of affairs (SOA) is a fact-like entity. It is what makes statements true at
situations. On my view a SOA is just a sequence of the form:

<P,e,....ep >

where P is a relation of type (ty, ..., T,) and each ¢; is an entity of the corre-
sponding type 7;. A sequence is just a set theoretic construct — it is an ordered
set. Thus, along with the relation and entities that are its constituents, a SOA is
reducible to the elements set out above.

Some philosophers, like David Armstrong, take SOA not to be reducible to
entities of other categories (Armstrong 1997). Armstrong, however, has differ-
ent work in mind for SOA in addition to that which I want them to do. I merely
contend that qua set theoretic construct SOA will be adequate for the tasks at
hand.

My SOA also differ from those standardly used in situation semantics. Most
situation semanticists include a ‘polarity’ of Oor 1 in their SOA. These polarities
are like truth values. Thus, < Dog, ramsey; 1 > is the SOA that Ramsey is a
dog and < Dog, ramsey; 0 > is the SOA that Ramsey is not a dog. The reason
for including polarities is that they are used in the theory of negation that has
been attached to situation semantics. In chapter 4 below, I present a theory of
negation that does not require polarities. Hence I do not have any reason to
include them in SOA.

SOA represent features or facts about worlds. They might do so accurately
like the SOA, < Dog, ramsey > or they might pick out an impossibility such
as <=, NaCl, water > and so do not accurately represent facts at any worlds.
To be a bit more technical, we can define this representation relationship as
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follows:

ASOA, < P,ey,...,e, > accurately represents a fact at a world
w ifand only if (ey, ..., e,) € P(w).

Note that this definition does not assume that in addition to worlds there are
atomic facts. It might be, a la Davidson, that worlds themselves are each one
big fact. Subworld facts do not play any role in our theory and so I will not
discuss them further.

In section 6.14 below, I will suggest that we might treat the constituents of
SOA slightly differently than they are treated here. But, for the most part, we
can assume the present simple theory of SOA for the remainder of the book.

4.6 Non-well-founded set theory

The next element that we will need in our semantics is a theory of sets. We will
use a non-standard theory, instead of a standard theory like Zermelo—Fraenkel
set theory, Bernays-von Neumann—Godel set theory, and so on. Unlike these set
theories, the one that we will employ does not contain an axiom of foundation.

The axiom of foundation is an integral part of the iterative conception of aset.?
According to the iterative conception, the set theoretic universe is divided into a
stricthierarchy of levels. At the bottom level are the pure elements (Urelements),
if the set theory admits any. At the second level, there are sets of Urelements.
At successive levels, there are sets of elements taken from previous levels. In
this way, no set that is a member of itself, or a member of a member of itself,
etc., is ever admitted into any level of the hierarchy. The axiom of foundation,
largely, enforces that no violation of the hierarchy restrictions takes place.®

Peter Aczel’s non-well-founded set theory does not contain an axiom of
foundation. Instead, it contains all the other axioms of Zermelo—Fraenkel set
theory and the anti-foundation-axiom. We don’t need to state these axioms here.
Rather, I will merely present an intuitive picture of the theory, due to Aczel and
used by Barwise and Etchemendy (Barwise and Etchemendy 1987).

We can think of a set in terms of tree diagrams, such as:

{ramsey, sandy}

ramsey sandy

2 My explanation of the iterative conception of a set is borrowed from (Fraenkel er al. 1973),
pp 87ff.

3 But see (Parsons 1983). There are some complications that come with this interpretation.
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which represents the set {ramsey, sandy}. A point on a diagram like this is called
a ‘node’. If there is a vertex going from one node to another the latter is called
a ‘child’ of the former. Thus, for example, the node labelled with ‘ramsey’ is a
child of that with the label ‘{ramsey, sandy}’.

The anti-foundation axiom says, roughly, that for any tree, there is a set
that corresponds to it. The tree describing {ramsey, sandy} is well founded.
This means that there are no cycles in it. But not every tree is well founded.
Consider, for instance, the following tree:

ramsey

This diagram represents the set a = {ramsey, a}. This set is a member of itself.
There is a tree describing it, so it is a set in the universe of Aczel’s theory. There
are many sets that have themselves as members, on this theory. There is even a
set that has only itself as a member.

We will discuss my reasons for adopting non-well-founded set theory in the
next section. Here we will outline some other uses to which this theory has been
put.

There are applications of non-well-founded set theory in mathematics, com-
puter science and philosophy. Among philosophers, perhaps the best known
application is the use of non-well-founded set theory by Barwise and John
Etchemendy to construct a theory of truth (Barwise and Etchemendy 1987).
But there are a lot of other circular phenomena that are of interest to philoso-
phers upon which non-well-founded set theory can be brought to bear.

Here is one due to Barwise and Lawrence Moss (Barwise and Moss 1996).
Consider the hypergame paradox (originally due to William Zwicker). A stan-
dard game is a game that always ends after a finite number of moves. Thus, for
example, tick-tack-toe is a standard game. After every square is filled, it ends.
Hypergame is played as follows. The first player chooses a standard game. Then
the standard game is played. When the standard game is finished, so is hyper-
game. Thus it would seem that hypergame is a standard game, since it always
ends with one move more than the standard game that is chosen in its first move.
But, if it is a standard game, then it would seem that hypergame can be chosen
in the first move of a hypergame. Then, if hypergame is chosen, a standard game
must be chosen in move two. Suppose that hypergame is chosen in this move
as well, and so on, ad infinitum. Thus, it would seem that hypergame does not
always end in a finite number of moves, and so it is not a standard game. But
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then, if hypergame is not a standard game, it cannot be chosen as the first move
of a hypergame. Thus, it would seem that we again derive that hypergame is a
standard game that takes one move longer than the standard game chosen in its
first move. Therefore, hypergame is a standard game if and only if it is not a
standard game.

This paradox is particularly annoying since it is easy to specify what a stan-
dard game is and what a hypergame is. It would seem that there is such a game.
On the other hand, it seems to be both standard and non-standard. Barwise
and Moss, however, think that there is an equivocation in the statement of the
paradox. They think that there are two sorts of games that are being confused
in the description of hypergame. Let S be a set of games. Then they define S*
to be the supergame defined over S, i.e., S is played by choosing one of the
games in S and playing that game. A set is a well-behaved collection of entities.
It obeys the axioms of set theory (in this case non-well-founded set theory). It
can be shown that, if S is a set of standard games, then S* is not a member
of S. On the other hand, let $* be defined as the hypergame defined over S.
That is, $* is played by choosing a member of S or S* itself and playing that
game. Clearly, where S is a set of standard games, S* is a standard game, but
S* is not. What is learned is that the collection of standard games is not itself
a set, and we cannot prove that there exist supergames or hypergames over it
((Barwise and Moss 1996), §12.3).

Non-well-founded set theory gives us an elegant way of modelling hyper-
games. Let S be a set of standard games. Then $* = S U {S*}. In a tree diagram
S* is pictured as

members of S

The hypergame defined by a set of standard games is not a paradoxical object. It
is merely a game with an infinite number of moves. Of course we could model the
infinite hypergame in standard set theory as an infinite sequence of repetitions
of the word ‘hypergame’. But the self-referential aspect of hypergames come
out much more clearly in non-well-founded set theory.

As T said above, there are applications of non-well-founded set theory in
mathematics and computer science. The mathematical applications are mainly
in the very technical field of bisimulation theory, which I will not delve into here.
But there are uses in computer science that are relatively easy to understand. For
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example, non-well-founded set theory can be used to model labelled transition
systems. Suppose that we want to model the evolution of a dynamic system
(like a computer running a program). At any point in time, the system is in
a state and an action is about to take place. Barwise and Moss formulate the
theory of labelled transition systems by first taking a set of states, S, and a set
of actions, Act. Suppose that s and ¢ are states and a is an action. Let 8(s) be
the set of transitions possible in a system from state s. If the pair (a, t) is in
8(s), then according to the system, it is possible to begin in state s and end up
in ¢ after the performance of a. We say then that a labels a transition from s
to ¢ (this is written s LN t). Barwise and Moss give the nice example of the
system clock. Either one of two actions can take place in the starting position.
Either the clock can tick and then it returns to the starting position or it can
break, in which case it ends up in the state stuckclock. 1t makes sense to think
of the first state as the state, clock. For then we know that if it returns to this
state that we have the same possibilities of actions all over again. This sort
of circularity is easily accommodated in non-well-founded set theory. We can
think of this system as the set clock = { < tick, clock >, < break, stuckclock >}
((Barwise and Moss 1996), §3.2). Circularity of this form is ubiquitous in com-
puter science, and so it is good to have a tool that deals with it in such a
straightforward manner.

Thus, it would seem that there are independent reasons to accept non-well-
founded set theory.

4.7 Constructing abstract situations

We put non-well-founded set theory to work in constructing the abstract sit-
uations for our model theory. Qur construction follows Barwise and Moss
in their use of non-well-founded set theory to construct models for modal
logics.

A situation is an ordered pair s = (SOA(s), R(s)). SOA(s) is a set of states
of affairs; these are the states of affairs that obtain at s. R(s) is a set of ordered
pairs. (¢, u) is in R(s) if and only if Rstu holds in our frame. Thus, the set of
situations itself determines which situations are related to which in the frame.
We need non-well-founded set theory for this construction because for each
situation s, Rsss. This means that (s, s) is in R(s) and so, s is not a well-founded
set.

We can now define the informational part-whole relation on situations dis-
cussed in chapters 2 and 3 above. We say that s < ¢ if and only if SOA(s) C
SOA(t) and R(t) € R(s). The first half of this definition seems obvious. If a
situation s contains less information than ¢, then all of the states of affairs that
hold in s also hold in . The second half might seem less intuitive, but it says
something similar. The fewer pairs of situations related to a given situation u,
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the more implicational propositions hold at u. Thus, if R(¢) is a subset of R(s)
then at least as many implications hold at ¢ as hold at s.

4.8 Possible situations

We also need the notion of a possible situation, both for what we have already
said in chapters 2 and 3 above and for our theory of negation set out in chapter
4 below.

Before we can define a possible situation, we will need to understand what
it means to say that a situation minimally obtains at a world:

Definition 4 (minimally obtains) A situation s minimally obtains at a
world w if and only if (a) for all o in SOA(s), o holds at w and (b) for all
situations t, if SOA(s)= SOA(t), then s < t.

In other words, a situation minimally obtains at a world if it represents that
world in terms of its SOA and, if from the set of situations that have the same
SOA as it does, it makes the fewest implications true. The reason we need this
definition is that there are cases in which all of the SOA in a situation hold at a
world, but the situation itself is not possible.

Now, we can define a possible situation.

Definition 5 (Possible Situation) A situation s is possible if and only if
there is some situation t such that there is a world at which t minimally
obtains and s < t.

The idea here is quite simple. A possible situation is just a situation that obtains
at some possible world, or perhaps in more than one possible world.

I also suggest that there is a strong relationship between possible worlds and
logical situations. This relationship is summed up in the following claim:

Claim 6 For each world w there is a logical situation s such that
there is some situation t for which both s < t and t minimally
obtains at w.

Or, in simpler language, for each world there is a logical situation that obtains
at it. I am not exactly sure how to justify this. Some support comes from its
consequence that all valid formulae are also necessarily true.

Perhaps we could rely on our theory of situated inference for help in justifying
our claim. It seems reasonable to suggest that in each possible world there are the
salient facts about the intended model as a whole. In our world there are the
truths about the set-theoretic universe (if there is such a thing) and these facts
are in every possible world. Moreover, in every possible world there are facts
about the set of situations and the structures that we are constructing here. Thus,
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in each world there is information about what propositions semantically entail
which propositions in the model. In each possible world, therefore, the links
are available to make true ‘A — B’ where ‘A’ semantically entails ‘B’ in the
intended model.

4.9 The metaphysics of informational links

In chapter 2 above, I suggested that situated inference utilises informational
links. Among those links are laws of nature and conventions. In this section,
we will talk about the way in which informational links enter into abstract
situations.

The starting point for my view on the metaphysics of informational links
is the theory of laws of nature due to David Armstrong, Fred Dretske and
Michael Tooley: see (Armstrong 1983), (Dretske 1977), (Tooley 1977) and
(Tooley 1987). On the Armstrong—Dretske—~Tooley view of laws, a simple law
of nature has the form,

N(P, Q)

where P and Q are properties and N is a second-order property, that of nomic
necessitation. ‘N (P, Q) is to be read ‘Being- P nomically necessitates being-
Q’. On the Armstrong-Tooley-Dretske view, laws of nature are properties
being related together. Nomic necessitation, in this view, is a primitive, not to
be analysed in terms of anything more basic.

I adopt from this theory the view of the ‘logical form’ of laws of nature,
but not necessarily its view of the ontology of laws. I hold that when we think
that a law holds, we think that it holds not just in a particular instance between
particular things, but it holds because of the properties of those things. Thus,
our understanding of laws of nature are in terms of relations between properties.
Whether in reality these relations have any more basic origin or analysis I do
not know, and for our semantic purposes it does not matter.

Let us examine a simple example to see how this view can be incorporated
into our theory. Suppose that the law-like SOA, < N, P, Q >, is in a situation,
5. Also, suppose that i is an individual and that P and Q are properties of
individuals. Then the implication ‘P(i) — Q(i) is true at s.

Note that in our ontology we need many different nomic necessitation rela-
tions, for not all laws of nature or possible laws of nature can be formulated as
a relation’s holding between two monadic properties of individuals. Consider,
for example, the Newtonian ‘law’ that all matter attracts all other matter. One
way that this might be formulated as a SOA is < N, > (d(x, y), 0), Attracts >.
Here, Attracts and > (d(x, y), 0) (the distance between x and y) are binary
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relations.* Thus, N is a binary relation between binary relations. Therefore, in
order to provide a satisfactory theory of laws of nature, we will have to commit
ourselves to a very wide range of types of nomic necessity relations.

This commitment might be a problem for Armstrong’s theory, but not for
mine. On Armstrong’s view, the necessitation relation stands between universals
and is itself a universal. On Armstrong’s view there are not as many universals
as there are properties and relations on my view. He has to be careful about
postulating new relations. I do not have to be very careful at all about postulating
relations. Functions are cheap, and relations are just functions of a certain
sort.

With regard to conventional links my view is similar. There is a family of
relations Con that hold between properties and other relations (or perhaps
between individuals, events, and so on). Some SOA that represent conventional
links will be very complicated, but as I said above, relations are cheap and we
can construct whatever is necessary to provide adequate formulations.

Having an informational link in a situation constrains both the other SOA in
the situation and the way in which that situation is related to other situations.
Links provide information about what implications are true at a situation, and so
they have to constrain what situations are related to which. For example, suppose
that < N, P, Q > isin s. Then, if Rstu and P (i) holds at ¢, ‘Q(i)’ must hold
at u. Moreover, if *P(i)’ holds at s itself, ‘Q(i)” must obtain there as well.

Exactly which metaphysics of informational links is adopted makes little
difference for my theory as long as it is very intensional. It cannot hold that
the informational links that obtain at a situation are closed under classical logic
or even under a standard form of strict implication. Armstrong, Tooley, and
Dretske’s theory of laws of nature does not have this consequence and that is
why I adoptit. But any other theory that also treats these links as very intensional
entities will do as well.

4.10 Ersatzism

In the terminology of Lewis (Lewis 1986), our situations are ersatz. Lewis
distinguishes between vertebrate realist theories and ersatzist theories about
possible worlds. Vertebrate realist theories hold that other possible worlds are
places like our own universe. They contain individuals standing in relation in
space—time to one another. Ersatzist theories, on the other hand, claim that other
possible worlds are either abstract objects or abstract constructions, such as sets
of sentences or sets of SOA. Clearly, our situations are ersatz.

4 More properly, perhaps we should have Axy(> (d(x, y), 0), but this doesn’t really matter here.
What might matter, however, is that this expression might stand for a construct of properties and
functions, not a primitive property and this would make the SOA even more complicated than I
indicate in the text.
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David Lewis argues that there are serious problems with ersatzism about
possible worlds (Lewis 1986). Luckily for us, these problems do not affect our
theory of abstract situations. There are three major criticisms that Lewis directs
at ersatzism. Lewis does not direct all these criticisms at every ersatzist theory,
but let us see how our view avoids each of them.

The first criticism is that ersatz theories do not explain how ersatz worlds
represent real worlds (ibid., ch. 3). I, however, have presented a theory of how
situations represent worlds (see section 4.8 above).

The second criticism is that ersatz theories take modality to be a primitive
(p. 176). On our theory, there are two ways to interpret this criticism, for there are
two basic sorts of modality on our view. The first type we might call absolute
modality. A situation is absolutely possible if and only if it is in our set of
possible situations. Since we take possible worlds to be primitives, and these
determine which situations are possible, we are in as good a position to explain
absolute possibility as any theory of possible worlds. Any theory of possible
worlds can be grafted onto the present theory, and it can be used to explain
modality. There is a second sort of possibility that we will discuss in chapter 6
below. This is relative modality. A situation may contain the information that
another situation (or itself) is possible in some sense. We will elaborate on the
sense in which this can occur in chapter 6.

The third criticism is that ersatz theories do not explain how their worlds can
represent possibilities. For example, suppose we have a view that metaphysical
possibilities are determined by the different combinations of basic physical
properties. On this view, how are we to tell whether an ersatz world represents
there being a talking donkey (ibid., p. 188)? Luckily, we have an easy answer to
that question too. On our theory, the predicate ‘is adonkey’ represents a property
in our semantics. This property is just the function from worlds to the set of
singletons of donkeys in those worlds. It would seem reasonable to hold that ‘is a
donkey’ represents a property, since as Kripke, Putnam, and others have argued,
species terms are directly referential. Directly referential terms refer to things
or properties without having any descriptional content; they merely refer. If ‘isa
donkey’ merely refers, it makes sense to say that it merely refers to the property
of being a donkey. Let D be this property. Thus, whether there is a donkey in a
particular situation, s, in our ontology is determined by whether there is some
individual i such that < D,i > is in 5. The semantics of the predicate ‘talks’
is, no doubt, more complex. Perhaps ‘talks’ represents a set of interrelated
properties like ‘makes noise with its mouth’, ‘this noise is intelligible’ and so
on, or perhaps ‘talks’ represents a Wittgensteinian family of such properties.
At any rate, I suggest that all predicates can be given a satisfactory semantics
in terms of the properties in my ontology. If this suggestion is correct, then
we only need look at a situation and see whether those properties needed to
interpret ‘talks’ are had by i in s.
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With regard to impossible situations, Lewis compares the claim that there
are worlds in which contradictions come true to there being a distant mountain
on which there are true contradictions.

For comparison, suppose travellers told of a place in this world — a marvellous mountain,
far away in the bush — where contradictions are true. Allegedly, we have truths of the
form ‘On the mountain both P and not P’. But if ‘on the mountain’ is a restricting
modifier, which works by limiting domains of implicit and explicit quantification to a
certain part of all that there is, then it has no effect on the truth-functional connectives.
Then the order of modifier and connectives makes no difference. So ‘On the mountain
both P and Q’ is equivalent to ‘On the mountain P, and on the mountain Q’; likewise ‘On
the mountain not P’ is equivalent to ‘Not: on the mountain P’; putting these together, the
alleged truth ‘On the mountain both P and not P’ is equivalent to the overt contradiction
‘On the mountain P, and not: on the mountain P’. That is there is no difference between
a contradiction within the scope of a modifier and a plain contradiction that has the
modifier within it. So to tell the alleged truth about the marvellously contradictory
things that happen on the mountain is no different from contradicting yourself. But
there is no subject matter, however marvellous, about which you can tell the truth by
contradicting yourself. ((Lewis 1986), p. 7n)

This comparison between an impossible world and a distant contradictory
mountain holds only if we think of worlds like other bits of space—time. If
we think of them as collections of sentences, propositions or SOA, then the
problem does not arise. For example, we do not contradict ourselves if we say
that there is a set that includes a statement and its negation. Thus ersatzers,
unlike Lewis, can help themselves to impossible worlds or impossible situ-
ations. We will look at Lewis’ argument again in greater depth in chapter 5
below.

4.11 Propositions

A proposition is a piece of information of a certain sort. A proposition is a set
of situations closed upward under <. This means that if ¢ is a proposition and
5 in @, then for any ¢ such that s < ¢, ¢ is in ¢ as well.

This notion of a proposition might seem somewhat strange, when coupled
with the fact that situations were introduced to deal with semantic partiality.
Consider an example that we discussed in chapter 3 above. Suppose that I say

The dog barked at a possum yesterday.

Appealing to the situation in which I make this statement will allow us to
determine the reference of ‘the dog’. It does not refer to the only dog in the
universe, but to my dog, who is one dog among many (although an extraordinary
dog, of course). The word ‘yesterday’, when said in a situation that takes place
today refers to the eleventh of February 2003. If we expand the situation in
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which I made the statement to include more information, then ‘the dog’ may
fail to refer. To create this failure, we merely have to include information about
other dogs. Then the situation will no longer contain a single dog. Similarly,
if we enlarge the situation to include days other than today the reference of
‘yesterday’ will no longer be clear.

To understand partiality, we need to distinguish between the information
conveyed by a statement and the form of the statement itself. We first locate the
statement in a context of utterance to determine the referents of the denoting
phrases that it contains. Then we can determine what proposition is conveyed
by the statement.

One might object that this shows that we need situations only as contexts
of utterance. They are not needed to represent the contents conveyed by those
utterances. We could merely take situations to be parts of worlds and take sets
of worlds to be propositions.

To take this position is to ignore that we convey partial information about
the world to one another all the time. If we take propositions to be sets of
worlds, then every proposition ‘includes’ (in the sense of entailing) everything
that is true at all possible worlds. In every statement we make, on the possible
worlds view, we also assert the truth of every necessary truth. The examples
with which we began this book show that this view is counterintuitive. One nice
thing about situations, from a logical point of view, is that they allow us to make
much finer discriminations between truths. Since we already allow situations
into our theory as contexts of utterance, it seems to do little harm and much
good to allow them to act as constituents of propositions as well.

4.12 Doing without non-well-founded set theory

We can reconstruct the theory using standard set theory, rather than non-
well-founded set theory. I use non-well-founded set theory because the re-
sulting view is mathematically more elegant. As I said in chapter 3 above,
I think that when we are choosing our theories, we should take elegance into
account.

I developed a version of the present theory based on standard set theory in
(Mares 1996). In that paper, I characterised isolated inference using the relation
Involves between types of ‘infons’. The notion of an infon is due to Keith Devlin.
An infon is a piece of information. I treated situations as sets of infons. We can
define our ternary accessibility relation using infons. Suppose that s, ¢, and u are
situations. Rstu if and only if, for infon types T and T’, if the infon (Involves,
T, T') is in s, if there is an infon o of type T in ¢, then there is an infon ¢’ of
type T’ in u.

Informational closure conditions were then imposed on situations them-
selves. For example, for all situations s example, if (Involves, T, T') is in s
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and so is (Involves, T', T"), then (Involves, T, T") is also in s. On this theory,
the closure conditions on situations do all the work and the ternary relation is
quite redundant but harmless (for what is a ternary relation but a set of ordered
triples?). I prefer the cleaner theory that uses non-well-founded set theory. For
those, however, who are horrified by the idea of giving up the axiom of foun-
dation, there is this alternative interpretation of relevant logic.



5 Negation

5.1 Impossible situations and incomplete situations

As we have said several times, one of the central motivations behind the devel-
opment of relevant logic is to avoid the paradoxes of implication. Consider two
of these:

(S2)A—>(Bv ~B)
(S3)(AA ~A)—> B

Given our semantics for implication and disjunction, the only way that we can
avoid making (S2) valid is to accept situations which are not bivalent. That
is, we need situations at which, for at least some formula B, neither B nor its
negation is true. Another term for a situation which is not bivalent is a ‘partial
situation’. Similarly, in order to reject (S3) we must accept situations which are
inconsistent. We need situations which do make true AA ~ A. In other words,
we need a semantics for negation that allows there to be partial situations and
inconsistent situations.

But consider the standard semantics for negation. In classical logic with its
usual semantics, the truth condition for negation treats negation as ‘failure’,
i.e.,

‘ ~A’is true in s if and only if ‘A’ fails to be true in s.

On the face of it, this truth condition would force us to make every situation
bivalent and consistent. For, each situation either makes A true or fails to make
it true, and no situation does both.

Graham Priest has argued, however, that this truth condition does not force
us to accept the bivalence and, in particular, the consistency of every situation
(Priest 1990). He points out that these consequences of the truth condition
depend crucially on the metalanguage used. If we take the word “fails’ in the
standard truth condition itself to be a non-classical negation (such as the one that
we are going to develop in this chapter), then we need not accept consistency
or bivalence. But that is not the approach that we are taking in this book. I am
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using a completely classical metalanguage. I will justify this use of classical
logic in chapter 10 below. But for now I will repeat the motivation that I used
in chapter 1 above. Classical logic is the most widely understood and most
thoroughly studied logic. Its use in examining non-classical logics makes the
non-classical logics more intelligible, both for the beginner and the seasoned
non-classical logician.

The issue of a metalanguage having been set aside, we now have to find a
semantics for negation to replace the standard classical semantics. Qur treatment
of this issue will not follow the chronological development of the treatment of
negation in relevant logic. Rather, we will discuss my favourite approach to
negation first and then later examine how this approach fits into the history of
the subject.

5.2 Dunn’s compatibility semantics

Dunn treats negation in terms of a binary relation between situation. This
relation, Cst, says that the situations s and ¢ are compatible with one an-
other. Dunn’s compatibility relation has its roots in Rob Goldblatt’s semantics
for quantum logic' as well as Richard and Val Routley’s semantics for nega-
tion for relevant logic. We will discuss the Routleys’ view at length in the
section 5.4. Let us begin here with Goldblatt’s semantics, since Goldblatt’s
idea is very close to the intuitions that I think lie behind negation in relevant
logic.

Quantum logic originates with mathematics of quantum physics. This sounds
rather complicated, and is, but we need only understand some very basic no-
tions for our purposes. Goldblatt’s semantics is a frame theory, like Kripke’s
semantics for modal logic or the Routley~Meyer semantics for relevant logic.
That is, it contains a set of indices and some relations on those indices. Here
the indices are to be understood as the possible outcomes of experiments of
the sort done by quantum physicists. Some of these outcomes are compati-
ble with one another and some are not. We do not need to examine examples
of compatible and incompatible outcomes of experiments, since the sorts of
cases we are interested in are, by and large, much less complicated than the
examples from physics. And we will examine some such simpler examples
soon.

Goldblatt adds to the set of outcomes a binary relation, L, which is called
‘orthagonality’. This relation captures the notion of two outcomes’ precluding
one another. In other words, where a and b are possible outcomes of experi-
ments, a L b means that a and b preclude one another from occurring. That is,

! Goldblatt actually produces a semantics for orthologic, which is a generalisation of quantum
logic.
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if @ occurs then b will not occur. We then have the following truth condition
for negation:

¢ ~A’iffis truein s if and only if Vx(‘A’ istrue inx D a L x).

In other words, a makes ‘~ A’ true if and only if all outcomes which make true
‘A’ are precluded by a ((Goldblatt 1974), p. 86).

Moving from quantum logic to relevant logic, we can still think of a situation
as precluding other situations. One situation can preclude another situation from
obtaining at the same world. For example, suppose a situation s says that my
dog Ramsey is black all over (at a particular time) and a situation ¢ says that
he is white all over (at the same time). Then s and ¢ are incompatible, since
being white all over is incompatible with being black all over. Here we have a
notion of incompatibility that is a little more common-or-garden than that used
to motivate the semantics for quantum logic, but the idea is the same; some
situations are compatible with each other and others are not.

Instead of treating negation in terms of incompatibility, as Goldblatt does,
Dunn looks at its complement, compatibility (C). Thus, Cst holds if and only
if s and ¢ are not incompatible. So, we now have the following truth condition
for negation:

sE~Aiffvx(Csx D x ¥ A).

A situation makes ~ A true if and only if every situation compatible with it fails
to make A true.

How does the use of compatibility help with our problems of finding ways
to make situations partial and inconsistent?

Partiality is straightforward, so we will start with that. Consider the situation
that consists of the information that is currently available to me. This includes
what is going on in my study as I write this section of my book, and what
I can see through my window. Nothing happening here makes it true that it
is currently raining in Toronto (which is on the other side of the globe). But
situations in which it is raining in Toronto are compatible with my current
situation. So neither ‘It is raining in Toronto’ nor ‘It is not raining in Toronto’
is true in my current situation. Thus, bivalence fails for this situation and the
situation is partial.

Inconsistency is a little stranger. Consider a situation s in which my dog
Ramsey is both black and white all over at the same time. The way in which we
constructed situations in chapter 4 above allow this sort of situation. The situa-
tion s is not compatible with itself! Put like this it sounds bizarre, but consider
someone who says incompatible things about something, say, about the colour
of Ramsey’s coat. This person’s representation of the world is incompatible
with itself. Our situations are representations and they can be incompatible with
themselves in very similar ways — they can represent worlds in incompatible
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ways. When a situation s is incompatible with itself, it is possible for it to make
a formula A true, but A fail to be true in every situation compatible with s. In
such cases, according to our truth condition for negation, s makes both A and
its negation true. Thus, s is inconsistent.

Let’s look at an example of a negated sentence and its truth condition. The
following was suggested by an anonymous referee:

Oswald did not act alone.

On our view, if this sentence is true, it is so because something happened in
an actual situation that precludes situations in which Oswald did act alone.
For example, if there was a second gunman then there is an actual situation
that contains both Oswald and the second gunman shooting at Kennedy. This
situation is incompatible with any situation in which Oswald acted alone, and
hence the above sentence is true.

Note that situations in which Oswald acted alone are not merely situations
in which the only information on the topic that we have is that Oswald shot
Kennedy. These are situations in which Kennedy was shot by Oswald, butdo not
preclude another gunman. For a situation to make true the statement ‘Oswald
acted alone’, it must include information that precludes there having been any
other gunmen, gunwomen, helpers and so on.

53 Compatibility and negation

This approach to negation derives in part from the doctrine of Plato’s Sophist.
At Sophist 2569, Plato argues that to say that something is not such-and-such
is to assert that it is somehow different from being such and such. Plato has one
of the characters from his dialogue, the Stranger, say

when it is asserted that a negative signifies a contrary, we shall not agree, but admit no
more than this — that the prefix ‘not’ indicates something different from the words that
follow, or rather from the things designated by the words pronounced after the negative.
(257b-c)

For example, when we say that something is not taller than something else
we mean that the thing is short or medium sized compared to that other thing
(257b).2 Now, by “difference’ here Plato must mean a sort of incompatibility.
Being red is different from being round, but to say that something is not round
means that it is some other shape or has no shape, for these are incompatible
with being round.

A similar theory is put forward more recently by Huw Price (Price 1990).
He claims that we have negation to indicate incompatibility. For example, sup-
pose that someone asks whether Fred is in the kitchen and is told in reply

2 { am adopting Laurence Horn’s interpretation of Sophisr 257b here. See (Horn 1989), p. 5.
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that Fred is in the garden. Knowing that the kitchen and garden are distinct
places, the questioner knows that Fred is not in the garden. For being in the
garden is incompatible with being in the kitchen. Price claims that our use
of negation evolved to express this sort of incompatibility. Price’s view is at-
tractive because it presents a plausible psychological and social function for
negation.?

There are important differences, however, between Dunn’s view, Plato’s view,
and Price’s view. All treat negation in terms of incompatibility, but on Dunn’s
view the compatibility holds between situations, on Plato’s it holds between
properties, and on Price’s it holds between propositions. If all the sorts of in-
compatibilities needed for the semantics of negation can be reduced to incom-
patibilities between properties, then we can reduce Dunn’s view to the Platonic
view. This would be nice, but I am not sure how this reduction would go. Com-
plex examples, such as the Oswald example discussed in the previous section,
defy easy reduction to incompatibilities between properties, unless we allow
complex properties such as ‘acting in concert with another person’ as relata of
incompatibilities.

With regard to Price’s view, propositions in the sense that we have them
in our theory, are not the sorts of entities that can provide the basis of a the-
ory of negation. Propositions are merely sets of situations. If we claim that
two propositions are incompatible, then we need to say what makes them in-
compatible.* Clearly, this must have something to do with the situations that
they contain. But we can cash out the incompatibility between propositions in
terms of an incompatibility between situations. Formally, we get the follow-
ing relationship. For any situation s, if s is in the proposition expressed by
A, then for any situation t in the proposition expressed by ~A, s and t are
incompatible.

One might object that our view merely takes the incompatibility between sit-
uations as primitive and so provides no more explanation of negation than does
Price’s. In a sense this is correct. I do take incompatibility to be a primitive rela-
tion between situations. Explanations have to come to an end somewhere, and so
we have to have some unexplained entities in our theory — our ‘primitives’. Our
choice of primitives, however, can be good or bad. Some primitive notions
are more intuitive than others. Let’s return to the property-incompatibility
theory for a moment. It seems quite reasonable to say that certain properties are

w

In fact my agreement with Price is only partial. He thinks that negation also expresses denial
in addition to incompatibility. This [ think is incorrect. As we shall see below, when we deny a
statement, we are claiming that it does not hold. Saying that it is incompatible with the present
situation makes a stronger claim.

In one sense, we do have an answer to this question. What makes them incompatible is that they do
not contain any possible situations in common. But this answer, although clear and extensional,
is not very illuminating in a philosophical sense.
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incompatible with one another and this incompatibility is essential to those
properties. Being black and being white are essentially incompatible with one
another. Being square and being round are also incompatible with one another.
Ican’texplain what this incompatibility is in any more basic terms, but I think it
is clear what sort of thing I am describing. Likewise, incompatibilities between
situations are intuitively clear, even if we cannot reduce these incompatibilities
to incompatibility relations between pairs of properties.

54 Constraints on compatibility

The compatibility relation is a relation on situations. Like the accessibility
relation, we can ask what properties the compatibility relation should have.

We have already ruled out the idea that it should be reflexive. That is, there
are some situations that are not compatible with themselves. But it should be
symmetrical, that is, for all situations s and ¢,

If Cst, then Cts.

We have treated ‘Cst’ as saying that s and ¢ are compatible with each other,
and being compatible with each other is clearly symmetrical. The symmetry of
C makes valid the inference at a situation from any proposition A to its double
negation ~~ A, In terms of our natural deduction system, it makes valid the
rule of double negation introduction, viz.,

(~~ I)From A, to infer ~~A,.
The other direction of double negation, viz., the inference rule,
(~~ E)From ~~A, to infer Ag,

is much more difficult to make valid. The semantic postulate that corresponds to
the rule of double negation elimination is, for all situations s there is some situa-
tion x such that Csx and for all situations y such that Cxy, y < s ((Mares 1995),
p. 587). This postulate is complicated and rather inelegant.

There is, however, an easier way of capturing double negation elimination.
We can add a postulate that for each situation s there is a maximal situation ¢
such that Cst. More formally, we can add the postulate,

(star postulate) Ix(Csx & Vy(Csy D y < x).

The reason for the name of this postulate will become obvious soon.

Given the star postulate, we can define an operator on the set of situations.
An operator is a mathematical entity which takes an element from a set and
returns a unique element from the same set. The operator that we define here
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is the ‘Routley star operator’, so-called because it was introduced by Richard
and Val Routley in (Routley and Routley 1972). The star of a situation s, s*, is
the maximal situation compatible with s. The star postulate ensures that there
is an s* for every situation s. If we add the star postulate and star operator to
our semantics, we can derive the following equivalence:

‘ ~A’istruein s iff ‘A’ fails to be true in s*.
And we can add the following postulate to make valid double negation elimi-
nation:

Clearly, the above postulate (which, in algebraic terms says that the star opera-
tor is of ‘period two’) is much more intuitive than the semantic postulate stated
merely in terms of the compatibility relation. The star operator has great formal
virtues. It enables us to produce an elegant semantics for a DeMorgan nega-
tion. A negation is said to be DeMorgan if it has double negation introduction
and elimination and satisfies the usual DeMorgan laws, such as ~(A A B) &
(~Av ~B)and ~(AV B) & (~AA ~B).

The star operator has been the subject of much criticism. The criticism has
been philosophical. Jack Copeland and Johann van Bentham have complained
that the star operator has no intuitive meaning, and so it does not provide
a philosophical interpretation of negation in relevant logic (Copeland 1979),
(van Bentham 1979). Dunn replies to Copeland and van Bentham by giving an
intuitive interpretation of the star operator. The star operator takes a situation
to the maximal situation that is compatible with it.

This, however, does not end the issue. The introduction of the star postu-
late naturally raises the following question. Should we believe that, for every
situation s, there is some maximal situation s* that is compatible with it? 1
am not sure how to argue for either an affirmative or a negative answer to
this question. Perhaps the intuitiveness of double negation elimination supports
the acceptance of the star postulate. On the other hand, perhaps relevant logi-
cians should take seriously the idea of abandoning double negation elimination
and some of the DeMorgan laws and instead adopting some intuitionist-like
negation.

5.5 Worldly situations

A worldly situation is a logical situation that exactly covers a world. That is, a
logical situation s is worldly if and only if there is some world w such that s
minimally obtains at w and, for all situations ¢ that obtain at w, t < s.
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We postulate that the worldly situations are those situations that are maximally
consistent. They are consistent, so they are compatible with themselves, but they
are also complete. That is, if s is worldly and Cst, then ¢ is part of s (i.e. # < s).
Let’s justify this condition. Suppose that s is worldly and Cst. That is, ¢ is
compatible with s. Assume, for the sake of a reductio, that ¢ is not part of s.
Then ¢ contains some information that is not in 5. Thus, there is information that
is not in s but does not conflict with the information in s. But this means that
s is not complete. And so, if worldly situations are to be considered complete,
then they are only compatible with situations that are their parts.

When we add the definition of the star operator and the postulates given
above, we find something interesting happens. For all worldly situations, s, we
can show that,

Ss=s.

Thus, given the truth condition for negation phrased in terms of the star, we can
show that, for all worldly situations, s,

‘ ~A’istruein s iff ‘A’ fails to be true in s.

This is the standard, classical truth condition for negation. From this fact, we
can show that, if s is a worldly situation, it satisfies two important semantic
principles. The first of these is the principle of bivalence, viz.,

Either ‘A’ or * ~A’ is true in s.
The other is the principle of consistency:
It is not the case that both ‘A’ and ‘ ~ A’ are true in s.

Thus, when we restrict ourselves to worldly situations, we find that negation
behaves classically.

At worldly situations disjunction and conjunction also behave classically.’
We then have all instances of the following schemes true at all worldly situations:
the law of excluded middle, viz.,

AV ~A,
and the law of non-contradiction, i.e.,

~(A AN ~ A)

5 1t might seem that both of these connectives behave classically at all situations. Jack Copeland has
argued that relevant disjunction can only be said to behave intuitionistically at partial situations
(see (Copeland 1983)). 1 don’t think this point is very important, so I will give it to him. Clearly,
however, at worldly situations, classical disjunction and relevant (extensional) disjunction behave
the same way.
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In fact, all the theorems of classical logic that can be expressed in the fragment
of our logical language that includes only propositional variables, conjunction,
disjunction, negation, and parentheses are true at all worldly situations.

In fact, it can be shown that all theorems of classical logic (formulated in
this vocabulary) are true at all logical worlds. In proof-theoretic terms, by the
completeness theorem, it can be shown that all theorems of classical logic
are theorems of the logic R of relevant implication — the logic that we are
examining in this book. This restricted vocabulary is all that is needed to express
all classical tautologies, in the sense that we can express any two-valued truth
function using this vocabulary. Thus, we can think of our relevant logic as an
extension of classical logic — it includes all the theorems of classical logic plus
some other theorems in the vocabulary that includes implication. Of course, if
we think of classical logic as the system that is formulated using this vocabulary
and the arrow as material implication, we can also think of classical logic as an
extension of our relevant logic.

In addition, the classical behaviour of these connectives allows us, when
restricting inferences to being about worldly situations, to use all the classical
rules of deduction. We can use, for example, disjunctive syllogism in its usual
form. That is, for any worldly situation s, if ‘A v B> and ‘~ A’ are both true
in s, then so is ‘B’. In fact, when we restrict our language to just what can be
expressed with propositional variables, conjunction, disjunction and negation,
both the set of formulae true at worldly situations and the set of rules under
which these formulae are closed are exactly those of classical logic.

5.6 *A formal reduction of incompatibility

(This section concerns a formal ‘nicety’. Nothing else in the book depends upon
it.)

Whereas we take incompatibility to be philosophically basic, we do not have
to have Dunn’s compatibility relation as a primitive in our formal semantics. In
(Mares 1995) I show that we can treat negation in the semantics for the logic R
taking as our semantic primitives only the set of situations, the set of worldly
situations, and the ternary accessibility relation, as well as a value assignment.
Negation can be treated in terms of those primitives alone. The idea is fairly
simple. Consider the class of possible situations. All the situations that are notin
this class — the impossible situations — can be treated as a proposition. Let’s call
this proposition, f. We can read f as saying ‘Something impossible occurs’,
since something impossible happens at all and only impossible situations.

Using the constant f we can define negation:

~A =4 A f.
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This sort of implicational definition of negation will be familiar to some readers
from the literature on intuitionist logic (and from some treatments of classical
logic). But unlike the semantics for intuitionist and classical logics, our false
constant (f) expresses a proposition that actually contains situations.

Given our definition of negation, we can derive the following truth condition

<

~A’istruein s if and only if VxVy((Rsxy & ‘A’ istrue in x) D
‘f’istruein y).

In words, ‘~ A’ holds at s if and only if s contains the information that from the
hypothesis that A is true in a situation in the same world an impossible situation
obtains in that world.

We now can define an incompatibility relation. We read ‘N st as saying that
s and ¢ are incompatible, and define N as follows:®

Nst if and only if Vx(Rstx D ‘f’istrue in x).

And we can prove that

‘ ~A’istrue ins if and only if Vx(‘A” is trueinx D Nsx).
Two situations s and ¢ are compatible (Cst) if they are not incompatible. Thus,
we can also prove that

<

~ A’ is true in s if and only if Vx(Csx D ‘A’ fails to be true in x),

and this is just Dunn’s truth condition for negation.

It is nice that we can prove that negation in our relevant logic acts in some-
what the same way as negation in intuitionist and classical logics — that it can
be treated in terms of implication and a false constant. Of course there are
differences too. As we have said, our false constant (‘something impossible
occurs’ or ‘f’) may express a non-empty proposition. And the implication
that is involved here is relevant, rather than material or intuitionist implication.
But it does mean that we can sometimes appeal to similar intuitions to sup-
port our view of negation as classical logicians and intuitionists do to support
theirs.

5.7 Not all contradictions are created equal

There are many other views of negation that hold that all impossibilities are
equivalent to one another, that they all express the same proposition. This is
a view that we deny. The argument for this view is that all contradictions

% To do this we also need the assumption that for all situations s and . there is some situation
such that Rsru.
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entail every proposition, thus they entail one another. What we deny is that all
contradictions entail every proposition.

There is an argument for the view that contradictions entail everything that has
been attributed in the literature to both Bertrand Russell and the mathematician
G. H. Hardy. Here is a version of the story due to Harold Jeffreys. The neo-
Hegelian philosopher, J. M. E. McTaggart, is supposed to have asked Hardy to
derive that he and the Pope are the same from 2 4+ 2 = 5. Jeffreys presents the
story:

McTaggart is said to have denied [that every proposition is entailed by a contradiction],
saying ‘If twice 2 is 5, how can you prove that I am the Pope?’ G. H. Hardy answered
‘If twice 2 is 4, 4 = 5. Subtract 3; then 1 = 2. But McTaggart and the Pope are two;
therefore McTaggart and the Pope are one.” ((Jeffreys 1973), p. 18)

Although Hardy doesn’t here pretend to show that every contradiction is equiv-
alent to every other contradiction, this argument seems to come uncomfortably
close to this result. It can be used to show that any false arithmetical equivalence
implies any identity statement. This is an intolerable irrelevance.

Let’s formalise Hardy’s argument in our natural deduction system. We use the
notation ‘Cd(X)’ to mean ‘the size of the set X (‘Cd’ represents the operation
the cardinality of ). So we have

1. 2X2=5(|] hyp

2. 1=2y subtracting 3 from each side
3. Cd({a, b}) = 2[2] hyp

4. Cd({a, b)) = ][2.3) 2,3, transitivity of =
5.a= b[2q3] 4, (?)

6. 2x2=5—a=by 2-5 -1

Clearly, in order to make this argument convincing we would have to devise a
rule that allows the derivation of step 5. To do so, we would have to discuss
the logical principles governing the relationship between the size of a set and
the identity or non-identity of its members. But we won’t do that here. There is
another problem with this argument that is of greater interest to us.

The rule of transitivity of identity that we appeal to in the argument is the
following:

Fromi = j, and k = jg to infer k = igg.
A relevant logician, however, should reject this version of transitivity. For con-

sider the following argument. Let r be Ramsey, a be ‘the most active dog in the
world’, and [ be ‘the laziest dog in the world’. If we accept the above version
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of transitivity, we would have also to accept the following:

1. a= ray hyp
2. 1= Ty hyp
3. l=apy 1,2, transitivity of =

4 l=r—l=a 2-3, -1

Thus, if we have a situation in which the most active dog in the world is Ramsey,
then in that situation we also have the implication,

The laziest dog in the world is Ramsey implies that
the laziest dog is the most active dog.

This seems very odd. Recall our discussion regarding implication in chapter 1
above. There we said that in an implication we have to take the antecedent
seriously. To use C. I. Lewis’s phrase again, we have to give the paradoxer his
or her hypothesis and see what follows from that. In this case, to evaluate the
implication ‘Ramsey’s being the laziest dog in the world implies that the laziest
dog is the most active dog’ we have to set aside the fact that Ramsey is the
world’s most active dog and take seriously the hypothesis that he is the world’s
laziest dog.

One might object that our counterexample to the transitivity of identity re-
lies on the use of definite descriptions rather than directly referring terms like
proper names. This is true, but in this case it does not matter. For the phrase
‘the cardinality of {1, 2} that is used in the Hardy argument is also a definite
description, and this is the argument that we wish to reject.

58 Two arguments concerning negation

In this section we look at two very similar arguments concerning the semantics
of negation, the first due to Timothy Williamson and the second due to David
Lewis. Williamson’s argument purports to show that there is something incoher-
ent in holding that there are truth value gaps and Lewis’ argument tries to show
that there is something incoherent about claiming that there are inconsistent
situations.

To make present these arguments succinctly, I will use the notation ‘s = A’
to mean “A’ is true at s’. Both arguments use the following rule. For all formulae
A and all situations s,

(N)s = ~A iff Not s =A.

We shall discuss this rule later at some length.
Let us start with Williamson’s argument. The argument is presented in
(Williamson 1994), pp. 188-9. In our notation, we can rewrite Williamson’s
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argument as follows:

1. Not(s =EAors =~A) hyp (denial of bivalence for s)
2. Not(s = A orNots = A) 1L, (N)

3. Nots = Aand NotNots = A 2, DeMorgan’s law

4. Nots=EAands = A 3, Double negation elimination

Line 4 is not necessary and Williamson does not include it in his argument, but
it does make the contradiction more explicit.

Lewis’ argument derives a similar conclusion from the premise that there are
inconsistent situations. We quoted Lewis’ argument in chapter 4 above, but we
should repeat it here.

For comparison, suppose travellers told of a place in this world — a marvellous mountain,
far away in the bush — where contradictions are true. Allegedly, we have truths of the
form ‘On the mountain both P and not P’. But if ‘on the mountain’ is a restricting
modifier, which works by limiting domains of implicit and explicit quantification to a
certain part of all that there is, then it has no effect on the truth-functional connectives.
Then the order of modifier and connectives makes no difference. So ‘On the mountain
both P and Q’ is equivalent to ‘On the mountain P, and on the mountain Q’; likewise ‘On
the mountain not P’ is equivalent to ‘Not: on the mountain P’; putting these together, the
alleged truth ‘On the mountain both P and not P’ is equivalent to the overt contradiction

7 Williamson’s actual argument is couched in terms of utterances and the propositions that they
express. My version captures the main moves in the framework of the present theory. I think that
I have done no violence to Williamson’s intentions.
But here is Williamson’s original argument. Where u is an utterance and 7 is a proposition,
Williamson proposes the following two biconditionals:

(T) If u says that 7, then u is true iff =
(F) If u says that 7, then u is false iff not

Then he makes an assumption:
(0) u says that .
He now represents the denial of bivalence as
(1) Not: either u is true or u is false.
From (T) and (0) by modus ponens we derive (2a) below:
(2a) u is true iff 7.
And from (F) and (0) we derive (2b), viz.,
(2b) u is false iff not 7.
So, from (0), (2a), and (2b) we obtain:
(3) Not: either 7 or not 7.
From (3) and DeMorgan’s law, we derive

(4) not w and not not .
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‘On the mountain P, and not: on the mountain P’. That is there is no difference between
a contradiction within the scope of a modifier and a plain contradiction that has the
modifier within it. So to tell the alleged truth about the marvellously contradictory
things that happen on the mountain is no different from contradicting yourself. But
there is no subject matter, however marvellous, about which you can tell the truth by
contradicting yourself. ((Lewis 1986), p. Tn)

Let us translate this talk of mountains into talk of situations. We then abstract
the following argument:

I.s E AA ~A hyp (there is an inconsistent situation)
2.5 A 1, Truth Cond. for conjunction
.sE~A 1, Truth Cond. for conjunction

4 Nots = A 3, (N)

S.skE AandNots = A 2,4

Once again, we have a contradiction.

We have adopted truth value gaps (in some situations) and the existence of
inconsistent situations. Thus we need a response to these arguments.

Note that it does not help to claim that the problem is that the metalinguistic
‘not’ used in these principles is classical. For if we were to replace it with our
relevant negation, the same arguments would hold. No principles used in these
arguments violate relevant canons of proof.

Thus, I claim that the problem lies in the assumption that our object language
negation ought to be interpreted in this straightforward way in terms of a met-
alinguistic negation. This assumption, however, is rather natural. It seems to
work for some of our other connectives. We hold, for example, that,

sEAABIiffs =Aands | B.

Here we interpret our object language conjunction in terms of a metalinguistic
conjunction. If this sort of correspondence is reasonable in the case of conjunc-
tion, why not in the case of negation?

The answer lies in the dual nature of situations. On the present theory, situa-
tions are the primary indices at which sentences are true or false. But they also
provide the basis for a theory of information. I hold that a situation, s, makes
a sentence ‘A’ true if and only if s contains the information that A. This is an
informational form of Tarski’s T-scheme. Now, it is not the case that a situation
contains the information that A if and only if it does not contain the informa-
tion that not-A. For consider the following example. Consider a situation that
comprises all the information that I have about the actual world at the moment
as Isit in my study in Wellington. Let us call this situation ‘s’. I ask myself the
following two questions. (1) Is it raining now in Toronto? (2) Does s contain
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the information that it is raining in Toronto? Question (2) is easy to answer. s
does not contain this information. But (1) has me stumped. I have no idea what
the weather is in Toronto right now. This seems to me to be a very different
question. Thus, it would seem that we should reject the right-to-left direct of
(N). Let us call it ‘Nrl’, viz.,

(NrD If not s =A, s = ~A.
Now, what about the other direction, i.e., Nlr, viz.,
(NI If s =~A, nots =A?

To justify the rejection of Nlr it suffices to do two things. First, we should
justify the acceptance in our model of inconsistent situations, i.e., situations that
are incompatible with themselves. This justification takes place in various forms
throughout this whole book. Second, we should show that there is an intelligible
semantics of negation that does not entail Nlr. This alternative semantics, I have
claimed, is that provided by the compatibility relation on situations.

So, we should reject the simple relationship between negation in our object
language and negation in our semantic metalanguage. This might seem at first
to be counterintuitive, but as soon as we understand the compatibility relation,
our feeling of unease disappears.

59 Four-valued semantics

So far I have motivated the implicational approach to negation in its own terms.
There is, however, an approach to negation that is growing in popularity among
paraconsistent and relevant logicians and I should say a few words about what
itis and why I am not adopting it.

This alternative approach is a four-valued semantics originally developed by
Dunn (Dunn 1976) for the implication free fragment of the relevant logic R, and
has been developed by Belnap who proposed it for use in artificial intelligence
(Belnap 1977b), (Belnap 1977a). This semantics allows statements to take one
of four values - True, False, Neither True nor False, Both True and False. Two
of these values are designated — True and Both True and False. That is, both of
these values are treated as ‘true’ values. They are treated as such because both
include true. If a proposition is both true and false, then it is af least true (even
if it is also false). We will represent a formula being at least true at a situation
by ‘s I A’. The values False and Both True and False can be thought similarly
as being at least false (even if one of them is also true). We represent a formula
as being at least false at a situation by ‘s— || A’.
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So, a formula is Both True and False at s if and only if

slFAands— | A.

It is True at s if and only if
s+ Aands—} A.

It is False at s if and only if
sk Aands— || A.

And it is Neither True nor False at s if and only if
s Aands— A.

In addition to the usual truth conditions for the various connectives, we have
falsity conditions. The truth condition for conjunction is the usual,

slFAABiffsiFAands |- B.
Its falsity condition is the following:
s—|| AANBiffs— | Aors—| B.
Similarly, the truth condition for disjunction is the standard one:
sliFAV BiffsiF Aors |- B.
Its falsity condition is
s= Av Biffs— | Aands— | B.
The treatment of negation in this semantics is quite elegant. Its truth condi-
tion is
slF~Aiffs— || A
and its falsity condition is
s— || ~Aiffs - A.

In other words, ~ A is true if and only if A is false and ~ A is false if and only
if A is true.

Compare this four-valued semantics to standard truth tables for classical
logic. In a sense we get the same truth and falsity conditions in the classi-
cal case. The only difference here is that, in effect, a formula can take more
than one truth value. Thus, it can be seen as a generalisation of classical truth
tables.

This rather pretty semantics, as we have so far presented it, has a draw-
back from our point of view. It does not include truth conditions for impli-
cation. It was, however, extended to include implication by Richard Routley
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((Routley 1984), also see (Routley et al. 1982). Routley did so by adopting the
Routley—Meyer frame theory, removing the star operator, and adding a second
ternary accessibility relation.

Routley’s four-valued frame contains a set of situations (some of which
are designated, as in chapter 3 above), a ‘positive’ ternary relation R, and a
‘negative’ ternary relation, F. The truth condition for implication is the standard
Routley—Meyer condition:

sEA—> Biff xVy((Rsxy & x I A) D y I+ B)
The falsity condition uses the negative accessibility relation:
s—|| A= BiffIxIy(Fsxy&x— | B&y—} A)

Thus, with the four-valued semantics, we have traded in the star operator for a
second ternary relation.

The Routley continuation of Dunn’s semantics is both technically cumber-
some and philosophically hard to understand. A more elegant semantics was
developed in (Restall 1995). On this semantics, the falsity condition for im-
plication is given in terms of the original Routley-Meyer ternary relation. An
implication A — B is false at a situation s if and only if, there are situations ¢
and u, such that Rtus, A is true at ¢, and ~ B is true at u. Mares (forthcoming)
further refines Restall’s idea and shows that a very simple semantics can be
produced for the logic R. But both Restall’s semantics and my own require that
we can make good philosophical sense of this falsity condition. Whether there
is a good way of making sense of this falsity condition is a problem that I leave
open.

5.10 Paraconsistency
A paraconsistent logic is a logic which does not make valid the rule of ex falso
quodlibet, viz.,

A
~A
Relevant logic rejects ex falso in both forms:
Aq
" BaUﬂ
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and
A

o

~A,
oBy
Thus, relevant logic is a paraconsistent logic.

Philosophers and computer scientists have adopted paraconsistent logics for
a variety of reasons. We can place ‘paraconsistentists’ on a spectrum, like a
political spectrum.

On the right are those who think that paraconsistent logics are useful tools
for dealing with inconsistent theories, inconsistent stories, and inconsistent sets
of beliefs. We all have inconsistent beliefs. Qur belief sets are too large and
complicated for us to clean out old and inappropriate beliefs when we learn
new things. Among these old beliefs there are often beliefs that contradict new
beliefs or contradict one another.

In addition, in the history of science and mathematics we find useful and
important but inconsistent theories. Niels Bohr’s early theory of the atom in-
cluded features of the classical theory — his view predicted both that the electron
would radiate all its energy and spin into the nucleus and that it wouldn’t. Isaac
Newton’s use of his calculus in his proof of the product rule in the Intro-
duction to his Quadrature of Curves is inconsistent. Throughout one proof, he
assumes infinitesimal quantities are positive and divides through by them. At
the end of the proof, however, he eliminates these quantities as if they had the
value zero. To understand reasoning about inconsistent systems (or inconsis-
tent reasoning about a system, as in Newton’s case), we need a paraconsistent
logic.

On the left in our logical spectrum, are those who think that there are true
contradictions. Most famous among the lefties are Graham Priest and Richard
Sylvan. They believe that there are all sorts of contradictions. Consider the liar
sentence “This sentence is false.” According to Priest and Sylvan, the liar sen-
tence is true but also false. Priest thinks that there are many true contradictions.
There are, for example, sets that do and do not belong to themselves and things
that are not identical with themselves.

We call those who think that there are true contradictions dialetheists and
those who accept that there are interesting and useful inconsistent theories or
inconsistent sets of belief, doxastic paraconsistentists. In this book, I am taking
the position of a doxastic paraconsistentist.® In the next section I will defend
this position against an argument due to Priest.

& Elsewhere I have taken an approach much closer to dialetheism (Mares 2000), but my current
inclination is towards epistemic paraconsistency.
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5.11 Priest’s slippery slope

In (Priest 2000), Priest argues that every paraconsistentist should also be a
dialetheist. His argument is in the form of a slippery slope. Priest distinguishes
between three levels of paraconsistency, but we need only distinguish between
two. For it is only the move from the second to the third level that threatens our
own position.

Here is Priest’s argument. Suppose that a person accepts that there are non-
trivial, interesting, and useful inconsistent theories. That is, the person accepts
the thesis of weak (or doxastic) paraconsistency, as we have defined it in the
previous section. But, Priest asks, if there are interesting and useful theories
that are inconsistent but non-trivial, then why shouldn’t some of these theo-
ries be true? What Priest is asking for here is some principled objection to
dialetheism, which principles are acceptable from the standpoint of doxastic
paraconsistency.

Priest thinks that there is only one option open to the doxastic paraconsis-
tentist — an appeal to the principle of consistency. Now, the doxastic paracon-
sistentist and the dialetheist disagree on whether the principle of consistency
is correct. So, it would seem that the former needs an argument to support the
acceptance of consistency.

Priest cites Aristotle’s argument as the only ‘sustained defence’ of consis-
tency in the philosophical literature. And he finds Aristotle’s argument wanting.
Thus, the doxastic paraconsistentist loses the battle and dialetheism triumphs.

Priest’s argument uses a form of onus pushing. He claims that the burden of
proof is on the doxastic paraconsistentist why she should not accept contradic-
tions. The problem with onus pushing strategies in argumentation is that they
are not very robust. Change perspectives slightly, and the onus can be pushed
back to the other side. The present argument is a case in point. The fact that the
principle of consistency is so firmly entrenched (both among philosophers and
non-philosophers) gives us a good reason not to accept contradictions.

The doxastic paraconsistentist can claim that there have been useful incon-
sistent theories because each of these theories has approximated a consistent
theory that has in turn approximated the truth. For example, Bohr’s early theory
of the atom was an inconsistent approximation of modern atomic theory. The
original calculus approximated the modern theory of non-standard analysis,
which in turn yields results that can be translated into theorems of a consistent
version of the calculus.

This explanation of the success of these inconsistent theories, together with
the deeply entrenched intuition that there are no true contradictions, in the
absence of further argument, seems to give victory to the doxastic paraconsis-
tentist.
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5.12 Boolean Negation?

Our remarks in section 5.7 about intuitionist negation raise a further question.
Should we add Boolean negation to our logic? The answer, I think, is ‘no’. To
see why I say this, let us first see what Boolean negation is.

Perhaps the easiest way to understand Boolean negation is through its truth
condition. Let ‘A’ be the Boolean negation of ‘A’.

‘A’ is true at s if and only if ‘A’ fails to be true at s.

This truth condition seems at first glance both to give a clear meaning to the
connective and to make it legitimate. Consider for a moment the truth condition
for conjunction:

‘AA B istrue at s if and only if ‘A’ is true at s and ‘B’ is true at s.

Here conjunction is understood in terms of the conjunction of the semantic
metalanguage. To put the point in terms of a slogan ‘and’ means ‘and’. ‘And’
should mean ‘and’. If it meant anything else, we would be appalled. The fact
that we can interpret a connective in terms of the corresponding connective in
the metalanguage provides a check on the theory of meaning that we are using.
We want these correspondences. It would seem then that Boolean negation
has passed the test. Boolean negation is understood in terms of metalinguistic
negation.

There is, however, a problem here. It has to do with the partiality of informa-
tion in our situations. We maintain that all information is persistent, that is, for
any proposition A, if ‘A’ is true at sand s <0 ¢ then ‘A’ is true at . But, if s < ¢
and ‘B’ is true at ¢ but ‘B’ fails to be true at s, then ‘B’ is true at s but not true
at t. So the Boolean negation of a proposition is not always a persistent piece
of information. In other words, in our system, the Boolean negation of a propo-
sition is not always a proposition. Thus, we cannot include it as a connective in
our scheme.

There are ways of modifying our semantics to include Boolean negation.
One, due to Meyer and Routley, is to collapse our hereditariness relation into
identity. That is, we set s < ¢ if and only if s = ¢ (Meyer and Routley 1973).
This is an adequate device from a technical point of view, but I cannot include
it in my semantics without radically changing my view of situations and their
role in reasoning. If I were to adopt Boolean negation and the Meyer—Routley
semantics for it, I could not hold both that (1) a sentence is true in a world if
and only if itis true in some situation that obtains at that world and (2) for some
sentence ‘A’ there is a possible world w and situations s and ¢ such that both
s and ¢ obtain at w and ‘A’ is true in s but not in ¢. For then I would have to
hold that both ‘A’ and ‘A’ are true in w. To adopt this view, then, would be
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to adopt a radically non-classical view of Boolean negation and reject the real
motivation behind it.

5.13 Denial

One feature of Boolean negation is that it is a form of denial negation. If ‘A’
is true, it precludes ‘A’ from being true. Sometimes we want to say something
that precludes a proposition’s being true. Our relevant negation might appear
to be too weak for this purpose. For there are situations in which both a propo-
sition and its relevant negation are true. Thus, relevant negation is not a denial
negation.

One route that non-classical logicians take to include denial in their theory
is to add it as a type of speech act. I follow these logicians and add denial as a
speech act and rejection as the propositional attitude that is expressed by denial.

Denial is a type of illocutionary force. It should not be confused either with
the assertion of a negation or illocutionary negation. As Austin, Searle, and
others have argued, a speech act has two components — a propositional content
and an illocutionary force. Thus, a speech act has the form:

F(p)

where F is its force and p its propositional content. Our object language contains
only formulae that express propositional contents.

Asserting is one sort of illocutionary force. The following sentence is an
assertion of a negation:

Ramsey is not barking at the neighbours. S0

It can be easily distinguished from a sentence that contains an illocutionary
negation such as

I do not assert that Ramsey is barking at the neighbours. 5.2)

Sentence (5.1) is about what Ramsey is or isn’t doing. Sentence (5.2), on the
other hand, is about what the speaker is or isn’t doing. In terms of the logical
form of speech acts, (5.1) has the form F(~ p) and the latter has the form
~F(p).1°

® An anonymous referee argued that the real reason why we do not include Boolean negation in
the language of relevant logic is that, if we do, we make valid (p A p) — ¢, which is a paradox
of strict implication. This is true. The original motive for barring Boolean negation was to get rid
of this and other similar paradoxes. But my point here is that we can reach the same conclusion
from the point of view of the present interpretation of the semantics for relevant logic.
10" The notion of illocutionary negation is due to John Searle ((Searle 1969), p. 32) and R. M. Hare
(Hare 1970). Hare calls it ‘external negation’.
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Denial, however, is quite different from either the assertion of a negation or
illocutionary negation. Consider the following example due to Terence Parsons:

Paul Bunyan is not bald. (5.3)

A speaker might mean one of two things in saying (5.3). First, she might be
claiming that Paul Bunyan has hair. Second, she might be saying that ‘Paul
Bunyan is bald’ is not true. This latter claim does not amount to the claim that
the statement is false, for she might also hold that Predications about nonentities
have no truth value. As Parsons points out:

I might say ‘Paul Bunyan is not bald’ without thereby committing myself to the truth of
the sentence ‘Paul Bunyan is not bald’, for I might think (as many people do think) that
this sentence lacks truth value. I may only want to reject the sentence ‘Paul Bunyan is
bald’ (or perhaps the proposition that it expresses), for I may think that both claims —
‘Paul Bunyan is bald’ and ‘Paul Bunyan is not bald’ — lack truth value. If T am told that I
can only deny the former by asserting the latter, then that is a language game that I will
not want to play. And I do not think that this is how ordinary English works. Sometimes
saying a sentence with a negative word in a certain tone of voice just counts as a rejection
of the corresponding positive version. ((Parsons 1984), p. 139)

I think that Parsons is right. Even if we think that ‘Paul Bunyan is bald’ has
a truth value, we understand what someone means when she rejects the claim
that it does. This is a denial.

Philosophers who accept truth-value gaps, such as many-valued logicians and
supervalationists, must accept that denial is not reducible to the assertion of a
negation. Moreover I hold with Parsons that everyone accept denial regardless
of their other beliefs about logic. If we hear someone saying, for example ‘Paul
Bunyan is not bald and he is not not bald either’, we usually do not attribute to
her the belief that there is a true contradiction. Rather, we take her to be denying
both ‘Paul Bunyan is bald’ and ‘Paul Bunyan is not bald’. We understand what
this speaker is saying whether we agree with her position on the logic of non-
referring terms or not.

The circumstances become more complex if we add to our language a propo-
sitional operator that means ‘is accurately denied’ . It would seem that we then
have Boolean negation in our language. For, in any situation s, A is accurately
denied if and only if A fails to be true. The problem here is the same as the
problem with including Boolean negation in our language. The ‘information’
that a proposition is accurately denied is not persistent, and so cannot count as
information at all in our sense. But we can include a similar binary operator,
‘8, that means ‘is accurately denied in’. We can say in our language that a
proposition is (or is not) accurately denied in a particular situation. Let us let
‘8(A, s)’ mean that ‘A’ is accurately denied in s. Now, this statement is not
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at all the same as the Boolean negation of ‘A’. For it is far from clear that we
should include the truth condition,

‘8(A, s) is true at s iff “‘A’ fails to be true at s.

Although there is a sense in which a situation ‘knows’ what it makes true, it
is less obvious that it knows what it fails to make true. What it makes true is
determined by the information in that situation. But what it fails to make true
is determined by information about that situation that may not also be in that
situation. Given the sort of semantics we are creating, we do not want situations
to be ‘omniscient’ about themselves. Thus, we reject the above truth condition
and so cannot recover Boolean negation by way of denial.

If we do add the operator *5’ to our language, however, we may have to change
our semantics in an important way. We cannot have any possible situations that
are bivalent. For suppose that s is a worldly situation. Also suppose that we
have the resources in our semantics that allow a sentence to refer to itself. Let
‘A’ mean ‘this sentence is accurately denied in s’. Then, ‘A’ is equivalent to
‘8(A, 5)’. By the truth condition given above, we have

‘8(A, s) 1s true in s iff ‘A’ fails to be true in s.
But, ‘A’ is equivalent to ‘8(A, s)’, so we also have

‘A’ fails to be true in s iff ‘6(A, s)’ fails to be true in s.
Thus, we can derive

‘8(A, s) 1s true in s iff ‘8(A, s)’ fails to be true in s.

So, if we have both self-reference and a denial operator we have to remove
all worldly situations from our semantics. This means that we must get rid of
worldly situations and with their expulsion we would have to reject the law of
excluded middle. We have already assumed that a logical situation obtains at
each possible world. If a logical situation obtains at a possible world and makes
true the law of excluded middle, then that situation is a worldly situation. For
any situation that extends it would be inconsistent.

We could, alternatively, banish denial operators from our language and accept
a Tarski-like theory in which they can be contained only in metalanguages. This
would allow us to retain worldly situations and the tautologies of classical logic.

With these few brief and inconclusive remarks we will leave the topics of
how or whether we should allow denial to be expressed in our language. We
will assume for the rest of this book that we do not have denial operators. This
assumption makes things much easier.



6 Modality, entailment and quantification

6.1 Relevance and modality

In chapter 1 above, we saw that relevant logicians distinguish between impli-
cation and entailment. Implication, as we have seen, is a contingent relation
between propositions. We have explicated this notion using the theory of situ-
ated inference. Now we turn to the topic of entailment. We introduce this topic
historically.

For the beginning of this history, we return to the work of C. I. Lewis.
Recall from the introductory chapter above that he was dissatisfied with the
treatment of implication as material implication. In order to avoid the paradoxes
of material implication, he introduced his own theory of implication, that was
supposed to be codified in the strict implication of his various modal logics
(among which S2 was supposed to give the most accurate codification). The
addition of necessity to the definition of implication was supposed to make
implication a relation between the meanings of statements rather than their
truth values. In so doing, Lewis produced a theory of what we call ‘entailment’
rather than a theory of implication, and we treat it as a theory of entailment in this
chapter.

In the paper that began the study of relevant entailment, ‘Begriindung einer
strenge Implikation’, Wilhelm Ackermann criticises Lewis’ systems. In partic-
ular, Ackermann rejects ex falso quodlibet, i.e.,

(AA ~A) —> B,

as a general truth about entailment. To say that A entails B, according to
Ackermann, is to hold that ‘a logical connection holds between A and B’. But
there is no real logical connection between AA ~ A and B ((Ackermann 1956),
p. 113).!

In providing a system that does not make Lewis’ error, Ackermann retained
the idea that entailment is a logical relationship between the meanings (Inhalt)
of statements. He viewed this relationship as one of containment. He says that

! Like Lewis, Ackermann uses ‘implication’ to refer to what we call ‘entailment’. To avoid con-
fusion, I use ‘entailment’ where Ackermann uses ‘implication’.

96
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‘A — B’ says that the ‘content (Inhalt) of B is part of the content of A’ (ibid.).
No theory of the content of statements is given by Ackermann, so it is difficult
to assess either this claim or the success of his system at codifying it.

Ackermann’s system of entailment ~ called IT" — was reformulated by Alan
Anderson and Nuel Belnap as their logic E, for ‘entailment’. But E has had an
unfortunate history.

6.2 The sad story of E

The entailment connective of E, as Anderson and Belnap viewed it, was sup-
posed to be arelevant strict implication. In the early 1960s Anderson and Belnap
also formulated the logic R of relevant implication, the logic that we have been
studying. Thus, if R is supposed to capture relevant implication, and E is sup-
posed to capture strict relevant implication, then it would stand to reason that
we can capture the notion of entailment as formulated by E in R expanded to
include modal operators.

Thus Bob Meyer added a necessity operator to R to create the logic NR.
And he conjectured that this new system captured what Ackermann wanted his
system IT’ to formalise and Anderson and Belnap wanted from their logic E.
At the time, Meyer thought that the conjectured equivalence of these systems
would show that all three of them had got the notion of entailment right. In
1971, Meyer said that:

Within the limits of experimental error it can now be reported that the Anderson-Belnap
system E of entailment, identical in its stock of theorems and in other significant respects
(as it has turned out) with the earlier systems of strenge Implikation of W. Ackermann,
furnishes a true and correct formal counterpart to the intuitive notion of entailment.
One more philosophical problem, you will be happy to know, has been definitively and
finally solved; anyone who might have been tempted to work on it is referred instead to
the mind-body problem, which if we all pull together ought to be disposed of shortly.
((Meyer 1971), p. 810)

The logics NR and E do in a sense capture the same notion of entailment.
Suppose that we define in NR strict implication as follows:

A— B =df D(A d B)

Then the class of theorems that we can formulate using only ‘—’, propositional
variables, and parentheses in NR is the same as the class of theorems that we
can prove in E in the vocabulary of entailment, propositional variables, and
parentheses.

But there are important differences between the two logics. Larisa
Maksimova showed that, in the vocabulary of conjunction, disjunction, nega-
tion, and strict implication, NR contains a theorem that is not a theorem of
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E (Maksimova 1971). Thus, there is a sense in which the entailment of E and
the strict implication of NR are not the same.

There are various ways we can respond to this divergence of E and NR. First,
we can continue to believe that E is ‘the system’ of strict relevant implication
and reject NR. Second, one might abandon E in this role and look at logics like
NR that explicitly combine R with some form of modality. Third, we might find
another use for either R or E that renders the connection (or lack of connection)
between the two irrelevant.

I have already provided an independent interpretation and motivation for R.
So, the question for us at this stage is the following. In the context of the theory of
situated inference, what should we make of the notion of entailment? We begin
to answer this question by looking at the question, ‘What is entailment?’.

6.3 What is entailment?

The classic source of the philosophical notion of entailment is G. E. Moore’s
essay ‘External and Internal Relations’. Moore introduces the term ‘entailment’
in the following passage from that essay:

We require ... some term to express the converse of that relation which we assert to
hold between a particular proposition ¢ and a particular proposition p, when we assert
that q follows from or is deducible from p. Let us use the term ‘entails’ to express the
converse of this relation. We shall then be able to say truly that ‘p entails ¢,” when
and only when we are able to say that ‘q follows from p’ or ‘is deducible from p’, in
the sense that a conclusion of a syllogism in Barbara follows from the two premises,
taken as one conjunctive proposition; or in which the proposition “This is coloured’
follows from ‘This is red.” ‘p entails ¢’ will be related to ‘g follows from p’ in the
same way in which ‘A is greater than B’ is related to ‘B is less than A’. ((Moore 1922),
p. 291)

The main ideas here are that the entailment is a relation between propositions
and that it is the converse of the relation of deducibility.

This concept of entailment has remained in philosophical tradition. For ex-
ample, Hughes and Cresswell say

An important modal notion is that of entailment. By this we understand the converse
of the relation of following logically from (when this is understood as a relation be-
tween propositions, not wff) i.e. to say that a proposition, p, entails a proposition,
q, is simply an alternative way of saying that g follows logically from p, or that the
inference from p to g is logically valid. ((Hughes and Cresswell 1996), p. 203; see
(Hughes and Cresswell 1968), p. 23)

Both Moore and Hughes and Cresswell, then, take entailment to be the converse
of deducibility.
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Later in ‘External and Internal Relations’, Moore gives an apparently se-
mantic characterisation of entailment in terms of possible worlds (p. 293). In
discussing the proposition x = A entails x P, Moore says

This last proposition again, is, so far as I can see, either identical with or logically
equivalent to the propositions expressed by ‘anything which were identical to A would,
in any conceivable universe, necessarily have P’ or by ‘A could not have existed in any
possible world without having P’ ; just as the proposition expressed by ‘In any possible
world a right angle must be an angle: is, I take it, either identical with or logically
equivalent to the proposition ‘(x is a right angle) entails (x is an angle)’. ((Moore 1922)
p. 293)

Although it would be anachronistic to attribute a real understanding of the dis-
tinction between semantics and proof theory to Moore in 1919 (the year his
article was published), the above characterisation looks like a modern seman-
tical characterisation of entailment.

Both Moore and Hughes and Cresswell treat entailment as a form of strict
implication and we will follow their lead in this. These philosophers, in effect,
treat entailment in a strict implication in the sense of S5. Hughes and Cress-
well take entailment to be logically necessary material implication. A logical
necessity, for Hughes and Cresswell, is something that is true in all possible
worlds ((Hughes and Cresswell 1968), p. 22 and (Hughes and Cresswell 1996),
p. 203).2

We shall look at S4-like and S5-like modalities soon. But before I get to that
and to alternative views of entailment, I would like to deal with an issue that
has plagued discussions of entailment and implication for some years.

6.4 Are we confusing use and mention?

Consider Moore’s definition of ‘entailment’. We say that A entails B if and only
if B is deducible from A. One natural way of reading this definition is to take
entailment to be a relation between sentences. Thus, ‘A entails B’ if and only
if we can derive the sentence ‘B’ from the sentence ‘A’ in some appropriate
formal system. We will write this as “A’F* B”. This statement, it would seem,
is in the metalanguage of the formal system.

Now consider a statement about a nested entailment. Let’s express the claim
that A’s entailing B entails C’s entailing D in a perspicuous way. It would seem
that we get

“A? '_ cBn '_ “C’ '_ ch .

2 Cresswell has told me in conversation that although we are safe in attributing this view to him,
Hughes was not as clear about his view on the matter.
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This statement is in the meta-metalanguage of our formal system. And the mid-
dle turnstile does not have the same meaning as the turnstiles in the expressions
flanking it. Thus, W. V. O. Quine for one, thinks talk of nested entailments
and the treatment of entailment as a connective in a formal language is a mis-
take ((Quine 1950) pp. 5S0f.). Once we straighten out where the quotation marks
should go, we find that our alleged nested implications are in fact claims in a
metalanguage (or meta-metalanguage, meta-meta-metalanguage, etc.). Thus,
the idea of formalising a logic of entailment is misconceived.

In reply to Quine, Alasdair Urquhart has argued that even if we think that
entailment is a relation between sentences, we need not think that we must
climb the hierarchy of metalanguages in this way. Suppose that our language
contains names for the sentences of the language itself. In this language we
can have a binary predicate ‘E’ such ‘E(x, y)’ means that the sentence named
by x entails the sentence named by y. Let "A be a name of the sentence ‘A’
Then we can express ‘A’s entailing B entails C’s entailing D’ in our language
as ‘E("("E("A," B),"("E("C," D))y (Urquhart 1981).

As Urquhart notes, we need not stop here. Consider logics that contain a
provability operator, such as the logic GL (see (Boolos 1993)). These logics rep-
resent Godel’s provability predicate as a modal operator. Provability predicates
are monadic predicates of sentences (or rather, sentence names) (see chapter 11
below). The representation of these predicates in modal logics seems accurate,
so why not do the same thing here and represent a binary predicate on sentence
names as a binary operator in a modal-like logic? This is exactly what we try
to do when we are creating a logic of entailment.

6.5 The metaphysics of modality

We already have an interpretation of relevant implication. Thus, to understand
strict relevant implication we need a theory of necessity.

Semantically we treat modality in the standard Kripkean sense. A situation
can ‘see’ or ‘has accessible to it’ a number of situations. ‘0A” holds in s if
and only if in each of the situations accessible to s (for some given binary
accessibility relation) ‘A’ is true, . If and only if ‘A’ is true in at least one
accessible situation, ‘GA’ is true in s. Let us call our modal accessibility relation
M (to distinguish it from the ternary implicational accessibility relation R).
Thus, our truth conditions for the modal operators written formally look like
this:

‘0A’ is true in s if and only if ¥Vx(Msx D ‘A’ istruein x)
‘GA’ is true in s if and only if Ix(Msx & ‘A’ is true in x)

Moreover, on our treatment, the usual relationship holds between O and <, is
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valid in our semantics, viz.,
~O~A «© CA.

Thus, formally speaking, we have a reasonably standard treatment of modality.

Philosophically, we have a problem that is shared among all metaphysical
treatments of modality. We need to answer the question, what determines which
situations are modally accessible to which other situations? In what follows, I
will answer this question for at least the few sorts of modality that we will use
in the other chapters of this book.

The treatment of necessity and possibility that I adopt is a slight modifica-
tion of Agelika Kratzer’s semantics for ‘can’ and ‘must’ (Kratzer 1977). On
Kratzer’s semantics, the sentence

The ancestors of the Maori must have arrived from Tahiti.
should be understood as expressing roughly the same proposition as

In view of what is known, the ancestors of the Maori must
have arrived from Tahiti. (ibid., pp. 338—40)

The word ‘must’ here does not express an ‘absolute’ necessity. Rather, ‘must’
has the role of telling us what is implied by our knowledge of Maori history.

Kratzer represents the role of ‘must’ in sentences like the above by treating
it as a relative modal phrase. She represents it more perspicuously as:

Must_in_view_ofiwhat_is_known,
the_ancestors_of_the_Maori_came from_Tahiti) (see ibid., p. 341)

In possible world semantics, the treatment of relative modal phrases is reason-
ably intuitive. The first argument of the relative modal operator, that is, ‘what
is known’, determines a set of propositions, those propositions about the Maori
that are currently known. This set of propositions, in turn, determines a set of
possible worlds, that is, those worlds that satisfy all those propositions. The
sentence given above is true if and only if the second argument of the relative
modal phrase is true at all the worlds determined by the first argument.

Most semanticists, I think, would agree with Kratzer that in standard us-
age, ‘must’ is a restricted modal operator, that is, it does not quantify over
all possible worlds. On the approach to modality that I will develop here, all
modal operators are restricted, in the sense that they do not quantify over all
situations. For example, metaphysical necessity is a modality that philosophers
usually treat as unrestricted; they hold that a proposition is metaphysically
necessary if and only if it is true in all possible worlds. I follow them, to
some extent in this treatment of metaphysical necessity. As we shall see, a
proposition is metaphysically necessary in a worldly situation if and only if
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it is true in all worldly situations. But not all situations are worldly (hence
metaphysical necessity is not unrestricted) and this biconditional does not
hold in general when the context of evaluation is not a worldly situation.
Thus, even metaphysical necessity on the present view is not an unrestricted
modality.

The mechanism which determines modal accessibility relations in our theory
is very much like the one Kratzer employs. In this chapter 1 will discuss only
alethic modalities, and only three of them — nomic necessity, metaphysical
necessity, and a sort of necessity connected with the notion of entailment.

First we will look at the basic formal properties of accessibility relations.
Then we will use the example of nomic necessity to demonstrate how our
metaphysics of modality operates.

We use binary accessibility relations to give truth conditions for our modal
operators, just as in possible world semantics for modal logic. Let M be a modal
accessibility relation. Then there will be some necessity operator, O, such that
the following truth condition holds:

‘OA’ is true in s if and only if Vx(Msx O ‘A’ is true in x).

The relation M will also satisfy certain formal postulates, all of which are listed
in appendix B below. Here we will look at only one such postulate, viz.,

If Mst, then Ms*t*.
This postulate makes true the following truth condition:
‘A’ is true in s if and only if Ix(Msx & ‘A’ is true in x),

where ‘OGA’ is defined as ‘ ~0 ~A’.

Certain accessibility relations will satisfy special postulates. For example,
if M is supposed to characterise a normal modality, then it will satisfy the
following postulate:

If s is logical and Mst, then ¢ is also logical.

This postulate makes valid the rule of necessitation, that is,
A
S FOA
Any regular modal logic that contains the rule of necessitation is called a normal
modal logic.?

3 Here ‘regular modal Jogic’ is to be interpreted in relevant terms, as allowing the following rule
to be derived:

FA—>B
04 - 0B
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Now let us consider nomic necessity. The treatment of nomic necessity is
rather straightforward and it uses only devices that we have already introduced
in previous chapters, and so it makes a good starting point for our discussion
of modality.

Instead of employing propositions as Kratzer does, we define a nomic
accessibility relation using SOA. As we said in chapter 3 above, there is a
class of SOA that represent laws of nature. Let us call these ‘lawlike SOA’.
Now consider an arbitrary situation, s. In order to determine which situations
are nomically accessible to s, we first take the set of situations which contain
all of the lawlike SOA that are contained in s. Let’s call this set N(s). We then
set M st if and only if ¢ is in N(s) and #* is in N(s*). Clearly, M satisfies the
postulate given above.*

We can also see that this nomic accessibility relation is reflexive and transitive.
As is the case for modal logics based on the classical propositional calculus, the
reflexivity of the accessibility relation implies that our nomic necessity relation
obeys the T axiom, viz.,

OA—> A.

In addition, since nomic accessibility is transitive, nomic necessity also obeys
the 4 axiom:

0A — ODA,

So far, the logic of nomic necessity seems pretty standard. It seems more
or less like a relevant version of S4. But there is a big difference between this
system and S4. The logic of nomic necessity is not a normal modal logic. That
is, its class of theorems is not closed under the rule of necessitation.

Consider a theorem of R, say, the law of excluded middle, Av ~ A. It seems
odd to say that it is nomically necessary that excluded middle holds. Taking
the logic of nomic necessity to be a non-normal system allows us strongly to
distinguish between nomic necessities and metaphysical necessities; the latter
need not be a subset of the former.

We can generalise this approach to treat a variety of different modalities. Like
nomic necessity, some modalities are strongly associated with a class of SOA.
When this is the case, we can define two modal accessibility relations. First,
we can start, as we did above, with a situation s and the set of situations that
contain all the salient SOA that are in 5. Second, we can start with a situation s
and the set of situations s’ that contain all the salient SOA that are in s and if s’
contains a SOA o of the salient type then o is also in 5. This second approach
will give us an accessibility relation that is symmetrical.

4 We also conjecture that M satisfies the other ‘housekeeping’ postulate, if s < s’ and Ms't’, then
there is some r <0+’ such that Mst.
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Which of these relations we choose to model a given modal operator depends
on how we use that operator. We consult speakers’ intuitions on how the operator
is used to determine whether or not we want a symmetrical accessibility relation.
To make this determination we can ask, for example, whether the operator obeys
the Browerische axiom, viz.,

p — 0Cp.

If speakers have the firm intuition that the Browerische axiom holds, then we
accept the symmetrical accessibility relation. If they have the intuition that it
does not, then we accept the non-symmetrical relation. Of course, in many
cases, speakers will not have firm intuitions. In such cases, we can claim what
they mean using the operator is underdetermined, or even ambiguous.

6.6 The converse of deducibility

We now return to the problem of entailment. We will say that A entails B in
a situation s if and only if, in s, it is logically necessary that A — B. In order
to understand what this truth condition means here we need to know what
‘logically necessary’ means here.

Again we couch our theory of a sort of necessity in terms of what situations
are accessible to which other situations. Like other sorts of modal accessibility,
logical necessity is determined by a sort of information. A situation s can see
a situation ¢ if and only if the information that can be used in a purely logical
inference in s is also contained in 7. At a logical situation, for example, perhaps
only the information from the class of models of implication can be used. In
other situations, the class of models may not be present, have only some of
the properties that it has in logical situations, or have some properties that it
doesn’t have in logical situations. As in the case of nomic necessity, we can
derive two sorts of accessibility from this theory. We can have M,st if and
only if 7 contains all the ‘logical’ information that is present in s. And M| st
if and only if ¢ contains exactly the same logical information that is present
ins.

Now, all we have to do is choose one of these accessibility relations and use
it to give a truth condition for entailment. Using M, we first give the standard
truth condition for the necessity associated with it, that is,

‘OpA’ is true in s if and only if Vx(Mysx D ‘A’ is truein x).

Given this truth condition and the following definition of entailment, we can
derive the truth condition for that connective:

A— B =df O,(A — B).
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The truth condition for entailment is

s = A — B ifand only if
Vx(Mpsx D VyVz((Rxyz & ‘A’ istruein y) D ‘B’ istrue in z).

We can simplify this truth condition by defining a ternary accessibility relation
for entailment. This relation is defined as follows:

Estu if and only if Ix(M sx & Rxtu).
Then we can write the truth condition for entailment as follows:

sk A— B ifandonlyif VxVy((Esxy & ‘A’ istrueinx)D ‘B’
is true in y).

Thus we have a truth condition for entailment that mirrors the condition for
implication.

Using Kratzer’s method we can generalise this notion of entailment. There
are many different notions of deducibility. There is deducibility in standard
mathematics, there is aconstructive notion of deducibility, and so on. By anotion
of deducibility here, I mean a pre-formal notion. I do not mean ‘deducibility
in intuitionist logic’, ‘deducibility in classical logic’, and so on. Rather, I want
to capture more intuitive, pre-logical notions. Using Kratzer’s method, we can
isolate those SOA in a situation s that determine a notion of deducibility. These
SOA will determine a set of situations accessible from s. Thus, we can formalise
a range of notions of entailment in this system.

6.7 Metaphysical necessity

Another sort of modality that I would like to treat is the philosopher’s favourite
sort of modality — metaphysical necessity. And we will need it for the theory
of conditional presented in chapter 7 below.

In what follows, I sketch a theory of metaphysical necessity based on a view
of Bill Lycan and Stuart Shapiro (Lycan and Shapiro 1986). In that paper,
Lycan and Shapiro develop an ersatzist theory of possible worlds. In order to
construct a set of possible worlds, they require that the set of essential truths
be stipulated before the construction can begin (ibid., p. 347). According to
Lycan and Shapiro, all truths concerning only abstract objects are among the
metaphysically essential truths, as are all ‘purported metaphysical laws’ (e.g.,
‘Everything is either material or ideal’, ‘Time travel does not occur’ ), and per-
haps some features of individuals. These features of individuals might include
what species they are (e.g. ‘Ramsey is a dog’) or their origin.
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This might seem like a rather vague list, but as Lycan and Shapiro point out
every account of possibility requires ‘stipulation of this sort’. They say:

So far as we can determine, the only way to specify a certain relative modality by
reference to a special type of world is to stipulate the set of propositions distinctively
contained by every world of that type. If so, stipulation of this sort is essential to any
account of possible worlds. (Ibid.)

One might think that Lycan and Shapiro lose the advantage of a non-ersatzist
account of possible worlds (like David Lewis’) since these do not need to specify
a set of metaphysical truths in order to determine their non-relative form of
necessity, that is, to determine which worlds are metaphysically possible, since
these are taken as primitive to the theory. But Lycan and Shapiro disagree.
Suppose, for example, two people are disputing whether there is a world at
which ‘Socrates is crustacean rather than human.” To adjudicate this question,
one must rely on his or her knowledge of what is metaphysically necessary.
This cannot come from the mere existence of a set of possible worlds. Thus, if
we do not want to fall into complete scepticism about metaphysical modality,
we have to admit that we are able (more or less) to stipulate what sorts of truths
count as metaphysically necessary.

Note that Lycan and Shapiro are not claiming that we know all the metaphys-
ically necessary truths. But they are claiming that we can know what sorts of
truths count as metaphysically necessary. I agree. I think that we can stipulate
what sorts of SOA determine metaphysical necessity.

When we look at what situations are metaphysically accessible to a given
situation, we gather together the SOA of the sorts that determine metaphysical
possibility. Then we see which situations also have those SOA. We apply our
formal criteria to them and so determine which are metaphysically accessible.

An adequacy criterion for a theory of metaphysical possibility is that it make
truth the following claim. If s and t are both worldly situations, then s and t
are metaphysically accessible from one another. Clearly there are many ac-
cessibility relations that satisfy this criterion, so it can be taken only as a nec-
essary and not as a sufficient condition for the correctness of the choice of a
relation.

6.8 Fallacies of modality

Before the days of Kripke and Putnam, it was a commonplace in philosophy
that a statement about a contingency could not entail a proposition about what
is necessary. Relevance logicians call entailments of this sort, ‘fallacies of
modality’.

We won’t be very rigorous about the definition of a fallacy of modality, since
the exact definition is pretty tricky. But we can get the general idea fairly easily.
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First, we need the notion of a necessitive. A necessitive is a proposition that
says that something is necessary. ‘Op’ is a necessitive, and so is ‘g A Op’,
but ‘p v Og’ is not, since the latter can be true without g’s being necessary. A
statement commits a fallacy of modality if and only if it says that a necessitive
is entailed by some non-necessitive.

The issue of fallacies of modality was first raised in the relevant logic liter-
ature in Ackermann’s paper discussed above (Ackermann 1956). Ackermann,
however, did not claim that having a ‘modally fallacious’ theorem in one’s sys-
tem was bad in itself. He proved that his system does not contain any modally
fallacious theorems in order to prove something else. Namely, he used this
proof to show two things. First, he showed that certain relevantly fallacious
schemes are not theorems of his system, such as ‘A — (B — B)’, ‘(AA ~
A) — B’, and ‘A — (A — A)’. Second, he showed that his system does not
contain certain theorem schemes that C. I. Lewis also rejected, for example,
‘A — ((A — B) — BY (ibid., p. 127).

From a philosophical point of view, Alberto Coffa has given us an argu-
ment that we should reject all modally fallacious statements. For example,
Coffa motivates this rejection by appealing to an epistemological principle that
he calls “The Platonic Principle’. The Platonic Principle states that ‘neces-
sary knowledge cannot derive from experience’ ((Anderson and Belnap 1975)
p. 245, §22.1.2). As Coffa notes, the Platonic Principle has been held by philoso-
phers from a variety of philosophical traditions (ibid.). Plato’s argument for the
doctrine of recollection in his dialogue Meno appeals to the Platonic Principle,
as does Saint Augustine’s argument for his theory of illumination, and the ra-
tionalists’ arguments for innate ideas. And Hume’s view that we cannot derive
knowledge of relations of ideas from matters of fact alone (Treatise Bk 111,
Pt 1, Section I is also a variant of the Platonic Principle.

But there are many contemporary philosophers who reject Plato’s principle.
Hilary Putnam, for example, has argued that whereas we have discovered that
water is H,O empirically, it is a necessary truth. I do not want to try to decide
this issue here. But, whatever we think about Plato’s principle, we can see that
it is a virtue of relevant modal logic that it does not force any such ‘fallacious’
statements upon us. Relevant modal logics give us this ability, whereas classi-
cally based normal modal logics do not. Every normal modal logic based on
classical logic contains the rule,

A
. FB—>DOA’

where ‘—’ is material implication. Thus, every classical normal modal logic
commits ‘fallacies of modality’. This rule, of course, is not valid in the relevant
modal logics.
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Thus, adopting relevant modal logic gives us a type of freedom. We can
formulate logics that do not commit fallacies of modality. But we can also say
that there are sorts of modality that do allow the deduction of necessitives from
non-necessitives.

6.9 Deontic logic and Hume’s principle

Deontic logics are systems that include the operator ‘It ought to be that’, usually
formalised by ‘O’. This operator is usually treated as a modal operator. In the
semantics for standard deontic logics, a world w is related to a set of worlds
that are morally ideal from the standpoint of w. The formula O A is said to be
true at a world w if and only if A is true in every world ideal from the standpoint
of w.

If we add the ‘ought’ operator to relevant logic, we can adopt the same
semantical insight. That is, for each situation s we set the situations that are
morally ideal from the point of view of s accessible to s. As we saw with regard
to nomic modality in section 6.5 above, we need not make this logic a normal
modal logic. Once again, consider the law of excluded middle, AV ~ A. It would
seem counterintuitive that it morally ought to be the case that AV ~ A for every
proposition A. Thus, it would seem that we should take relevant deontic logic
to be a non-normal modal logic.

We have claimed that the fact that relevant logic does not force the so-
called fallacies of modality on us makes it a better vehicle than classical logic
to act as a base for certain sorts of modality. Some philosophers claim that
deontic modality is of this sort. Hume is supposed to have held that we can-
not derive what ought to be the case merely from what is the case. Hume
says:

In every system of morality, which I have hitherto met with, 1 have always remark’d,
that the author proceeds for some time in ordinary reasoning, and establishes the being
of God, or makes some observation concerning human affairs; when of a sudden I
am supriz’d to find. that instead of the usual copulations is, and is not, I meet with
no proposition that is not connected with an ought, or an ought not. This change is
imperceptible; but is, however, of the last consequence. For as this ought, or ought not,
expresses some new relation or affirmation, tis necessary that it should be observ’d and
explain’d; and at the same time that a reason should be given, for what seems altogether
inconceivable, how this new relation can be a deduction from the others, which are
entirely different from it. (Treatise Book 11, Part 1, section i)

Clearly, Hume is making a slightly weaker claim than is usually made in for-
mulations of ‘“Hume’s principle’. What he is claiming here is that anyone who
thinks that we can derive an obligation from what is the case owes us an ex-
planation of how this derivation can be made. What is usually called Hume's
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principle, however, is the principle that we cannot derive any obligations from
any set of non-moral facts.

Arthur Prior formulated what is now a famous objection to Hume’s
principle. He claimed that there are cases when we can infer obligations from
pure descriptions. For example, the following inference appears to be valid
(Prior 1976):

Fire Chiefs are municipal officials.

.". Fire Chiefs ought to do whatever all municipal officials
ought to do.

On the surface at least, it looks as though Hume’s principle is violated by this
argument. In addition, the argument seems valid. Which is correct, Hume’s
principle or the counterexample?

It turns out that Prior’s counterexample, properly understood, does not violate
Hume’s principle as we have formulated it. We can formalise the Prior argument
as

Vx(Fx —> Mx)

. YP(Yx(Mx — OPx) — Yx(Fx — OPx))

Note that in this formalisation we have conflated doing something with being
something. This may be a very problematic conflation in many cases, but 1
don’t think it will do any harm here. More importantly, what we should note is
that this inference is valid in relevant logic. It follows from basic principles of
quantification (see below) and the transitivity of implication.

Having set Prior’s argument aside, then, we can see that relevant deontic
logic has a virtue that its classically based counterpart does not share. Relevant
deontic logic does not force any violations of Hume’s principle on us. Thus 1
suggest that relevant logic is a better contender for a basis for deontic logic than
classical logic.

We will return to the topic of deontic logic in chapter 11 below. This concludes
our main discussion of modality in this chapter, and we move on to the topics
of quantification and identity.

6.10 Introducing quantification

The motivations that I have given for relevant logic have to do with capturing
ordinary deductive inference and formalising some pieces of natural language
(in particular, conditionals). When it comes to quantification, what philosophers
and logicians have traditionally examined is not natural language quantifica-
tion, but rather what we will call ‘philosophers’ quantification’. Quantifiers are
phrases like “all” and ‘some’, as well as ‘most’, ‘many’, ‘there are at least two of”,



110 Relevant logic and its semantics

and so on. Philosophers and logicians usually only deal with ‘all’ and ‘some’,
and those other quantifiers that can be defined from those with the help of the
other logical connectives. There is a branch of quantification theory known as
the theory of generalised quantifiers that treats this other list as well. But we
will stick to the standard quantifiers here — they will give us enough trouble.
Natural language quantification is always restricted in a certain way. Consider
the sentences,

Everyone is happy
and
Everything is wdrking well.

If someone were to say the first of these sentences, you would not think that
she meant that everyone in the universe is happy. Rather, you would look to
features of context which told you to which group of people she was referring.
Likewise, if someone were to utter the second sentence, you would not think
that everything in the universe is working well, but rather that some collection
of machines or whatever that are salient to the conversation are working well.
Philosophers’ quantification, on the other hand, has as its domain everything
in the universe, or at least everything of a given logical type. The quantified
formula ‘Vx F(x)* tells us that every individual in the unmiverse is F. If ‘F’
means, say, red, then this formula means that every individual in the universe
is red. Clearly, people ordinarily do not talk this way.

Situation semantics deals quite well with natural language quantiﬁcation.
Situation semanticists distinguish between a discourse situation (or context of
utterance) and a resource situation. When one says, for example, ‘everyone is
happy’, we look to features of the discourse situation to indicate what resource
situation is meant. Then, to evaluate the statement, we look to the resource
situation to see whether everyone in it is happy (see (Barwise and Perry 1983)).
How to integrate the situated theory of quantification into our semantics for
relevant logic is not a topic I have considered, nor has anyone else to my
knowledge. It would seem an interesting avenue for future research.

Relevant logicians have, however, developed a theory of the philosophers’
quantifiers. Although philosophers’ quantification is not the same as ordinary
language quantification, it is good to have a theory of it. The history of modern
logic shows that philosophers’ quantification is an extremely useful technical
device. It was used to formulate Russell’s theory of descriptions (one of the
crowning achievements of modern logic) and has been used in the foundations
of mathematics and for various uses in doing formal metaphysics. Thus, it would
be good if relevant logic could be extended by adding philosophers’ quantifiers.
It is to this form of quantified relevant logic that we now turn. But before we
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can get into the theory of quantification proper, however, we need to understand
a few facts about quantified logic.

Most readers of this book, I assume, have studied some quantification theory.
It is a part of standard introductory courses in formal logic. But still some
readers may need a bit of a refresher course, so here are some basic facts
about quantification. We are adding the quantifiers V (all) and 3 (some) to
the language. These bind variables (here we use letters from the later part of the
alphabet as variables) in formulae. In the formula Vx F(xy), for example, the
variable x is bound and the variable y is free. In the formula Vx F(x) — G(x),
the first occurrence of x is bound and the second occurrence of x is free. On the
semantic side, quantifiers range over domains. For a quantified sentence, say,
Vx F(x), we talk about whether an object from the domain satisfies or does not
satisfy the open formula (a formula with perhaps some free variables) F(x). An
intuitive picture of satisfaction is not difficult to give. Suppose that we have a
sentence B(x), which means that x is blue. An object satisfies this sentence if
and only if it is blue. Thus, when we establish a meaning for the predicates of
our language, we can decide what things do or do not satisfy open formulae.
With regard to situations, which objects satisfy which formulae is also easy, at
least once the meanings of the predicates have been stipulated. For if the state
of affairs < Blue, a > isin a situation s and the predicate B that means ‘blue’,
then a satisfies B(x) at s.

Now let us move to the treatment of the quantifiers in the natural deduction
system for relevant logic.

6.11 Natural deduction rules for quantifiers

Natural deduction rules for quantification, both for classical and non-classical
logics, can be quite tricky. The difficulties lie mostly in getting a sound formu-
lation of the introduction rule for the universal quantifier and the elimination
rule for the existential quantifier. The other rules are quite straightforward.

First, we have the elimination rule for the universal quantifier. This is what
one would expect. It says that we can infer an instance from a universally
quantified statement. Thus we have

(VE) From Yx A, to infer A[t/x],,

where ‘A[t/x]’ means ‘the result of replacing all free occurrences of x with
t such that ¢ remains free’ (where ¢ is an arbitrary term). We also have the
dual rule for the existential quantifier, i.e. the rule that allows us to infer an
existentially quantified statement from any of its instances, viz.,

(1) From A, to infer AxA(x /1)y,
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where ‘A(x/t) means ‘the result of replacing zero or more occurrences of a term
¢ with x such that x remains free in the resulting formula’ (although of course
x is bound in ‘Ix A(x/t)’). Note that in the case of the existential quantifier
introduction, we are allowed to generalise on any number of occurrences of a
term in the statement.

Onto the more difficult cases. We begin with universal quantifier intro-
duction (VI). In order to treat (VI), Anderson and Belnap borrow a device
from Frederick Fitch. This device is the ‘generalised categorical subproof” (see
(Anderson et al.1992), §31.1). It is perhaps easiest to introduce this idea using
an example. Consider the following proof of Vx (F(x) — G(x)) — (Vx F(x) —
YxG(x)):

1. ¥x(F(x) = Gy hyp.

2. V.XF(.X)Izl hyp

3. Y F(x) 2, reit

4. Vx(F(x) = G 1, reit

5. F(x)y = Gy 4, VE

6. F(X)(z] 3, VE

7. G(x)[l,Zl 5,6, - E
8. VXG(X)[]VQI 3 - 7, vi
9. VxF(x) — YxG(x) 2-8, > 1
10. Vx(F(x) > G(x)) > (VxF(x) > YxG(x)g 1—-9, > I

Here we use the Fitch-style vertical line to indicate a categorical subproof.
The variable to the left of the line indicates the variable on which we are
going to generalise at the end of the subproof. It also indicates that we cannot
reiterate a previous step into the subproof if that variable is free in the formula
of the step. So, for example, we cannot reiterate F(x) into a subproof if the
variable indicated is x. Anderson and Belnap refer to the vertical line as a
‘barrier’, since it acts as a barrier to formulae with x free passing into the
subproof.

Anderson and Belnap’s existential quantifier elimination rule is constructed
in analogy with the rule of disjunction elimination. Recall that disjunction
elimination uses three premises: From A v B,, A — Cg and B — Cg to infer
Coug- In 3E we only need two premises:

(3E) From 3x A, and Vx(A — B)g to infer B,yg, where x is not free in B.

As we said before, this rule is very much like disjunction elimination, and
both are closely related to implication elimination. In the rule of existential
quantifier elimination, the first premise tells us that there is something that is
such that A and the second tells us that for anything, if it is A, then B. So we can
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infer that B. The restriction that x not be free in B saves us from being able
to infer non-theorems like 3x F(x) — Vx F(x). The close relationship between
disjunction elimination and existential quantifier elimination is natural, because
the existential quantifier works in some ways like an infinite disjunction. For,
if we have a name for each element in our domain, 3x A tells us that A[a/x] or
A[b/x] or Alc/x]. ...

Let’s look at a sample proof using this rule. This proof of Vx(F(x) —
G(x)) > (3xF(x) = 3xG(x)) is taken (with small changes) from Anderson
and Belnap ((Anderson et al. 1992), p. 15):

1. Vx(F(x) = G(x) hyp.

2. Ax F()C){z] hyp

3. X F()C)B) hyp

4. Vx(F(x) = G(x))y 1, reit

5. F(x) - G()C)“] 4, vi

6. G()C)“.j;] 3,5, -1
7. HxG(x)“g] 6, al

8. F()C) g HxG(x)”] 3-— 7, — I
9. Vx(F(x) > 3IxG))y, 3-8, VI
10. HxG(x)“.z] 2, 9, aE
1. IxF(x) = IxGlx)y, 2—-10, > I

12. Vx(F(x) > G(x)) > AxF(x) > IxGx)g 1-11, > 1

Here we can see the interaction of the universal quantifier introduction rule and
the existential quantifier elimination rule. The two are often used in conjunc-
tion, because the existential quantifier rule requires for its second premise a
universally quantified formula.

There are some other ‘house-keeping’ rules needed to round out the treat-
ment of quantification. One of these treats the interaction of quantification and
disjunction and the other treats the interaction of quantification and conjunc-
tion. The first is called ‘Yv’ by Anderson and Belnap, but sometimes goes by
the name ‘confinement’, viz.,

From Vx(A v B), to infer A Vv Vx B,, where x is not free in A.
The second is called ‘A3’ :
From A A Ax B, to infer Ax(A A B),, where x is not free in A,

Given these rules, we can prove many standard theorems about quantification.
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For example, now, here is a proof of Vx(A v B) - (3xA Vv VxB):

1. Vx(AvV B)“] hyp

2 x VX(AVB)“] 1, reit.

3 AV B“] 2, VE

4. A{z] hyp

5. 3xA(2| 4, 31

6 IxAvV B{z} 5, vi

7. |A— @xAvV B)y 4-6, > I
8. |Bp hyp

9. AxAvV B(3) 8, viI
10. B — (3xAV B)g 8—-9, —»1
11. IxA v B[” 3,7,10, VE
12. Vx@xAV B)y 2—11, VI
13. dxA VVXB“] 12, Vv

14. Vx(AV B) > QxAVVxB)y 1—13, — I

We can also show that the theorems of this logic that just include conjunction,
disjunction, negation, the quantifiers, variables, predicate letters and parenthe-
ses (i.e. that do not include implication), are exactly the theorems of classical
first order logic. This means that all of classical first order logic can be captured
in a relevant logic.

6.12 *Semantics for quantification

(This section is directed at technically sophisticated readers and very little that
follows depends on it.)

A semantics for quantified relevant logics has been developed by Kit Fine.
The semantics is ingenious and very complicated.’ Here we will not go into all
the details of the semantics. I give those in an appendix at the end of the book.
Rather, here I will try to give the reader the intuitions behind Fine’s semantics.

Let us start with the standard treatment of quantification in modal logic. Let
w be a possible world. Then, according to the standard semantics, the formula
Vx A is true at w if and only if every individual in the domain of w satisfies the
formula A. Translating this into the idiom of our semantics, it would seem that
we getthe following formulation. Let s be an arbitrary situation, then the formula
Vx A is true at s if and only if every individual in the domain of s satisfies the
formula A. This clearly is not what we want. As we have said, one of the virtues
of using situations instead of worlds is that situations do not contain the entire

5 Bob Meyer and I have tried hard to simplify this semantics. We also had a series of discussions
with Fine about this project in 1990 when all of us were at the Automated Reasoning Project at
The Australian Nationai University. Unfortunately. we did not succeed in producing a simplified
semantics. | recommend this problem to the reader with the caution that it is very difficult indeed.
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domain of the worlds that contain them. Situation theorists use this to explain
how ordinary definite descriptions refer and how natural language quantifiers
work. In order to give a situated treatment of philosophers’ quantifiers what
we need is a theory that explains how a situation nevertheless can represent a
world as being such that everything in that world satisfies open sentences.

The basic idea that Fine uses to capture this idea is from Kripke’s seman-
tics for intuitionist logic. In the semantics for intuitionist logic situations have
different domains and if s < s’, for any situations s and s’, the domain of s is
contained in the domain of s’. The truth condition for the universal quantifier
says that a situation s makes the formula ‘Yx A’ true if and only if for all situa-
tions s’ such that s < s’, every object in the domain of s’ satisfies A at s’. In this
semantics, if s makes true ‘Vx A’, then s contains the information that, whatever
objects there are they satisfy ‘A’. Fine translates this idea into the semantics
for relevant logic.

But this translation is not very straightforward. The problem has to do with
the relationship between variable domains and the ternary accessibility relation.
In particular, if we allow variable domains it becomes very difficult to use the
standard semantic conditions to verify their correlated axiom schemes. In order
to deal with this problem, Fine constructs his model from a set of models
for propositional relevant logic. With each propositional model is associated a
domain of individuals. If a formula ‘A’ contains only individual constants that
refer to items in the domain of a situation s, we say that ‘A’ is in the vocabulary
of s. The various situations in the different propositional models bear important
relations to one another. We will use the letter Q to indicate the chief of these
relations. For situations s and ¢, Qs only if the domain of s is a subset of the
domain of ¢. The truth condition for the universal quantifier is

‘Vx A’ is true at s if and only if for all ¢ such that Qsz,
every individual in the domain of ¢ satisfies ‘A’ at z.

Fine places conditions on Q and on the other operators and relations of his
theory so that he can prove the following lemma. For any situation s and any
formula A in the vocabulary of s, A is true at s if and only if for all situations
t such that Qst, A is true at t. Because of the truth of this lemma, we can call
the situations that are related to s by Q, conservative extensions of s. That is,
these other situations say the same things as s in the vocabulary of s.

To see why it is useful to have conservative extensions so closely linked with
the truth condition for the universal quantifier, consider the following proof of
the validity of ‘Yx(A v B) — (A v Vx B)’, where x does not occur free in ‘A’.
We take an arbitrary situation s and suppose that ‘Vx(A v B)’ is true at s. Then
we assume that ¢ is such that Ost. We now want to prove that ‘A v VxB’ is
true at 5. So we suppose that A does not obtain at s and show that ‘Vx B’ does.
Since ‘Vx(A Vv B)’ is in the vocabulary of s, ‘A’ is also in the vocabulary of ¢.
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By the lemma stated above showing that r must be a conservative extension of
s, if *A’ fails in s it also fails in 7. But, by assumption and the truth condition
for the universal quantifier, ‘A v B’ is true in ¢. Thus, by the truth condition
for disjunction, ‘B’ is true in ¢. The situation ¢t was chosen arbitrarily, and so
we can generalise to say that ‘A Vv Vx B’ is true at s. This suffices to prove that
‘Vx(A Vv B) > (A V VxB) is valid.

It turns out, as Fine indicates, that we can derive an intuitionist-like truth
condition for the universal quantifier. Let us define a relation E such that s C ¢
if and only if there is some situation s’ such that Qss’” and s’ < ¢, Intuitively, a
statement ‘s C ¢’ says that ¢ extends s perhaps in domain as well as in infor-
mation. The truth condition now can be stated as

‘Vx A’ is true at s if and only if for all ¢ such that s C ¢
every individual in the domain of ¢ satisfies ‘A’ at ¢.5

Thus, we can interpret a formula ‘VxA’ as saying that A is true of every in-
dividual in every extension of the current situation, or as saying that we have
the information that ‘A’ is true of every individual no matter how the current
situation is extended in information or in domain.

Fine’s technical achievement in producing this semantics is considerable. It
is extremely subtle and fine-tuned. But we would like a simpler semantics for
quantification and one that is easier to interpret philosophically. To provide such
a semantics is one of the major open problems in relevant logic.

6.13 The semantics of identity

The standard semantics for identity sets ‘a = b’ true if and only if ‘a’ and ‘b’
refer to the same thing. This truth condition is, of course, very intuitive, but
we cannot accept it except in a rather modified form. For consider the names
“Tully’ and ‘Catiline’. They do not refer to the same object. If the theory of rigid
designation is correct, then a name refers to the same thing in every situation
in which it refers at all. So, it would seem that in no situation do we have

cicero = catiline.

Thus, by our semantics for implication, if we accept the standard semantics for
identity, we also have to accept that

cicero = catiline — A,

for every proposition A. This, however, is an intolerable irrelevance.
We get around this problem by making identity into astandard binary relation,
in the sense that we allow a pair (i, j) to be in the extension of identity at a

6 This is, in effect, the ‘orthodox” truth condition for the universal quantifier stated in Fine (1988).
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situation where i and j are in fact (i.e., from the standpoint of our metalanguage)
distinct individuals. We do not merely do this in order to solve the problem
cited above. For we have uses for situations that identify objects that are in
fact distinct. For example, there are fictions in which things that are really
distinct are said to be the same. There is an episode of the science fiction
television programme, Star Trek, in which a very old man is supposed to have
been various people in history, such as Caesar and Brahms. In order to model
such fictions, it is useful to have situations that identify really distinct objects
(Mares 1992).

In order for standard inferences about identity to follow in our semantics,
we have to place certain constrains on the extension of identity. Identity is
transitive, in the sense given in the following deduction:

l.a=b/\b=c|” hyp
2. a=cy 1, trans =

As we saw in chapter 5 above, we reject the ‘nested’ form of transitivity, but
this conjunctive form is appropriate for relevant logic. We make the conjunctive
form of transitivity valid by simply postulating that if (i, j) is in the extension
of identity at a situation s, and (j, k) is also in the extension of identity at s,
then so is (i, k). Similarly, in order to satisfy the symmetry of identity (which
allows the inference from a = b, to b = a,) we postulate that, if (i, j) is in the
extension of identity at a situation, then (j, i) is also in that extension at that
situation.

Traditionally, there are four features that distinguish identity — symmetry,
transitivity, reflexivity, and the principle of the substitution of identicals. Re-
flexivity is treated in a very straightforward manner. A relation ¢ is reflexive if
and only if, for every entity a, paa. For identity, we postulate that, for every
logical situation, s, is such that for everything, i, in the domain of that s, (i, i)
is in the extension of identity.

The semantic treatment of the principle of the substitution of identicals is a
little more involved. One standard version of the principle is the following:

a=b— (A— A(b/a)).

This is not a principle that a relevant logician could accept. For consider a
formula A in which a does not occur. Then we have as an instance of the above
principle,

a=b—> (A > A).

Clearly, this is irrelevant. So, the first change we make is to weaken this
principle to

(a=b AN A)— A(b/a).
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This weaker principle is called ‘weak substitution’. Now if A does not contain
a, we get the harmiess thesis,

(@a=b A A)— A

But there still are difficulties with weak substitution. One problem is of a tech-
nical nature and that has to do with Dunn’s theory of relevant predication.” But
there are relatively non-technical reasons as well why we should abandon weak
substitution.

Accepting weak substitution leads to a watering down of the relevance prop-
erties of implication. Let m stand for ‘my favourite flavour of ice cream’, ¢ mean
‘chocolate ice cream’, and s mean ‘strawberry ice cream’. Then we have

c=mAG=m—s=m))—> (s=m—s=c)

This statement has a true antecedent. ‘Chocolate is my favourite flavour and
strawberry is my favourite flavour’ does imply itself (at least in worldly situa-
tions). But it is not the case that ‘Strawberry is my favourite flavour’ implies
‘Strawberry ice cream is identical to chocolate ice cream’, if implication is
taken to be the sort of robust relevant connective that we have been discussing.
So, we have an implication with a true antecedent and a false conclusion, and
so we must reject weak substitution.

One problem with both strong and weak substitution is that they allow us to
substitute for identicals into statements that contain implications. Implication is
an intensional connective, and we should expect that it would give us problems
with substitution. So here is an even weaker principle of substitution that would
seem harmless:

(a=b A A)— A(b/a),

with the proviso that A be implication free. So far 1 have not heard any objections
to this principle, so I propose that we accept it at least for now.

6.14 Identity and proper names

Here is a further problem. Consider two names that refer to the same individual,
such as ‘Cicero’ and ‘Tully’. On the semantics that we have put forward, the
following inference is valid in our intended model:

1. cicero = a,, hyp
2. tully = aq 1, truth condition for =
3. cicero=a—tully=ag 1-2, > 1

7 For the theory of relevant predication, see chapter 11 below. For the problem, see Mares 1992.
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The conclusion is one that a relevant logician should find a little unpleasant.
But things get worse. The following argument is also valid in our intended
model:

1. cicero = cicero,,, hyp
2. tully = ciceroy 1, truth condition for =
3. wully = tully, 2, truth condition for =

4. cicero = cicero = tully =tullyy; 1-3, =1

This conclusion seems quite irrelevant.

Some philosophers, however, might tell us to accept this conclusion. A direct
reference theorist, for example, might tell us that ‘cicero = cicero — tully =
tully’ is quite acceptable. On a standard version of the theory of direct reference,
sentences express structured propositions. For example, the sentence ‘Ramsey
isadog’ expresses the structured proposition (Dog, ramsey), where ‘Dog’ refers
to the property of being a dog and ‘ramsey’ refers to my dog. On the theory of
direct reference, a proper name contributes only its referent to the structured
proposition expressed by the sentence. This is to be contrasted with a definite
description which contributes the properties used to describe the object. Since
the referent of ‘Cicero’ and ‘Tully’ are the same, the structured proposition
expressed ‘cicero = cicero’ is (=, cicero, cicero) and the proposition expressed
by ‘tully = tully’ is (=, cicero, cicero). Thus, a direct reference theorist could
well say that the implication at step 4 of the above proof is quite relevant, that
is, it is merely a self-implication.

On the other hand, we can modify our semantics slightly in a way that is in
accord with the theory of direct reference that avoids commitment to these sorts
of seemingly irrelevant implications. On Kaplan’s theory of direct reference,
in addition to its content, an expression has a character. To understand what
a character is, we first have to understand the distinction between contexts of
utterance and contexts of evaluation. A context of utterance is merely a context
(in our theory, a situation) in which an expression is said, written, signed, or
whatever. The context of utterance determines the referents of the expressions
used in an utterance. For example, I yelled ‘Ramsey stop barking!” just before
writing this sentence. My use of ‘Ramsey’ refers to my dog. Suppose at the
very same time the philosopher Hugh Mellor in Cambridge said ‘Ramsey was
a great philosopher’. He is not referring to my dog, but to a human being, Frank
Ramsey. The context of evaluation, on the other hand, is a situation in which
we determine whether a statement is true or false. Suppose for example, that I
say ‘Ramsey could have been an obedience champion’ we first use the context
of utterance to determine that the referent of ‘Ramsey’ is my dog. In so doing
we determine the structured proposition (Obedience Champion, ramsey). We
then evaluate this proposition at all situations accessible to the present one to
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determine whether any make it true. These are contexts of evaluation. If at least
one context of evaluation does make it true, then the statement that I made is
correct.

The character of an expression is a function from contexts of utterance to its
content. For a proper name, its character is a function from contexts of utterance
to its referents. For example, the character of ‘Ramsey’ is a function that takes
my current situation to my dog and takes Hugh Mellor’s current situation to
Frank Ramsey.

We can use the notion of a character to modify our semantics. Instead of
having states of affairs (SOA) that contain the referents of expressions (i.e.
individuals and properties), we could have SOA that contain the characters
of expressions. Since the character of ‘Cicero’ is distinct from the character
of ‘Tully’, we could include the ‘SOA’ < =/, cicero’, cicero’ > in asituation s
withoutincluding < =/, rully’, tully’ > ins,where the primes indicate characters
rather than properties or individuals.

Although 1 do not wish to commit myself to the theory of direct reference,
it is nice to know that we can amend our semantics both to be consistent with
this theory and to avoid grating implications like cicero = cicero — tully =
tully.

6.15 Necessity and identity

The preceding discussion raises some interesting issues regarding the relation-
ship between identity and modality in our framework. As is well known, Kripke
(and others following him) argues that all true identity statements are neces-
sarily true (Kripke 1972). To make Kripke’s argument run, we need to accept
the doctrine of direct reference and the view that objects can exist in more than
one possible world. Suppose that ‘a’ and ‘b’ are proper names. If we accept
the theory of direct reference, then they have no meaning except in the sense
of a character, as explained above, and merely refer to their referent. They do
not refer by means of expressing a meaning. Let’s fix a context of utterance.
In this context of utterance, the name ‘a’, say, refers to the object i. If ‘a’ has
a referent in a given possible world, then that referent is i. Thus, ‘a’ is said to
be a rigid designator — it refers to the same object in every world in which that
object exists. Now consider both ‘a’ and ‘b’. If they refer to the same object,
given our context of utterance, then they refer to that object in every possible
world (taken as a context of evaluation). Since they are rigid designators, they
cannot refer to the same thing in one world and to different things in another
world.

Now, this is a very brief and unsatisfactory rendition of Kripke’s argument.
But that does not matter here. What does matter to us is the consequence
that identity statements are necessary. There are two ways of interpreting
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this position. The first, is to incorporate what we call ‘Kripke’s principle’,
viz.,

a = b — Ua = b (Kripke’s Principle).

This is clearly very easy to incorporate into our semantics. Given a situation
s, if s” is modally accessible from s, then the true identities at s” include all of
those that hold at 5. But the question is whether we really should make valid
Kripke’s principle.

It would seem that we can accept Kripke’s argument without buying into
Kripke’s principle. We can make the true identities at every worldly situation
agree with one another. This will make every identity necessary in the sense of
being necessary in the model. But this does not mean that identity statements
imply their own necessity. It would seem that we need a further argument for
that view.

For more about relevant logic and identity, I recommend Philip Kremer’s
paper (Kremer 1999).

6.16 A useful theorem

It will be useful for the theory of conditionals developed in part II of this book
to prove that, for normal modalities, only worldly situations are accessible from
worldly situations.

In order to prove this, we will need the following postulates:
1. If Mst, Ms*t*.
2. If s < 5" and Ms’t’, then there is some ¢ < ¢’ such that Mst.
3. If s < ¢, then t* < s*.

We now prove the following lemmas:

Lemma 7 Ifs s’ and Mst, then there is some situation t’ such
thatt 4t and Ms't'.

Proof. Suppose that s <5’ and Mst. By postulate 1, Ms*r*. By
postulate 3, we also know that s™* < s*. By postulate 2, then, we obtain
that there is some ¢ < t* such that Ms™"*. By postulate 1, and the
fact that s™** = s" and t"** = ', Ms’t’. We also know that 7 <0 ¢'. Thus,
we have proven the lemma. (QED)

Lemma 8 Ifs and s* are both logical situations, then s = s*.

Proof. Suppose that s and s* are both logical situations. Thus it
is both the case that s < s* and s* < s. Since < is antisymmetrical,
s = s*. (QED)

These lemmas allow us to derive the following theorem:
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Theorem 9 If M is an accessibility relation for a normal modal
logic, then if s € Poss and Mst, t is also in Poss.

Proof. Suppose that M is the accessibility relation for a normal
modal logic and that s is a possible situation. Also assume that M st.
By the definition of Poss, there is some worldly situation s’ such that
s < s'. Then, by lemma 7, there is some ¢’ such that ¢+ < ¢" and Ms't’.
By postulate 1, Ms"™¢"™. Since s’ is worldly, s* = 5. And, since M is
normal, ¢’ is logical. By postulate 1, Ms™t*, i.e., Ms't"™. Since M
is normal, ¢ is logical as well. So, by lemma 9, ¢ = t**. Thus, ¢’ is
worldly. So ¢ is possible, ending the proof of the theorem. (QED)

6.17  Summary of part I

We have now come to the end of Part I of the book. Before we go on it will
be useful to summarise what we have done so far. First, we constructed an
ontology of situations. We used this ontology to support an interpretation of
Israel and Perry’s theory of information and, in turn, to develop an informational
interpretation of relevant implication. We then extended this interpretation to
include both negation and modality.

The aim of this exercise was to provide an understanding of the connectives
of propositional relevant logic. We also wanted to give an interpretation in terms
that many philosophers of logic can live with. We used areasonably conservative
ontology of worlds, individuals, and (non-well-founded) sets. Thus we tried to
defend relevant logic against two objections. The first of these objections is that
the semantics of relevant logic is merely a mathematical theory that does not
yield a real theory of meaning for the connectives. Throughout this part of the
book, we have argued that the semantics of relevant logic, properly understood,
gives the connectives intelligible and intuitive meanings. The second objection
is that the semantical theory for relevant logic is committed to strange entities
such as impossible situations. The reductionist project of chapter 4 is meant to
show that the commitments of this semantical theory are rather more harmless
than the objection indicates.

In Part II, we will use the Routley—Meyer frame-theory, and our interpretation
of it, to formulate a semantics for indicative conditionals and a semantics for
counterfactuals.
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7 Indicative conditionals

71 What are indicative conditionals?

One way in which I motivated the acceptance of relevant logic in the introduc-
tory chapter above is as a basis for a theory of conditionals. The vast majority
of the writers on conditionals distinguish between two sorts of conditionals —
indicative conditionals and counterfactual conditionals. I will follow this tradi-
tion here. We begin with the indicative conditional.

The best way I know to distinguish between indicative conditionals and
counterfactual conditionals is to cite some examples. And the best examples I
know are these old chestnuts due to Ernest Adams:

If Oswald didn’t kill Kennedy, someone else did. an
If Oswald hadn’t killed Kennedy, someone else would have.  (7.2)

The first of these — the indicative conditional — assumes for its utterance
that Kennedy was killed, but not that Oswald killed him. The second — the
counterfactual — assumes that Kennedy was killed and that Oswald did it.

But this isn’t the only difference between the two. The indicative conditional
seems to express something about the world and something about what we
believe. For consider the following conditional:

If Oswald didn’t kill Kennedy, there is a cover up of the fact  (7.3)
that Kennedy is still alive.

Even if we have a firm belief that Oswald did murder Kennedy, those of us who
are not conspiracy theorists will be more prepared to accept (7.1) than (7.3).
The reason for this is, in part, that we believe rather strongly that Kennedy was
killed and this belief does not depend on our belief that Oswald killed Kennedy,
i.e., even if we abandon the latter belief we will not abandon the former, nor
will our degree of belief drop in the proposition that Kennedy is dead. This
indicates that our reasons for asserting conditionals at least to some extent has
to do with connections between our beliefs.

125
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As we shall see, proponents of Adams’ thesis hold this view very strongly,
but my view also accords with this connection between beliefs and conditionals
to some extent.

Whereas the role of the indicative conditional is at least partly doxastic, the
role of the counterfactual conditional is more ontological. As we shall see in
chapter 8 below, counterfactuals are used to express dispositional facts about
individuals, populations and structures of other sorts. They have other roles too,
but for the most part they are used to talk about the nature of things. Yet, as
we shall see in chapter 8 below, there is a much stronger connection between
counterfactuals and indicative conditionals than is ordinarily supposed and there
is a doxastic component in the semantics of counterfactuals.

There has been a rather active debate about which sorts of natural language
conditionals should be analysed as counterfactuals and which should be char-
acterised as indicative conditionals. In what follows, I will go against the more
popular view and treat all and only subjunctive conditionals as counterfac-
tuals. In particular, this means that I treat future tense indicative condition-
als formally as indicative conditionals. Nothing deep or crucial rests on this
point. All the examples in which I use future tense indicatives could be re-
cast using past or present tense conditionals, although sometimes slightly more
awkwardly.

In what follows, I set out a theory the grandparent of which is my and André
Fuhrmann’s theory of relevant conditionals (Mares and Fuhrmann 1995).

7.2 Conditionals and relevance

As I argued in chapter 1 above, conditionals express a connection of relevance
between antecedents and consequents. Let’s look briefly again at my argument.

What is needed is a theory of conditionals which demands some real relation
between the antecedent and consequent of a true conditional. If the conditional
is just material implication, then having a false antecedent alone is sufficient to
make a conditional true. Thus, equating the conditional with material implica-
tion forces us to accept conditionals like this one:

If I pick up this guinea pig by its tail, its eyes will fall out.

Guinea pigs do not have tails, and so one cannot pick one up by the tail. But
an utterance of this conditional indicates a real connection between picking
up a guinea pig and its eyes’ falling out. It seems to indicate more than just a
relationship between the actual truth values of the antecedent and consequent.

Similarly, a true consequent is insufficient to guarantee the truth of a condi-
tional. For consider an indicative version of Dunn’s sentence,

If I scare this pregnant guinea pig, her babies will be born blind.
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Again, the conditional indicates a stronger connection between antecedent and
consequence than merely that the consequence is true regardless of the truth of
the antecedent. The fact that guinea pigs are always born without sight is not
enough to justify accepting the conditional.

In this chapter I develop a theory of the indicative conditional that satisfies
the demand that there be a real relation between antecedent and consequent in
true conditionals.

7.3 Indicative conditionals are not implications

In previous chapters, we have developed a theory of implication. As I said
in the introductory chapter, I base a theory of conditionals on this theory of
implication. I have been careful (I hope!) throughout the first few chapters
not to say that the theory of implication itself provides us with a theory of
conditionals. This is because, although they are closely related, implications
are not themselves ordinary everyday conditionals.

The problem with implication, in regard to a theory of conditionals, is that
both do too much and too little. There are rules that are permissible for im-
plications that are not permissible for conditionals and there are rules that are
permissible for conditionals that are not permissible for implications.

There are several other problems with identifying the indicative conditional
with relevant implication. For example, there is a problem with the principle
of contraposition. In the case that we will review, the problematic inference is
from,

A—>~B,
to,
B —>~A.

Our treatment of implication and negation makes this inference valid. But when
put in terms of the conditional, it becomes very counterintuitive. Consider the
following argument due to Frank Jackson:

If Sally makes a mistake, she won’t make a big one.

.. If Sally makes a big mistake, she won’t make a mistake.

Clearly the conclusion is absurd, even if the premise is true.

Rejecting contraposition as a principle governing implication is not an at-
tractive solution. It is an intuitive principle. We use contraposition in proofs
all the time. In logic and mathematics the contrapositive proof is one of the
most commonly used proof techniques. Thus, dropping it gives us a radically
counterintuitive theory of implication.
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Problems also arise in the connection between implication and conjunction.
On our view the following inference rule is valid:

From A — Cg, infer (A A B) — C,.
If we interpret the conditional to mean relevant implication, then, we also make
valid the following argument:
If Ramsey was good today, Jane is happy.

.. If Ramsey is good today and Jane has been given the sack,
Jane is happy.

Clearly, we do not want to accept this.

The above counterexample to strengthening of the antecedent, as this infer-
ence is called, is also a counterexample to the transitivity of the conditional.
Anderson and Belnap’s natural deduction system makes valid the following
inference:

FromA — B, and B — Cginfer A — Cyup.

Moreover, it is easy to prove in that natural deduction systemthat (A A B) — A.
So we have the following inference:

1. A—> C“] hyp

2. AA B|2] /’lyp

3. (AAB)—> Ay theorem
4, A{Q] 2, 3, — FE
5. C“,z] 2, 4, — F

6. (A/\B)—)C”] 2-5 -1

Thus, if we allow transitivity in this form, we also allow strengthening of the
antecedent.! Thus, the fact that implication is transitive gives us another reason
not to identify the indicative conditional with relevant implication.

7.4 But the indicative conditional is closely related to implication

We saw in the previous section that the indicative conditional is not relevant
implication. But they do have a close relationship to one another. We saw in
the introductory section to this chapter that the conditional, like implication,
expresses some form of relevance between an antecedent and a consequent.

Moreover, an implication entails the corresponding conditional. For example,
from the implication,

Two bodies’ being positively charged will imply that they exert a
repelling force on one another.

! Note that in this proof we bring in a theorem without proving it. We could have added the proof
of the theorem to this proof. Since the subscript of a theorem is the empty set, we can use it very
easily in implication eliminations.
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we can infer the conditional,
If two bodies are positively charged, they will repel one another.

It seems that we want to make this sort of entailment generally valid. That is,
if the formula,

A — B,
holds at a situation, then the following formula should also be true there:
A= B,

where ‘= is the indicative conditional.

The story so far. The indicative conditional expresses a weaker connection
between antecedent and consequent than relevant implication. But the condi-
tional expresses a relevant connection of some sort.

I'suggest that we can capture both of these features of the conditional by giving
the conditional a modified form of the semantics for implication. Recall the
Routley-Meyer ternary relation used to give a truth condition for implication.

In chapter 3 above, we interpreted the Routley—-Meyer ternary relation on
situations in terms of situated inference. Given the assumptions that the situation
s is in a particular world and that the situation ¢ is also in that world, we are
licensed to infer that some situation is such that Rstu is also in that world (and
that the set of situations is such that Rstu is the smallest set for which we have
this licence).

I suggest that we assign to the conditional in a more restricted relation than
Routley and Meyer’s R. This means that, where C is the relation associated with
the conditional, whenever there are three situations s, ¢, and u such that Cstu,
then Rstu holds as well. (In fact our relation, C, will be a bit more complicated
than this. But we will leave those complexities for later.)

It might seem paradoxical to have a more restricted relation to give the se-
mantics for a weaker connection between antecedent and consequent, but it
really does make sense. For more propositions stand in a weaker relation than
in a stronger relation. If we have fewer situations standing in an accessibility re-
lation to one another, more propositions will stand to one another in the relation
that this accessibility relation models. Thus, we need a stronger accessibility
relation.

What we do is start with the set of situations that are related to our situation
by the Routley~Meyer accessibility relation and then narrow our search space
to pairs situations which are legitimately to be considered with regard to a given
conditional. All this sounds rather complex, but we will break the idea down
into manageable parts. To make things a bit easier, instead of the phrase, ‘pairs
of situations (¢, #) such that Rstu’, I use the word ‘circumstances’.

One feature of ordinary discourse that will help to determine which situations
are legitimately to be considered are the circumstances that the participants in
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the conversation are willing to consider. This might sound tautologous, but it
isn’t. As we shall see, there are both objective and subjective factors that come
into play in deciding which situations are legitimate.

Suppose that you say the following to me:

If Tim moves to Washington we won’t see him again in Wellington this year.

And let’s say that I disagree. But how can I rebut your conditional? It makes
sense for me to retort with

Tim could get a well-paid job and fly home later this year.
But it would be useless for me to counter with
Tim might sprout wings and fly home whenever he wants.

In these replies to the original conditional, I am trying to point out circumstances
in which it does not follow that Tim won’t be in Wellington again this year, even
if he does move to Washington. Some of these circumstances are reasonable to
consider and others are ruled out of bounds. We would be willing to consider
the circumstances in which Tim gets a good paying job, since he is a bright and
personable fellow. But we would not be willing to consider circumstances in
which he sprouts wings, since this is impossible.?

7.5 The role of the antecedent

If we are willing to take a conditional seriously, we must be willing to consider
circumstances in which the antecedent is true. Consider again my favourite
conditional,

If Sally has squared the circle you have lost your bet.

In a conversation in which this conditional is taken seriously, the participants
of the conversation must include in the set of circumstances they are willing to
consider, circumstances in which Sally squares the circle,

To make this more precise, if S is the set of circumstances used to evaluate
‘A = B’ at s, then there must be a pair (¢, #) in S such that ‘A’ is true at ¢, if
there is any situation in our model in which ‘A’ is true. In putting this condition
on the set of considered circumstances, we are attempting to bar vacuously true
conditionals as much as possible.

2 One might think that the use of ‘might’ in ‘“Tim might sprout wings ... ' just makes that
statement false, since Tim’s growing wings is impossible. But recall what we said in chapter
5 above: modalities in the relevant semantics do not ail have to be treated as submodalities of
metaphysical possibility. Atany rate, it isn’t clear that a human’s growing wings is metaphysically
impossible.
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7.6 The role of the consequent

The consequent also plays an important role in determining the class of cir-
cumstances to be considered when evaluating a conditional. Let’s think again
about Dunn’s conditional. Suppose that there is a pregnant guinea pig present.
Someone says:

If I scare this guinea pig her babies will be born blind.

It may be that, like all baby guinea pigs, her babies will born blind. But it would
seem illegitimate only to consider circumstances in which her babies are born
blind. For the evaluation of the conditional requires that we test the relationship
between the antecedent and consequent of the conditional. And, for such a test,
we need to see whether when the consequent fails to be true, the antecedent is
absent as well.

Let’s make this idea more precise. If S is the set of circumstances used to
evaluate A = B in s, then there is some circumstance (¢, #) in S such that B
fails to hold at u, if there are any situations in our model at which B fails to hold.

I used to think that there were exceptions to this rule. In particular, I used to
accept the rule

A=B

F B—>C

L A=C
Suppose that we are legitimately considering only circumstances in which C
holds (in the second situation in each circumstance) in order to evaluate A = B.
Suppose also that this conditional turns out to be true and that it is a theorem
of our logic that B — C. It would seem that we want to infer that A = C.

ButIam no longer certain that we do want to make such inferences. In section

7.11 below, we will consider a set of circumstances in which ‘Either Prof. Plum
committed the murder or Col. Mustard did’ are true (in the second situation in
each circumstance). And we will argue that the conditional,

If Prof. Plum didn’t commit the murder then Col. Mustard did.

is true, given that set. It is a theorem of our logic that ‘Col. Mustard committed
the murder’ implies ‘Either Prof. Plum committed the murder or Col. Mustard
did.’ Given the rule above, we can infer

If Prof. Plum didn’t commit the murder either he or Col. Mustard did.

This sounds weird to me. I’'m not sure that we want to accept it. If we reject it,
we have to reject the rule above too.

The idea that the antecedent helps to determine the indices use to evaluate a
conditional is commonplace in the philosophical literature. But the idea that the
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consequent also plays a role is less common. But it has been proposed before,
most prominently by Dov Gabbay (Gabbay 1972). We will look at Gabbay’s
motivation for his position in chapter 8 below.

7.7 Closeness

We pick the circumstances that we use to evaluate a conditional as the set of such
that seems reasonable. But what counts as reasonable? When we introduced this
notion above, we did so by looking at the sorts of retorts that we would take
into account and those which we would ignore. Let’s do that again.

Consider again our conditional about Tim:

If Tim moves to Washington we won’t see him again for months.
In most contexts of utterance, it would not be legitimate to reply:

We will see him again if he proves that redness is a shape (and not a colour), goes on
the chat show circuit and makes enough money to fly back and forth regularly.

This would be a ridiculous reply. Because the suggestion is metaphysically
impossible, we would not be willing to consider it.

It would also be illegitimate as we have said, but slightly less so, to suggest
that Tim could grow wings. This suggestion is less ridiculous because it is more
plausible that Tim can grow wings than that he can prove redness to be a shape
rather than a colour.

Perhaps still illegitimate but much less so is the following suggestion:

Well, we might see him if he wins the lottery and has the money to fly back to Wellington.

Here we have a suggestion that is not impossible but very implausible. We
would take it more seriously than the others, but we might still treat it as an
illegitimate suggestion in the context.

This ranking in terms of implausibility tells us something interesting about
how we understand conditionals. We are willing to consider more plausible
circumstances over less plausible ones. We rank metaphysically impossible
circumstances as more implausible than nomically implausible ones (I take it
that a person’s growing wings is nomically implausible). And we rank nomi-
cally impossible circumstances as more implausible than remote possible, but
nomically possible circumstances.

Thus, I think we can set out a hierarchy of modalities. All things being equal,
if a circumstance is metaphysically impossible, we are more reluctant to count
it among the ones that we consider to evaluate a conditional than ones that are
metaphysically possible and if a circumstance is nomically impossible we are
more reluctant to use it than one that is both nomically and metaphysically
impossible.
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Once again, it is time to be more precise and technical. We need to know
exactly what it means for a circumstance to be possible. Here is a definition:

Let N be a type of modality. Then a circumstance (¢, u) is possible relative to s in
modality N if and only if there is some situation s’ such that Myss', t <s’, andu < s'.

This definition says that a circumstance (¢, u) is possible relative to s if and
only if both ¢ and u are parts of a situation that is possible relative to s.

7.8 Putting the theory together

We have various parts of a theory of conditionals and we now need to assemble

those parts into a coherent theory. In order to make the theory coherent, what

is needed is a rule regarding which elements should take priority over others.
Here is such a rule.

A legitimate set of circumstances used to evaluate a conditional is a set of reasonably
close circumstances that obeys the constraints regarding the antecedent and consequent.

This means that, if possible, there are circumstances in the set that satisfy
the antecedent and those in which the consequent fails. The antecedent and
consequent constraints take precedence over closeness. The idea is simple. We
start with close circumstances and keep letting circumstances into our set until
these conditions are fulfilled.

7.9 Modus ponens

So far in our treatment of conditionals we have been using our subjective incli-
nations as a guide to the structure of the set of circumstances that we choose.
But it would seem that there are objective constraints on this set.

Consider a case in which a person says

If I flip this switch you will all die!

The villain then flips the switch, a funny whirring noise is heard, and then
nothing happens. I would say that the villain was wrong when he made his
original statement. We expect modus ponens to hold of conditionals. If we have
a conditional with a true antecedent and a false consequent, we declare the
conditional to be false.

But some philosophers disagree with this. There have been two sorts of
counterexamples to modus ponens proposed in the literature. The first type uses
nested conditionals, and originates with Vann McGee’s paper (McGee 1985).
MocGee presents the following argument with (supposedly) true premises and a
false conclusion. Imagine that the following is presented on the eve of the 1980
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presidential race in the United States:

If a Republican does not win, then
if Reagan does not win Anderson will win.
A Republican will win

.. If Reagan does not win Anderson will win.

McGee is right in his claim that no one at all knowledgeable would assent to the
conclusion of this argument. Anderson was a poor last in the polls. If Reagan
had not won, surely Carter would have won. But the two premises look true.
So what is wrong? The only inference rule that seems to have been used here is
modus ponens. The conclusion that McGee draws is that modus ponens is not
a valid inference rule.

Isaac Levi gives a similar counterexample ((Levi 1996), p. 106). We start
with a wheel divided into three equal parts, 1, 2, and 3 and a stationary marker
which indicates the winning position after the wheel has been spun. The wheel
is spun and it lands on 1. Thus, we have the argument

If the winning segment is odd,
if it does not land on 1, it will land on 3.
The winning segment will be odd.

.". If the wheel does not land on 1, it will land on 3.

Here we have an inference of the same form as McGee’s counterexample.
Without the proviso that the wheel lands on an odd numbered segment, there is
no reason to think that if it does not land on segment 1, it will land on segment
3. Thus, the conclusion is false, even though the premises are true.

Thus, the problem seems to be that we have an invalid argument of the form

A=>(B=0)
A
. B=>C
But, it would seem that the arguments above are not really of this form. The

sticking point is the structure of the major premise. Consider again McGee'’s
premise:

If a Republican wins, then if Reagan does not win Anderson will win.

Let’s think about the set of circumstances one would use to evaluate this condi-
tional. Clearly, one would look at reasonably close (and possible) circumstances
in which Anderson and Reagan are Republicans, Carter is a Democrat, Reagan
leads in the polls, Carter is second, and Anderson is well behind, and so on. We
would not look at weird circumstances in which there have been wild sampling
errors on the part of the pollsters, or any other circumstances that seem way out
of line to us.
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Using such circumstances, we can conclude that

If a Republican wins and Reagan does not win, Anderson will win.

But this is not a nested conditional — it is not of the form A = (B = C). It
does not seem that we can, in a natural way, constrain our set of circumstances
to make the nested conditional true.

The nested conditional, however, sounds true. I suggest that the surface gram-
mar of English is misleading in this way. Sometimes we are allowed to say a
sentence that looks like a nested conditional but has as its logical form a con-
ditional with a conjunctive antecedent (like the one given above). This is not a
silly feature of English but rather has a useful function. Consider the difference
between:

If Tim and Joe both have cars then Tim has a car. (7.4)

and

If Joe has a car and Tim has a money for petrol they will be (1.5)
able to get to Auckland.

Both (7.4 ) and (7.5) are true. We would not be tempted, I think, to express (7.4)
using (7.6):

If Tim has a car, then if Joe has a car Tim has a car. (7.6)

The sentence (7.6) seems false. But (7.7) below looks true:

If Joe has a car, then if Tim has money for petrol they will 1.7
be able to get to Auckland.

What is going on with (7.5) and (7.7) that is not happening in (7.4) and (7.7)
is that both conjuncts of the antecedent are doing some work to get us to the
consequent.

I think there is a reasonable informal notion of doing some work at play
here but we can introduce a formal notion as well. Suppose that S is a set of
circumstances attributed to ‘(A A B) = C’ in s. And suppose that conditional
is true in s. Then we say that A is doing some work in producing C if and only
if there is some (¢, #) in S such that B is true in ¢ but C fails to be true in u.
Thus, ‘(A A B) = C’ can be expressed by ‘If A, then if B, C’ in English if
both A and B are doing some work in (A A B) = C 3

This I think does away with the counterexamples to modus ponens that use
nested conditionals. There are some, however, that use non-nested conditionals.

3 This is a sufficient condition. I am not sure that this is the only type of case in which we are
allowed to express a non-nested conditional as a nested one.
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The following is from Bill Lycan’s (Lycan 1993) but he attributes it to Allan
Gibbard:

If you insult me, I will not become violent.
If you insult my dog, I will become violent.
You insult both me and my dog.

Contradiction!

There is something very different going on here than in the previous examples.
Suppose that I assert both of the conditional premises. And then you insult both
me and my dog. Also suppose that after I react (or fail to react), some innocent
and unharmed bystander asks me whether I still think my conditionals were
true. I would say ‘no’. If I have pummelled you I would reject the first premise
and if I have not I would reject the second premise. Note that I am not merely
saying that-would reject one or other of these premises as being false after the
fact, but that I would say after the fact that they hadn’t been true before your
insult.

Thus, my reply to the Gibbard—Lycan example is to say that in any possible
situation in which the third premise is true one or other of the conditional
premises must be false. The reason why the argument looks compelling is that
there are possible, even plausible, situations in which both of the conditional
premises are true. And there are even situations in which the third premise is
true but the first two premises are assertable (until the truth of the first two
premises becomes apparent). We can see the force of this last claim if we invert
the order of the premises:

You insult both me and my dog
If you insult me I will not become violent
If you insult my dog I will become violent

.". Contradiction!

This argument is not compelling at all. Our inclination to accept both the con-
ditional premises when said is undermined by the first premise.

The inclusion of modus ponens in our theory will be useful in chapter 9
below. If we excluded modus ponens, it will make little difference for the
theory of conditionals itself. As a fall-back position we can differentiate between
conditionals that always allow modus ponens (call them ‘ponable conditionals’)
and those for which there are situations in which modus ponens fails for them.
We could then argue that the conditionals I use in chapter 9 to support uses of
disjunctive syllogism are ponable conditionals. But I do not think I need this
sort of fall-back position.
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7.10 Model theory for conditionals

To reflect the role of the antecedent and consequent in choosing circumstances
for the evaluation of a conditional, we use a five-place relation to give a truth
condition for the conditional. This relation stands between a pair of propositions
(the antecedent and consequent of the conditional) and three situations. Thus,
if Cyayp stu, then t and u make up a pair that is reasonably close to s and that
satisfy the background conditions that are assigned in s to ‘A = B’.

The truth condition itself mimics the Routley-Meyer truth condition for
implication, viz.,

‘A= B istruein s iff VxVy((Ciaypsxy & ‘A’ istrueinx) D ‘B’
is true in y).

We place a few conditions on our relation C. First, in order to satisfy the
inference
A—> B
;. A= B
we need

CxyStu DO Rstu,

for all propositions X and Y and all situations s, t, and u. This material con-
ditional might look backwards, but it isn’t. It tells us that we only choose
circumstances that are already related by R to s.

In order to satisfy modus ponens for the conditional, we use the condition
that, for all situations s, and all propositions X and Y,

Cxysss.

We can see quite easily that this condition does the trick. For suppose that A =
B obtains at s and so does A. Then, by the truth condition for the conditional
and the above condition, B is true at s as well.*

7.11 The direct argument

Paul Grice has given the following argument to support the identification of
the conditional with the material conditional (Grice 1989). Here is a version of
Grice’s argument. From a disjunction like

Either Prof. Plum or Col. Mustard committed the murder.

4 To make modus tollens valid, we need to add the condition that Cyxyss*s* for all propositions
X and Y and all situations s.
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we can infer the conditional,
If Prof. Plum did not commit the murder, then Col. Mustard did.

This argument looks valid. Thus, it would seem that inferences of the form
AV B
.~A=B
are also valid.
But if we add this inference to our logic of conditionals, our conditional

would no longer be relevant. For, suppose that we were to add the ‘direct rule’,
viz.,

From A Vv B, infer ~ A = B,

to our natural deduction system. We would then be stuck making valid the
following argument:

1. puy hyp.
2. PV qu 1, viI
3. ~p=qqy 2, direct rule

4. p>(~p=>qe 1-3,>1

So, we would be able to derive a variant on negative paradox.

To retain a relevant theory of conditionals I reject the direct rule. But I follow
Stalnaker (Stalnaker 1999) in holding that, whereas the direct rule is not valid,
it can be reasonable to make inferences of this form.

The ideais quite simple. If the participants in a conversation explicitly agree to
a statement, such as ‘Either Prof. Plum or Col. Mustard committed the murder’,
then it is quite likely that they will constrain the set circumstances they use
in that conversation to evaluate conditionals to include only situations that make
that statement true. If, in addition, all the circumstances chosen are possible,
then the salient conditional will hold.

Let’s be a bit more precise about what is going on here. Suppose that we
agree that either Prof. Plum or Col. Mustard committed the murder. And now
we want to evaluate the conditional ‘If Prof. Plum did not commit the murder
Col. Mustard did.” We will choose a set of circumstances that is possible (and
which satisfies the conditions with regard to both antecedent and consequent),
and will include only circumstances in which both situations make it true that
one or other of the Professor or Colonel is the murderer.

Take one arbitrary such circumstance (¢, u). Suppose that ‘Prof. Plum did not
commit the murder’ is true at r. At u, at least one of ‘Prof. Plum committed the
murder’ and ‘Col. Mustard committed the murder’ is true (by the truth condition
for disjunction). It cannot be the former, since u is co-possible with ¢ and its
negation is true at z. Thus, it must be that Col. Mustard is the murderer at u.



Indicative conditionals 139

Generalising, we have shown that ‘If Prof. Plum did not commit the murder,
then Col. Mustard did’ is true.

Note that this argument only holds if, first, the participants in the conversation
do in fact constrain the circumstances that they use to include only those that
satisfy the disjunction and, second, that it is reasonable for them to choose only
possible circumstances to evaluate that conditional. In many (perhaps most)
cases in the actual world these conditions are met, and so the inference is a
reasonable one.

It is important that we vindicate the direct rule as a reasonable form of
inference. We use it often. Suppose, for example, that one is taking a multiple-
choice exam. Suppose also that one is asked to name the capital of Kenya and
is given the following choices:

(a) Dar es Salaam
(b) Nairobi
(c) Kampala

It would seem that one is correct to say in this situation,

If neither Dar es Salaam nor Kampala is the capital of (7.8)
Kenya, then Nairobi is.

This case is very similar to that of our murder suspects. Here, the disjunctive
fact that either (a), (b), or (c) holds is imposed on the situations that we consider
when evaluating the conditional. In this context it is inappropriate to look at
any other situations — they have been excluded by the rules of the test.

Note that we can even cook up circumstances like this to make true some
of the examples that we used to motivate the relevant account. Consider the
sentence,

If Jones picks the guinea pig up by the tail, its eyes will (7.9)
fall out.

Suppose that one is taking a test (like an American SAT or GRE) in which one
has been asked to read a silly story and then select one of the following answers
to test her comprehension:

(a) Jones does not pick up the guinea pig by the tail.
(b) The guinea pig’s eyes fall out.

For the same reasons as in our discussion of (7.8), (7.9) is true. This seems
right; there is no mitigating difference between the two cases. What is wrong
with the guinea pig conditionals is not that there are some contexts of utterance
that make them true, but rather that in most contexts they are false. Our theory
allows for both. Unlike the classical view, it does not force them always to be
true.
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7.12 Probability and conditionals

Perhaps the most widely held view about conditionals at present is Adams’
thesis. In order to understand Adams’ thesis, we first need to understand what it
means to say that a sentence is assertable. We say that a sentence is assertable if
and only if the speaker has sufficient evidence to assert it. Ernest Adams thinks
of assertability in terms of subjective probability. A sentence is assertable, on
Adams’ view, if and only if the speaker attributes to it a high probability. The
matter with regard to conditionals, however, is slightly more complicated.

In (Adams 1975), Adams asserts that the probability of a conditional is the
same as the corresponding conditional probability. In formal notation, this is

Pr(A = B) = Pr(B/A).

‘Pr(B/AY is the probability of B given A. Usually, the conditional probabil-
ity is determined by the equation Pr(B/A) = P'P(rA(g)B ), when Pr(B) is not zero
(otherwise the conditional probability is undefined).” This equation is often
called ‘Stalnaker’s thesis’ because Stalnaker asserted it in (Stalnaker 1970).
David Lewis proved, however, that given the usual axioms for probability and
the assumption that we can nest conditionals (i.e., put conditionals inside other
conditionals), Stalnaker’s thesis leads to a sort of triviality. That is, under these
conditions Stalnaker’s thesis entails that formulae can take only a very small
number of values. Thus, Stalnaker’s thesis has been abandoned by most philoso-
phers working in this area. With the abandonment of Stalnaker’s thesis, many
philosophers have adopted the weaker Adam’s thesis.

Those who subscribe to Adams’ thesis can be placed into two camps. On
one hand, there are philosophers like Ernest Adams who hold that there are
assertability conditions for conditionals, governed by Adams’ thesis, but that
indicative conditionals have no truth conditions. On the other hand, there are
those like David Lewis and Frank Jackson who believe that conditionals do have
truth conditions (in the case of Lewis and Jackson, these are given by the truth
table for the material conditional) and also that conditionals have assertability
conditions dictated by Adams’ thesis.

Itis a virtue of Adams’ thesis that it gives us reasons to reject contraposition,
strengthening of the antecedent, and transitivity. As we have seen, none of these
rules are valid for conditionals. And none of them of conditional probabilities.
For example, just because Pr(C/A) is high does not mean that Pr(C/A A B)
is high. Another virtue of Adams’ thesis is that it does require some measure
of relevance between antecedent and consequent of assertable conditionals.
For example, even if it is true that ticket number 1234567 will win the Idaho
State Lottery next month, the conditional ‘If cats like to eat chicken, ticket

5 There are also approaches that take conditional probability to be primitive, which allow Pr (B/A)
to have a value even when Pr(A) = 0.
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number 1234567 will win the Idaho State Lottery next month’ need not be
assertable, since one need not give the corresponding conditional probability a
high value.

The notion of relevance captured by the theory of conditional probability,
however, is too weak to do justice to our intuitions about conditionals. Dunn’s
conditional, viz.,

If I scare this pregnant guinea pig, her babies will be born blind.

turns out to be assertable on Adams’ thesis, in cases in which the speaker
knows that guinea pigs are blind at birth. In this case the probability of the
consequent is high and its probability is independent of the probability of the
antecedent. This means that regardless of the probability of the antecedent, the
probability of the conditional probability, Pr (blind/scare) = Pr(blind). Thus,
Adams’ thesis does not capture our intuitions about relevance. Now, this failure
does not by itself imply that Adams’ thesis should be rejected. We might add
other pragmatic devices to it in order to explain full-blooded relevance. Clearly,
however, such devices are needed.

Frank Jackson holds that indicative conditionals have truth conditions given
by the truth tables for the material conditional and assertability conditions given
by Adams’ thesis. A use of ‘If ... then’, on Jackson’s view, carries with it a
conventional implicature. To understand what a conventional implicature is,
consider the word ‘but’. The truth table for ‘but’ is the same as for ‘and’, but
the two words have different connotations. The sentences ‘John went to the
demonstration and he is tired’ and ‘John went to the demonstration but he
is tired’ have rather different tones. The second indicates that there is some
apparent tension between the two conjuncts, whereas the first indicates no such
thing. According to Jackson, the case of the conditional is very similar. If a
speaker states a conditional, then she not only says that the corresponding
material conditional is true she also expresses the fact that her corresponding
conditional probability is high.

What work, then, is done by the truth condition in Jackson’s theory? It has
been suggested that the main virtue of the truth condition is that it allows for
an analysis of nested conditionals (see e.g. (Woods 1997)). I have doubts about
its efficacy in this task and Jackson does too (Jackson 1987). To see why this is
so, let us take a closer look.

Supposedly, the problem with the pure Adamsian account is that although it
gives us a way of dealing with statements of the form If A, then B, where neither
‘A’ nor ‘B’ contain conditionals, it cannot treat cases in which they do contain
conditionals. For the assertability condition for If A, then B is Pr(B/AY’s being
high, but we have no assertability condition for, say, If A, then if B, then C.
Jackson’s view, on the other hand, sets the assertability condition for this latter
form of statement at Pr(B O C/A)’s being high.
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So far, so good. But consider that one of the virtues of Adams’ thesis is
that it captures some of our intuitions regarding the relevance of antecedents
to consequents in acceptable conditionals. Now, it is a fact about classical
probability theory that Pr(~ B/A)isalwayslessthanorequaltoPr(B O C/A).
So, if the sentence

If petrol fumes are present, I will not strike this match.

is assertable, then so is

If petrol fumes are present, then if I strike this match, I will turn
into a cat.

What has happened here is that we have regained all the irrelevance of the
material conditional when the conditional we are looking at is within the scope
of other conditionals.

These arguments show, I think, that conditional probabilities do not by them-
selves govern the assertability conditions for conditionals. But it would seem
that in many cases a high value for Pr(B/A) is a good reason for asserting
A = B.Isuggest that this is because, in many cases a high conditional proba-
bility is a good indicator of a relevant link between the antecedent and conse-
quent.

7.13 Even if

‘Even if” conditionals pose an interesting problem for relevant logicians. ‘Even
if’ is a relevance breaker. Consider the conditional,

I will take Ramsey for a walk even if it rains.

This conditional does not express a very strong link between its raining and my
taking my dog for a walk. It says that despite certain tendencies to the contrary,
I will walk my dog.

The tendencies to the contrary we will leave aside for a minute. We will
concentrate for now on the relevance-breaking property of ‘even’. I suggest that
when we evaluate an ‘even if” conditional, we imagine a set of circumstances.
In some of these circumstances, the antecedent is true (if there are any situations
in which the antecedent is true). It may be that in all of these circumstances
(or in only some or none) that the consequent is true as well. Then, if in every
circumstance (¢, u) that is considered in which ¢ satisfies ‘A’, u makes ‘B’ true,
then ‘A = B’ is true.

The only difference here between this analysis and our analysis of standard
conditionals is that the condition regarding the consequent is dropped. What is
happening here is that we are seeing whether in the circumstances that we can
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envision (those we think are reasonable) whenever the antecedent is true so is
the consequent.

The condition regarding the antecedent is retained. It would seem that vacuity
with regard to ‘even if’ conditionals is as abhorrent as it is with regard to standard
conditionals. Consider, for example,

Even if Sally squares the circle you will win your bet.

If you have bet against Sally squaring the circle, then this conditional is false,
regardless of whether you and the people to whom you are talking are very
reluctant to consider circumstances in which Sally squares the circle.

The other aspect of ‘even if s that we mentioned was that they have a negative
tone. The assertion of the sentence

Even if it is raining, I will take Ramsey for a walk.

expresses my tendency not to take my dog out when it is raining, or at least to
dislike walking a dog in the rain. This negative tone, in my opinion, cannot be
dealt with in the semantics for conditionals, but rather is a pragmatic matter; it
would seem to be an implicature rather like the negative implicature associated
with ‘but’.



8 Counterfactuals

8.1 Introduction

Consider again Adams’ examples of indicative and counterfactual conditionals:

If Oswald didn’t kill Kennedy, then someone else did.
If Oswald hadn’t killed Kennedy, then someone else would have.

Someone asserting the first of these sentences would assume that Kennedy was
killed, but would not assume that Oswald did it. Someone asserting the second,
on the other hand, assumes that Oswald did kill Kennedy.

We have a theory of how to evaluate the indicative conditional. We look at the
circumstances that the people involved in the conversation in which it is stated
can legitimately envision. If those people are taking this conditional seriously,
then they will limit themselves to possible circumstances in which Kennedy is
murdered. In those in which Oswald is not the murderer, someone else is. Thus
the conditional is true.

I suggest that there isn’t a very big difference between counterfactuals and
indicative conditionals. I think that the way we evaluate them is very similar. In
the case of the Kennedy counterfactual above, what we do is imagine ourselves
in asituation in which we have all the salient information but not the information
that Kennedy has been murdered (or even the information that he is dead). We
then ask whether the indicative conditional ‘If Oswald does not kill Kennedy,
someone else will’ is true in this situation.

The reason that we hesitate about answering this question is that we don’t
know what all the salient information is. We don’t know what the CIA, Cuban
Intelligence, the KGB, and the Mafia were planning.

But just because we don’t know what the salient facts are, does not mean
that there is no fact of the matter about what they are and what circum-
stances we would consider if we were in a situation determined by those facts.
I claim that we can hold that counterfactuals can be true or false regardless
of whether we know that they are or even have the means to discover whether
they are.

144
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8.2 Sketch of a theory

Let’s generalise the process that we described in the previous section. We will
use the notation ‘A0=> B’ to mean ‘If it were that A, then it would be that B’.

Suppose that we want to evaluate ‘A0=> B’ in the situation s. What we do
is look at a set of situations s’ that capture the standpoint from which we want
to test the relationship between ‘A’ and ‘B’. In the Kennedy counterfactual
examined above, this standpoint is the American and geopolitical landscape of
1963. Consider a very different example:

If Kangaroos didn’t have tails, they would fall over.

Here we want a to evaluate the relationship between Kangaroos’ being tail-less
and their falling over in the presence of the actual laws of physics.

Let us call this set that we choose, the set of base situations. In the Kennedy
example, our base situations will hold fixed the actual facts about the Mafia,
Cuba, etc., and in the case of our poor tail-free kangaroos, these situations will
include all the laws of physics salient to things falling over or staying upright.

I don’t have a complete theory of how we choose our base situations, but
there are some points that I can make. First, both the antecedent and consequent,
as well as other features of the context of utterance, help to determine the
base situations. The role of the antecedent is reasonably clear. We choose base
situations that do not contain any information that conflicts with the antecedent
of the counterfactual.

The role of consequent is a little more complicated. Here is an example,
from Marc Lange (Lange 1993), that we will use several times in this chapter.
Suppose that two doctors find an empty syringe beside a patient. The syringe
is marked ‘cyanide’. One doctor says to the other

If the patient had been injected with that syringe, we would have an
excellent journal article.

Here the speaker is choosing base situations in which it is not a law that cyanide
is poisonous to people but in which it is assumed that this is a law of nature.
And in these base situations, the syringe was filled with cyanide. Then it would
be legitimate for the speakers (imagining themselves in these base situations)
to choose only circumstances in which that patient is immune to injections of
cyanide, but in which people think that cyanide is poisonous to everyone. Using
such circumstances to evaluate it, the above counterfactual comes out true.
The second doctor, however, replies:

If the patient had been injected with that syringe, he would be dead.

This too can be counted as true. It is legitimate to choose base situations, like
our own, in which, like the doctors’ own situation, it is a law that cyanide
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is poisonous. In such situations the implication ‘The patient is injected with
that syringe implies that he dies’ holds. This implication in turn implies the
corresponding conditional and so the counterfactual is true in the doctors’
situation.

Thus, we can see that the consequent of the counterfactual that we are eval-
uating can help direct us to the base situations for its evaluation. Dov Gabbay
is perhaps the first philosopher who noticed the role that the consequent of a
counterfactual plays in our choice of situations used to evaluate it. In support
of this view, Gabbay asks us to consider the following pairs of counterfactuals:

If T were the Pope, I would have allowed the use of the pill 8.1
in India.

If T were the Pope, I would have dressed more humbly. (8.2)
and

If New York were in Georgia, then New York would be in (8.3)
the South.

If New York were in Georgia, then New York would be in (8.4)
the North.

An utterance of (8.1) assumes that India retains its problems with overpopula-
tion, whereas an utterance of (8.2) does not seem to assume this at all. In the
second pair, an assertion of 8.3 assumes that Georgia remains in the South,
but asserting 8.4 assumes that New York remains in the North ((Gabbay 1972),
pp- 98f and (Gabbay 1976), p. 188). In our theory, we can cast these assumptions
as constraints on the choice of base situations.

There are other factors that constrain our choice of base situations. The pur-
pose for which the counterfactual is uttered can help to determine the correct
base situations. Consider a counterfactual used in a scientific explanation. Sup-
pose that we want to explain why a star appears to have moved from its usual
location during an eclipse of the sun. The explanation is that because of its
location, the mass of the sun attracts the light from the star. This explanation
would seem to indicate the truth of the following counterfactual:

If the sun were not near the path of the light from the star to the earth, the apparent
position of the star would not have changed.

The base situations chosen to evaluate this counterfactual would include all the
relevant actual laws of nature. For it is these laws of nature that are supposed
to help explain the apparent shift in the position of the star.

Historical counterfactuals behave similarly. Suppose one wants to argue that
Churchill’s being prime minister in 1940 saved the United Kingdom from suing
for peace with Nazi Germany. He or she might use the following counterfactual:
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If Churchill had died in the early 1930s, the UK would have sued for peace with Germany
in 1940.

To evaluate this counterfactual, we choose base situations in which every rele-
vant historical factor — Germany’s having overrun Western Europe, the existence
of the German—Russian pact, the existence of the appeasement movement in the
British government, and so on — except that they would not include Churchill in
parliament or even alive (although they would not necessarily have him dead -
they just would not include the information that he is alive).

Clearly, in order to develop a theory of our choice of base situations, we would
need to do a lot of analysis of how speech contexts work. I hope, however, that
the above examples are suggestive enough to indicate to the reader at least a
vague picture of how such a theory would look.

8.3 Counterpossible conditionals

In chapter 1 above, a motivation that 1 gave for relevant logic was the ability to
use it (and its semantics) to develop a theory of counterpossible conditionals.
Consider again the statement

If Sally were to square the circle, we would be surprised.

Squaring the circle (with the use of only compass and straight-edge) is
impossible. Thus this is a counterpossible conditional.

Counterpossible conditionals provide no special problem for us. In the evalu-
ation of conditionals we have chosen base situations which do not contain any in-
formation that conflicts with the antecedent of the counterfactual. To evaluate the
counterfactual above, it would seem that we should do the same. We can choose
base situations which do not contain the information that it is impossible to
square the circle. But we choose situations in which we think it is impossible
to do this task. We then choose circumstances that are appropriately connected
to our base situations and evaluate the corresponding conditional, ‘If Sally does
square the circle, we would be surprised.’1

8.4 Counterlegal conditionals

Treating counterlegal conditionals is also reasonably straightforward. Consider
a counterfactual with an antecedent that says that an actual law of nature is
violated. The following is the sort of counterfactual that one sees in ‘fine-tuning’

! Note that the indicative conditional ‘If Sally does square the circle, we will be surprised’ also
commes out true on a normal choice of circumstances to evaluate it. 1 leave it as an exercise for
the reader to convince him or herself of this.
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versions of the cosmological argument for the existence of God:

If the gravitational constant were even slightly different, the
existence of living things would be impossible.

In evaluating this counterfactual, we choose base situations in which other
laws of nature are the same as the actual ones, but which do not contain the
information that the gravitational constant is what it actually is. This becomes
difficult if the other laws of nature somehow entail that the gravitational constant
has a particular value. If this is the case, then we look at situations in which the
laws are slightly different from our own so as not to contradict the antecedent.

Not all counterlegals are counter-legal because of their antecedents. Let’s
return again to Lange’s example of the two doctors and the syringe. The first
counterfactual — ‘If the patient had been injected with this syringe, we would
have an excellent journal article’ — is a counterlegal. Why should we count
it as a counterlegal? It is clear from the statement that it means to ask us to
think about what would happen if the apparent laws of nature are false. In this
case, the apparent laws of nature are also the real laws of nature. So, it is a
counterlegal.

If the antecedent and consequent of a counterfactual are not jointly nomically
possible, then we should suspect that we are dealing with a counterlegal. But
this isn’t always the case. Consider the counterfactual,

If I drop this pen, the gravitational constant will change.

It would seem that this statement is not only false, but it would not seem even
to be a counterlegal. The difference from the previous example is that in the
syringe case the speaker is focusing on another fact about the present situation,
the fact that the patient is still alive. If we fix that fact in all the circumstances
used to evaluate the conditional and include some circumstances in which the
patient is injected with the syringe, then we will be looking at circumstances
that do not obey our laws of nature. In order to use such circumstances, we need
to choose base situations that do not include all our laws of nature. In the case
of the pen-dropping counterfactual, there would seem to be no feature of the
situation, which the consequent indicates, that could be used in the same way.

8.5 Laws of nature and counterfactuals

We have now touched on the relationship between counterfactuals and laws of
nature. This relationship is multi-faceted. We will discuss this relationship in
this and the following two sections.

In several papers published in the 1950s, Nelson Goodman and Roderick
Chisholm argued that one feature that distinguishes statements of laws of nature
from other statements is the relationship that the former bear to counterfactuals.
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Statements of laws of nature, or those statements purporting to express laws
of nature, somehow indicate the truth of certain counterfactuals. Thus, to use
another old chestnut, the general statement

There are no balls of pure uranium 235 that are one mile 8.5)
in diameter.

indicates the truth of the counterfactual

If there were a ball one mile in diameter, it would not be made of
uranium 235.

On the other hand, the general statement
There are no balls of pure gold one mile in diameter. (8.6)
does not indicate the truth of the counterfactual

If there were a ball one mile in diameter, it would not be made of
pure gold.

The fact that (8.5) indicates the truth of the corresponding counterfactual (8.6)
does not, according to Goodman and Chisholm, is explained by the fact that
the former expresses a law of nature whereas the latter does not.

Our theory of counterfactuals explains the Chisholm—Goodman property of
laws rather well. When we look at the relationship between a law of nature
and a counterfactual, we choose base situations that make the law true. Since
laws are informational links, they constrain which implications are true in
these situations and so the relevant counterfactuals come out true. When we
evaluate the counterfactual, ‘If there were a ball one mile in diameter, it would
not be made of uranium 235°, we look at base situations that agree with the actual
situation about the relevant laws of nature. Thus, if we go to one of the base situ-
ations we have chosen, we will have available to us only circumstances that are
such thatif an attempt is made to assemble a ball of U235 that is one mile in diam-
eter, it will explode. If we choose only nomically possible circumstances, as we
should according to our theory, then in any such in which there is a ball one mile
in diameter, it is not made from U235. Thus, the counterfactual comes out true.

When we look at the accidental generalisations, we cannot give the same
argument. We would need a reason, even if we choose base situations in which
the generalisations are true, to examine only circumstances in which the gen-
eralisation holds. Only in special contexts would there be such reasons. On the
other hand, it is rather standard to look at base situations in which our laws
hold. In fact, we need reasons not to do so when evaluating counterfactuals.

Now, some philosophers have suggested that there is a much closer relation-
ship between laws of nature and counterfactuals. Among them are John Pollock
and John Carroll. Pollock proposes a principle of legal conservativeness
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((Pollock 1984), p. 118 and see (Carroll 1994)). Pollock assumes a comparative
similarity semantics for counterfactuals. His principle of legal conservativeness
says that in evaluating a counterfactual at the actual world, we find, if possible,
worlds in which the actual laws of nature hold. Where the antecedent of the
counterfactual conflicts with the laws of nature, we find worlds in which the
laws of nature are minimally changed to be consistent with the antecedent. As
we have seen, I disagree with Pollock. I think that it is sometimes legitimate
to hold fixed other features of the context and use base situations in which our
laws of nature fail to hold.

There are good and bad arguments in the literature against legal conserva-
tiveness. As I have said, I think that Lange’s example provides us with a good
argument against it. An unsound, but interesting, argument is due to John Halpin
(Halpin 1991). The following counterfactual seems plausible enough:

If Caesar had lead the United Nations in Korea, he would have used the same cunning
that he used in Gaul.

If, however, Caesar had been alive during both the Korean War and during the
Roman invasion of Gaul, he would be well over two thousand years old. And
this seems to be a violation of the laws that cause our bodies to degenerate.
Thus, Halpin claims that these laws of nature are not among the background
conditions for this counterfactual.

I am not convinced by this argument. What the counterfactual is saying is that
Caesar, if he were in charge in Korea, would have used the same cunning that
he actually had used in the Roman invasion of Gaul. Compare the following
counterfactual:

If Jill hadn’t started smoking when she was young, she would be much taller now than
she is.

Now, this counterfactual does not require for its truth a situation in which Jill
has two distinct heights at the same time. Instead, it makes a comparison across
situations, between an actual situation and a non-actual situation.

A useful theory that cashes out this intuition is to be found in chapter 16 of
(Cresswell 1990). There Cresswell claims that comparative statements commit
us to degrees. For example, the statement

I am a better philosopher than a bridge player.

is true if and only if the degree of my goodness as a philosopher is greater
than the degree of my proficiency at bridge. In light of Cresswell’s theory, we
can now understand Halpin’s counterfactual. As I have said, I think that a fair
paraphrase of it is:
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If Caesar had fought in Korea, he would have done so with the same cunning as he
actually did in Gaul.

This counterfactual is true if and only if there is a degree of cunning which
Caesar had applied in his invasion of Gaul, and this degree of cunning is
matched by Caesar in the relevant hypothetical situations in which he fights in
Korea.

Although I reject legal conservativeness as a universal rule, I agree with the
intuition behind it to a certain extent. Normally, we look at base situations in
which our laws hold as laws. But we have to be sensitive to context and the
content of a counterfactual statement to determine whether or not to choose
base situations that have our laws.

Bas van Fraassen, on the other hand, has argued that there is a much looser
relationship between laws and counterfactuals than this. His argument is given
in (van Fraassen 1981), (van Fraassen 1980), and (van Fraassen 1989). The fol-
lowing is a concise presentation of this argument:

The truth-value of a [counterfactual] conditional depends in part upon the context.
Science does not imply that the context is one way or another. Therefore science does
imply the truth of any counterfactual - except in the limiting case of a conditional with
the same truth value in all contexts. ((van Fraassen 1980), p. 118)

The argument is quite straightforward. A law of nature is true in every context.
But a counterfactual may be true in some contexts and not in others. Thus, laws
of nature do not imply counterfactuals, except in a rather uninteresting sense.
We should note a few things about this argument in relation to my own view.
First, it is not my view that laws of nature are true in every context, where
‘context’ is taken to mean ‘situation’. Second, ‘implication’ here, I think, should
be taken to mean ‘logical implication’ or ‘entailment’.

Let’s leave aside the issue of whether laws of nature are true in all contexts
and assume with van Fraassen that, if there are any laws of nature they are true
in all contexts. Clearly, van Frassen’s argument is valid. But what it shows is
that laws of nature do not entail ordinary counterfactuals. I don’t think that they
do either. But van Fraassen thinks that we can draw a much deeper conclusion
than this:

There was at one point a hope, expressed by Goodman, Reichenbach, Hempel, and
others, that counterfactual conditionals provide an objective criterion for what is a law
of nature, or at least, a lawlike statement (where a law is a true lawlike statement). A
merely general truth was to be distinguished from a law because the latter, and not the
former, implies counterfactuals. This idea must be inverted: if laws imply counterfactuals
then, because counterfactuals are context-dependent, the concept of law does not point
to any objective distinction in nature. (Ibid.)
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So, van Fraassen thinks that this argument indicates a flaw in the concept of
law, that this concept does not pick out anything ‘objective in nature’. If so, this
is rather depressing news for supporters of laws of nature, like myself.

The problem with van Fraassen’s argument is that he assumes that the re-
lationship between laws and counterfactuals, if there is one, must be that of
entailment. I don’t hold this view, nor, I think, do most other philosophers who
have written about counterfactuals. Goodman thought that laws were ‘connect-
ing principles’ between the antecedent and consequent of a true counterfactual,
but he did not claim that they entail counterfactuals. In fact, he indicated that
other truths are usually needed to support counterfactuals. Likewise, I hold that
in standard cases we look for base situations that agree with our own situation
on the laws of nature, but I do not claim that these laws are alone responsible
for making counterfactuals true.

8.6 Lewis and miracles

Before we leave the topic of laws and counterfactuals, we should discuss per-
haps the most famous argument against legal conservativeness. This is David
Lewis’ argument from (Lewis 1979). The difficulty for Lewis centres around
the problem of backtracking counterfactuals. Consider the counterfactual,

If I slept through my alarm this morning,
I would have stayed up late last night.

Here we have a backtracking counterfactual. The antecedent is made true by
events (in hypothetical situations) that occur after those that make the conse-
quent obtain. According to Lewis, we standardly avoid backtracking in coun-
terfactuals; we allow antecedents to make a difference to what will happen, but
not to what has happened. That is, in evaluating counterfactuals, we usually
take the past (before the time indicated by the antecedent) as being the same as
the actual past.

Lewis’ concern in (Lewis 1979)is to add principles to his similarity semantics
for counterfactuals such as to make our standard asymmetrical attitude to past
and future come out right in most cases. Lewis considers counterfactuals starting
with the antecedent ‘If Nixon had pushed the button’. Suppose for a moment
that the actual world is governed by deterministic laws. Then, if we keep the
laws of nature fixed, Nixon could only have pressed the button if the past had
been different, perhaps very different.

Lewis’ view, however, is that when evaluating counterfactuals with this an-
tecedent, we should not look at worlds in which the past was different. He thinks
that we should apply our standard tendency to allow more variation in the future
than in the past in choosing the indices that we use to evaluate counterfactuals.



Counterfactuals 153
He does not think that the following counterfactual is true:

If Nixon had pressed the button, the past would have been very
different.

To reject this counterfactual, Lewis also rejects legal conservativeness. The
worlds which we look at to evaluate the counterfactual do not obey the same
laws of nature as our world. We look at worlds in which the past up to the point
at which Nixon is suppose to have pushed the button is the same as our world,
but then there is an event that violates the laws of our world but which causes
Nixon to push the button (or perhaps is in fact just his pushing the button).
From the point of view of our world, this event is a miracle. Lewis allows
miracles of this sort, to allow fit between our world and worlds used to evaluate
counterfactuals.

Jonathan Bennett thinks that Lewis’ worry about backtracking is unwar-
ranted. Consider the following example (Bennett 1984):

If Stevenson had been President in 1953, he would have won the
election in 1952.

This statement is true on Lewis’ theory, but it is a backtracking counterfactual. A
big miracle would have been necessary to make Stevenson president if he hadn’t
won the election in 1952. A much smaller miracle, plus a bit of backtracking,
is preferable according to Lewis’ theory. And this preference seems satisfied
by the counterfactual above.

Bennett claims, moreover, that a lot of the counterfactuals that we count as
true require backtracking. ‘If there had been twice as many Jews in Germany in
1933, then there would have been a baby boom in the Jewish community in the
nineteenth century’ seems true, but it is again a backtracking counterfactual.
Bennett points to the fact that we often accept backtracking counterfactuals
to undermine Lewis’ view that such cases are non-standard. Bennett says that
Lewis’ theory cannot stop the ‘floods of backward counterfactuals’ and so
‘[t]here seems to be nothing left of the supposed (counterfactual) foundation
for time’s arrow’ (p. 79).

The importance of Bennett’s argument is that it purports to show that Lewis’
worries do not really play against legal conservativeness. Lewis rejects legal
conservativeness because it forces us to look at worlds in which the past is very
different from that of the actual world in a great many cases, thus violating
the supposed standard approach to counterfactuals. Bennett claims that Lewis’
theory itself forces us to look at ‘backtracking worlds’ in a great many cases,
and so Lewis’ theory does not save the intuitions that motivated its creation.
Bennett’s response to all of this is to abandon the standard approach and embrace
legal conservativeness.
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As I have said, I reject legal conservativeness in its strong form. In some
cases, we can legitimately use base situations in which not all of our laws of
nature hold even when the antecedent of the counterfactual is not explicitly
counterlegal. But these cases are relatively rare. Most of the time we do use
base situations that contain all our laws of nature.

What allows us to avoid worries like Lewis’ is that our situations, as opposed
to his worlds, are very partial. When we evaluate the Nixon counterfactual we
use base situations in which all the salient information is the same. Nixon is
president, the button is connected to the nuclear arsenal in the way that it was
in the early 1970s, the Soviet missile launch system is also the same, and so
on. When we choose circumstances to evaluate the counterfactual, we do not
look for ones that have an entire history as like the base situations as possible.
They might be very limited in terms of the information that they contain. Since
we are not looking for the best overall fit between entire histories, the supposed
trade-off between violations of laws of nature and this overall-fit does not
arise.

We can agree with Bennett to a large extent. When we are using counterfac-
tuals such as ‘If there had been twice as many Jews in Germany in 1933, then
there would have been a baby boom in the Jewish community in the nineteenth
century’, we are intending to make claims about the past. So we look at cir-
cumstances that include information about the past. They don’t need to include
information about the whole history of the universe, for we usually only make
claims about very limited stretches of history.

8.7 Countermathematicals

In the introductory chapter above, I presented a counterfactual due to Hartry
Field, that is,

If the axiom of choice were false, the well-ordering lemma would
fail.

The well-ordering lemma, in Zermelo—Frankel set theory (ZF), is equivalent to
the axiom of choice. Let us suppose that this is a countermathematical condi-
tional; let us assume that the axiom of choice is true. Field thinks that there is
no such thing as metaphysical necessity, but I do. I will assume that all math-
ematical truths are also metaphysically necessary. If this assumption is false,
then it will be even easier to have my view accommodate this counterfactual.
When we evaluate this conditional, it is natural to look at base situations in
which the other axioms of ZF hold, but not the axiom of choice. Let us consider
one such base situation, s. From s we choose a set of circumstances. Each of
these will satisfy the other axioms of ZF. Some will make the axiom of choice
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false. It is natural also to choose circumstances in which the following formula
is true:

AC=WO,

where ‘AC’ is an abbreviation of the axiom of choice, ‘WO’ is an abbreviation
of the well-ordering theorem, and ‘=" is material equivalence.’

So far we are very nearly repeating the procedure that we used when treat-
ing the direct argument. But there is a slight difference. We can’t choose only
pairs of situations that are jointly possible relative to our base situations. Some
of our base situations will be possible, but they will have to ‘look at’ situ-
ations in which the axiom of choice is false, and these latter situations are
impossible. What we do is look at pairs of situations that contain no contra-
dictions in the language of set theory, nor do they contradict each other in this
vocabulary.

Now we can see that Field’s counterfactual comes out true. Let (¢, u) be
a circumstance used to evaluate it. As we have seen, ‘AC = WO’ is true in
each of ¢ and u. Let us suppose that ~AC obtains in ¢. Since ¢ contains no
contradictions, ~ WO is also true in t. Since ‘AC = WO’ is true in u, ‘ACV
~WO’ obtains in 1 too. No sentence in the language of set theory at 1 contradicts
any at z. So AC does not hold in . Thus, by the truth condition for disjunction,
~ WO obtains in u. Generalising, the counterfactual,

~ACO= ~WO

is true, as we set out to show.

We can use the same technique to deal with Barwise’s paradox. In chapter 5
of (Barwise 1989), Jon Barwise tells the following story. Suppose that there are
two mathematicians, Virgil and Paul. Virgil has been trying to prove Goldbach’s
Conjecture (GC). Virgil also believes in a standard treatment of counterfactuals
that uses possible worlds. Paul has been working on another conjecture, called
‘RH’. Virgil then discovers that GC and RH are equivalent. Virgil makes the
following two claims to Paul:

If you could give a correct proof of RH, I could give a 8.7
correct proof of GC.

It is false that if you could give a correct proof of RH, I (8.8)
could give a correct proof of not-GC.

These both seem right. But Virgil then concludes from (8.7) and (8.8) that GC
is true. He reasons as follows. From (8.8) there must be some possible world

2 Material equivalence is defined as folows: A = B =4r (A D B) A(B D A).
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in which RH is true and not-GC is not true. Thus, in this world GC is true.
But if GC is true in any possible world, it is true in all possible worlds. Thus,
Goldbach’s Conjecture is true. In this way, we can show that any mathematical
statement is true. All we need is some statement that is materially equivalent to
it and these are not hard to find.

When we evaluate (8.7), we choose a set of base situations in which GC =
R H obtains. When we locate ourselves in one of these base situations, we look
at a set of circumstances in which this equivalence also holds. By the same
reasoning as we used to evaluate the Field countermathematical, we can derive
that statement (8.7) is true. Now, let us turn to the evaluation of (8.8). If we also
use a set of base situations in which this equivalence is true and from their use
sets of circumstances in which it is true, we find that the counterfactual

If you can give a correct proof of RH, then I could give a correct
proof of not-GC.

is not true. For we choose sets of circumstances some of which make RH true.
And we would look at sets of pairs of situations that do not contradict themselves
or each other in the language of mathematics. Thus, since the equivalence is
also true, not-GC is false (and not also true).

Now, we have shown that the above counterfactual is not true. Is its nega-
tion true? If we are in a worldly situation, then it is, since worldly situations
are bivalent. Otherwise, we should be content with showing that it is not true.
I suggest that it does little harm to Barwise’s intuitions to claim that the nega-
tion in statement (8.8) is really an expression of a denial rather than a real
negation.

8.8 Consequent conjunctivitis

One feature of our theory of counterfactuals is that it makes the following
inference invalid:

From AUO= B and AD= C to AO= (BAC)

We will call this rule ‘conjunction in the consequent’.

The rule of conjunction in the consequent might seem reasonable at first
glance. For suppose that the leader of the opposition in parliament tells you
that he would have spent more money on health care and education if he were
elected and that he would have also lowered taxes if he were elected. You have
aright to infer that he is telling you that he would have both spent more money
on health care and education as well as lowered taxes if he were elected. It
seems that in certain cases at least that we take for granted that conjunction in
the consequent governs our logical commitments.
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But this rule is not generally acceptable. For consider again our doctors
discussing the syringe and their two statements:

If the syringe had contained arsenic, the patient would have died.

If the syringe had contained arsenic, we would have had a
good publication.

Clearly, we do not want to infer from these two statements that

If the syringe had contained arsenic, the patient would have died
and we would have had a good publication.

Thus, at least for counterfactuals, conjunction in the consequent does not look
like a valid rule.

Interestingly, depending on how we develop the theory of indicative
conditionals the rule of conjunction in the consequent might in fact hold for
them. But it might not seem so at first glance since, like the counterfactual,
the consequent plays a large role in determining how a conditional is eval-
uated.? But consider two conditionals ‘A = B’ and ‘A = C’, both true in
a situation s. We might describe the process of evaluating them as follows.
First we consider the class of circumstances that we are immediately disposed
to consider. Then (if necessary) we enlarge this set to include circumstances
(whose first member) makes true ‘A’. Next, (if needed) we enlarge the set to
include some circumstances in which *B’ does not hold (in their second mem-
bers). By our assumption that ‘A = B’ is true in s, then for all circumstances
in this set in which ‘A’ is true in the first member, ‘B’ is true in the second
member.

Now we turn to evaluating ‘A = C’. We do the same thing again, starting
with our default set of the circumstances that we are immediately prepared to
consider. Now, let us assume that when we look at larger and larger sets of
circumstances our ordering of these sets is not affected by the consequent
of the conditional. In the terminology of formal semantics, our ordering of sets
of circumstances is nested. Then we will have a case in which the circumstances
we are considering with regard to ‘A = B’ is either a superset or a subset of
those that we are considering with regard to ‘A = C’.

Now let us turn to examine ‘A = (B A CY. Our process of evaluation here is
the same. We start with the same default set of circumstances and enlarge it until
we have satisfied the constraints concerning the antecedent and consequent. If
the sets we consider are nested, then the class of circumstances that we consider
for ‘A = (B A C)’ will be asubset of both the sets that we consider for ‘A = B’

3 Actually, until I had tried to provide a counterexample to conjunction in the consequent for the
indicative conditional, I hadn’t realised that it was valid.
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and ‘A = C’. By the truth condition for the conditional and the truth of these
two conditionals, it follows that ‘A = (B A C)’ also holds in s.*

8.9 Modus ponens again

Usually we state counterfactuals only when we think the antecedent is false. But
what happens when we find out that the antecedent is actually true? Suppose
that one of my colleagues is, unknown to me, slumming. Actually, she is a
millionaire. I say, ‘If Ismay were a millionaire she wouldn’t be working with
us.” After I have made this claim, Ismay reveals her secret and tells us that she
is in fact rich. Should I reject my counterfactual, or merely say that its truth is
independent of the truth of its antecedent?

I would say that we should reject the counterfactual. Thus, it would seem
that we have the inference from

AN ~B
to
~(AO= B).
We can get this inference by accepting modus ponens in the following form:
From AO= B, and A, to infer B,
We can also get it by accepting modus tollens in a very similar form:
From AO= B, and ~ B, to infer ~A,.

I suggest that we accept both of these inferences, for they both seem intuitively
reasonable.
4 More formaily, we have
Ciaysacistu O Ciappstu
and
CiajBacistu D Ciaycstu
for all ¢ and u. Thus, from
Vx¥y((Clayisxy &x = A) D yE B)
and
VxVy((Clajcisxy & x = A) O y EC)
we can infer
YxV¥y((Ciaysncisxy & x = A) D y EBAC).
Thuss = A = (BAC).
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There is a simple semantic condition that makes valid modus ponens. That is,
if the antecedent is true at s, then s is itself a base situation used to evaluate the
counterfactual. Making modus tollens valid is just as easy. We merely constrain
our models to say that if the negation of the consequent holds at s, then s is a
base situation.

8.10 Counterlogicals

The problem of counterlogical conditionals requires a very different approach.
A counterlogical is a conditional the antecedent of which is equivalent to the
negation of a law of logic or states that some rule of logic fails. Consider the
following counterpossible antecedents:

If modus ponens were to fail, ...
If intuitionist logic were right, . ..

To make sense of conditionals with these antecedents it would seem that we
need situations that are not closed under the principles of relevant logic. For
example, to evaluate statements beginning with ‘If intuitionist logic were right’,
it would seem that we require situations not closed under the intuitionistically
invalid form of double negation.

Now, given our ontology, it is quite easy to construct models for intuitionist
logic or models for logics in which modus ponens fails at some situations.” But
the ‘pseudo-situations’ in these models do not belong to our intended model.
In sense, then, these pseudo-situations are not used to interpret the logical
operators of natural language. Instead, they are used to interpret some of our
metalinguistic assertions about non-natural languages.®

Here is the principle that we use to demarcate statements that are to be
interpreted in terms of situations closed under the principles of relevant logic
and those for which we may use ‘non-relevant’ situations:

We may use non-relevant pseudo-situations to interpret a (counterfactual or indica-
tive) conditional only if the antecedent of that conditional is properly to be read as
metalinguistic.

One might argue, however, that it is not always clear — there may even be no fact
of the matter in certain cases — when an antecedent is metalinguistic. This might
be true, but there are clear cases on either side of the divide. ‘If intuitionist logic

5 As long as the logic has models of this form. For logics with just, say, algebraic models, it is less
clear what it means to suppose that they are correct, without some further qualification on the
notion of correctness in use.

6 Not that it is inconceivable that some society use intuitionist logic, say, as the inference engine
for their natural language. The hypothesis here is that none actually do.
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were right’ is uncontroversially metalinguistic. On the other hand, ‘If Sally were
to square the circle’ is clearly not metalinguistic. That there are clear cases on
either side seems to speak for the need for this demarcation and, given that
there are some non-metalinguistic counterpossibles, our original motivation for
relevant logic stands.

8.11 Summary of part 11

In the last two chapters we have developed a theory of indicative condition-
als and a theory of counterfactual conditionals. I have argued that, whereas
neither the indicative nor counterfactual conditional is identical to relevant
implication, both should be treated as being similar to relevant implication. A
semantics based on the model theory for relevant logic is given for the indicative
conditional and made slightly more complicated to treat counterfactuals.



Part 11T

Inference and its applications






9 The structure of deduction

9.1 Introduction

This chapter’s purpose is primarily to give us some tools to use in the next two
chapters. It will define the technical term ‘theory” and it will discuss two sorts
of logical consequence. But it will not only introduce these concepts. Each of
them is philosophically interesting and some are connected with debates in the
philosophical literature. So, we will stop to consider each idea carefully.

Throughout this book I have taken relevant logic to be primarily about in-
ference. This might seem like an odd thing to say, but not every philosopher
of logic takes inference to be primary. Some seem more concerned with what
theorems the logic has.

This difference in concern might not seem that important. For, the theorems of
a logic are connected to the valid inferences by the deduction theorem. We dis-
cussed the deduction theorem in chapters 2 and 3 above. There we discussed its
relation to our semantics. Here we will discuss it in more proof-theoretic terms.

To make things easier, we will write deductions horizontally. That is, we will
write

Al ...,A, - B

instead of
Ay

A,

B
The symbol ‘-’ is called the ‘turnstile’. A structure of the form ‘A, ..., A, +
B’ is called a sequent. In the 1930s, Gerhard Gentzen developed various log-
ical systems of sequents, known as sequent calculi. We will not deal directly
with sequent calculi in this book, although various such calculi have been de-
veloped for relevant logics by J. M. Dunn, Gregor Mints and Nuel Belnap

(see (Anderson and Belnap 1975) and (Anderson et al. 1992)). Instead, we will
merely discuss what it means for a sequent to be valid in relevant logic.

163
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The sequents we discuss here can have zero or more premises (although only
a finite number of them). A sequent with no premises, such as - A, tells us
that something is a theorem of our logic, R (in this case A). Every one of our
sequents will have exactly one conclusion. It might seem odd to mention this,
but in some of Gentzen’s calculi, more than one conclusion is allowed, and in
every one of these calculi there are sequents with no conclusions. We will deal
briefly with sequents with more than one conclusion later, but for now we can
ignore them.

The deduction theorem is a key to understanding what sequents mean. In its
most general form, the general version of the deduction theorem is:

Deduction theorem for a logicL.If Ay, ..., A,, B+ Cisavalid
sequent inL, thenso isA|,..., A, - B —> C.

This means that if we can derive C from the premises Ay, ..., A, and B, then
we can derive B — C from Ay, ..., A,. The converse of the deduction system
is also valid. It says

Converse deduction theorem for a logicL. If Ay, ..., A, - B—> C
is a valid deduction inL, then so isA,, ..., A,, BFC.

We will see soon that the deduction theorem has a very close connection with
the rule of implication introduction and the converse deduction theorem has a
similar connection with the rule of implication elimination.

In order to understand what the deduction and converse deduction theorems
tell us about inferences in relevant logic, we will attempt to answer the following
questions.

* What is the relationship between sequents and natural deduction proofs?
* What does the comma between premises mean?

9.2 Sequents and natural deduction inferences

The relationship between sequents and natural deduction inferences is straight-
forward, at least on the surface. The sequent,

A,..., A, B,

is valid if and only if we can derive B relevantly from the hypotheses Ay, .. ., A,.
In other words, this sequent is valid if and only if given the assumption of Ay,
.+ An,, we can derive By n).!

! In this chapter, we will relax our conventions regarding quotation marks. Putting in every required
quotation mark would make this chapter very difficult to read.
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This correlation between sequents and natural deduction inferences helps us
to understand further the deduction and converse deduction theorems. For sup-
pose that we have as a valid sequent, A, ..., A,, B+ C. Then we know from
the correlation that the inference from Ay, ..., A,.m and Bu1y to Cii, . nt1)
is valid. Thus, by implication introduction, we derive that it is valid to infer
..... ny from Ay, ..., Ay, . Running our correlation the other way, we
derive that Ay, ..., A, = B — C is valid.

The case of the converse deduction theorem is just as easy. Suppose that we
are giventhat Ay, ..., A, H B — C is valid. Then we know, by the correlation,
that the natural deduction inference from A, , ..., A, to B — Cyi.__ ) isalso
valid. We then ask ourselves what we could derive if we assume By,4; as a
hypothesis along with Ay, ..., A,, . By implication elimination, we know
that from B — Cy . ) and B4y we can infer Cyi. muin+1) OF Cii,..oont1)-
Thus, we derive that the inference from Aty oo os Ay @nd Bppypy to Cyntn
is valid. By our correlation then, we know that the sequent Ay, ..., A,, BFC
is also valid.

The relationship between the sequents and the natural deduction system is
not entirely as straightforward as this, especially when we consider other con-
nectives and their relationships to one another. But we will avoid these topics
for the time being and keep everything reasonably straightforward.

9.3 What is a premise?

Let us turn now to the second question.

In classical and intuitionist logic, we can take the collection of premises in
a sequent to constitute a set. But not in relevant logic.>2 We will show why they
cannot be considered to make up a set by assuming that they do constitute a set
and seeing what goes wrong. We start by considering a very trivial sequent:

I.LAFA.
Since the premises are supposed to be a set, we can rewrite this sequent as,
2. {A} - A.

But, in sets it does not matter how many times an item occurs. In particular, we
have the following equation:

3.{A, A) = {A).
So, from 2 and 3, we obtain {A, A} - A or,
4. A,A A

2 But see section 9.7 below.
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Now we can use our deduction theorem to get,
50AFA— A

and again to derive,
6. FA— (A— A).

Now, A — (A — A) might not look like something that a relevance logician
should despise, but adding it to the logic R has nasty consequences. It allows
us to derive paradoxes of implication such as,

(A— B)V(B — A).

Adding this paradox substantially weakens the notion of implication. If for any
two propositions, one implies the other, implication is not a very strong relation.
And it is certainly not the relation that we motivated in chapter 3 above.

Thus, we abandon the notion that our premises make up a set. Rather, they
make up what is called a ‘multiset’. Multisets have certain properties in common
with sets. They are unordered — their elements do not come in a sequence. They
are extensional — multisets with exactly the same members and the same number
of occurrences of the same members are the same multiset. But the difference
between sets and multisets is that two multisets can differ just in the number
of occurrences of a given member. Thus (A, A, B) is a different multiset from
(A, B) and from (A, A, A, B) but not from (A, B, A) or (B, A, A).

We have some insight now into the meaning of the comma between premises.
The comma joins two premises in the same way that commas distinguish be-
tween the members of a multiset. To make this understanding more ‘logical’,
we look at the relationship between the comma and conjunction.

924 Intensional conjunction

In classical logic, we have the following equivalence. Ay, ..., A, I Bisavalid
sequent ifand only if A| A ... A A, I B is a valid sequent. This seems rather
intuitive. But we cannot accept it in relevant logic. To see why, we note that it
is valid in relevant logic that,

1. AABFA.

If we have the equivalence between the comma and conjunction, we then can
derive,

2.A,B+ A.
By the deduction theorem we get,

3. AF B—> A,
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and using the deduction theorem again, we obtain,
4. FA—> (B> A).

This, of course, is positive paradox. Thus, we must reject the idea that when we
state a multiset of premises, we are actually stating their conjunction.

In order to represent valid deductions within the logical language, relevant
logicians have introduced another connective, which is called intensional con-
Jjunction or fusion. The fusion of two formulae A and B is written A o B (read
‘A fuse B’). We then replace the classical equivalence between the comma and
conjunction with an equivalence between the comma and fusion. That is, in rele-
vant logic, A, ..., A, F Bisavalid sequentif andonly if (A;0...0 A,)F B
is a valid sequent. In order to block the above argument going through for in-
tensional conjunction, in relevant logic the sequent A o B - A is not valid.?

From the equivalence of Ay, ..., A, - B and (A)0...0A,) - B, by mul-
tiple applications of the deduction theorem and converse deduction theorem,
we can see that all of the following are also equivalent:

* A,..., A+ B;

e (Ajo...0A,)}F B;

eH(Ajo...0A,)> B;

A > (..(A, > B)...).

We can see, then, that there is a very close connection between fusion and
implication. In our logic R, we can define a connective that has this property in
terms of negation and implication, viz.,

AoB =g ~(A—~B).

If we substitute material implication for relevant implication, this is a definition
of extensional conjunction (A). Thus, by analogy, we can justify interpreting
fusion as an intensional form of conjunction.

The connection between fusion and implication is even stronger. The follow-
ing is a valid formula of R:

(Ao B)—> C) (A—> (B—> ().

In semantic terms, this means that for any situation s, ‘(A o B) — C’ is true at
s if and only if ‘A — (B — CY’ is also true at s. Given the theory of situated
implication of chapter 3 above, we canread ‘(A o B) — C’ as meaning ‘if ‘A’
and ‘B’ both hold in this world, then ‘C” also holds in this world’. For suppose
that ‘(A o B) — C’ obtains in s. Then ‘A — (B — C)’ is also true in s. If we
hypothesise that there is a situation 7 such that ‘A’ is true in ¢ and a situation u

* To say that an inference form or a sequent is not valid is to say that at least one of its instances
is invalid.
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such that ‘B’ holds in «, then we can infer that there is a situation v such that
‘C’ is true in v.

Contrast this interpretation with our understanding of extensional conjunc-
tion. Suppose that ‘(A A B) — C’ holds in s. Then, if we postulate a single
situation t in which ‘A’ and ‘B’ are both true, then we can infer that there is
some situation « in which ‘C’ is true.

The natural deduction rules for fusion are quite elegant. The introduction
rule is very simple. It says:

(o 1) From A, and Bg to infer A o B,g.

The introduction rule reinforces the relevant logicians’ claim that fusion is
really a sort of conjunction. We introduce fusions in proofs by taking together
information in (perhaps) different situations. The elimination rule is also very
clean. It is the following:

(0o EYFrom Ao By and A — (B — C)g, infer Cyup.

The elimination rule tells us that having a fusion around allows us to perform a
double modus ponens. This elimination rule very closely mirrors the meaning
of fusion that we discussed above.

As we have seen, fusion has some very conjunction-like properties. It has
an analogous connection with implication and negation to the one that exten-
sional conjunction has with material implication and conjunction. It is also
commutative, that is, the scheme,

(Ao B) —> (Bo A),
is valid. And it has the square increasing property: A — (A o A)is valid. But it
also has some very non-conjunction-like properties. For example, idempotence
fails for fusion. Thus,

(AocA)—> A
is not valid in R. As we saw earlier, simplification, viz.,

(Ao B) > B,
and,

(Ao B) = A,

are not valid in R. Idempotence is an instance of simplification, and it is inter-
esting that even it is not valid in R.
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9.5 Intensional disjunction

In addition to intensional conjunction, there is an intensional disjunction called
fission. We can define fission — written @ — in terms of fusion and negation, as,

A b B =df N(NAO NB)
or in terms of implication and negation, as,
~A — B.

Our interest in fission is in its inferential role, which we will discuss in chapter
10 below. But here we will briefly discuss why logicians like to include it in
the language of relevant logic.

The role of fission in sequents is the dual of that of fusion. Whereas fusion
connects premises, fission can be taken to link conclusions together. The idea
of having more than one conclusion might sound odd, but it adds a certain
elegant symmetry and mathematical power to our proof theory. When Gentzen
put forward the sequent calculus for classical logic, he had sequents with more
than one conclusion. Gentzen interprets the sequent,

A,...,AnFBy,..., By,
as saying the same thing as,
AlN...ANALFB V...V B,.

The use of multiple conclusions allows Gentzen to derive such classical prin-
ciples as the law of excluded middle. It also allows him to do something that is
mathematically very elegant. His sequent calculus for intuitionist logic is the
same as the calculus for classical logic with the exception that in the system
for intuitionist logic we are not allowed to have sequents with more than one
conclusion. That makes for a very pretty relationship between classical and
intuitionist logic.
In relevant logic, we can think of a sequent of the form,

Al,...,An By, ..., By,
as equivalent to,
Aio...0A, - B & ... B,.

Turning now to natural deduction, the easiest way to introduce fission in our
system is by means of its relationship to implication. That is, we give it the
following introduction rule:

Given a proof from ~ Ay, to By infer A @ By, where k really
occurs in «.
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And, we have the elimination rule,
From A @ B, and ~Ag to infer Byug. 9.1

This elimination rule is sometimes called ‘Intensional Disjunctive Syllogism’
or ‘IDS’. In chapter 10 below, we will discuss IDS further.

9.6 The Scottish plan

Before we leave the issue of types of conjunction and disjunction, we should
examine a very different interpretation of relevant logic due to Stephen Read
(Read 1988).

Read urges us to accept intensional conjunction as a basic notion and use
it to understand relevant implication. On his view, an implication, ‘A — B’,
is to be understood as saying that it is not the case that Ao ~B. Thus the
meaning of implication rides piggyback on the meaning of fusion. What does
adopting fusion as a basic connective gain us? Read takes as a basic datum what
he calls ‘the deduction equivalence’ which is a version of the combination of
the deduction and converse deduction theorems. According to the deduction
equivalence,

Ajand... and A, and B entails C
is equivalent to,
Ajand... and A, entails B — C.

What is interesting to us here is the use of ‘and’. If this equivalence does hold
in normal English, then as relevant logicians we must hold that the ‘and’ here
is not our normal extensional conjunction. For, as we have seen, taking ‘and’
to be extensional commits us to positive paradox. Read suggests that fusion
is the right way of interpreting some uses of ‘and’ in natural language. Once
we have accepted fusion (together with negation), we can define implication
as,

A > B =g45 ~(Ao ~B).

So far it looks like we have a tie. Read takes fusion as a primitive and I take
implication as a primitive. There seems to be no real choice between the two
views.

What decides whether either of these views is acceptable is its success in
providing a coherent meaning for its primitive connective. The theory of situ-
ated inference is supposed to do that for implication in my theory. Read uses
a proof theoretic account of meaning as the framework for his semantics of
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fusion. Read’s natural deduction system is different from ours (i.e. Anderson
and Belnap’s system) in its treatment of indices.* Suppose that we have an
inference with two hypotheses, A[jy and Bjz;. Then we can perform the opera-
tion of bunching these two hypotheses and get A o By 2. The index ‘[1,2]’ is a
multiset. It tells us that we have hypothesis 1 and hypothesis 2, in the sense of
fusion. This explanation of the meaning of fusion in terms of fusing premises
may seem circular, and in a sense it is. But this sort of circularity is not un-
toward in semantics. For consider the Tarskian truth condition for extensional
conjunction:

‘A A B’ is true if and only if ‘A’ is true and ‘B’ is true.

Here extensional ‘and’ is interpreted in terms of a metalinguistic ‘and’. The
case is very much the same in Read’s proof theory. The fusion connective (o) is
interpreted in terms of a metalinguistic fusion. What makes the Tarskian truth
condition acceptable is that we have a pretheoretic understanding of extensional
conjunction. Read thinks that we have a pretheoretic understanding of fusion as
well. This pretheoretic understanding is demonstrated by our ability to group
together premises in inferences.

It is difficult to compare Read’s theory with my own. The framework in
which I place my interpretation of relevant logic is the truth conditional theory
of meaning. Read, however, agrees with the intuitionists that the meaning of the
logical connectives is given by their roles in proofs ((Read 1988), chapter 9).
Although I have accepted some of this position in my theory of situated infer-
ence, my theory remains thoroughly truth conditional. Read’s proof-theoretic
view of meaning allows him to say that whenever a logical particle has coherent
rules of inference we can attribute to it a coherent meaning. From the point of
view of the relational semantics, as we have said fusion seems like an oddity —
a particle we would not expect to be expressed in natural language. Thus, I do
not think that fusion can be taken to be a primitive notion, although it is useful
for technical purposes in formulating a system of logic. This is not the place to
decide between truth-theoretic and proof-theoretic semantics. I present Read’s
view because it is one of the very few other philosophical interpretations of
relevant logic and the reader should be aware of it.

9.7 Consequence relations and theories

So far in this book we have been discussing inferences about the world made
from the limited perspective of situations. But thisisn’t the only sort of inference
that is useful to us. We sometimes want to use logical inference to help determine

4 Read’s system is a development of the view of (Urquhart 1972) and similar ideas are developed
in (Slaney 1990).
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the content of theories. In chapter 4 above, in our discussion of paraconsistency,
we briefly mentioned this aspect of logic.

Suppose, for example, that we have a theory of physics. We have a set of
equations governing, say, electromagnetic fields. We can deduce from these
equations certain properties that particles will have if they have certain initial
positions and velocities in fields, changes in fields under certain conditions,
and so on. The theory is not just determined by the equations themselves, but
by inference rules, that include mathematics beyond those that are explicitly
stated in the statement of the theory itself, and perhaps hidden in the background,
logical rules. We will not merely be dealing with scientific theories here, but
with the notion of a theory more generally.

A set of formulae T is a theory if and only if it meets the following two
conditions:

e If Ay,...,A areallinT and Ay,..., A, F B, then B is in T too (logical
closure);
¢ If A and B are both in T, then so is A A B (conjunctive closure).

Following Kit Fine (Fine 1974), we can define a type of logical consequence
that captures both logical and conjunctive closure. This is Fine’s consequence
relation:

A1, ..., Au} FA{BL, ..., B} iff FR(A{A...AA,) —
(By V...V B,).

If the consequence set { By, . .., B,} has only one member, say, B, then we may
merely write ‘{Ay, ..., Ay} FA B’. Andif the antecedentset {A|, ..., Ap} has
only one member, say, A, we may write ‘A F, {By, ..., B,}". This relation
holds between sets (not multisets) of formulac. Where I or A (or both) are
infinite sets, then we say that ' -, A if and only if there are some A,, ..., Ap
inTandsome By, ..., B,in Asuchthat{A,, ..., A,} . {Bi, ..., B,}(where
m and n are greater than or equal to 1). We can see that Fine’s consequence
relation is very much like Gentzen’s turnstile for classical logic. The main
difference between them is that our relation -, does not admit the deduction
theorem.

We can use Fine’s consequence relation to define a theory. First, we define a
consequence operator, Cn(I"). Where I is a set of formulae,

Cn(T) = {B: T F, B).

Atheoryis aset of formulae, T, suchthat ' = Cn(I"). In mathematical parlance,
a theory is a fixed point for the consequence operator. It is an easy matter to
show that the two definitions we have given for a theory are equivalent.

Soon we will see how useful theories can be.
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9.8 Belief, denial and consequence

One sort of theory that will be of interest to us in chapters 10 and 11 below is the
set of beliefs of an agent at a given time. Clearly, the beliefs of real agents are not
typically closed under logical consequence. Our brains do not have the power to
know all the consequences of our beliefs. But we will follow common practice
in the literature on doxastic logic and belief representation’ in examining the be-
liefs of an ideal agent. Ideal agents do know all the consequences of their beliefs.

In addition to beliefs sets, we will examine rejection sets. An agent’s rejection
set is the set of statements that she denies. Recall what we said about denial in
chapter 4 above. A denial cannot be reduced to any form of assertion. Rather,
denial is a separate speech act from assertion. Corresponding to denial, there is
the propositional attitude of rejection. The relationship between rejection and
denial is the same as that between belief and assertion. The latter is the speech
act that expresses the former.

Rejection sets are not theories. Rather, they are downwardly closed under
F . A set of formulae, T, is downwardly closed under -, if and only if (1) if
AisinT" and {B} - Athen BisalsoinT"and 2)if AisinI"and Bisin I"
then A v B isin I" as well.% Or, more concisely, where Do(I") is the downward
closure of T,

Do(I)={B: BF.T).

The rationale for the downward closure of rejection sets is quite simple. If
you reject a proposition, you should also reject anything that entails it. More
generally, if you reject a set of propositions, you should reject anything that
entails a disjunction of elements from that set.

Although assertion and denial are separate speech acts, they do have an
interesting relationship to one another. First, given the semantics for rejection
that an ideal agent’s acceptance set and her rejection set should be exclusive,
or formally,

Acc(a) N Rej(a) = 0,

where a is an ideal agent. This we will call the postulate of pragmatic consis-
tency. Note that pragmatic consistency and normal consistency do not imply
one another. One might have a consistent acceptance set and yet a rejection set
that overlaps with it and one might have an inconsistent acceptance set and yet
have a rejection set that does not overlap with it.

5 For some reason, this field is usually called knowledge representation, when it is belief, not
knowledge, that is the real object of study.

$ For readers with some algebraic logic: a theory is a filter and a rejection set is an ideal on the
Lindenbaum algebra of the logic.
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Moreover, it would seem that there are some pragmatic versions of standard
rules of inference that should govern an ideal agent. A good example is modus
tollens. That is, if for an ideal agent a,

(A — B) € Acc(a)
and,

B € Rej(a),
then,

A € Rej(a).

In chapter 10 we will discuss other pragmatic rules.

9.9 Consistency and strong consistency

We will need a few more concepts for the chapters that follow. The first of
these is a standard logical concept — consistency. We have already been using
this term in its usual sense of ‘negation consistency’. A theory is consistent if
and only if for no formula does it contain both the formula and its negation.
Consistency is a useful concept in the philosophy of relevant logic, but there
are other similar conceptions that are useful as well.

One important concept is that of strong consistency. Although this concept is
often used, neither this name nor any other name is usually given to it. In order
to understand strong consistency, we first need to know what a prime theory is.
A theory I' is prime if and only if for every disjunction A v B in I either A is
inCorBisinT.

A theory is strongly consistent if and only if it is characterised by the set of
its prime, consistent extensions. A theory A is an extension of a theory I if and
only if I is a subset of A. A theory I is characterised by a set of theories if
and only if I" is just the intersection of that set, that is, I" includes all and only
those formulae that are in all of the theories in that set.

The notion of strong consistency has been used to prove that Wilhelm
Ackermann’s rule gamma (y) is admissible in various relevance logics. This
technique of proving the admissibility of y originally was developed by Bob
Meyer and has been adapted by him and other logicians to treat a wide range
of systems. The rule gamma is the following:

F~AVB
A
..FB
Ackermann’s formulation of his theory of entailment (his system IT’) included
y. Anderson and Belnap object to the inclusion of y. They point out that
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we cannot include disjunctive syllogism (the rule that allows us to infer from
~A Vv B and A to B) in our natural deduction system ((Anderson et al. 1992),
§45.3). As we shall see in chapter 10 below, the addition of this rule (or any
variant of it) leads to the acceptance of ex falso quodlibet. The problem, as they
see it, is that if we can use a rule to reason about theorems (as y is supposed to
do), then we can use it to reason about anything at all, that is, we can use it to
reason about hypotheses. For rules of deductive reasoning are supposed to be
perfectly general. Thus, they formulate their logics (E and R) without the rule
y and only using rules of implication elimination and conjunction introduction,
which do have corresponding rules in the natural deduction system.

But the problem then arose as to whether Anderson and Belnap’s logic E, that
does not contain y, has the same set of theorems as Ackermann’s logic. Meyer
and Dunn first proved that it does have the same theorems (Meyer and Dunn,
1969), but the proof that interests us here is one that Meyer did on his own using
the property of strong consistency.

In order to prove that y holds in a logic L, we show that it is strongly consis-
tent. We take the set of theorems of L and show that this theory is characterised
by its prime, consistent extensions. We then suppose that A and ~ A v B are the-
orems of L. Then we know that both of these formulae are in every prime, con-
sistent extension of the theorems of L. Since each extension is consistent, ~ A
is not in it. But ~A v B is in it and it is prime. Therefore, for each prime,
consistent extension of the set of theorems of L, B must be in that extension.
Since the set of theorems is characterised by the set of such extensions, B is a
theorem of L, thus completing the proof of the admissibility of y.

Note that our proof uses a version of disjunctive syllogism. That is, given I",
a prime, consistent extension of L, we infer from,

~A¢rT
and,

~AeTorBerl
to,

Berl.

This is clearly an instance of disjunctive syllogism. In the next chapter we will
discuss what is wrong with disjunctive syllogism and when and how we can
justify using it.



10  Disjunctive syllogism

10.1 The problem of disjunctive syllogism

We ended the previous chapter by saying that there is a problem with disjunctive
syllogism. In this chapter we will look in depth at that problem and propose
some ways of avoiding it.

Two versions of the standard rule are the following:

(DS) From A v B, and ~ A, to infer B,.
(SDS) From A Vv B, and ~ Ag to infer Baug.

Disjunctive Syllogism (DS) is an instance of Strong Disjunctive Syllogism
(SDS) — just set 8 = «. Unfortunately, if we add either of these rules to the
natural deduction system, we no longer have a relevant logic. Instead, we have
classical logic.

A proof that we get classical logic can be abstracted from the argument that
we discussed in the introductory chapter above that C. I. Lewis used in support of
ex falso quodlibet. Rewritten in the natural deduction system, Lewis’ argument
is the following:

1. AN ~A, hyp

2. A“) 1, NE
3. A\/B“} 2, vi
4, NA[” 1, AFE
5. By, 3.4, DS
6. (AN ~A)—> B 15, > 1

Note that this argument goes through with either form of DS. Lewis’ argument
shows that we cannot add disjunction elimination to our natural deduction
system without also obtaining ex falso quodlibet.

The fact that disjunctive syllogism cannot be added to relevant logic is a
problem. The original point of introducing relevant logic was to provide an
intuitive characterisation of deductive inference. But we use disjunctive syllo-
gism all the time. When we make inferences while reading a murder mystery
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we use it. We eliminate suspects to decide who the killer is. When we look for
things we have misplaced we use it (‘It is either in the bedroom or the kitchen. It
isn’t in the kitchen. Therefore it must be in the bedroom’). In short, disjunctive
syllogism would seem to be one of our key deductive tools. So it looks like we
have a problem.

10.2  Garfield’s dog

One way of dealing with the problem is to deny that we really have a problem.
That is, we can deny that disjunctive syllogism is a good principle of reasoning
after all.

Jay Garfield takes this route (Garfield 1990). Garfield argues that we should
avoid using disjunctive syllogism under conditions of ‘epistemic hostility’. An
environment is epistemically hostile when there is important misleading infor-
mation available in it.

Garfield’s argument is quite simple. He claims that under conditions of epis-
temic hostility the use of disjunctive syllogism can leave us with unwarranted
and dangerous beliefs. He says:

Suppose that in these unfortunate but all too common circumstances you come to be-
lieve on the misleading information of a reliable source (A) Albuquerque is the cap-
ital of Arizona. Under the spell of an evil classical logician you freely disjoin (B)
Belnap is a classical logician. Since A is justified, so is A v B. Now, suppose that a
bit later your geographical source corrects himself, and you come to believe that ~A.
Now ~A and A Vv B are both in your belief set, you have no positive reason to reject
AV B, you are still classical, so you conclude B. B, of course, is manifestly false.
What’s more, from a suitably distant perspective (ours) you have no real reason to be-
lieve it. What went wrong? The answer is plain: you used classical disjunction rules.
(Ibid., p. 104)

This argument follows the form of C. I. Lewis’ argument for ex falso quodlibet
given in section 10.1 above. It depends on the use of disjunction introduction
and then disjunctive syllogism. The difference is that instead of using a contra-
dictory premise, Garfield’s argument conjures up a situation in which the agent
changes his or her mind. People generally do not keep track of the justificatory
sources of their beliefs and so even when the justification is removed for an
individual belief, in many cases, the agent will retain the belief without any
justification.

There is something right about the conclusion that Garfield draws. Under
conditions of epistemic hostility we can run into difficulty by using disjunctive
syllogism. But there is also something wrong with Garfield’s argument. Dis-
junctive syllogism is not unique with regard to its capacity to lead us astray
under conditions of epistemic hostility. Let’s try another case. Suppose that you
have heard from a usually reliable source that it is a law of nature that substances
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always contract when cooled (Vx(K (x) — C(x)), where the domain is the set
of substances). You instantiate this to a belief that water will always contract
when cooled (K (w) — C(w)) and you believe that this has the status of a law
of nature. You put a bottle of water in the freezer and believe that the water in
the bottle’s being cooled implies that it will contract. Later you find out that not
all substances contract when cooled. Some crystallise when frozen and expand.
Thus you reject the belief that Vx(K (x) — C(x)). But you haven’t discovered
that water is one of those substances that crystallises and expands. So you reject
your original information, but you still believe that the water in the bottle in
your freezer has contracted. Meanwhile, unknown to you, the bottle has burst
outwards. Once again, you have drawn a false conclusion and it looks like you
no longer have good justification for it.

What went wrong this time? The two logical rules that you have used are uni-
versal instantiation and modus ponens. Some relevance logicians reject modus
ponens, but blaming it would be beside the point here. We can cook up similar
examples using almost any rule of inference. It looks like we can get into trouble
under conditions of epistemic hostility if we make any substantive inferences
on the basis of what we think we discover. Perhaps we should not look to cutting
rules out of our logic but rather to other means of risk management to deal with
epistemic hostility.

In sum, I don’t think that Garfield’s argument against disjunctive syllogism
works. If it did, it could be used for any purported logical rule, except per-
haps that we can derive a proposition from itself. Thus, the argument at best
can be taken to be an argument against using logic in epistemically hostile
situations. But it cannot be used to show that individual rules are not part of
logic.

10.3 When don’t we want to use disjunctive syllogism?

We will be able to bring the problem into sharper focus if we look at cases in
which we think that disjunctive syllogism is not to be used.

One domain in which we cannot always use disjunctive syllogism is in reason-
ing about fictions. Fictions sometimes contain contradictions and, as we have
seen, if we are allowed unconditional application of disjunctive syllogism, then
we can derive that any proposition holds in such fictions.

Thus, it would seem that we have a class of rather straightforward counterex-
amples to disjunctive syllogism. But, in fact the topic of inconsistent fictions
is rather more complicated than this. It has been suggested by some authors
(see, e.g., (Lewis 1984)) that we can deal with inconsistent fictions within a
possible world framework. On this view, we think of a fiction that includes a
contradiction as determining two classes of worlds. One class contains only
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worlds that make one of the contradictory conjuncts true and the other class
contains worlds that make the other conjunct true. What is true in the fiction
is what is true in every world in the one class or is true throughout the other
class.

This ‘non-adjunctive approach’ should be accepted for some fictions, even
within the relevant-situational framework that we are using here. Suppose, for
example, that we have a fiction in which we are told at one point that at a specific
time Ms Jones has exactly two children. Later in the book we are told that she
has exactly one child at that same time. Should we infer from this that 2 = 1?
Together with a bit of elementary arithmetic, this leads quickly to disaster. For
if we subtract one from each side of the equation, we obtain 0 = 1, and from
this we can prove that n = m for any natural numbers n and m. We don’t want to
be able to do that. It is easier to consider the fiction as determining two classes
of situations, one which contains situations which make it true that she has two
children and the other which contains situations which make it true that she has
one child.

Disjunctive syllogism isn’t valid for fictions on this view and neither are
modus ponens, conjunction introduction, or a host of other rules. But it provides
little aid or comfort for our cause. What we need is to claim that there are fictions
that require individual situations to fail to be closed under disjunctive syllogism.
Then we will be justified in claiming that disjunctive syllogism is intuitively
invalid.

It would seem, however, that there can be fictions that suit our needs. Consider
for example a complex tale in which a minor character dies. We are told at one
point that he leaves his small estate to Jones instead of Smith. For this reason,
Smith becomes jealous of Jones. Much later in the book, we are told that the
very same estate is left (at exactly the same time) to Smith, and not Jones. At
a yet later point in the book, Smith is said to be both jealous of Jones (this is
carried over from the original slighting of Smith in the will) and rich enough to
do something about it (because he inherited the will). He hires a contract killer
to kill Jones. The author, without realising it, has written an inconsistent story.
And he uses the inconsistency without realising it.

If we split up the situations that are used to provide a semantics for the story
into two classes according to the non-adjunctive approach, then we will ruin
the narrative structure of the story. The fact that Smith is jealous is explained
by his being excluded from the will. The fact that he has enough money to hire
a contract killer is to be explained by the fact that he was not excluded from
the will. Moreover, the fact that he did hire a contract killer is to be explained,
in part, by the fact that Smith was jealous of Jones. It seems that we have
to leave these strands intertwined in order to retain the narrative integrity of
the text.
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Now let’s return to disjunctive syllogism. It seems that we need situations in
which it is both true that

Jones inherits the estate
and
Jones does not inherit the estate.

From this we would hardly want to infer that Jones hates ice cream. But we
could do so if we are allowed disjunctive syllogism, for we can infer from Jones
inherits the estate that either he inherits the estate or he hates ice cream. Using
disjunctive syllogism and the fact that Jones does not inherit the estate, we could
infer that Jones hates ice cream. So it seems that we should reject disjunctive
syllogism as a logical rule of inference.

104 Read’s way out

But we can’t reject disjunctive syllogism altogether. It seems to be a rule used
by some people when they are reasoning well. How do we explain this?

One explanation is championed by Stephen Read. Read argues what looks
like DS in natural language is in fact an argument rather closely related to DS
(or, rather, to SDS), but is valid in relevant logic. This valid argument is the
intensional disjunctive syllogism (IDS). IDS is the following:

From A ® B, and ~ Ag toinfer Byug,

where ‘@’ is the connective fission, discussed in the previous chapter. As we
have seen, in our logic, fission can be defined as follows:

A@B de"’A—>B.

Given this definition, one can see that IDS is really just a version of impli-
cation elimination. For it allows us to infer from ~ A — B, and ~ Ay to
Baug.

The problem is trying to show that what we usually take to be instances of DS
in natural language are in fact instances of IDS. (Read 1983) uses the following
example taken and modified from (Burgess 1981). Suppose there is a card game
which uses three cards, call them ‘A’, ‘B’, and ‘C’. Two cards are placed face
down on a table and the other is in the hand of my ‘truthful but uncooperative
partner’ ((Read 1983), p. 474). I am supposed to guess which are the two cards
on the table by asking, say, whether one is A and the other B. My partner may
answer either ‘no’ or ‘maybe’. Suppose that I guess first that B and C are on
the table and then that A and C are on the table and I am told ‘no’ both times.
I thus conclude that C is not on the table, hence that A and B are.
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We can formalise this argument as:

~(B AC)
~(AAC)
.. AAB
As Read points out, this argument is an enthymeme. It requires an extra premise

before we can count it as valid, even in classical logic. Clearly, the missing
premise is

(AAB)or (AAC)or (BAC).

Read now asks what sort of disjunction ‘or’ represents here. He answers that it
is fission, not extensional disjunction. Read says:

They are intensional. For the truth of the three-part disjunction does not depend solely
on the truth of some single disjunct, e.g., that as a matter of fact A and B are the cards on
the table. The other disjuncts are inferentially connected to (A A B) in a way in which
those in

(A A B) or Bach wrote the Coffee Cantata or the Van Allen belt is doughnut
shaped

are not. The truth of [the above statement] arises simply from the fact that A and B
are on the table; whereas that of (the missing premise) depends on the fact that there
are only three possibilities (since there are only three cards), so that if two of them
are not realised, then the third must be. The disjunction has the force of a conditional.
((Read1983), p. 475)

Read’s test to determine whether a disjunction is intensional is to ask whether
we can infer a conditional from it. If we can, it is intensional.

Read claims that the missing premise passes the test, and so represents the
full argument as:

AABYBAANCO)BBAOC
~(BAC)
~(ANC)

. AAB

And this is just a double application of IDS. Hence it is a valid argument from
a relevant point of view.

I think Read is almost right. His test for intensional disjunction is not strong
enough. The mere fact that a conditional obtains does not indicate that the
corresponding intensional disjunction holds. In order to work, Read does not
need to show that a conditional holds, but rather that a relevant implication
obtains.

I do not think, however, that a relevant implication does obtain here. The
extensional disjunction ‘(A A B) v (AAC) v (B A C) does hold, but all
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we can infer from this is that an indicative conditional obtains. As we saw in
chapter 6 above, this inference is not a deductive inference but a reasonable
inference never the less.

Let’s consider the example again. Suppose that s is a situation in which the
game is being played, and that its rules are being obeyed. I maintain that in s,
the conditional

~(BAC)=>((AANC)V(AAB))

would likely be true.

It would seem in s, that it is legitimate for us only to consider circumstances
in which the rules of the game are obeyed. Thus, in the pairs of situations
that we will use to evaluate the conditional above the following disjunction
holds:

(AANB)VI(AAC)V(BACQC)).

Moreover, since the rules of the game are consistent, it would seem that we
would look only at possible circumstances to evaluate the conditional. And so,
as we saw in chapter 6 above, the conditional holds.

So now we have an inference of the following form:

~(BAC)= (AAC)V(AA By
~(B A C)ls}

LDAANOVAA B)ysy

Thus, we have an instance of modus ponens.

But we are not done yet. We have inferred that ‘(A A C) vV (A A B) is true
in s and what we need is some way of eliminating ‘A A C’. This is done by the
same method. Now we have in mind a set of circumstances in which the rules
of our game are obeyed and ‘(A A C) v (A A B)’ is also true. So, we have

~(ANC)=(AAB)

in s. Thus, when we are told that ~(A A C), we use modus ponens to infer that
(A A B).

Clearly, this reconstruction of the reasoning in this example is highly ide-
alised. What it does not pretend to be is a description of the psychological
processes of someone playing the game. People do use disjunctive syllogism
without going through all these steps. What we are doing instead is showing
how we can reconstruct the reasoning in a way to make it clearly reasonable.
Having done that, we vindicate the use of disjunctive syllogism in contexts like
this.
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10.5 Consistency as a premise

Let’s think about disjunctive syllogism in another way. As we saw in chapter 9
above, when we have a theory that is strongly consistent that theory is closed
under disjunctive syllogism. So why not allow disjunctive syllogism when we
add the premises that we have a strongly consistent theory?

Chris Mortensen advocates such a position (?). He thinks that we should ac-
cept the following entailment. Where, ‘Con(x)’ means that x is consistent and
‘Pr(x)’ means that x is prime, and we add quasi-quotation marks (‘" and ‘") and
the binary relation ‘e’ (‘belongs to’) to our
language,

(Con(Th) A P(TR)A"AVBeTh' A" ~A € Th)— "B'€Th.

As Mortensen points out, adding this scheme to a logic like E or R does not
force the logic to accept ex falso quodlibet. Ex falso quodlibet is still invalid
when we add this scheme ((Mortensen 1986), p. 197).

There is something right about this idea. When some relevant logicians at
least prove results about relevant logics, such as a proof that the rule gamma
is admissible in a particular system, when we prove that a theory is normal we
conclude that it is closed under disjunctive syllogism. This sort of reasoning,
it might seem, could be cashed out as an application of Mortensen’s scheme
given above.

Unfortunately we must reject Mortensen’s view. We reject it, not because
there is something intrinsically wrong with it, but because it cannot fit into our
semantical framework. Consider the truth condition for the statement
‘Con(Th)’. It would seem reasonable to set this as

‘Con(Th)’ is true at s if and only if for no formula ‘A’, is it true in
sthat "A" € Th’and " ~A € Th'.

The problem here is that we might have a situation s which satisfies the right-
hand side of this biconditional but a situation s’, which contains s, which does
not satisfy it. Thus, Con(T h) will be true at a situation s, but not at all situations
that contain s. In other words, Con(T k) will not express a proposition.

Still there is something right about Mortensen’s intuitions. If we say that a
theory is consistent and prime, we should be able to use disjunctive syllogism
to make inferences about its contents.

Like Read’s view, we can make Mortensen’s view more natural by thinking in
terms of indicative conditionals rather than in terms of implication. Again, we
use our conditional from chapter 6 above for this purpose. So, let’s reformulate
Mortensen’s argument.

Primeness, in fact, is a slightly stronger property than the one we need. What
we will require here is that a theory be characterised by its consistent, prime
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extensions, that is, a theory that is strongly consistent. Suppose that Th is a
theory that is strongly consistent. The conditional that will be of interest to us
here is:

(" ~AYeTh = "B eTh.

If, when we evaluate this conditional we consider only possible circumstances
in which T4 is strongly consistent and in which

(Av B)eTh,

it is reasonable to infer this conditional.
Thus we have a reconstruction of disjunctive syllogism. From,

T h is strongly consistent,
and,
(AvB')eTh,
we can reasonably infer,
(~A)eT = "B eTh.
From this and the premise,
(~A")eTh,
by modus ponens for the conditional, we can derive,
"B'eTh,

which is what we want.

10.6 Denial and disjunctive syllogism

We have already seen that we can save disjunctive syllogism by using our theory
of the conditional. Here is a different approach, which I had originally presented
in (Mares 2000) (and owes a good deal to (Priest 1986)).

Recall from chapter 4 above the distinction between negation and denial.
Denial is a speech act. To deny a proposition is to hold that it fails to obtain in the
context in which the denial is made. Corresponding to denial is the propositional
attitude of rejection. The relationship between denial and rejection is the same
as that which holds between assertion and belief.

We can formulate a pragmatic version of disjunctive syllogism (PDS) using
denial (or rejection). If one accepts,

AV B
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but rejects,

A,
then she should also accept,

B.

This rule seems reasonable. For anyone' who understands the meaning of exten-
sional disjunction realises that accepting a disjunction commits her to accepting
that at least one of the disjuncts is true. By denying that one disjunct is true,
then, she tacitly (at least) commits herself to accepting the other disjunct.

For PDS to be of any use, we also need to accept the following inference,
that we will call PDS’.2 Suppose that we reject,

AAB

and we accept,
A,

then we should also reject,
B.

For if the rejection of the conjunction is accurate and so is the acceptance of A,
then the other conjunct cannot also be true (or else the conjunction would be
true as well). Thus, we should reject it as well.

I also claim that we should reject contradictions. As we saw in chapter 5
above there are no true contradictions. We should reject contradictions because
the view that there are no true contradictions is very deeply entrenched and,
by and large, we should be conservative in how we abandon our views. But
there are times, perhaps, in which contradictions seem forced on us, by our best
scientific and mathematical theories, and so on (see chapter 5). Thus, we should
reject contradictions in most cases so much so that we should consider it to be
a default assumption.

How does all of this bear on the problem of disjunctive syllogism? Suppose
that an agent accepts a disjunction,

AV B
and a negation,

~A.

! anyone in a possible situation at least.
2 This inference is mis-stated in (Mares 2000) on page 509. The statement there is marred by a
typo, but a very misleading typo.
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By default she should also reject the contradiction,
AN ~A.

By PDS’, the agent may then reject,
A.

By PDS and the fact that she accepts A Vv B, she may then accept,
B.

Through this roundabout route, we justify the use of disjunctive syllogism.

Thus, there are at least three ways in which a relevant logician can justify
using disjunctive syllogism. I do not know whether there are other reasonable
justifications, but for our purposes it does not matter. What does matter is that
we have shown that the relevant logician is not committed to holding that this
intuitive principle of reasoning is not reasonable.

10.7 Vindicating classical mathematical reasoning

Mathematicians use classical logic, at least many of them do. Their reasoning
is usually taken to be good. And I think that it is too. We have all the materials
in our theory to vindicate the use of classical logic in mathematics.

Mathematicians talk in terms of theories. There is set theory, number theory,
the theory of the reals, the theory of the hyperreals, there are various geome-
tries, theories of various groups, and so on. Suppose that T is some mathe-
matical theory that is thought to be consistent. On our reading, the standard
use of ‘consistent’ means that it is thought to be characterised by its normal
extensions.

The claim that it is consistent carries with it the pragmatic force that we
should, all things being equal, reject the statement that there are contradictions in
T.Thus,3p( p' € T A " ~p" e TY isinourrejection set. Using the down-
ward closure of rejection sets, for every statement ‘A’, TAeT AT ~AT
€ T is at least tacitly in our rejection set. Using PDS and PDS’, as we have
detailed in the previous section, we can then treat T as closed under disjunctive
syllogism.

Disjunctive syllogism is not all that there is to classical reasoning. We need,
for example, a set of axioms for classical logic. Mathematicians tend to help
themselves to those theorems of classical logic that they know. For example,
proofs by cases often appeal to the law of excluded middle. Thus, we can say
that mathematical theories at least often contain a set of axioms for classical
logic (even if they are not explicitly acknowledged). Now we have a vindication
of classical reasoning about some theories.
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Sometimes, however, we want to use these theories to talk about reality too.
To do so, we can use the following logical truth.® For all statements ‘A’ it is a
logical truth that,

(TrH(T) A "A"eT)— A.

In words, if a theory is true and a statement is in that theory, then that statement
holds. Thus, if a theory is consistent (in our strong sense), then we can use
disjunctive syllogism to make inferences about its contents. If that theory is
true, we can infer that its contents are also true.

I began this book with acomplaint that classical mathematical reasoning does
not capture the notion of a proof. Now we have vindicated classical mathemat-
ical reasoning. Am I contradicting myself? I don’t think so. Consider again the
problematic ‘proof’ from chapter 1 above:

The sky is blue.

.. There is no integer n greater than or equal to 3 such that
for any non-zero integers x, y, z, x" = y" + z".

This ‘proof’ relies on the validity of the argument form,
A

.. B
where B is a necessary truth according to the theory that we assume (in this
case the theory of arithmetic). In terms of our natural deduction system, we can
construe this as follows:

1."B’ GNU] hyp
2. A[z] hyp
3. "B’ EN“] 1, reit.

where N is the theory of arithmetic. This is not a good relevant deduction,
since the index for the second premise does not appear in the subscript for the
conclusion. What we do accept, however, is the rather harmless inference form

1."AAB € Nm hyp
2. "B e Ny, 1, (and a complicated version of A E)

In other words, if we take the premises to be conjunctive, in the sense of chapter
9 above, then the argument is valid in our semantics. If we take the premises to
be intensionally connected, however, we must reject it.

Nor do we accept ex falso quodlibet. As soon as one suggests that a con-
tradiction might hold in a theory, the rejection of all contradictions being true

3 1don’t want to get into a discussion of truth, the liar paradox, and so on, right here. Let it suffice
to say that this implication is true at least for most theories 7' (ones that do not contain any
self-reference, say).
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of that theory has to be held in suspension. Hypothesising that a contradiction
holds in a theory forces us seriously to consider what would be the case if there
is a contradiction in the theory. We then cannot use PDS and PDS’ without
restriction to justify the use of disjunctive syllogism. Thus, if a contradiction is
hypothesised to hold in a theory, our vindication of classical reasoning breaks
down. And then we certainly are not entitled to use ex falso quodlibet.

So our vindication of classical reasoning does not really vindicate all of
classical reasoning. It does not let us infer arbitrary truths (even arbitrary nec-
essary truths) from any old proposition and it does not allow us to use ex falso
quodlibet. What does it vindicate? It vindicates the use of a Hilbert-style de-
duction system where theorems are deduced from a strongly consistent set of
axioms and rules (and which is such that we have good reason to believe that it
is strongly consistent). It does not vindicate the use of a natural deduction sys-
tern for classical logic which allows arbitrary hypotheses (such as inconsistent
hypotheses).

10.8 The problem of a metalanguage

Now we can see quite clearly how we can use a classical metalanguage in this
book. I have assumed that the metatheory of this book is consistent. I think I am
justified in so doing. The Routley-Meyer semantics has been around for thirty
years and has been well used by many logicians. No contradiction has been
produced in it (although it has been used to model contradictions). Similarly,
the other theories I employ, such as Aczel’s non-well-founded set theory have
been well examined, and Aczel has a proof of the relative consistency of his
theory with standard Zermelo—Frankel set theory, with the axiom of foundation
(ZF). ZF in turn has been extremely widely used without mathematicians finding
any contradictions.

Thus, we have good inductive evidence for the belief that the theories we
are using are consistent, even in the strong sense that we mean here. We thus
have good justification for employing the methods outlined above to justify
the closure of the theory of this book under disjunctive syllogism. Thus, our
use of the material conditional and the material biconditional in stating truth
conditions, and so on, is reasonable. We can use detachment (modus ponens)
for the material conditional and bi-conditional. And that is really all we require
to vindicate our use of a classical metatheory for relevant logic.



11 Putting relevant logic to work

11.1 Doing things with logic

We have already discussed various jobs that relevant logic can do. It provides
us with a theory of situated inference, a theory of implication, and the basis of
a theory of conditionals. In this chapter we will use those theories to do other
work that is of interest to philosophers, mathematicians and computer scientists.

11.2  Dyadic deontic logic

In chapter 6 above, we briefly discussed deontic logic. There we discussed the
operator, ‘it ought to be that’. There are also logics that contain a dyadic deontic
operator, ‘it ought to be that ... on the condition that’. This is usually written
in formal notation as ‘O(_/.)’. The formula, ‘O(B/A)’, is read ‘It ought to be
that B on the condition that A’. In this section, I will argue that the dyadic
deontic operator should be taken to be some sort of relevant counterfactual.

The link between counterfactual conditionals and dyadic deontic operators
is quite striking. Like a counterfactual, the connection in a dyadic deontic
statement between antecedent and consequence is defeasible. For instance,
suppose that my friend Kevin asks to borrow a length of rope from me. I know
that, on the condition that Kevin is a friend and that he asks to borrow a rope,
I should lend it to him. But suppose that I then discover good evidence that
Kevin is extremely depressed, so much so that I fear that he is suicidal. Then
my obligation to lend Kevin the rope is annulled, since I fear that he may hang
himself with it.

Before we get to the relevance properties of the dyadic operator, let us look
at what is perhaps the most popular theory. This is the one developed by Bengt
Hansson (Hansson 1969), Bas van Fraassen (van Fraassen 1972) and David
Lewis ((Lewis 1973), §5.1). This theory gives a possible world semantics for
the operator — O(B/A) is true at w if and only if in all the best worlds closest
to w in which A obtains, B obtains as well. This semantics is quite intuitive.
We ought to do B on the condition that A if and only if in the best worlds in
which A is true B happens as well.

189
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The van Fraassen—Lewis theory, however, has a particularly odd conse-
quence. It can be proved that, in every possible world O(A/A). For example,
on this view it is true that it ought to be the case that the Manson murders were
committed on the condition that the Manson murders were committed. This
seems extremely strange. The violation of a moral rule does not thereby make
that violation an obligation.

A better view, in my opinion, is that of Brian Chellas ((Chellas 1974) and
(Chellas 1980), §10.2). On Chellas’ view, the formula O(B/A) is defined as,

Al— OB,

where O here is the standard deontic operator, ‘it ought to be the case that’.
We will discuss the nature of the counterfactual in this definition later, but it
is immediately obvious that now we do not make O(A/A) valid for every
formula A.

But Chellas’ view still has difficulties. Like the van Fraassen-Lewis view, it
is based on possible world semantics. Suppose for example that in every closest
world in which Sean goes to the shops, it ought to be that Susan should not
murder anyone. Thus, on Chellas’ view, we get,

Susan should not murder anyone on the condition that
Sean goes to the shops.

This seems very strange indeed. Surely, there should be more of a connection
between Sean’s going shopping and Susan’s refraining from murdering than is
required by this semantics. What is needed is an injection of relevance.

One way of dealing with this problem is to use a relevant counterfactual
instead of Chellas’ classically based counterfactual. For example, we could use
the theory of counterfactuals of chapter 8 above. To use this theory, we need
some idea of how to specify a set of base situations for a given counterfactual.
In each context, for each dyadic deontic claim, there are a set of default con-
ditions that we take for granted. These default conditions specify the salient
base situations. Take, for example, the earlier example of Kevin’s asking me to
borrow a rope. I associate with the claim ‘On the condition that Kevin asks me
to borrow arope and he is a friend, I should lend it to him’ the default conditions
that Kevin is sane and in reasonably good spirits. At least I should associate
these propositions with the claim if I do not have any evidence to the contrary,
since most people I know (including Kevin) are sane and in reasonably good
spirits the vast majority of the time. In these base situations, the conditional
‘If Kevin asks to borrow a rope and he is my friend, I should lend it to him’
comes out true. Thus, the dyadic deontic claim comes out true. But, if we shift
the context of utterance to one in which I now have good reason to believe that
Kevin is seriously considering hanging himself, then we will no longer choose



Putting relevant logic to work 191

those sorts of base situations and the dyadic deontic claim itself will turn out
to be false.!

There is another treatment of dyadic deontic logic using relevant logic. This is
due to Lou Goble (Goble 1999). Goble adds a relation T to the Routley—Meyer
semantics for relevant logic. The relation 7' holds between pairs of situations
and formulae. He gives the following truth condition for the dyadic deontic
connective:

‘O(B/A) is true at s if and only if for all t such TsAt, B is true at t.

I have no objections to Goble’s view. The relation 7' does, however, need a
philosophical interpretation. Perhaps when that interpretation is provided it
will seem like the correct approach to the problem. My object in this section
is to provide an argument that we need a relevant treatment of dyadic deontic
logic, not necessarily that we should use my theory of counterfactuals as a basis
for it.

11.3 Essential predication and relevant predication

Another use of modal relevant logic is in the formulation of a theory of essential
predication, The theory I have in mind is due to Dunn (?). In those papers Dunn
sets out a theory of ‘relevant predication’ and treats essential predication as a
form (or, rather, three forms) of necessary relevant predication.

Consider the difference between the following two statements:

Ramsey is such that he is furry.
Ramsey is such that Socrates is wise.

The first of this pair seems reasonable in a way that the second does not.
Ramsey’s being furry has something to do with him. The predicate in the first
statement really is predicated of the subject. In the second sentence, the sub-
ject and predicate seem accidentally related. Socrates’ wisdom has nothing to
do with Ramsey. Dunn claims that the predication in the second statement is
relevant and the first statement is a case of irrelevant predication.

Dunn holds that an individual i has a property P relevantly if and only if

Vx(x =i - P(x)).
The idea here is quite simple. i has P relevantly if and only if being identical

to i is sufficient for a thing to have P.

1 Although, as we explain in chapter 8 above, the proposition expressed by the claim in the first
situation remains true. The sentence does not express the same proposition in the second situation.
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Dunn suggests that ‘i’s having P essentially’ should be parsed as ‘i’s having
P both relevantly and necessarily’ (Dunn 1990). Dunn does this in order to
avoid problems with the standard treatment of essential predication as mere
necessary predication. Suppose that we follow the standard path and say that
i has P essentially if and only if i has P in all possible worlds in which i
exists. Then suppose that A is some necessary truth. For any object i, i has the
predicate Lx.A essentially. Thus, everything is such that either Ramsey is furry,
Ramsey is not furry, or Ramsey does not exist.

Dunn’s parsing of essential predication in terms of necessary relevant predi-
cation, however, is not unambiguous. He gives us three different formalisations
of it (ibid., p 83), but the one that I think the best candidate for essential predi-
cation is

Ovx(x =a — Px)).

This says that in any accessible situation, x has P relevantly. It would seem
reasonable to treat the necessity here as metaphysical necessity.

Dunn goes on to discuss essential relational properties. Consider a set, X =
{Ramsey}. Being in this set is not essential to Ramsey, but having Ramsey as
a member is essential to the set. For the identity of a set is determined by its
members. So, we have

OvVx(x = X — ramsey € x),
but not
OvVx(x = ramsey — x € X).

In the standard possible world theory, this distinction cannot be made.

114 Relevance and belief revision

In (Mares 2002a), I set out a theory of belief revision that uses relevant logic. I
won’t present the theory inany detail here, for it is technically quite complicated.
Interested readers should consult the paper for the full working out of the theory.
But, in broad outline, the idea is quite simple.

As we have seen, relevant logic is a form of paraconsistent logic. Once we
adopt a paraconsistent logic, we open the door to the possibility that an agent
can rationally and knowingly believe a contradiction.

But there is a problem here. Traditional theories of belief revision are largely
theories about how to maintain consistency in the light of new data, that perhaps
contradicts our beliefs. If we allow contradictory beliefs in our agents, should
our theory of belief revision degrade into mere data collection?

Here is an example. Suppose I am in the house. My friend Jane is visiting
me. I believe that Ramsey is out in the garden. I ask Jane to call him to get
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him inside. She tells me that he is not in the garden. Should I now believe that
Ramsey is both in the garden and that he is not in the garden? Clearly, not. I
should reject the old belief that he is in the garden and maintain (at least as far
as Ramsey’s whereabouts are concerned) consistent beliefs.

Now we have a problem. We need to give a theory of reasons for relinquishing
beliefs. To this end, I use the theory of content that we discussed in chapter 9
above. The process can be simply described as follows. Suppose that an agent is
incorporating a new proposition into her belief set. If the resulting belief set is
pragmatically consistent with her rejection set, then there is no problem. If it
is not pragmatically consistent, then she will either have to down-size her old
stock of beliefs or denials or both.

Let’s say that our agent is trying to incorporate a new statement, say, A,
into her belief set and that it creates a quasi-inconsistency. Then there will be
a set of pairs (B, D) such that B is from her belief set, D is from her denial
set, and it is a theorem of our logic that (A A B) — D. In order to remove the
quasi-inconsistency, the agent will have to remove at least one member of each
of these pairs. She should do so on the basis of which deletions will provide
her with the best overall resulting structure of beliefs and denials. To make
this choice our ideal agent would use the usual list of theoretical virtues, such
as, elegance, simplicity, conservativeness (i.e., be reluctant to delete beliefs or
rejections), and explanatory coherence.

Also, as I have argued in (Mares 2000) and in chapter 9 above, I think that
we should reject contradictions by default. We have good inductive reasons to
accept this default. Rejecting contradictions by and large has resulted in the
past from the adoption of correct beliefs. Given this default, we can understand
why I should reject my belief that Ramsey is outside when I hear from Jane
that he is not outside. By default I reject the statement that Ramsey is both
outside and not outside. When I add the belief that Ramsey is not outside,
my beliefs and rejections are quasi-inconsistent. Let ‘O’ stand for ‘Ramsey
is outside.” Then I have a rejection of OA ~O. I also have a prior belief
that O and am incorporating a new belief that ~ O. Since it is a theorem that
(OA ~0) — (OA ~O0), wehave a pragmatic inconsistency, that is, my belief
set implies something in my rejection set. The obvious choice is to abandon
the belief in ~ O, since there seems to be no reason to override the default
rejection of the contradiction.

What is new about this theory can be seen when a contrast is made to tra-
ditional theories of belief revision. On the popular theory developed by Carlos
Alchourén, Peter Girdenfors and David Makinson (AGM), the two driving
mechanisms of belief revision are conservativeness and consistency. Here we
consider only the version of AGM that uses ‘epistemic entrenchment’. Accord-
ing to AGM when we incorporate a new belief that is inconsistent with our old
beliefs, we reject those old beliefs that are less entrenched until we achieve a
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new belief set that is consistent. When we get rid of consistency, what do we
replace it with? My answer is to replace it with pragmatic consistency.

11.5 Reasoning about fiction

One way in which the foregoing theory of belief revision can be made to do
some work is in modelling our reasoning about fictional stories. The theory 1
outline in this section is rather sketchy and is not a complete theory, but rather
is a work in progress.

When we reason about a story, we apply background theories. For example,
consider the following, rather unremarkable, passage from a novel:

I had to get some air. I locked the door behind me and left the motel. I crossed the
street and sat down on the sea wall, staring down at the stretch of beach where Jean
Timberlake had died. Behind me, Floral Beach was laid out in miniature, six streets
long, three streets wide. ((Grafton 1989), p. 211)

The author is trying to set a mood here by giving a description. In our imagi-
nations, we fill out her picture. We think of streets with shops or houses, say,
perhaps some surf rolling in, and so on. Suppose we are asked questions about
the passage, such as, ‘Is the sea filled with salt water or formaldehyde? We
would answer ‘salt water’. And ‘“What colour are the roads?” We would answer
‘black’, not ‘neon pink’. And so on. In understanding a story we often fill in
details based on our understanding of our own world. But not all of these de-
tails come from our theories about what is actually true. Consider, for example,
science fiction stories in which space craft can accelerate beyond the speed of
light. To understand these stories we often fill details with our understanding
of the ‘space-time warp’ or ‘hyperspace’ gained from reading other science
fiction stories.

The picture that I have been sketching is drawn from the philosophy of
science. When scientists do an experiment to test a theory, they apply both the
theory that is under test and background theories. When we read” further into a
story, we apply both our understanding of the events described by the story from
what we have read so far and our background theories. When they find data
that does not cohere with their collection of theories (the theory being tested
or the current view of the events of the story and the background theories),
scientists and readers alike are stuck with the same problem. Should they reject
some elements of their current view of the events described or the theory under
test, or should they reject a background theory? In the philosophy of science,

2 Nothing in this section crucially depends on a story’s being read rather than its being seen
presented in a film or a play or heard in a radio play, and so on.
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this is known as the ‘Duhem—Quine problem’, named after Pierre Duhem and
W. V. O. Quine. The Duhem—Quine problem as it is applied to fiction, however,
is in some ways more difficult than the problem for scientists. For it is sometimes
the case in fiction that we can accept contradictory propositions, but it is often
the case that we would rather not do so.

This is where my theory of belief revision can be of some use. Let us look
at two examples to see how we can use the theory. The first example is from
the cartoon series South Park. In almost every episode of the early seasons of
the series, the same character is killed. The series, however, is a continuing
story. The character who dies — Kenny — is alive again at the beginning of the
next episode. This happens largely without comment, but sometimes the other
characters notice that this happens and once declare that this does not make
sense. Our background belief that dead people do not come back to life is used
to interpret other parts of the stories. In my opinion, what we do is accept the
contradiction. We recognise that this contradiction is intended by the creators of
the series and we take it on board as part of the comic content of the programme.

On the other hand, consider the story ‘Diary of a Madman’ by Nicolai Gogol.
In it, the main character and narrator reports hearing dogs discussing him. I
discount this information rather quickly, since we are told by the title of the
story that we are dealing with a madman, and I take the events described to
be the figment of his imagination. We do so despite the fact that Gogol is an
absurdist writer and is not adverse to writing inconsistent stories. Of course
we do construct the content of the inner life of the main character as well
in reading the story and this inner life constitutes a fiction within a fiction.
For the construction of the character’s inner life, we no longer include the
proposition that dogs cannot talk, since this construction requires that we adopt
the background beliefs and rejections of the character himself.

11.6 Relevant logic and the foundations of mathematics

We saw in chapter 9 that we can combine relevant logic with a theory of rea-
sonable inference to vindicate classical reasoning. But we can also formulate
theories in relevant logic without the additional trappings of denial, and so
on. The resultant theories have been the focus of some very interesting math-
ematics and philosophy. There are various ways in which these theories are
philosophically interesting. For example, it is interesting to see how much of
mathematical reasoning can be treated as relevant inference. It is also interest-
ing to see what is lost if we get rid of certain classical principles of reasoning.
In the next few sections we will look at relevant mathematical theories and
their properties to see what philosophical conclusions, if any, can be drawn
from them.
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11.7 Relevant arithmetic

One especially interesting relevant theory is Bob Meyer’s R¥, a relevant form of
Peano arithmetic. Meyer’s aim was to show that we can reconstruct arithmetical
reasoning relevantly. As we shall see below, relevant Peano arithmetic, or R*, has
some very interesting properties. Unfortunately, R* didn’t have all the properties
that Meyer had hoped it had.

In order to reconstruct arithmetical reasoning, Meyer wanted to show that
all of the theorems of classical Peano arithmetic could be proven in R*. He
proved various results, some with very elegant proofs, to this end. In particular,
he showed that if we add the gamma rule to R* it contains all of classical
Peano arithmetic (see (Friedman and Meyer 1992)). The gamma rule, as we
remember, is a version of disjunctive syllogism, namely,

FAVB
F~A
~FB
From the theoremhood of A v B and ~ A we can infer that B is also a theorem.

Meyer also showed that R* enriched by the addition of the omega rule con-
tains all of classical Peano arithmetic (also with the addition of the omega rule).
The omega rule is an infinitary rule of inference that states that if a property
P is such that P(0), P(1), P(2), and so on, we can infer that Vx P(x). Meyer
called the system that results by adding the omega rule to R¥, R*¥. He was
able to show, by means of a lovely argument, that the gamma rule is admis-
sible in R* and following from this that all of classical Peano arithmetic is
contained in R*¥. The fact that R* contains an infinitary rule of inference,
however, is a flaw. We cannot use infinitary rules. We can never state all the
premises.

R* itself did not admit gamma. Through a complicated series of proofs,
Meyer and Harvey Friedman showed that gamma is not admissible in R* and,
following from this, that R* does not contain all of classical Peano arithmetic.
More seriously, the Friedman—Meyer result indicates that there are important
parts of number theory not included in R* (Friedman and Meyer 1992).

A current project in relevant arithmetic, therefore, is to find a system strong
enough to contain all of classical Peano arithmetic but without the use of suspect
devices such as infinitary rules of inference. This as yet fictional system has
been dubbed ‘R* /2’ by Meyer.

11.8 Relevant arithmetic and Godel’s second theorem

Despite the fact that R* is inadequate to capture all of standard arithmetical
reasoning, it is a very interesting theory. What is perhaps most interesting
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about it is that the ‘absolute consistency’ of R* can be proved using elementary
methods.

To explain what this means and its importance, we should briefly discuss
Hilbert’s programme in the foundations of mathematics. Hilbert wanted to
provide a strict finitist foundation for mathematics. On Hilbert’s view, the basis
for our mathematics is our finitary combinatorial intuitions. These intuitions tell
us only about finite numbers, finite collections, finitary operations and rules, and
so on. We can talk about infinite sets and use them in our mathematics, but what is
important about them is what they allow us to prove about finite mathematics.
Thus, our infinitary mathematics has to be a conservative extension of our
finitary mathematics in order to be considered safe.

Georg Kreisel has put this neatly in the following way. Hilbert’s problem is
to show that, for a given system of mathematics,

Pr(A)— A

where A is a statement about finitary mathematics and ‘Pr’ is a provability
predicate for the system in question ((Kreisel 1967), p. 233).

Godel’s second theorem states that certain systems of arithmetic cannot prove
themselves consistent. Thus, it is impossible to show in these systems that
~Pr(" f), where f is a falsum for classical logic. This formula is equivalent to

P f)— f,

where the arrow is material implication. Now, in Peano arithmetic and related
systems, the formula 0 = 1 is equivalent to f. So we cannot show that

Pr(0=1)>0=1.

But ‘0= 1" is a statement of finite arithmetic. Hence, it would seem that
Hilbert’s programme fails for Peano arithmetic.

When we move from Peano arithmetic to R* something interesting happens.
The property that a system has if it cannot be proven in it that 0 = 1 is called
‘absolute consistency’. Meyer has shown using finitary methods that R* is
absolutely consistent (Meyer 1976), (Meyer and Mortensen 1984). Thus, R*
has a definite advantage over Peano arithmetic. But what is perhaps even more
interesting is trying to figure out what it is about R¥ that allows us to prove its
absolute consistency using finitary means.

Note that Meyer has not proven that Gdel’s second theorem fails in relevant
arithmetic. Although he has used finitary means to prove his result, he has not
shown that this proof can be proven in R* itself. Moreover, it is not clear whether
there is a provability predicate in R* that has similar properties to the provability
predicates of classically based systems of arithmetic. So, it is an open question
about the status of Godel’s second theorem in relevant arithmetic. And, perhaps
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even more interestingly, there is the question whether we can base a partial
realisation of Hilbert’s programme on R¥.

11.9 Relevant set theory?

Producing a relevant version of arithmetic seems like a worthwhile project.
Arithmetic is an important human activity and, if we are to have a theory of
reasoning, it would be nice to capture that sort of reasoning that goes on when
we do arithmetic.

From the late nineteenth century, set theory has gained prominence as a
foundation for mathematics. Thus, it would also seem reasonable to want to
reconstruct set theory so that it is based on relevant rather than classical logic.
Some relevant logicians have tried to do just that, most notably Ross Brady. But
some other relevant logicians see this attempt as a mistake. In particular, Bob
Meyer has held® that set theory is intrinsically wedded to classical logic. Set
theory grew up with classical logic in the late nineteenth and early twentieth
centuries. It was meant to capture the notion of an extension. Set theory, thus,
should be connected to an extensional logic like classical logic, and not an
intensional one like relevant logic.

Consider the usual definition of the subset relation:

XCY =4 Vx(x€X DxeY).

How should we define subset in a relevant set theory? We can’t use the material
conditional. It is too weak. For suppose that we did use the above definition,
with the material conditional (definedas A D B =45 ~A Vv B). Then wecould
have a situation s in which X C Y and an individual a in X but fail to be in
Y, since modus ponens for material implication does not hold in all situations.
Surely the subset relation is stronger than that.

The obvious alternative is to change the definition to

XCY =4 Vx(x €eX > x €Y).
This definition, on the other hand, seems just too strong. Consider the statement
Every woman I have met named ‘Ismay’ lives in Seatoun.

This statement is true. I have met two women named ‘Ismay’ and they both live
in the Wellington suburb of Seatoun. Let 7 be the set of women named ‘Ismay’,
M be the set of people that I have met, and S be the set of people living in
Seatoun. If we use the above definition of subset, we would be committed to
holding that

Vx((xel AN xeM)—> xel).

3 In seminars and in personal communication.
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This seems extremely strong. Recall our interpretation of relevant implication.
For a relevant implication to be true, there must be some real informational link
between the antecedent and the consequent (or some logical connection derived
from the rules of the natural deduction system). But it just happens that I have
met only two women with that name and they both live in Seatoun.

One might think that there is a logical link between a subset and set that is
strong enough to support an implication. But this is not the case. Assume that
we have in our language a set abstractor, A. If A is a sentence in first-order
relevant logic, perhaps with the variable x free, then ‘Ax A’ denotes the set of

entities which satisfy A. Let p and g be propositional variables. At any worldly
situation,

Ayp C Ay(gVv ~gq).

Thus, by our tentative definition of subset, it would seem that the following is
also true:

Vx(x € Ayp = x € Ay(gVv ~q)).

Thus, by universal instantiation (where a is some individual in the worldly
situation),

a € Ayp — a € Ay(gVv ~q).
By lambda conversion, we then have,
p— (qVv ~q),

which is a paradox of strict implication and a thesis we want to reject.*

Despite this problem, I think that a relevant set theory is both needed and
possible. Consider again the sentence ‘Every woman I have met named “Ismay”
lives in Seatoun’. How should we formulate it (not its set-theoretic translation)
in relevant logic? Not as either of,

Vx((M(x) A I(x)) > Sx)
or,
Vx((M(x) A I(x)) D Sx))

for the reasons given above. It is clear that any logic should have a means for
formalising categorical propositions.

* An obvious way around this argument is to reject unrestricted lambda abstraction and conversion.
For example, we could use Dunn’s theory of relevant predication, discussed above, to restrict our
theory to sets determined by relevant predicates. But then very difficult questions would arise,
such as whether we could include the empty set in our theory.

Whether an adequate foundations of mathematics can be produced in this way, I do not know.
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One means for doing so is due to Nuel Belnap and Dan Cohen. Cohen
has added Belnap’s conditional assertion connective to relevant logic
((Anderson et al. 1992), §75). The expression,

B/A,

means that A is asserted on the condition that B. Or, if B is true, then A is as-
serted. If B is false (or, more accurately, not true)® then A is not asserted. Belnap
and Cohen have argued that ‘All X’s are Y’s’ should be read ‘Vx(X(x)/Y(x)).
For everything, if it is an X, then we assert of it that it is also a Y. If it is not an
X, then we need not assert anything of it.

With the addition of conditional assertion to relevant logic, we can formalise
categorical statements and, I think, statements about subsets. I suggest that,

XCY =df V)C()CEX/XEY)

is a reasonable definition of subset. What axioms would be needed for an
adequate set theory of this sort, I do not know just yet. But I think it is a
promising direction for research.

11.10 Weaker systems of relevant logic

In this book, we have examined the relevant logic R. This is one of the strongest
relevant logics. One logic is said to be ‘stronger’ than another if and only if the
first includes all the theorems of the second and other theorems as well. In the
final sections, we will examine weaker systems of relevant logic.

There are a great many weaker systems of relevant logic that have been studied
and motivated. One of the most interesting is the logic S (for ‘syllogism’). This
logic has two axioms, viz.,

B—->C)—»((A> B)—= (A— ()
and
(A—>B)->(B>C)—>(A—> ()

and the rule of modus ponens. (The only connective in the language of this
system is implication.) As Errol Martin has shown, this system has no theorems
of the form A — A. In terms of inference, according to the system S, all infer-
ences of a proposition from itself are invalid (Martin and Meyer 1982). Thus,

5 The semantics for conditional assertion is three valued. We will ignore this here, but T think that
the form of three valuedness required can be incorporated into our framework without any real
damage to our view.
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Martin, together with Meyer, maintains that it is a virtue of S that it rejects the
traditional fallacy of circular reasoning.5
Another very weak relevant logic is the logic B. In contrast to S, the theorems
of B that contain implication as their only connective are all of theform A — A.
Most relevant logicians accept logics stronger than B. In the next section, we
will discuss the interpretation and motivation of some of these systems.

11.11 Brady’s content semantics

One way of understanding some weaker systems of relevant logic is through
Ross Brady’s content semantics. Brady’s full formal theory is very complicated,
but we can get the flavour of it rather quickly here. The view is set out in full
in (Brady 2003), §12.5 and in (Brady forthcoming).

We start with the sentences of some language. This is not a formal language,
but rather what we will call an ‘interpretational language’. It needs to be a lan-
guage like English or the language of standard mathematics, i.e., alanguage that
is already interpreted.” Suppose that X is a set of sentences of the interpreta-
tional language. Then c(X) is the content of that sentence. The content consists
of all of the sentences that can be ‘analytically established’ from the members
of X ((Brady 2003), p. 263). Say, for example, that X is just the singleton {John
is a bachelor}. Then the sentence ‘John is unmarried’ is in the content c(X).
When X is a singleton {S}, we write ¢(S) instead of ¢c({S}).

The meanings of the various connectives can be given in terms of contents.
Disjunction is the most straightforward. The content of a disjunction c(S or T)
is ¢(S) N e(T). This might seem wrong. For usually disjunction is paired with
set theoretic union rather than intersection. But intuitively, for contents, the
pairing of disjunction and intersection is right. Think of the content of the
disjunction ‘Table x is made of rimu or table x is 12 feet wide.” In the content of
“Table x is made of rimu’ is the sentence ‘This table is made of wood’ but not
“Table x is more than 11 feet wide.? In the content of ‘Table x is 12 feet wide’
is the sentence ‘Table x is more than 11 feet wide’ but not the sentence ‘Table
x is made of wood.” We cannot establish either ‘Table x is made of wood’ or
“Table x is more than 11 feet wide’ from the original disjunction. Thus, neither
belongs in the content of the disjunction, although their disjunction (‘Table x is
made of wood or table x is more than 11 feet wide’) does belong in that content.

The content of a conjunction ¢(S and T) is c(c(S) U c(T)), i.e., the content of
the unions of the contents of each conjunct. We can make sense of the content

6 The philosophical motivations for S, including those presented here are in an as yet unpublished
manuscript by Martin and Meyer called ‘S is for Syllogism’,

7 Brady does not use the phrase ‘interpretational language’. This is my invention. In fact,
although Brady motivates his semantics using an interpretational language, his model theory
is very algebraic in nature, taking contents to be primitive elements of the structure.
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of conjunctions as closures of unions using a similar argument to the one that
established the connection between disjunction and intersection.

The content of an implication is more interesting. In our interpretational
language, we include both names of the various contents and the set theoretic
relation 2. The relation 2 is the superset relation, that is, if X and Y are sets, then
X DY if and only if Y € X. There are various important analytic inferences
that govern the behaviour of the superset relation. In particular, consider the
set {c1 2 ¢3, ¢3 2 c3}). In the content of this set c({c) 2 ¢2, ¢2 2 ¢3}) there is
the sentence ¢, 2 c3, since superset is a transitive relation. We shall see why
this fact is important soon. The content of an implication ‘S implies T’ is
the set ¢(c(S) 2 ¢(T)). This content includes (and only includes) what can be
analytically inferred from the sentence ‘c(S) 2 ¢(T')’.

Now we bring in a formal language, that includes propositional variables,
conjunction, disjunction, implication and parentheses. We should also include
negation, but it introduces a host of difficulties that we wish to avoid here. An
interpretation / assigns to each formula of our language a content. Given an
assignment of contents to propositional variables, the clauses for the connectives
are the following:

e I(AV B) = I(A)N I(B);

e I(AA B)=c(I(A)UI(B));

e I(A — B)=c(I(A) D I(B)).

We can see that the logic that this semantics characterises is quite a bit weaker
than our favourite system, R. As we have seen, implication is transitive in
Brady’s logic, which is called DI, but in a weaker sense than R. In R, we get
as a theorem,

(A—> B)—»> ({(B—>C)— (A—> Q).

But the transitivity that is captured by the content semantics only justifies the
scheme,

(A= B)A(B—>(C) = (A—= QO).

More importantly, as we saw in chapters 2 and 3, our semantics makes valid
the scheme of contraction, i.e.,

(A—>(A—> B))—> (A— B).

The contraction scheme, however, cannot be justified using the content seman-
tics. For to do so would be to show that c(c; 2 c(c; 2 ¢3)) 2 c(c; 2 ¢3), for
all contents ¢; and c3, and this is not possible. As we shall see soon, the failure
of contraction is a key feature of Brady’s logic.

As we can see, Brady’s semantics provides an intuitive interpretation of a
logic. As in the case with Read’s interpretation of relevant logic, it does not
seem appropriate for me to criticise it here. It is a very different approach from
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mine. Moreover it is not clear to me that we cannot accept Brady’s semantics
as well as my own. We merely take his as defining a very different notion of
implication.

There are other interpretations of weak relevant logic. For example, as we
have already seen, there is Priest’s use of ‘logic fictions’ to interpret a weak
relevant logic (see §3.10 and see (Priest 2001)). His model consists in a real
world and a set of non-normal worlds. An implication, ‘A — B’, is true in the
real world if and only if for all non-normal worlds w, if ‘A’ is true in w then
‘B’ is also true in w. For non-normal worlds, implications have no set truth
conditions — they are made true or false randomly. These non-normal worlds
are like the universes of science fiction, except that they reject laws of logic
rather than laws of physics. The logic characterised by this semantics is much
weaker than Brady’s systems. I criticised Priest’s semantics briefly, but it does
have the virtues of being very simple and elegant.

11.12 Relevance and naive theories

Brady and others have used weaker relevant logics, like DJ¢, to formulate naive
set theories, naive theories of truth, and naive higher-order logics. Naive set
theories and naive higher-order logics contain naive comprehension principles.
A naive comprehension principle for set theory is a principle like the follow-
ing:
IxVy(A(y) © y € x),

where y is the only variable free in A(y). The naive comprehension principle
says that for any open formula A(y) there is a set x the members of which are
exactly those things that satisfy the open formula.

The naive comprehension principle is very intuitive. It tells us that every
formula of set theory determines a set. But adding it to standard set theories,
which are based on classical logic and even relevant logics like our favourite
system R, has produced inconsistencies. For example, Russell’s paradox can be
derived in naive set theory (i.e., a set theory with naive comprehension) based
on R as follows. Suppose that we have a language that includes quantifiers
{(which range over the domain of sets) and the relation of set membership (€).
First, we replace A(y) in the comprehension principle with ~y € y. Now we
can produce the following derivation:

1.3xVy(~y € y <> y € x)y naive comprehension
2.Vy(~yey o yeErny 1, 3E
3. ~re€r<ererg 2,VE

The reason we use the empty set as a subscript throughout is that our assumption
is not a normal hypothesis. Rather, we are assuming that naive comprehension
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is an axiom of our logic; if it were an axiom, we would be able to put it into
any proof with the empty set as its subscript. In the derivation we prove the
existence of a set that belongs to itself if and only if it does not belong to itself.

Note that we do not yet have a contradiction. We have a paradoxical bicon-
ditional. We can turn this paradox into an out-and-out contradiction if we add
certain other principles of logic, such as the principle of excluded middle, which
in this case tells us that either r is or is not a member of itself. Thus, in logics
with excluded middle, such as our favourite logic R, we obtain a contradiction.
Weaker systems, like Brady’s logic, which reject excluded middle and other
related principles, can act as the basis for a consistent naive set theory (see
(Brady forthcoming)).

There are, however, philosophers who accept an inconsistent naive set theory.
These philosophers come in two camps. There are those like Chris Mortensen
who adopt inconsistent set theory because they think that it is useful. That is,
they are instrumentalists about inconsistent set theory (Mortensen 1995). On
the other hand, there are realists like Graham Priest who hold that there is a
universe of sets and that an inconsistent set theory accurately represents that
universe ((Priest 1987), chapter 2).

Whichever approach we take to naive set theory, we have to beware of worse
possible consequences than a few contradictions. For if we add the naive com-
prehension principle to a set theory based on the logic R, we obtain a system
that is zrivial. That is, we can derive not just a contradiction, but any formula
whatsoever in this theory. Let p be an arbitrary formula. The following proof
shows that we can derive p in a naive set theory based on R.

1. IxVy((y €y > p) < y € x)y naive comprehension
axiom

2.Vy((y ey > p) o y €y 1, 3E

3.(cec—> p)ecEcy 2, VE

4. cec—>(c€c— py 3, AE

5.(cec—>(c€c— p)—>(cec— py contraction

6. cec— py 4,5, - E

7. (c€c— p) = cEcy 3, AE

8. cecy 6,7, - E

9. py 6,8, > F

In this manner, we can prove any formula whatever. The key step in this proof
is the use of the principle of contraction in step 5. The principle of contraction,
in schematic form is

(A—>(A— B)) > (A— B).

As we saw in chapters 2 and 3 above, I accept contraction. Here T will briefly
repeat my defence of this acceptance.
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The contraction principle corresponds closely with the ability to use a hy-
pothesis more than once in a proof. Here is a proof of contraction that shows
this correlation:

2. A[z) hyp

3. A— B“’2] 1,2, —- F
4. Bj1y 2,3, - E

5.A—>B||] 2—4,—)[
6. A>(A—>B)> (A= By 1-5 =1

What allows the derivation of contraction is the ability to use the second hy-
pothesis twice in implication eliminations, both in the derivation of line 3 and in
the derivation of line 4. One way of barring contraction is to treat the subscripts
as multisets (as in Stephen Read’s Scottish Plan discussed in chapter 9 above).
If we do so, the closest that we can get is the following proof:

I. A > (A - B)[[] hyp

2. Ap hyp

3. A—>B[|2] ],2,—>E
4. B2 2,3, > E

5.A—>B[|2] 2—4,—)’

6. (A>(A—>B)—> (A= By 1-5, =1

The square brackets indicate that we are dealing with multisets rather than sets.
The derivation does not prove contraction to be a theorem. Rather, it shows that
if we assume the antecedent of contraction is true at one situation, we can show
that there is some situation at which the whole contraction thesis is true. To
eliminate the reference to situation 2 in the conclusion we can hypothesise the
formula A a second time, as in the following argument:

1. A= (A - B) hyp

2. Ap hyp

3. A—> B[|’2] 1,2, — FE
4. Ap hyp

5. Byay 3,4 > E

6. A—)B“g] 4-5 -1
7.A—>(A—>B)[|] 2—-6,—)1
8 A5 (A—=>B)-(A->A->B); 1-5 =1

Here we have the empty multiset ([1) as a subscript in the conclusion, but we
do not have the formula that we want. What we get is just a complex form of
the identity axiom (A — A).

What happens in these proofs is that we must keep track not only of the
premises that we use but how many times we use them. There is something
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mathematically very elegant about this approach to natural deduction. Brady’s
content semantics, presented in the previous section, gives an interpretation
of a contraction-free natural deduction system (Brady forthcoming), and John
Slaney (Slaney 1990) and Stephen Read (Read 1988) give interpretations of
other systems that reject contraction. Whether any of their justifications show
that there is something illegitimate about using premises as often as we wish
in ordinary inference I have my doubts. But I will not argue that point here. [
only wish to point the reader to this very interesting literature. The Slaney and
Read systems, however, are not weak enough to support a non-trivial naive set
theory. I only discuss them here to point to the use of methods we have seen
earlier in the book to reject contraction.

11.13  Summary of part III

In part IiI of the book, we tidied up some loose ends. In chapter 9, we covered
various technical topics to do with deduction. This set up the discussion in
chapter 10 concerning what is perhaps one of the most difficult issues regarding
relevant logic — its rejection of the rule of disjunctive syllogism. I argued in
chapter 10 that, in fact, we can accept disjunctive syllogism in certain conditions
and that this restriction on the acceptability of disjunctive syllogism is not
untoward. In chapter 11, I end the book by discussing uses of relevant logic
including some uses of systems weaker than the logic R, the system that has
been the main focus of the rest of the book.



12 Afterword

This book is an interpretation and defence of relevant logic. These two projects
of interpreting and defending relevant logic are not distinct. For it has been the
chief complaint about relevant logic that it has no reasonable interpretation.

My interpretation has used as its central notion the real use of premises
in a deductive inference. This, I think, makes sense. For it makes relevance
the key notion in understanding relevant logic. We saw this notion at work
in the understanding of relevant deduction, situated inference, the theory of
implication, and, in a somewhat weaker sense, in the theory of conditionals. In
other words, relevance as the real use of premises (or the real use of antecedents,
in the case of implications and conditionals) permeates my whole interpretation
of relevant logic.

I also have tried to short-circuit metaphysical criticisms of relevant logic by
constructing a model for the logic from an ontology that is very close to that
standardly used by modal logicians. The one difference is that my ontology uses
non-well-founded set theory rather than standard set theory. But this is a minor
difference, for the theory can be reconstructed using standard set theory, albeit
in a less elegant fashion, and, besides, there are other very good reasons for
accepting non-well-founded set theory. The upshot of all of this is that we can
use relevant logic without any pangs of philosophical guilt. It has a reasonable
interpretation and it does not commit us to an extravagant ontology any more
than modal logic does.

Nor should we feel guilty about the alleged logical weakness of relevant logic.
I have argued in chapter 10 that there are various ways that we can interpret
disjunctive syllogism — which we think is invalid in the strict formal sense — to
mabke it into a reasonable form of inference from a relevant point of view.

T end the book by discussing uses of relevant logic, as a basis for deontic logic,
as a basis for a theory of belief revision, and as a part of the foundations of
mathematics. These programmes are far from complete and so we end both by
saying that relevant logic is useful and that there is plenty of work for logicians
to do on relevant logic and its applications.
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Appendix A The logic R

A.l THE PROPOSITIONAL LANGUAGE

The propositional vocabulary consists of
e Propositional variables: p,q.,r, ...

® A unitary connective: ~

¢ Two binary connectives: A, —

¢ Parentheses: (, ).

We use the usual formation rules.

A.2 DEFINED CONNECTIVES
* AV B =y ~(~AA ~B)
* A B =5 (A— B)A(B — A))

A.3 AXIOMATISATION
A.3.1 AXIOM SCHEMES

A—> A
(A—=>B)—->({(B—>C)—(A—> ()
A—> (A= B)— B)
.(A—>(A—> B)—>(A—> B
.(AANB)y—> A

.(AANB)—> B

. A= (AV B

.B—> (Av B)

NS E WD =

10. AA(BVC) > (AANBYV((AANCD))
11. ~~A— A
12. (A >~B) - (B ->~A)
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(A->BAA->C)>(A>(BAO)
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A.3.2 RULES

FA
+ B
FAAB
FA— B
FA

“FB

Al

MP

A.4 NATURAL DEDUCTION SYSTEM

These rules are taken, with slight modification, from (Anderson et al.1992),
P. XXVI.

A.4.1T STRUCTURAL RULES

* A formula may be introduced as a hypothesis of a new subproof. Each new
hypothesis receives a subscript of the form {k} where k has not been used
previously in the proof. (hyp)

* A, may be repeated. (rep)

¢ A, may be repeated into a hypothetical subproof. (reit)

A.4.2 IMPLICATION RULES

* From a proof of B, on the hypothesis that Ay, to infer that A — By,
provided that k is in . (— 1)
e From A — B, and Ag to infer Byup. (— E)

A.4.3 CONJUNCTION RULES

e From A, and B, toinfer A A B,. (AI)
¢ From A A B, to infer A, and from A A By, to infer B,. (AE)

A.4.4 DISJUNCTION RULES

¢ From A, to infer A vV B, and from B, to infer A V B,. (VI)
* From A V By, A = Cg, and B — Cg, to infer Cop. (VE)

A.4.5 DISTRIBUTION RULE
From A A (B Vv C),, infer (AA B)V (A AC),.

A.4.6 NEGATION RULES

* From A — f, toinfer ~A,. (~ 1)
* From ~A, toinfer A — f,.(~ E)
¢ From ~~A, to infer A,. (DN)



Appendix B Routley—Meyer semantics for R

Routley and Meyer first presented their semantics in (Routley and Meyer 1973).
This presentation takes some elements from (Anderson et al.1992) and some
from Dunn’s semantics for negation (Dunn 1993).

B.1 FRAMES

An R-frame is a quadruple < Sit, Logical, R, C > such that Sit is a non-empty
set, Logical is a non-empty subset of Sit, and R is a three-place arbitrary place
relation on Sit, C is a binary relation on Sit, which satisfies the following
definitions and postulates:
¢ 5 4t =45 Ix(x € Logical & Rxst);
* Rlstu =45 Rstu;
o R"™ls 5,0t iff Ax(R"sy ... Syy1X & Rxs,yot), forn > 1;
e if R"...5;Si41...t,then R" .. .s5;418;...1;
e if R"...s5;...t1, then R"' .. .55, ...¢;
® Rsss;
e for each situation s there is a unique <\-maximal situation s* such that Css*;
o if Rstu, then Rsu*t*;
o §FF s
o ifs <1t then t* < s*.
e If Rbcd and a < b, then Racd

Note that worldly situations play no role in this model theory. We can add
them. In fact, we can replace the class of logical situations in the specification
of a frame with the class of worldly situations and specify that for each worldly
situation s, if Cst, thent <s.

B.2 MODELS

A model for R is a pair < §, v > where § is an R-frame and v is a value
assignment from propositional variables into Sit*> such that it satisfies heredi-
tariness, that is, if s € v(p) and s < ¢, then ¢t € v(p). Each value assignment v
determines an interpretation relation =, such that:

* s k=, piffs € v(p);

esE, AABiffs=, Aands &, B;
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es=,AvBiffs =, Aors =, B;
e sk, AANBiff Yx(Csx Dx ¥, A),
o 5skEyA— Biff VxVy((Rsxy & x =, A)Dy =, B).

B.3 ADDING MODALITY
B.3.1 THE BASE LOGIC

First, we must add the unary propositional operator O to our language. The
formation rules are extended in the usual way. Our base system — the logic RC -
is the following system:

B.3.2 DEFI NED OPERATOR
<>A =df ~0O~A

B.3.3 AXIOMS

R All substitution instances of theorems of R;
C (DAADOB)— O(A A B).
DV O(AvV B) —» (OA v $B).

B.3.4 RULES
The rules are MP, Al and

FA— B

—_———— RM
.F0A— OB

B.4 SEMANTICS FOR RC AND ITS EXTENSIONS
In this section I rely heavily on (Fuhrmann 1990) and (Mares 1994).

B.4.1 FRAME THEORY

An RC-frame is a quintuple < Sit, Logical, R, M, x > such that < Sit,
Logical, R, x > is an R-frame and

o if Mst, Ms*t*;

e if s < 5" and Ms't’, then there is a t <0 ¢’ such that Mst.

B.4.2 THEORY OF TRUTH

An RC-model is a sextuple < Sit, Logical, R, M, ¥, v > such that < Sit,
Logical, R, M, x > is an RC-frame, v satisfies hereditariness, and v determines
a satisfaction relation = such that |= obeys all the truth clauses for R-models
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and
e s = 0A if and only if Vx(Mst D x =, A).

B.5 CORRELATIONS

A
N T TA is made valid by the postulate:
VxVy((x € Worldly & Mxy) Dy € Worldly)
Name Axiom scheme Semantic postulate
K. [(A - B) —» (A — OB) hume
D 0A — CA AxMsx
4 0A - O0A Ax(Msx & Mxt) D Mst
T OA— A Mss
B A— [OCA Mst D Mts

B.6 QUANTIFICATION

‘We change our language to include predicates (of any arity), quantifiers (¥ and
3), individual variables, and individual constants.
The axiom schemes for the logic RQ are the following:
1. VxA — Alc/x]
2. Vx(A — B) > (VxA — VxB)
3. Vx(A vV B) —» (A Vv VxB), where x is not free in A.
The additional rule is the rule of universal generalisation, viz.,

A
F VxA’

The semantics for quantified relevant logic were developed by Kit Fine
((Fine 1988) and (Anderson ef al.1992), §53). A quantificational R-model is
a structure < F, D, D, Q, —, v >, where F is a set of R-frames, D is a set of
sets of individuals (domains), D is a function from situations to domains, Q
is a binary relation on situations, Py -_is a partial function from situations and
pairs of individuals to situations (s is defined if and only if i and j are in
D(s)), and v is a value assignment, which satisfy the postulates given below.
Following Fine, T use ‘s*’ to designate a situation such that Qss* and ‘3 to
designate s where the i and j are arbitrary.

The following are Fine’s postulates on quantificational frames, modified
slightly to fit my notation:

1. if s and ¢ are in the same frame, then D(s) = D(?);
2. if Qst, then D(s) C D(1);
3. if @ C D(¢), then there is an s such that D(s) = « and Qst;



7.

8.

9.
10.
11.
12.
13.
14.
15.
16.
17.

18.
19.

20.

21.
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if Q@st and Qs't, where D(s) = D(s’), then s = s’ (where Qst, we call s,
)

if Ost and D(s) = D(¢), thens =1t;

if @st and Qsu and D(¢) N D(u) = D(s), then there are situations x and
y such that D(x) = D(y) = D(t) U D(u), Qtx, Quy, and x < y;

Q is transitive and reflexive;

if s <t |, then there is an s* such that s* < ¢;

st =s1%

if Rstu,thenRs L t L u |,

if Rstu, then for every s* there are t* and u™ such that Rs*tttu™;

if Rstu, then for every u™ there are s* and ¢* such that Rs*trtu™;

if s is logical, then for each & such that D(s) € «, there is a logical s in «;
s 477,

ifs <t then 3 < 7;

F =7

T = 7

. i ij—

ifsl=s{,thens= 7 ;

if Rstu, then R??‘L?; i
if Rstuands = l'js_), then there is some situation #’ <! u suchthaty’ =

and Rstu’;

if D(s) Ca,i € D(s) ang)j € a\D(s), then there is some situation ¢ in
such that QOst and t = 't .

The following are constraints on value assignments:

1.

2.

if <v(ay), ...,v(a,) >€ v(P,s) and Qst, then < v(a)), ..., v(a,) >€
u(P, 1)
ifv(ay), ..., v(a,) € D(s), @st,and < v(a,), ..., v(a,) >€ v(P,t), then
< v(ay), ..., v(a,) >€ v(P,s)

N
if<iy, ...,in) >€v(P,s), then < ij, ... i, >€ v(P,j s ), wherei;, =

ipifip # jandi, # kandif i, = j ori, =k, then i} is either j or k, for
l<p=<n

The truth condition for the universal quantifier is

sk, VXA Iff 3e(D(s) Ca &
u(u(x) € (@\D(s)) & p is an x-variant of v & Vt(Qst Dt |, A))).

We can then derive Fine’s so-called ‘orthodox clause’, viz.,

s b=y VXA V1(Qst & p(x) € D) Dt k=, A),

for every u, an x-variant of v. The orthodox clause is the one discussed in
chapter 6 above.
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B.7 IDENTITY

An R-identity model is a structure < F, D, D, Q, —, ~, v >, where < F, D,

D, Q, —, v > is aquantificational R-model, = is a relation between situations

and ordered pairs of individuals such that if (¢, j) € =, then{ and j are in D(s)

and which is such that

L if (i, j) € =, then (J,i) € =4;

. if (i, j) € =; and (J, k) € =, then (i, k) € ~;

. if s <¢, then =, C ~;;

if (i, j) € =, then, for all ¢ such that Ost, (i, j) € ~;

ifi, j € D(s })and (i, j) € =, then (i, j) € ~y;

if . k) e %i./'g—», then (i, k) € %LJY—»;

if s € Logical and i € D(s),then (i, i) € ~;

if (i, j) € = and (j, k) € &, then (i, k) € X;

. if (i, j) € =, then s* is weakly symmetrical in i, j;

if <y, ..., 0,) >€ v(P,s)and (i, j) € ~, then where i;, =i,ifiy, #j

andi, #k ifi,, = jori, =k, then i;, is either jork,forl < p <n.

The truth condition for identity is the obvious one, i.e., s =, @ = b if and only

if (v(a), V(b)) € =; .

1. if <ip,...,iy)>€v(P,s) and (i, j) € =, then <ij, ...,i, >€
v(P, s*), where i;, =i,andifi, # jandi, #kandifi, = jori, =k,
then i;, is either jork,forl < p <n.

The truth condition for identity is the obvious one, i.e., s =, a = b if and

only if (v(a), v(b)) € = .

R I

[

B.8 CONDITIONALS

A conditional frame is a structure <Sit, Logical, Poss, R, C,Prop> where
<Sit, Logical, Poss, R > is an R-frame, Prop is a non-empty set of subsets of
Sit (propositions), and C is a relation between ordered pairs of Sit and ordered
triples of situations, satisfying the conditions below:
e If X and Y are in Prop, then X NY, X UY, {s: VxVy((Rsxy & x € X)D
yeY)},and {5s: VxVy((Cxysxy & x € X) D y € Y)}are also in Prop.
¢ If X is in Prop, then {s : Vx(Csx D x ¢ X)}is in Prop.
o If Cxystu, then Rstu.
o If Cx(ynz)stu, then Cxystu.
o If Cxysss.
o If Cxyss*s™.
We add the connective, = (the indicative conditional), to the language. The
truth condition for the conditional is the following:

sE, A= B iffoVy((C|A||B|sxy & x E, A)DyFy, B).
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B.9 COUNTERFACTUALS

A counterfactual frame is astructure < Sit, Logical, Poss, R, C, B,Prop> where

<Sit, Logical, Poss, R, C,Prop> is a conditional frame, and B is a function

from pairs of propositions and situations to sets of situations (base situations),

satisfying the conditions below:

e Ifse X,thens € B(X, Y, s).

e Ifs*¢ Y, thens € B(X,Y,s).

In addition, we modify Prop so that it satisfies the conditions for a condi-

tional frame but also satisfies the condition that, if X and Y are in Prop,

{s: Vx(B(X,Y,s) D VyVz((Cxyxyz & y € X) O z € Y))}isalsoin Prop.
We now add the connective, (= (counterfactual conditional), to the lan-

guage. The truth condition for the counterfactual is

s E, A= B iff Vx(B(IA], |B|,s) D VyVz((Ciapixyz & y F, A)
Dz F, B)).



Glossary

conditional A statement of the form ‘If ... then’. Natural language conditionals are
usually divided into indicative conditionals and counterfactual conditionals. A counter-
factual conditional is, roughly, a conditional that is stated even though its antecedent is
believed to be false.

conjunction The logical connective that is expressed in English by the word ‘and’. In
this book, we look at two sorts of conjunction: extensional conjunction (A) discussed in
chapter 2 and intensional conjunction, or fusion (o), discussed in chapter 9.

disjunction The logical connective that is expressed in English by the word ‘or’. In
this book, we examine two sorts of disjunction: extensional disjunction (V) discussed
in chapter 2 and intensional disjunction, or fission (&), discussed in chapter 9.

E A relevant logic that was supposed to capture the notion of entailment. This logic
is discussed in chapter 6.

entailment In this book, ‘A entails B’ is taken to mean ‘A necessarily implies B’.
This is explained in chapter 6. Formally, ‘A entails B’ is written‘A ~— B’. Entailment
is discussed in chapter 6.

falsum A propositional constant, f, that is false in all possible worlds. In this book,
the falsum is interpreted as meaning ‘Something impossible occurs’. See chapter 5.

Hilbert-style axiom system A way of defining a logical system. In a Hilbert-style
axiom system, a logical system is identified with a set of statements (called ‘axioms’)
and a set of rules. One derives theorems in this sort of system by constructing proofs
that begin with one or more axioms and applying rules to them and then continuing by
using the axioms again, or theorems already proved, together with the rules to derive
more theorems.

implication In this book, ‘A implies B’ is taken to mean ‘B contingently follows from
A’. This is explained in chapter 3. Formally, ‘A implies B’ is written ‘A — B’.

intersection An operation in set theory. The intersection of two sets X and Y (the
intersection is written ‘X N Y’) is the set of things that are in both X and Y. Thus, for
example, the intersection of the sets {1, 2, 3} and {2, 3, 4} is the set {2, 3}.

modal logic Logic that includes symbols that mean ‘necessarily’ and ‘possibly’ or
closely related notions. Modal logic is discussed in chapters 2 and 6.
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multiset A multiset is a collection [A|, ..., A,] that is like a set in that the members
of a multiset have no order but it is unlike a set in that a single thing can occur in a single
multiset more than once.

natural deduction A form of proof theory that allows the use of hypotheses. This is
one of the standard forms of proof theory that is taught to students in an introductory
course in symbolic logic. Natural deduction is discussed in chapters 1 through 5.

negation The logical connective often expressed in English by ‘not’.

possible world A possible world is a universe (like our own) that meets some con-
ditions of coherence and completeness. For example, no possible world contains in-
consistent information. In addition all possible worlds are complete, that is, for each
proposition, p a world w either makes p or its negation true. Possible worlds are dis-
cussed in chapters 2 and 3.

proof theory A method for deriving theorems of a logic. The sorts of proof theory
discussed in this book are natural deduction systems, sequent calculi, and Hilbert-style
axiom systems.

quantifiers Logical particles are expressed in English by phrases such as “for all’, ‘for
some’, ‘there are’, ‘most’ and ‘many’. Quantifiers are discussed in chapter 6.

R The logic of relevant implication. This is the main logic discussed in this book.

sequent calculus A form of proof theory that allows the derivation of sequents. A
sequent is a structure I' = A, where I" and A are multisets of formulae. A sequent
represents a derivation. So, for example, the sequent A — B, A I B represents the
derivation of B From A — B and A.

set A collection of things that obeys the principles of a theory called ‘set theory’. There
are various different set theories. The set theory used in this book is non-well-founded
set theory and is explained in chapter 3.

situation A situation is like a possible world in that it makes statements true or false,
but unlike a possible world, a situation may not decide whether a given statement is true
or false and some situations make some contradictions true.

theorem A statement that can be proven. Some theorems are theorems of a mathe-
matical system, for example, 2 + 2 = 4 is a theorem of arithmetic.

union An operation in set theory. The union of two sets X and Y (the union is written
‘X U Y’)is the set of things that are in either X orin Y. Thus, for example, the intersection
of the sets {1, 3, 5} and {1, 2, 4, 6} is the set {1, 2, 3,4, 5, 6}.
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