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Preface

This book is an introduction to decision theory. My ambition is to present

the subject in a way that is accessible to readers with a background in awide

range of disciplines, such as philosophy, economics, psychology, political

science and computer science. That said, I am myself a philosopher, so it is

hardly surprising that I have chosen to discuss philosophical and founda-

tional aspects of decision theory in some detail. In my experience, readers

interested in specific applications of the subject may find it helpful to start

with a thorough discussion of the basic principles beforemoving on to their

chosen field of specialization.

My ambition is to explain everything in a way that is accessible to every-

one, including readers with limited knowledge of mathematics. I therefore

do my best to emphasize the intuitive ideas underlying the technical con-

cepts and results before I state them in a more formal vocabulary. This

means that some points are made twice, first in a nontechnical manner

and thereafter inmore rigorous ways. I think it is important that students of

decision theory learn quite a bit about the technical results of the subject,

but most of those results can no doubt be explained much better than what

is usually offered in textbooks. I have tried to include only theorems and

proofs that are absolutely essential, and I have made an effort to prove the

theorems in ways I believe are accessible for beginners. In my experience,

this sometimes comes into conflict with the ambition to present technical

material in the minimalist style usually preferred by experts.

Most of the technical results are presented in twenty “boxes” clearly

separated from the main body of the text. In principle, it should be possible

to read the bookwithout reading the boxes, although they hopefully deepen

the student’s understanding of the subject. I have also included over 100

exercises (and solutions), most of which should be fairly straightforward.

Unlike other textbooks, no exercise asks the reader to prove some theorem
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I did not bother to provemyself. Finally, the Appendix contains a glossary in

which I try to briefly explain some of the key terms and concepts. I believe

the glossary might be particularly useful for readers wishing to study only

a selected number of the chapters.

A large number of people deserve my sincere thanks. First of all, I would

like to thank all the studentswho have contributed their invaluable input to

this project. I have done my best to improve the manuscript in accordance

with the advice I have received. I am also deeply indebted to a number of

fellow teachers and colleagues: Barbro Björkman, Joanna Burch Brown,

John Cantwell, Stephen John, Elselijn Kingma, Holger Rosencrantz, and

Per Sandin. I am also very grateful for valuable comments on the original

proposal and draft manuscript given by four anonymous readers. Finally,

I wish to thank Hilary Gaskin at Cambridge University Press, who suggested

I should write this textbook. Without her enthusiasm and encouragement,

this book would never have been written. The project proved to be both

challenging and time-consuming but always highly enjoyable.

Preface to the Second Edition

In the eight years since the first editionwas published I have received a large

number of emails with mostly positive feedback, often accompanied by

suggestions for improvements. Based on this helpful correspondence,

I have decided to add a chapter on risk aversion (Chapter 10) to the second

edition. I have also revised and updated the other chapters with new mate-

rial. The chapters on pragmatic arguments and Bayesian decision theory

have been merged into a single chapter (Chapter 8), and in the chapter on

expected utility theory (Chapter 4) I have added about ten pages on the

St. Petersburg and Pasadena paradoxes. The discussion of Newcomb’s pro-

blem (in Chapter 9) has been updated with new examples, and the discus-

sions of indefinitely iterated prisoner’s dilemmas (in Chapter 12) and

Arrow’s impossibility theorem (in Chapter 13) have been somewhat

extended. I have also added about forty new exercises.

I would like to thankmy research assistant Robert Reed for helpingme to

‘translate’ the text from British English to American English, and Dong An,

Ben Eggleston, Jelle de Boer, Ismail Guler, Johan E. Gustafsson, Jack

Hamilton, Karsten Klint Jensen, Luke Muehlhauser and Manel Pau for help-

ful feedback.
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1 Introduction

On September 6, 1492, Christopher Columbus set off from the Canary

Islands and sailed westward in an attempt to find a new trade route between

Europe and the Far East. On October 12, after five weeks of sailing across the

Atlantic, land was sighted. Columbus had never been to the Far East, so

when he landed in Central America (“the West Indies”) he believed that he

had indeed discovered a new route to the Far East. Not until twenty-nine

years later did Magellan finally discover the westward route to the Far East

by sailing south around South America.

Columbus’ decision to sail west from the Canary Islands was arguably

one of the bravest decisions ever made by an explorer. But was it rational?

Unlike some of his contemporaries, Columbus believed that the earth is

a rather small sphere. Based on his geographical assumptions, he estimated

the distance from Europe to East India to total 2,300 miles. The actual

distance is about 12,200 miles, which is more than five times farther than

Columbus thought. In the fifteenth century, no ship would have been able

to carry provisions for such a long journey. Had America not existed, or had

the earth been flat, Columbus would certainly have faced a painful death.

Was it really worth risking everything for the sake of finding a new trade

route?

This book is about decision theory. Decision theory is the theory of

rational decision making. Columbus’ decision to set off westwards across

an unknown ocean serves as a fascinating illustration of what decision

theory is all about. A decision maker, in this case Columbus, chooses an act

from a set of alternatives, such as sailing westwards or staying at home.

The outcome depends on the true state of the world, which in many cases is

only partially known to the decision maker. For example, had the earth

been a modest-sized sphere mostly covered by land and a relatively small

and navigable sea, Columbus’ decision to sail westwards would have made
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him rich and famous, because the King and Queen of Spain had promised

him 10% of all revenue gained from a new trade route. However, Columbus’

geographical hypothesis turned out to be false. Although spherical, the

earth is much bigger than Columbus assumed, and Europe is separated

from the Far East by the huge American continents. Thus, in the fifteenth

century the westward route was not a viable option for Europeans wishing

to trade with the Far East. All this was unknown to Columbus. Despite this,

the actual outcome of Columbus’ decision was surprisingly good. When he

returned to Spain he gained instant fame (though no financial reward).

Another possible outcome would have been to never reach land again.

Indeed, a terrible way to die!

The decision problem faced by Columbus on the Canary Islands

in September 1492 can be summarized in the decision matrix shown in

Table 1.1. Note that the outcome of staying at home would have been the

same no matter whether his geographical hypothesis was true or not.

Since the second hypothesis turned out to be the true one, the actual

outcome of sailing westwards was that Columbus got famous but not rich.

However, it should be evident that the rationality of his decision depended

on all possible outcomes – every entry in the matrix matters. But how should

one use this basic insight for formulating more precise and useful theories

about rational decision making? In this book we will consider a number of

influential attempts to answer this question.

Roughly put, the ultimate aim of decision theory is to formulate hypoth-

eses about rational decision making that are as accurate and precise as

possible. If you wish to tell whether Columbus’ decision to sail westwards

was rational, or whether this is the right time to invest in the stock market,

or whether the benefit of exceeding the speed limit outweighs the risk of

getting caught, then this is the right subject for you. You think it is not

worth the effort? Well, that is also a decision. So if you want to find out

Table 1.1

Geographical

hypothesis true

There is some other

land westwards

There is no land

westwards

Sail westwards Rich and famous Famous but not rich Dead

Do not Status quo Status quo Status quo
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whether the decision not to learn decision theory is rational, you must

continue reading this book. Don’t stop now!

1.1 Normative and Descriptive Decision Theory

Decision theory is an interdisciplinary project to which philosophers,

economists, psychologists, computer scientists and statisticians contribute

their expertise. However, decision theorists from all disciplines share

a number of basic concepts and distinctions. To start with, everyone agrees

that it makes sense to distinguish between descriptive and normative decision

theory. Descriptive decision theories seek to explain and predict how

people actually make decisions. This is an empirical discipline, stemming

from experimental psychology. Normative theories seek to yield prescrip-

tions about what decision makers are rationally required – or ought – to do.

Descriptive and normative decision theory are, thus, two separate fields of

inquiry, which may be studied independently of each other. For example,

from a normative point of view it seems interesting to question whether

people visiting casinos in Las Vegas ought to gamble as much as they do.

In addition, no matter whether this behavior is rational or not, it seems

worthwhile to explainwhy people gamble (even though they know they will

almost certainly lose money in the long run).

The focus of this book is normative decision theory. There are two

reasons for this. First, normative decision theory is of significant philoso-

phical interest. Anyone wishing to know what makes a rational decision

rational should study normative decision theory. How people actually

behave is likely to change over time and across cultures, but a sufficiently

general normative theory can be expected to withstand time and cultural

differences.

The second reason for focusing on normative decision theory is

a pragmatic one. A reasonable point of departure when formulating descrip-

tive hypotheses is that people behave rationally, at least most of the time.

It would be difficult to reconcile the thought that most people most of the

timemake irrational decisions with the observation that they are in fact alive

and seem to lead fairly good lives – in general, most of us seem to do pretty

well. Moreover, if we were to discover that people actually behave irration-

ally, either occasionally or frequently, we would not be able to advise them

how to change their behavior unless we had some knowledge about

1.1 Normative and Descriptive Decision Theory 3



normative decision theory. It seems that normative decision theory is better

dealt with before we develop descriptive hypotheses.

That said, normative and descriptive decision theory share some com-

mon ground. A joint point of departure is that decisions are somehow

triggered by the decision maker’s beliefs and desires. This idea stems from

the work of the Scottish eighteenth-century philosopher David Hume.

According to Hume, the best explanation of why Columbus set off west-

wardswas that he believed it would be possible to reach the Far East by sailing

in that direction, and that he desired to go theremore than he desired to stay

at home. Likewise, a possible explanation of why people bet in casinos is

that they believe that the chance of winning large amounts is higher than it

actually is and that they have a strong desire for money. In the twentieth

century much work in descriptive decision theory was devoted to formulat-

ing mathematically precise hypotheses about how exactly beliefs and

desires trigger choices. Unsurprisingly, a number of philosophers, econo-

mists and statisticians also proposed theories for how beliefs and desires

ought to be aggregated into rational decisions.

1.2 Rational and Right Decisions

A decision can be rational without being right and right without being

rational. This has been illustrated through many examples in history. For

instance, in the battle of Narva (on the border between Russia and what we

now call Estonia) on November 20, 1700, King Carl of Sweden and his 8,000

troops attacked the Russian army, led by Tsar Peter the Great. The tsar had

about ten times as many troops at his disposal. Most historians agree that

the Swedish attack was irrational, since it was almost certain to fail.

Moreover, the Swedes had no strategic reason for attacking; they could

not expect to gain very much from victory. However, because of an unex-

pected blizzard that blinded the Russian army, the Swedes won. The battle

was over in less than two hours. The Swedes lost 667 men and the Russians

approximately 15,000.

Looking back, the Swedes’ decision to attack the Russian army was no

doubt right, since the actual outcome turned out to be success. However,

because the Swedes had no good reason for expecting that they were going

to win, the decision was nevertheless irrational. Decision theorists are

primarily concerned with rational decisions rather than right ones.
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In many cases it seems impossible to foresee, even in principle, which act is

right until the decision has already been made (and even then it might be

impossible to knowwhatwould have happened had one decided differently).

It seemsmuchmore reasonable to claim that it is always possible to foresee

whether a decision is rational. This is because theories of rationality operate

on information available at the point in time the decision is made rather

than on information available at some later point in time.

More generally speaking, we say that a decision is right if and only if its

actual outcome is at least as good as that of every other possible outcome.

Furthermore, we say that a decision is rational if and only if the decision

maker chooses to do what she has most reason to do at the point in time at

which the decision is made. The kind of rationality we have in mind here is

what philosophers call instrumental rationality. Instrumental rationality

presupposes that the decision maker has some aim, such as becoming rich

and famous, or helping as many starving refugees as possible. The aim is

external to decision theory, and it is widely thought that an aim cannot in

itself be irrational, although it is of course reasonable to think that sets of

aims can sometimes be irrational, e.g. if they are mutually inconsistent.

Now, on this view, to be instrumentally rational is to do whatever one has

most reason to expectwill fulfill one’s aim. For instance, if your aim is not to

get wet and it is raining heavily, you are rational in an instrumental sense if

you bring an umbrella or raincoat when going for a walk.

The instrumental, means-to-end notion of rationality has been criticized,

however. Philosopher John Rawls argues that an aim such as counting the

number of blades of grass on a courthouse lawn is irrational, at least as long

as doing so does not help to prevent terrible events elsewhere. Counting

blades of grass on a courthouse lawn is not important enough to qualify as

a rational aim. In response to this point it could perhaps be objected that

everyone should be free to decide for herself what is important in life.

If someone strongly desires to count blades of grass on courthouse lawns,

just for the fun of it, that might very well qualify as a rational aim.

1.3 Risk, Ignorance and Uncertainty

In decision theory, everyday terms such as risk, ignorance and uncertainty are

used as technical terms with precise meanings. In decisions under risk the

decisionmaker knows the probability of the possible outcomes, whereas in

1.3 Risk, Ignorance and Uncertainty 5



decisions under ignorance the probabilities are either unknown or nonexis-

tent. Uncertainty is used either as a synonym for ignorance, or as a broader

term referring to both risk and ignorance.

Although decisions under ignorance are based on less information than

decisions under risk, it does not follow that decisions under ignorancemust

therefore be more difficult to make. In the 1960s, Dr. Christiaan Barnard in

Cape Town experimented on animals to develop amethod for transplanting

hearts. In 1967 he offered 55-year-old Louis Washkansky the chance to

become the first human to undergo a heart transplant. Mr. Washkansky

was dying of severe heart disease and was in desperate need of a new heart.

Dr. Barnard explained to Mr. Washkansky that no one had ever before

attempted to transplant a heart from one human to another. It would there-

fore bemeaningless to estimate the chance of success. All Dr. Barnard knew

was that his surgical method seemed to work fairly well on animals.

Naturally, because Mr. Washkansky knew he would not survive long with-

out a newheart, he acceptedDr. Barnard’s offer. The donorwas a 25-year-old

woman who had died in a car accident the same day. Mr. Washkansky’s

decision problem is illustrated in Table 1.2.

The operation was successful and Dr. Barnard’s surgical method worked

quite well. Unfortunately, Mr. Washkansky died 18 days later from pneu-

monia, so he did not gain as much as he might have hoped.

The decisionmade byMr.Washkanskywas a decision under ignorance.

This is because it was virtually impossible for him (and Dr. Barnard) to

assign meaningful probabilities to the possible outcomes. No one knew

anything about the probability that the surgical method would work.

However, it was nevertheless easy for Mr. Washkansky to decide what to

do. Because no matter whether the new surgical method was going to

work on humans or not, the outcome for Mr. Washkansky was certain to

be at least as good as if he decided to reject the operation. He had nothing

to lose. Decision theorists say that in a case like this the first alternative

(to have the operation) dominates the second alternative. The concept of

Table 1.2

Method works Method fails

Operation Live on for some time Death

No operation Death Death
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dominance is of fundamental importance in decision making under

ignorance, and it will be discussed in more detail in Chapter 3.

Ever since Mr. Washkansky underwent Dr. Barnard’s pioneering

operation, thousands of patients all over the world have had their lives

prolonged by heart transplants. The outcomes of nearly all of these opera-

tions have been carefully monitored. Interestingly enough, the decision

to undergo a heart transplant is no longer a decision under ignorance.

Increased medical knowledge has turned this kind of decision into

a decision under risk. Recent statistics show that 71.2% of all patients

who undergo a heart transplant survive on average 14.8 years, 13.9%

survive for 3.9 years, and 7.8% for 2.1 years. However, 7.1% die shortly

after the operation. To simplify the example, we will make the somewhat

unrealistic assumption that the patient’s life expectancy after a heart

transplant is determined entirely by his genes. We will furthermore

suppose that there are four types of genes.

Group I: People with this gene die on average 18 days after the operation

(0.05 years).

Group II: People with this gene die on average 2.1 years after the operation.

Group III: People with this gene die on average 3.9 years after the operation.

Group IV: People with this gene die on average 14.8 years after the

operation.

Because heart diseases can nowadays be diagnosed at a very early

stage, and because there are several quite sophisticated drugs available,

patients who decline transplantation can expect to survive for about 1.5

years. The decision problem faced by the patient is summarized in

Table 1.3.

The most widely applied decision rule for making decisions under risk is

the principle of maximizing expected value. As will be explained in some

detail in Chapter 4, this principle holds that the total value of an act equals

the sum of the values of its possible outcomes weighted by the probability

Table 1.3

Group I: 7.1% Group II: 7.8% Group III: 13.9% Group IV: 71.2%

Operation 0.05 years 2.1 years 3.9 years 14.8 years

No operation 1.5 years 1.5 years 1.5 years 1.5 years

1.3 Risk, Ignorance and Uncertainty 7



for each outcome. Hence, the expected values of the two alternatives are as

follows.

Operation: 0:05 � 0:071ð Þ þ 2:1 � 0:078ð Þ þ 3:9 � 0:139ð Þ þ 14:8 � 0:712ð Þ ≈ 11
No operation: 1:5 � 0:071ð Þ þ 1:5 � 0:078ð Þ þ 1:5 � 0:139ð Þ þ 1:5 � 0:712ð Þ ¼ 1:5

Clearly, if the principle of maximizing expected value is deemed to be

acceptable, it follows that having an operation is more rational than not

having one, because 11 is more than 1.5. Note that this is the case

despite the fact that 7.1% of all patients die within just 18 days of the

operation.

1.4 Social Choice Theory and Game Theory

The decisions exemplified so far are all decisions made by a single decision

maker not taking into account what other decisionmakers are doing. Not all

decisions are like this. Some decisions aremade collectively by a group, and

in many cases decision makers need to take into account what others are

doing. This has given rise to two important subfields of decision theory:

social choice theory and game theory.

Social choice theory seeks to establish principles for how decisions

involving more than one decision maker ought to be made. For instance,

in many countries (but unfortunately not all) political leaders are chosen

by democratic election. Voting is one of severalmethods formaking social

choices. However, as will be explained in Chapter 13, the voting proce-

dures currently used in many democratic countries are quite unsatisfac-

tory from a theoretical perspective, because they fail to meet some very

reasonable requirements that such procedures ought to fulfill. This indi-

cates that the voting procedures we currently use may not be the best

ones. By learning more about social choice theory we can eventually

improve the way important decisions affecting all of us are made.

Naturally, the groupmaking a social choice need not always be the people

of a nation; it could also be the members of, say, a golf club or a family.

The basic theoretical problem is the same: How do we aggregate the

divergent beliefs and desires of a heterogeneous set of individuals into

a collective decision? In order to avoid misunderstanding, it is worth

keeping in mind that collective entities, such as governments and

corporations, sometimes act as single decision makers. That is, not
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every act performed by a group is a social choice. For example, once the

government has been elected its decisions are best conceived of as deci-

sions taken by a single decision maker.

Game theory is another, equally important subfield of decision theory.

You are probably familiar with games such as chess and Monopoly, where

the outcome of your decision depends on what others do. Many other

decisions we make have the same basic structure. If your opponents are

clever enough to foresee what you are likely to do, they can adjust their

strategies accordingly. If you are rational, youwill of course also adjust your

strategy based on what you believe about your opponent. Here is an exam-

ple, originally discussed by Jean-Jacques Rousseau: Two hunters can either

cooperate to hunt stag (which is a rather large animal that cannot be caught

by a single hunter) or individually hunt for hares. A hare is rather small and

can easily be caught by a single hunter. If the hunters cooperate and hunt

stag, each of them will get 25 lbs of meat; this is the best outcome for both

hunters. The worst outcome for each hunter is to hunt stag when the other

is hunting hare, because then he will get nothing. If the hunter decides to

hunt hare he can expect to get a hare of 5 lbs. In Table 1.4 the numbers in

each box refer to the amount of meat caught by the first and second hunter,

respectively.

This game has become known as stag hunt. In order to analyze it, imagine

that you areHunter 1.Whether it would be better to hunt stag or hare depends

on what you believe the other hunter will do. Note, however, that this also

holds true for the other hunter. Whether it would be better for him to hunt

stag or hare depends on what he believes you are going to do. If both of you

were fully confident that the other would cooperate, then both of you would

benefit from hunting stag. However, if only one hunter chooses to hunt stag

and the other does not cooperate, the hunter will end up with nothing. If you

were to hunt hare you would not have to worry about this risk. The payoff of

hunting hare does not depend on what the other hunter chooses to do.

Table 1.4

Hunter 2

stag hare

Hunter 1
stag 25 lbs, 25 lbs 0 lbs, 5 lbs

hare 5 lbs, 0 lbs 5 lbs, 5 lbs

1.4 Social Choice Theory and Game Theory 9



The same point applies to the other hunter. If he suspects that youmay not be

willing to cooperate it is safer to hunt hare. Rational hunters therefore have

to make a trade-off between two conflicting aims, viz. mutual benefit and

risk minimization. Each hunter is pulled toward stag hunting by considera-

tions of mutual benefit, and toward hare hunting by considerations of risk

minimization.What shouldwe expect two rational players to dowhenplaying

this game?

Many phenomena in society have a similar structure to the stag hunting

scenario. In most cases we are all better off if we cooperate and help each

other, but such cooperation can only occur if we trust our fellow citizens.

Unfortunately, we sometimes have little or no reason to trust our fellow

citizens. In such cases it is very likely that we will end up with outcomes

that are bad for everyone. That said, there are of course also cases in which

we tend to trust each other, even though the game has exactly the same

structure as stag hunt. For instance, David Hume (1739: III) observed

that, “Two men who pull at the oars of a boat, do it by an agreement or

convention, tho’ they have never given promises to each other.” Arguably,

the best outcome for both rowers is to cooperate, whereas the worst

outcome is to row alone while the other is relaxing. Hence, from a game-

theoretical point of view, stag hunting is similar to rowing.Why is it, then,

that most people tend to cooperate when rowing but not when hunting

stag? In Chapter 12 it will be explained that the answer has to do with the

number of times the game is repeated.

Before closing this section, a note about terminology is called for. I – and

many others – use the term decision theory both as a general term referring

to all kinds of theoretical inquiries into the nature of decision making,

including social choice theory and game theory, as well as a more narrow

term referring only to individual decisions made by a single individual not

considering the behavior of others. Whether the term is used in the general

or narrow sense is determined by context.

1.5 A Very Brief History of Decision Theory

The history of decision theory can be divided into three distinct phases: the

Old period, the Pioneering period and the Axiomatic period. As is the case

for nearly all academic disciplines, the Old period begins in ancient Greece.

However, the Greeks did not develop a theory of rational decision making.

10 Introduction



They merely identified decision making as one of many areas worthy of

further investigation. This is partly due to the fact that the Greeks were not

familiar with the concept of probability. The Greek language contains

expressions for everyday notions of likelihood and chance, but none of

the great mathematicians working at that time formalized these ideas

into a mathematical calculus. Furthermore, there is no evidence that

Greek thinkers formulated any precise decision rules, at least not of the

form discussed in contemporary decision theory. In Greek literature one

can find practical recommendations about what to do and not to do, but

these do not have the same general and abstract form as modern decision

rules.

So how did the Greeks contribute to decision theory? To start with, we

know that the Greeks were familiar with the distinction between right and

rational acts, introduced in the beginning of this chapter. Herodotus, taking

“right” to mean rational and “contrary to good counsel” to mean irrational,

notes that,

for even if the event turns out contrary to one’s hope, still one’s decision was

right, even though fortune has made it of no effect: whereas if a man acts

contrary to good counsel, although by luck he gets what he had no right to

expect, his decision was not any the less foolish. (Herodotus VII: 10)

Furthermore, in Book III of his Topics Aristotle proposes whatmay best be

conceived of as an embryo for the logic of rational preference:

if A be without qualification better than B, then also the best of the members

of A is better than the best of the members of B; e.g. if Man be better than

Horse, then also the best man is better than the best horse. (Topics III: ii)

This quote indicates that Aristotle was familiar with some of the pro-

blems of rational preference. However, the value of Aristotle’s analysis is

questioned bymodern scholars. It has been pointed out that throughout his

analysis Aristotle seems to mix logical principles, such as the one above,

with contingent material principles. For example, Aristotle claims that “to

be a philosopher is better than to make money.” This might very well be

true, but it is merely a contingent truth, not a logical one. The decision to

become a philosopher rather than a businessman is of little interest from

a formal point of view; it appears to be nothing more than a piece of advice

from a man who enjoyed being a philosopher.
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The fifteen hundred years that followed the decline of the Greek culture

is of little or no importance in the history of decision theory. There is no

evidence that any significant advances in decision theory were made by

the Romans or the early members of the Christian church. The second

major development phase was the Pioneering period, which began in 1654

as Blaise Pascal and Pierre de Fermat began to exchange letters about

probability theory. Their correspondence was triggered by a question

asked by a French nobleman with an interest in gambling: What is the

likelihood of getting at least one pair of sixes if a pair of fair dice is thrown

24 times? Rather than giving an approximate answer based on empirical

trials, Fermat and Pascal started to work out an exact, mathematical

solution to the problem. This led to the creation of modern probability

theory. Christian Huygens, famous mainly for his work in astronomy and

physics, learnt about the correspondence between Fermat and Pascal,

and published the first book on the subject in 1657. (The answer to the

nobleman’s question is, of course, 1� 35=36ð Þ24 ≈ 0:49.)

Another major breakthrough during the Pioneering period was the

1662 publication of a book known as Port-Royal Logic. Its real title was La

Logique, ou l’art de penser. The book was published anonymously by two

members of the Jansenist convent, an organization belonging to the

Catholic Church (which was later condemned by the church as heretical),

working in Port-Royal just outside Paris. The main authors were Antoine

Arnauld and Pierre Nicole, who were both associated with the convent,

but it is widely believed that Pascal also contributed some portions of the

text. Port-Royal Logic contains the first clear formulation of the principle of

maximizing expected value:

In order to judge of whatwe ought to do in order to obtain a good and to avoid

an evil, it is necessary to consider not only the good and evil in themselves,

but also the probability of their happening and not happening, and to regard

geometrically the proportion which all these things have, taken together.

(Arnauld and Nicole 1662: 367)

Even though reasonable in many situations, it was soon observed that

the principle of maximizing expected value leads to counterintuitive

recommendations if “good” and “evil” are interpreted as, for example,

amounts of money. Given the choice between maintaining the status quo

and a gamble in which one would either win or lose onemillion gold ducats
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with equal probability, Port-Royal Logic recommends us to be indifferent

between the two options. Intuitively we know that cannot be right.

In 1738 Daniel Bernoulli introduced the notion ofmoral value as an improve-

ment on the imprecise terms “good” and “evil.” For Bernoulli, the moral

value of an outcome is a technical term referring to how good or bad

that outcome is from the decision maker’s point of view. For example,

a multimillionaire might be indifferent between the status quo and

a gamble in which he will either win or lose a million, simply because he

is already very well off. For the rest of us this is unlikely to be the case. Since

I am not a multimillionaire, the negative moral value of losing a million is

for me much greater than the positive moral value of winning a million.

In the modern literature the term “moral value” has been replaced by the

notion of utility, but the meaning of the two terms is the same.

Modern decision theory is dominated by attempts to axiomatize

the principles of rational decision making, which explains why we call

it the Axiomatic period. This period had two separate and unrelated

starting points. The first was Frank Ramsey’s paper “Truth and probabil-

ity,” written in 1926 but published posthumously in 1931. Ramsey was

a philosopher working at Cambridge together with Russell, Moore and

Wittgenstein. In his paper on probability, he proposed a set of eight

axioms for how rational decision makers ought to choose among uncer-

tain prospects. He pointed out that every decision maker behaving in

accordance with these axioms will act in a way that is compatible with

the principle of maximizing expected value, by implicitly assigning

numerical probabilities and values to outcomes. However, it does not

follow that the decision maker’s choices were actually triggered by these

implicit probabilities and utilities. This way of thinking about rational

decision making is very influential in the modern literature, and will be

explained in more detail in Chapters 5, 6 and 7.

The second starting point was von Neumann and Morgenstern’s book

Theory of Games and Economic Behavior, and in particular the publication of

the second edition in 1947. Von Neumann and Morgenstern were not

aware of Ramsey’s paper when the first edition of the book was published

in 1944. The first chapter of the first edition was devoted to individual

decision making under risk, and some people complained that von

Neumann and Morgenstern did not give any technically precise definition

of the notion of utility (that is, their term for Bernoulli’s concept of
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moral value) to which they frequently referred. Therefore, in the second

edition they responded by presenting a set of axioms for how rational

decision makers ought to choose among lotteries. For von Neumann

and Morgenstern a lottery is a probabilistic mixture of outcomes; for

example, “a fifty-fifty chance of winning either $100 or a ticket to the

opera” is a lottery. They showed that every decision maker behaving in

accordance with their axioms implicitly behaves in accordance with the

principle ofmaximizing expected utility, and implicitly assigns numerical

utilities to outcomes. The main difference compared to Ramsey’s axioma-

tization is that von Neumann and Morgenstern presented no novel theory

of probability. Nevertheless, as their work on game theory was genuinely

new, it must be regarded as a major breakthrough.

The 1950s turned out to be a golden age for decision theory. Several

influential papers and books were published during that period, including

Leonard Savage’s 1954 book The Foundations of Statistics, in which he

presented yet another influential axiomatic analysis of the principle of

maximizing expected utility. A surprisingly large number of the books

and papers published during those days are still widely read and quoted,

and anyone wishing to understand the latest developments in decision

theory is usually well advised to first read about how similar problems

were analyzed in the 1950s.

Exercises

1.1 Explain the difference between:

(a) Right and rational decisions.

(b) Decisions under risk and ignorance.

1.2 Explain the difference between:

(c) Social choices and decisions made by individuals.

(d) Games and all other types of decisions discussed here.

1.3 Consider the following situations:

(a) Charles Lindbergh was the first man to fly single-handed across the

Atlantic in 1927. Did he make a decision under risk or ignorance as

he departed New York and set off eastwards?

(b) You are thinking about flying to Paris next week. Are you making

a decision under risk or ignorance?
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1.4 Consider the four lotteries below. Exactly one winning ticket will be

drawn in each lottery.

Ticket no. 1 Ticket no. 2–20 Ticket no. 21–100

Lottery A $2 million $2 million $2 million

Lottery B $0 $15 million $2 million

Lottery C $2 million $2 million $0

Lottery D $0 $15 million $0

(a) Make intuitive comparisons between lottery A and B, and between

C and D, without performing any calculations. Do you prefer A or B?

C or D?

(b) Now calculate the expected (monetary) value of each lottery. Which

lottery has the highest expected monetary value, A or B? C or D?

(c) Did these calculationsmake you change yourmind? If so, why? (This

is a version of Allais’ paradox, whichwewill discuss inmore detail in

Chapter 4.)

1.5 Consider the following game in which both you and your opponent

have two alternatives to choose between. The first number in each box

represents your payoff, whereas the second number represents your

opponent’s payoff. (Naturally, better payoffs are represented by higher

numbers.)

Your Opponent

Alt. 1 Alt. 2

You
Alt. 1 1, 1 0, 3

Alt. 2 3, 0 2, 2

(a) What do you expect your opponent to do?

(b) What will you do?

(c) Try to explain why this game is of less theoretical interest than the

stag hunt game.

1.6 Briefly summarize the major events in the history of decision theory.

1.7 Why do you think it took so long to invent (or discover?) the probability

calculus? The Greek’s were excellent mathematicians, so why did it

remain unknown to them?
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1.8 The probability of getting at least one pair of sixes if a pair of fair dice is

thrown 24 times is about 0.49. Is the probability of not getting any pair

of sixes if a pair of fair dice is thrown 48 times higher or lower?

Solutions

1.1 See Sections 1.2 and 1.3.

1.2 See Section 1.4.

1.3 (a) It depends on what he knewwhen he took off fromNew York, but it

is reasonable to assume that he could not assign any probabilities to

the various outcomes of his trip; if so, he made a decision under

ignorance.

(b) You are making a decision under risk. Even if you do not know the

probability of a crash right here and now, there is certainly a lot of

relevant information available in libraries and on the Internet.

1.4 (a) Empirical studies by psychologists show that most people prefer

A over B, and D over C.

(b) The expectedmonetary values are: A ¼ $2M, B ¼ $4:45M, C ¼ $0:4M,

D ¼ $2:85M.

(c) Yes, if you accept the principle of maximizing expected monetary

value. But is this really a reasonable decision rule? See Chapter 4!

1.5 (a) Your opponent will choose alternative 2 (no matter what you do).

(b) You will, if you are rational, also choose alternative 2 (no matter

what your opponent does).

(c) It is less interesting than Stag Hunt simply because there is no

conflict between cooperation and other aims; alternative 2 domi-

nates alternative 1, in the sense that one is better off choosing

alternative 2 no matter what the other player does.

1.6 See Section 1.5.

1.7 A possible explanation is that the Greek’s “dice” and other random

generators were much more complicated than those used later.

In Gods, Games and Gambling, F.N. David writes that, “In ancient times

there were games played using astragali, or Talus bone. The Pottery of

ancient Greece was evidence to show that there was a circle drawn on

the floor and the astragali were tossed into this circle,much like playing

marbles . . . It seems that this is the early stages of the creation of dice.”

1.8 Lower. (The probability is about 0.26).
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2 The Decision Matrix

Before youmake a decision you have to determine what to decide about. Or,

to put it differently, you have to specify what the relevant acts, states and

outcomes are. Suppose, for instance, that you are thinking of taking out fire

insurance on your home. Perhaps it costs $100 to take out insurance on a

house worth $100,000 and you ask, “Is it worth it?” Before you decide, you

have to get the formalization of the decision problem right. In this case, it

seems that you face a decision problem with two acts, two states, and four

outcomes. It is helpful to visualize this information in a decisionmatrix; see

Table 2.1.

To model one’s decision problem in a formal representation is essential

in decision theory, because decision rules are only defined relative to a

formal representation. For example, it makes no sense to say that the

principle of maximizing expected value recommends one act rather than

another unless there is a formal listing of the available acts, the possible

states of the world and the corresponding outcomes. However, instead of

visualizing information in a decision matrix it is sometimes more conveni-

ent to use a decision tree. The decision tree in Figure 2.1 is equivalent to the

matrix in Table 2.1.

The square represents a choice node, and the circles represent chance nodes.

At the choice node the decision maker decides whether to go up or down in

the tree. If there are more than two acts to choose from, we simply adds

more lines. At the chance nodes nature decides which line to follow. The

rightmost boxes represent the possible outcomes. Decision trees are often

used for representing sequential decisions, i.e. decisions that are divided

into several separate steps. (Example: In a restaurant, you can either order

all three courses before you start to eat, or divide the decision-making

process into three separate decisions taken at three points in time. If you

opt for the latter approach, you face a sequential decision problem.) To
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represent a sequential decision problem in a tree, one simply adds new

choice and chance nodes to the right of the existing leaves.

Many decision theorists distinguish only between decision problems and

a corresponding decision matrix or tree. However, it is worth emphasizing

that we are actually dealing with three levels of abstraction:

1. The decision problem

2. A formalization of the decision problem

3. A visualization of the formalization

A decision problem is constituted by the entities of the world that

prompt the decision maker to make a choice, or are otherwise relevant to

that choice. By definition, a formalization of a decision problem is made up

of information about the decision to be made, irrespective of how that

information is visualized. Formalizations thus comprise information

about acts, states and outcomes, and sometimes also information about

probabilities. Of course, one and the same decision problem can be forma-

lized in different ways, not all of which are likely to be equally good. For

example, some decision problems can be formalized either as decisions

under risk or as decisions under ignorance. However, if one knows the

probabilities of the relevant states, it is surely preferable to choose the

Table 2.1

Fire No fire

Take out insurance No house and $100,000 House and $0

No insurance No house and $100 House and $100

No house and $100.000

House and $0

No house and $100

House and $100

Take out insurance

Do not

Fire

No fire

No fire

Fire

Figure 2.1
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former type of formalization (since one would otherwise overlook relevant

information).

Naturally, any given set of information can be visualized in different

ways. We have already demonstrated this by drawing a matrix and a tree

visualizing the same formalization. Table 2.2 is another example of how

the same information could be presented, which is more suitable to

computers.

In Table 2.2 information is stored in a vector, i.e. in an ordered list of

mathematical objects. The vector is comprised of three new vectors, the

first of which represents acts. The second vector represents states, and the

third represents outcomes defined by those acts and states.

From a theoretical perspective, the problem of how to formalize deci-

sion problems is arguably more interesting than questions about how to

visualize a given formalization. Once it has been decided what pieces of

information ought to be taken into account, it hardly matters for the

decision theorist whether this information is visualized in a matrix, a

tree or a vector.

2.1 States

The basic building blocks of a decision problem are states, outcomes and

acts. Let us discuss each concept in turn, startingwith states.What is a state?

Intuitively, a state is a part of theworld that is not an outcome or an act (that

can be performed by the agent in the present decision situation; acts

Table 2.2

[

[a1 = take out insurance,

a2 = do not];

[s1 = fire,

s2 = no fire];

[(a1, s1) = No house and $100,000,

(a1, s2) = House and $0,

(a2, s1) = No house and $100,

(a2, s2) = House and $100]

]
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performed by others can presumably be thought of as states). It is some-

times suggested that we should also think of the outcome brought about by

an act as a state of the world. On that view, an act is essentially a device that

transforms one state of the world into another state. However, as attractive

as this suggestion might be, it will be helpful to keep apart states and

outcomes in the present discussion.

That said, not all states are relevant to decision making. For many deci-

sions it is completely irrelevant whether the number of atoms in the uni-

verse is odd or even, for instance. Only states that may affect the decision

maker’s preference among acts need to be taken into account, such as: The

republican candidate wins the election, or The interest rate exceeds five per cent next

year, or My partner loves me, or Goldbach’s conjecture is true. For each of these

states, we can imagine an act whose outcome depends on the state in

question. The example of Goldbach’s conjecture (a famous mathematical

hypothesis) indicates that even necessary truthsmay be relevant in decision

making, e.g. if the decision maker has placed a bet on whether this hypoth-

esis is true or not.

Some states, or at least some ways of partitioning states, are clearly

illegitimate. In order to understand why, imagine that you are offered a

choice between two bets, which pay $100 and $200 respectively, depending

on whether the Democrat or the Republican candidate wins the next pre-

sidential election (Table 2.3). When offered these bets, it would make little

sense to consider the states I choose the right bet and I do not. That formaliza-

tion gives the false impression that you will definitively be better off if you

bet on the Republican candidate. The reason why this is false, and why the

formalization is illegitimate, is that the state I choose the right bet is causally

dependent on your choice. Whether the state will occur depends on which

act you choose.

The problem of causal dependence can be addressed in two ways. The

first is to allow the decision theorist to include only states that are causally

independent of the acts in the formalization; this is the option that will be

Table 2.3

I choose the right bet I do not

Bet on Democrat $100 $0

Bet on Republican $200 $0
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pursued here (with exception for Chapter 9). The second option is to avoid

the notion of states altogether. That approach works particularly well if one

happens to know the probability of the outcomes. Suppose, for instance,

that the probability is 0.6 that you win $100 if you bet on the Democrat, and

0.3 that you win $200 if you bet on the Republican.

From a technical point of view, the formalization in Table 2.4 is impec-

cable. That said, omitting the states makes little sense in other decision

problems, such as decisions under ignorance. If you do not know anything

about the probability that your house will burn down and you are offered

fire insurance for free, it certainly makes sense to accept the offer. No

matter what happens, you will be at least as well off if you accept free

insurance than if you do not, and you will be better off if there is a fire.

(This line of reasoning has a fancy name: the dominance principle. See

Chapter 3.) However, this conclusion only follows if we attach outcomes

to states. The pair of examples in Table 2.5(a) and 2.5(b) illustrates the

difference between including and omitting the relevant states.

In Table 2.5(a), act A is clearly better than act B. However, in Table 2.5(b)

all states have been omitted and the outcomes have therefore been listed in

arbitrary order. In this representation we fail to see that one option is

actually better than the other. This is why it is a bad idea not to include

states in a formalization.

Table 2.4

Bet on Democrat $100 (0.6) $0 (0.4)

Bet on Republican $200 (0.3) $0 (0.7)

Table 2.5(a)

State 1 State 2

Act A $50 $80

Act B $30 $80

Table 2.5(b)

Act A $50 $80

Act B $80 $30
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Let us now consider a slightly different kind of problem, having to do

with how preferences depend on which state happens to be the true state.

Suppose you have been severely injured in a traffic accident and that as a

result you will have to undergo a risky and life-threatening operation. For

some reason, never mind why, you are offered a choice between a bet in

which you win $100 if the operation is successful and you survive, and

nothing if the operation fails and you die, and a bet in which you win

nothing if the operation is successful and you survive, and $100 if the

operation fails and you die (Table 2.6).

Let us imagine that both states are equally probable. It then seems

natural to argue that the decision maker should regard both bets as equally

attractive. However, most people would prefer the bet in which one wins

$100 if one survives the operation, no matter how improbable that state is.

If you die, money does not matter to you anymore. This indicates that the

formalization is underspecified. To make the formalization relevant for

your decision we would have to add to the outcome the fact that the

decision maker will die if the operation fails. If we did so, it would clearly

transpire why the first bet is better than the second. To put all this in amore

sophisticated vocabulary, to which we will return in Chapter 7, states

should be chosen such that the value of the outcomes under all states is

causally independent of whether the state occurs or not.

2.2 Outcomes

Rational decision makers are not primarily concerned with states or acts.

What ultimately matters is the outcome of the choice process. Acts are mere

instruments for reaching good outcomes, and states are devices needed for

applying these instruments. However, in order to figure out which instru-

ment to use (i.e. which act to choose given a set of states), outcomesmust be

ranked in one way or another, from the worst to the best. Exactly how this

should be done is an important topic of debate in decision theory, a topic

Table 2.6

You survive You die

Take first bet $100 $0

Take second bet $0 $100
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which we will examine in more detail in Chapter 5. In the present section

we will merely explain the difference between the various kinds of scales

that are used for comparing outcomes.

Let us return to the issue of whether or not one should insure a house

worth $100,000 at a rate of $100 per annum. Imagine that Jane has made a

sincere effort to analyze her attitudes toward safety and money, and that

she felt that the four possible outcomes should be ranked as follows, from

the best to the worst.

1. House and $100 is better than

2. House and $0 is better than

3. No house and $100,000 is better than

4. No house and $100.

The first outcome, “House and $100,” can be thought of as a possible

world that is exactly similar to the three others, except for the condition of

the house and the amount of money in that world. Outcomes are in that

sense comprehensive – they include much more than we actually need to

mention in a decision matrix. Naturally, the ranking of outcomes is to a

large extent subjective. Other decision makers may disagree with Jane and

feel that the outcomes ought to be ranked differently. For each decision

maker, the ranking is acceptable only if it reflects his or her attitudes

toward the outcomes. It seems fairly uncontroversial to suppose that people

sometimes have different attitudes, but the ranking depicted above does,

we assume, accurately reflect Jane’s attitudes.

In order to measure the value of an outcome, as it is perceived by the

decision maker, it is convenient to assign numbers to outcomes. In

decision theory, numbers referring to comparative evaluations of value

are commonly called utilities. However, the notion of utility has many

different technical meanings, which should be kept separate. Therefore,

to avoid unnecessary confusion we will temporarily stick to the rather

vague term value, until the concept of utility has been properly intro-

duced in Chapter 5.

Value can be measured on two fundamentally different kinds of scales,

viz. ordinal scales and cardinal scales. Consider the set of numbers in

Table 2.7, assigned by Jane to the outcomes of her decision problem.

If Jane assigns a higher number to one outcome than another, she judges

the first outcome to be better than the second. However, if the scale she uses
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is an ordinal scale, nothing more than that follows. In particular, nothing

can be concluded about how much better one outcome is in relation to

another. The numbers merely reflect the qualitative ranking of outcomes.

No quantitative information about the “distance” in value is reflected by the

scale. Look at Scales A–C in Table 2.8; they could be used for representing

exactly the same ordinal ranking.

The transformations of the original scale into scales A, B or C preserve the

order between the outcomes. This proves that all four scales are equivalent.

Hence, it does not matter which set of numbers one uses. Mathematicians

express this point by saying that ordinal scales are invariant up to positive

monotone transformations. That a transformation of a scale is invariant under

some sort of changemeans that the ranking of the objects is preserved after

this type of change. In the case of an ordinal scale, the change is describable

by some function f such that

f xð Þ � f yð Þ if and only if x � y: ð1Þ

In this expression, x and y are two arbitrary values of some initial

scale, e.g. the values corresponding to the best and second best outcomes

on the original scale above, and f is somemathematical function. It can be

easily verified that the transformation of the original scale into scale D in

Table 2.9 does not satisfy condition (1), because if x = 10 and y = 4, then f(x) = 8,

and f (y) = 9. Of course, it is false that 8≥ 9 if and only if 10≥ 4. It can also be

Table 2.8

Original scale Scale A Scale B Scale C

Best outcome 10 4 100 777

Second best 4 3 98 −378

Third best 1 2 97 −504

Worst outcome −100 1 92 −777

Table 2.7

Fire No fire

Take out insurance 1 4

Do not −100 10
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shown in analogous ways that scales E and F are not permissible ordinal

transformations of the original scale.

As pointed out above, ordinal scales are usually contrasted with cardinal

scales. Cardinal scales embody more information than ordinal scales. There

are two different kinds of cardinal scales, viz. interval scales and ratio scales.

To start with, we focus on interval scales. Unlike ordinal scales, interval

scales accurately reflect the difference between the objects being mea-

sured. Let us suppose, for the sake of illustration, that scale F in the

example above is an interval scale. It would then be correct to conclude

that the difference in value between the best and the second best outcome

is exactly the same as the distance in value between the second best and

the third best outcome. Furthermore, the difference between the best and

the worst outcome is twice that between the best and the second best

outcome. However, scale E cannot be a permissible transformation of F,

because in F the distance between the third best and the worst outcome is

zero, whereas the corresponding difference in E is strictly greater than

zero.

To illustrate what kind of information is represented in an interval

scale, consider the two most frequently used scales for measuring tempera-

ture, i.e. the Centigrade (C) and Fahrenheit (F) scales, respectively. Both

scales accurately reflect differences in temperature, and any temperature

measured on one scale can easily be transformed into a number on the other

scale. The formula for transforming Centigrade to Fahrenheit is:

F ¼ 1:8 � Cþ 32 ð2Þ

By solving this equation for C, we get:

C ¼ F� 32ð Þ=1:8 ð3Þ

Table 2.9

Scale D Scale E Scale F

Best outcome 8 −60 100

Second best 9 −50 90

Third best 6 −40 80

Worst outcome 7 0 80
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Note that (2) and (3) are straight lines – had the graphs been curved, a

difference of, say, one unit on the x-axis would not always produce the same

difference on the y-axis. As an illustration of how the Fahrenheit scale can

be transformed into the centigrade scale, consider Table 2.10. It shows the

mean temperatures in a few well-known cities.

When looking at Table 2.10, a common error is to conclude that it was

twice as warm in Tokyo as in New York, because 64 units Fahrenheit is twice

as much as 32 units Fahrenheit. In order to see why that conclusion is

incorrect, note that 64 °F corresponds to 17.8 °C and 32 °F to 0 °C. Now,

17.8 °C is of course not twice as much as 0 °C. Had it been twice as warm in

Tokyo as inNewYork, it would certainly have been twice aswarm according

to every scale. Interval scales accurately reflect differences, but not ratios.

Expressed in mathematical terminology, interval scales are invariant up to

positive linear transformations. This means that any interval scale can be

transformed into another by multiplying each entry by a positive number

and adding a constant, without losing or gaining any information about the

objects being measured. For example, if the value of some outcome is 3

according to scale X, and Y = 10 · X + 5, then the value of the same outcome

would be 35 if measured on scale Y. Obviously, scale Y is obtained from X by

a positive linear transformation.

Unlike interval scales, ratio scales accurately reflect ratios. Mass, length

and time are all examples of entities that can be measured on ratio scales.

For example, 20 lb = 9 kg, and this is twice as much as 10 lb = 4.5 kg.

Furthermore, two weeks is twice as much as one, and 14 days is of course

twice as much as 7 days. Formally put, a ratio scale U can be accurately

transformed into an equivalent ratio scale V by multiplying U by a positive

Table 2.10

City Degrees Fahrenheit Degrees Centigrade

Los Angeles 82 27.8

Tokyo 64 17.8

Paris 62 16.7

Cambridge (UK) 46 7.8

New York 32 0

Stockholm −4 −20
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constant k. Consider, for instance, the series of numbers in Table 2.11,

which denote the values of four different outcomes as measured on five

different scales, G–K.

Scale G and I are equivalent ratio scales, because G = 5 · I.

Furthermore, the first four scales, G–J, are equivalent interval

scales. For example, scale H can be obtained from G by the formula

H = 10 · G + 10, and J = 0.1 · G – 3. However, there is no equation of

the form V = k · U + m that transforms G into K. Hence, since K is not a

positive linear transformation of G, it does not reflect the same differ-

ences in value, nor the same ratios.

It is helpful to summarize the technical properties of the two kinds of

cardinal scales discussed here in two mathematical conditions. To start

with, a function f that takes an argument x and returns a real number as

its value is an interval scale if and only if condition (1) on page 24 holds and

for every other function f 0 that satisfies (1) there are some constants k andm

such that:

f
0
xð Þ ¼ k � f xð Þ þm ð4Þ

Condition (4) states what transformations of an interval scale are

permissible: As we have shown above, every transformation that can

be mapped by an upward sloping straight line is permissible.

Furthermore, a function f that takes an argument x and returns a real

number as its value is a ratio scale if and only if condition (1) holds and

for every other function f 0 that satisfies (1) there is some positive con-

stant k such that:

f
0
xð Þ ¼ k � f xð Þ ð5Þ

Table 2.11

Scale G Scale H Scale I Scale J Scale K

Best outcome 40 410 8 1 5

Second best 30 310 6 0 3

Third best 20 210 4 −1 2

Worst 10 110 2 −2 1
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This condition is even more simple than the previous one: A pair of ratio

scales are equivalent if and only if each can be transformed into the other by

multiplying all values by some positive constant. (Of course, the constant

we use for transforming f into f 0 is not the same as that which we use for

transforming f 0 into f.)

2.3 Acts

Imagine that your friend Leonard is about to cook a large omelette. He has

already broken five eggs into the omelette, and plans to add a sixth.

However, before breaking the last egg into the omelette, he suddenly starts

Box 2.1 Three types of scales

In this chapter we have discussed three different types of scales. Their

main characteristics can be summarized as follows.

1. Ordinal scale: Qualitative comparison of objects allowed; no

information about differences or ratios.

Example: The jury of a song contest award

points to the participants. On this scale, 10

points is more than 5.

2. Cardinal scales

(a) Interval scale Quantitative comparison of objects; accurately

reflects differences between objects. Example:

The Centigrade and Fahrenheit scales for

temperature measurement are the most well-

established examples. The difference between

10 °C and 5 °C equals that between 5 °C and 0 °C,

but the difference between 10 °C and 5 °C does

not equal that between 10 °F and 5 °F.

(b) Ratio scale Quantitative comparison of objects; accurately

reflects ratios between objects. Example:

Height, mass, time, etc. 10 kg is twice as much

as 5 kg, and 10 lb is also twice as much as 5 lb.

But 10 kg is not twice as much as 5 lb.
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to worry that it might be rotten. After examining the egg carefully, he

decides to take a chance and break the last egg into the omelette.

The act of adding the sixth egg can be conceived of as a function that

takes either the first state (The sixth egg is rotten) or the second (The sixth egg

is not rotten) as its argument. If the first state happens to be the true state of

the world, i.e. if it is inserted into the function, then it will return the

outcome No omelette, and if the second state happens to be the true state,

the value of the function will be Six-egg omelette. (See Table 2.12.) This

definition of acts can be trivially generalized to cover cases with more

than two states and outcomes: an act is a function from a set of states to a

set of outcomes.

Did you find this definition too abstract? If so, consider some other

function that you aremore familiar with, say f (x) = 3x + 8. For each argument

x, the function returns a value f (x). Acts are, according to the suggestion

above, which was originally proposed by Leonard Savage, also functions.

However, instead of taking numbers as their arguments they take states,

and instead of returning other numbers they return outcomes. From a

mathematical point of view there is nothing odd about this; a function is

commonly defined as any device that takes one object as its argument and

returns exactly one other object. Savage’s definition fulfills this criterion.

(Note that it would be equally appropriate to consider states and acts as

primitive concepts. Outcomes could be conceived of as ordered pairs of acts

and states. For example, the outcome No omelette is the ordered pair com-

prising the act Add sixth egg and the state The sixth egg is rotten. States can be

defined in similar ways, in terms of acts and outcomes.)

Decision theory is primarily concerned with particular acts rather than

generic acts. A generic act, such as sailing, walking or swimming, can be

instantiated by different agents at different time intervals. Hence,

Columbus’ first voyage to America and James Cook’s trip to the southern

hemisphere are both instantiations of the same generic act, viz. sailing.

Particular acts, on the other hand, are always carried out by specific agents

Table 2.12

The sixth egg is rotten The sixth egg is not rotten

Add sixth egg No omelette Six-egg omelette

Do not add sixth egg Five-egg omelette Five-egg omelette
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at specific time intervals, and hence Columbus’ and Cook’s voyages were

different particular acts. Savage’s definition is a characterization of parti-

cular acts.

It is usually assumed that the acts considered by a decision maker are

alternative acts. This requirement guarantees that a rational decision maker

has to choose only one act. But what does it mean to say that some acts

constitute a set of alternatives? According to an influential proposal, the set

A is an alternative-set if and only if everymember of A is a particular act, A has

at least two different members, and the members of A are agent-identical,

time-identical, performable, incompatible in pairs and jointly exhaustive.

At first glance, these conditions may appear as fairly sensible and uncon-

troversial. However, as pointed out by Bergström (1966), they do not guar-

antee that every act is amember of only one alternative-set. Some particular

acts are members of several nonidentical alternative-sets. Suppose, for

instance, that I am thinking about going to the cinema (act a1) or not

going to the cinema (a2), and that {a1, a2} is an alternative-set. Then I realize

that a1 can be performed in different ways. I can, for instance, buy popcorn

at the cinema (a3) or buy chocolate (a4). Now, also {a1 & a3, a1 & a4, a2} is an

alternative-set. Of course, a1 & a3 and a1 & a4 are different particular acts, so

both of them cannot be identical to a1. Moreover, a1 & a3 can also be

performed in different ways. I can buy a small basket of popcorn (a5) or a

large basket (a6), and therefore {a1 & a3 & a5, a1 & a3 & a6, a1 & a4, a2} also

constitutes an alternative-set, and so on and so forth. So what are the

alternatives to a2? Is it {a1}, or {a1 & a3, a1 & a4}, or {a1 & a3 & a5, a1 & a3 &

a6, a1 & a4}? Note that nothing excludes that the outcome of a2 is better than

the outcome of a1 & a3, while the outcome of a1 & a3 & a6 might be better

than that of a2. This obviously causes problems for decisionmakers seeking

to achieve as good outcomes as possible.

The problem of defining an alternative-set has been extensively dis-

cussed in the literature. Bergström proposed a somewhat complicated solu-

tion of the problem, which has been contested by others. We will not

explain it here. However, an interesting implication of Bergström’s propo-

sal is that the problem of finding an alternative-set is partly a normative

problem. This is because we cannot formalize a decision problem until we

know which normative principle to apply to the resolution of the problem.

What your alternatives are depends partly on what your normative princi-

ple tells you to seek to achieve.
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2.4 Rival Formalizations

In the preceding sections, we have briefly noted that one cannot take for

granted that there exists only one unique best formalization of each decision

problem. The decision maker may sometimes be confronted with rival

formalizations of one and the same decision problem. Rival formalizations

arise if two ormore formalizations are equally reasonable and strictly better

than all other formalizations.

Obviously, rival formalizations are troublesome if an act is judged to be

rational in one optimal formalization of a decision problem, but irrational

in another optimal formalization of the same decision problem. In such

cases one may legitimately ask whether the act in question should be

performed or not. What should a rational decision maker do? The scope of

this problem is illustrated by the fact that, theoretically, there might be

cases in which all acts that are rational in one optimal formalization are

nonrational in another rival formalization of the same decision problem,

whereas all acts that are rational according to the latter formalization are

not rational according to the former.

To give convincing examples of rival formalizations is difficult, mainly

because it can always be questioned whether the suggested formalizations

are equally reasonable. In what follows we will outline a hypothetical

example that some people may find convincing, although others may dis-

agree. Therefore, in Box 2.2 we also offer a more stringent and technical

argument that our example actually is an instance of two equally reason-

able but different formalizations.

Imagine that you are a paparazzi photographer and that rumor has it that

actress Julia Roberts will show up in either New York (NY), Los Angeles (LA)

or Paris (P). Nothing is known about the probability of these states of the

world. You have to decide if you should stay in America or catch a plane to

Paris. If you stay and actress Julia Roberts shows up in Paris you get $0;

otherwise you get your photos, which you will be able to sell for $10,000. If

you catch a plane to Paris and Julia Roberts shows up in Paris your net gain

after having paid for the ticket is $5,000, and if she shows up in America you

for some reason, never mind why, get $6,000. Your initial representation of

the decision problem is visualized in Table 2.13.
□
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Since nothing is known about the probabilities of the states in Table 2.13,

you decide it makes sense to regard them as equally probable, i.e. you

decide to assign probability 1/3 to each state. Consider the decision matrix

in Table 2.14.

The two rightmost columns are exactly parallel. Therefore, they can be

merged into a single (disjunctive) column, by adding the probabilities of the

two rightmost columns together (Table 2.15).

However, now suppose that you instead start with Table 2.13 and first

merge the two repetitious states into a single state. You would then obtain

the decision matrix in Table 2.16.

Now, since you know nothing about the probabilities of the two states,

you decide to regard them as equally probable, i.e. you assign a probability

of 1/2 to each state. This yields the formal representation in Table 2.17,

which is clearly different from the one suggested above in Table 2.15.

Table 2.13

P LA NY

Stay $0 $10 k $10 k

Go to Paris $5 k $6 k $6 k

Table 2.14

P (1/3) LA (1/3) NY (1/3)

Stay $0 $10 k $10 k

Go to Paris $5 k $6 k $6 k

Table 2.15

P (1/3) LA or NY (2/3)

Stay $0 $10 k

Go to Paris $5 k $6 k

Table 2.16

P LA or NY

Stay $0 $10 k

Go to Paris $5 k $6 k
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Which formalization is better, 2.15 or 2.17? It seems question begging to

claim that one of them must be better than the other – so perhaps they are

equally reasonable? If they are, we have an example of rival formalizations.

Note that the principle of maximizing expected value recommends dif-

ferent acts in the twomatrices. According to Table 2.15 you should stay, but

2.17 suggests you should go to Paris. Arguably, this example shows that rival

formalizations must be taken seriously by decision theorists, although

there is at present no agreement in the literature on how this phenomenon

ought to be dealt with.

Table 2.17

P (1/2) LA or NY (1/2)

Stay $0 $10 k

Go to Paris $5 k $6 k

Box 2.2 Why rival representations are possible

The examples illustrated in Tables 2.15 and 2.17 do not prove that rival

formalizations are possible. One may always question the claim that

the two formalizations are equally reasonable. Therefore, in order to

give amore comprehensive argument for thinking that the formaliza-

tions are equally reasonable, we will introduce some technical

concepts. To begin with, we need to distinguish between two classes

of decision rules, viz. transformative and effective decision rules. A

decision rule is effective if and only if it singles out some set of

recommended acts, whereas it is transformative if and only if it

modifies the formalization of a given decision problem. Examples of

effective decision rules include the principle of maximizing expected

utility and the dominance principle, mentioned in Chapter 1.

Transformative decision rules do not directly recommend any parti-

cular act or set of acts. Instead, they transform a given formalization

of a decision problem into another by adding, deleting or modifying

information in the initial formalization. More precisely, transforma-

tive decision rules can alter the set of alternatives or the set of states of

the world taken into consideration, modify the probabilities assigned

to the states of the world, or modify the values assigned to the corre-

sponding outcomes. For an example of a transformative decision rule,

consider the rule saying that if there is no reason to believe that one

state of the world is more probable than another then the decision
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maker should transform the initial formalization of the decision

problem into one in which every state is assigned equal probability.

This transformative rule is called the principle of insufficient reason.

We assume that all significant aspects of a decision problem can

be represented in a triplet π = 〈A, S, O〉, where A is a nonempty set of

(relevant) alternative acts, S is a nonempty set of states of the world,

and O is a set of outcomes. Let us call such a triplet a formal decision

problem. A transformative decision rule is defined as a function t that

transforms one formal decision problem π into another π0, i.e. t is a
transformative decision rule in a set of formal decision problems Π

if and only if t is a function such that for all π ∊Π, it holds that t(π) ∊Π.

If t and u form a pair of transformative decision rules, we can

construct a new composite rule (t ○ u) such that (t ○ u)(π) = u(t(π)). In

this framework the question, “How should the decision maker for-

malize a decision problem?” can be restated as: “What sequence of

transformative rules (t ○ u ○ . . .) should a rational decision maker

apply to an initial formal decision problem π?”.

Let ≻̲ be a relation on Π such that π ≻̲π0 if and only if the formal

representation π is at least as reasonable as π0. (If π and π0 are equally

reasonable we write π ~ π0.) We will not go into detail here about what

makes one formal representation more reasonable than another,

but it should be obvious that some representations are better than

others. Now,wewill prove that if the technical condition stated below

(order-independence) holds for ≻̲, then two different sequences of a

given set of transformative decision rules, (t ○ u) and (u ○ t), will always

yield formalizations that are equally reasonable.

Order-independence (OI): u ○ tð Þ πð Þ ≻̲t πð Þ ≻̲ t ○ tð Þ πð Þ

The left-hand inequality, u ○ tð Þ πð Þ ≻̲t πð Þ, states that a transforma-

tive rule u should not, metaphorically expressed, throw a wrench in

the works carried out by another rule t. Hence, the formalization

obtained by first applying u and then t has to be at least as good as

the formalization obtained by only applying t. The right-hand inequal-

ity, t πð Þ ≻̲ t ○ tð Þ πð Þ, says that nothing can be gained by immediately

repeating a rule. This puts a substantial constraint on transformative

rules; only “maximally efficient” rules, that directly improve the for-

mal representation as much as possible, are allowed by the OI-condi-

tion. Now consider the following theorem.
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Theorem 2.1 Let the OI-condition hold for all π ∊ Π. Then, (u ○ t)(π) ~

(t ○ u)(π) for all u and t.

Proof We prove Theorem 2.1 by making a series of substitutions:

(1) u ○ t ○ uð Þ πð Þ ≻̲ t ○ uð Þ πð Þ Substitute t ○ u for t in left-hand side of OI

(2) u ○ t ○ u ○ tð Þ πð Þ ≻̲ t ○ uð Þ πð Þ From (1) and left-hand side of OI

(3) u ○ tð Þ πð Þ ≻̲ t ○ uð Þ πð Þ Right-hand side of OI and (2)

(4) t ○ u ○ tð Þ πð Þ ≻̲ t ○ uð Þ πð Þ Substitute u ○ t for t and u for t in OI

(5) t ○ u ○ t ○ uð Þ πð Þ ≻̲ t ○ uð Þ πð Þ From (4) and left-hand side of OI

(6) t ○ uð Þ πð Þ ≻̲ t ○ uð Þ πð Þ Right-hand side of OI and (5)

(7) t ○ uð Þ πð Þ∼ u ○ tð Þ πð Þ From (3) and (6)
□

We will now illustrate how this technical result can be applied to

the paparazzi example. We use the following pair of transformative

decision rules, and we assume without further ado that both rules

satisfy the OI-condition.

The principle of insufficient reason (ir): If π is a formal decision

problem in which the probabilities of the states are unknown, then it may be

transformed into a formal decision problem π’ in which equal probabilities

are assigned to all states.

Merger of states (ms): If two or more states yield identical outcomes under

all acts, then these repetitious states should be collapsed into one, and if the

probabilities of the two states are known they should be added.

It can now be easily verified that Table 2.15 can be obtained from 2.13

by first applying the ir rule and then the ms rule. Furthermore, 2.17

can be obtained from 2.13 by first applying thems rule and then the ir

rule. Because of Theorem 2.1 we know that (ir ○ ms)(π) ~ (ms ○ ir)(π).

Hence, anyone who thinks that the two transformative rules we use

satisfy theOI-condition is logically committed to the view that the two

formalizations, 2.15 and 2.17, are equally reasonable (and at least as

good as 2.13). However, although equally reasonable, 2.15 and 2.17 are

of course very different – the expected utility principle even recom-

mends different acts!
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Exercises

2.1 If you play roulette in Las Vegas and bet on a single number, the

probability of winning is 1/38: There are 38 equally probable out-

comes of the game, viz. 1–36, 0 and 00. If the ball lands on the number

you have chosen the dealer will pay you 35 times the amount betted,

and return the bet.

(a) Formalize and visualize the decision problem in a decision matrix.

(b) Formalize and visualize the decision problem in a decision tree.

(c) How much money can you expect to lose, on average, for every

dollar you bet?

2.2 Formalize the following decision problem, known as Pascal’s wager:

God either exists or He doesn’t . . . It is abundantly fair to conceive, that

there is at least a 50% chance that the Christian Creator God does in fact

exist. Therefore, since we stand to gain eternity, and thus infinity, the wise

and safe choice is to live as though God does exist. If we are right, we gain

everything and lose nothing. If we are wrong, we gain nothing and lose

nothing. Therefore, based on simplemathematics, only a fool would choose

to live a Godless life. Since you must choose, let us see which interests you

least. You have nothing to lose. Let us estimate these two chances. If you

gain, you gain all; if you lose, you lose nothing. Wager, then, without

hesitation that He is. (Pascal 1660: §233)

2.3 (a) Is Pascal’s argument convincing? (b) Is it really necessary for Pascal to

assume that, “there is at least a 50% chance that the Christian Creator

God does in fact exist”? What if the probability is much lower?

2.4 Congratulations! You have won a free vacation in a city of your choice:

London, New Delhi or Tokyo. You have been to London before, and you

know that the city is okay but expensive. New Delhi would be very

exciting, unless you get a stomach infection; then it would be terrible.

Tokyo would be almost as exciting, given that it is not too cold; then the

trip would be rather boring.

(a) Formalize and visualize the decision problem in a decision matrix.

(b) Formalize and visualize the decision problem in a decision tree.

(c) Represent the five possible outcomes in an ordinal scale.

2.5 A friend offers you to invest all your savings, $100,000, in his dot

com company. You find it very hard to understand the business plan

he presents to you, but your friend tells you that your $100,000 will
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“certainly” be worth at least $10 million within two years.

Naturally, your friend may be right, but he may also be wrong –

you feel that you cannot estimate the probabilities for this.

Consider the decision matrix below. What is wrong with this

formalization?

Friend is right Friend is wrong

Invest $10 m $0

Do not $100,000 $100,000

2.6 Visualize the following vector (which is written on a single line, to

save space) in a decision matrix: [[a1, a2, a3]; [s1, s2]; [(a1, s1) = p, (a1, s2) =

q, (a2, s1) = r, (a2, s2) = s, (a3, s1) = t, (a3, s2) = u]].

2.7 Explain the difference between (a) ordinal and cardinal scales, and

(b) interval scales and ratio scales.

2.8 (a) What type of scale is used for ranking universities in U.S. News &

World Report’s latest ranking of universities? (You may wish to visit

their website to learn about the methodology they use.) (b) Is this the

appropriate type of scale to use for this purpose?

2.9 Anne has decided to spend $1,000 on a new handbag. There are four

brands to choose from: Prada, Gucci, Chanel and Louis Vuitton. Her

preferences can be represented on the following interval scale: Prada

100, Gucci 150, Chanel 80 and Louis Vuitton 0. Which of the following

scales can be obtained from the original scale by a positive linear

transformation?

(a) Prada 200, Gucci 300, Chanel 160 and Louis Vuitton 0.

(b) Prada 210, Gucci 310, Chanel 170 and Louis Vuitton 10.

(c) Prada 10, Gucci 15, Chanel 8 and Louis Vuitton 5.

2.10 Your rich aunt died some time ago. In her will she stipulated that you

will receive a painting of your choice from her collection of

Impressionist art. The aesthetical values of her four paintings are as

follows, as measured on your personal interval scale: Manet 5,000,

Monet 8,000, Pissarro 6,000 and Renoir 2,000. Which of the following

scales can be obtained from the original scale by a positive linear

transformation?

(a) Manet 8, Monet 11, Pissarro 9 and Renoir 5.
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(b) Manet −250, Monet 2,750, Pissarro 750 and Renoir −3,250.

(c) Manet 1,000, Monet 3,000, Pissarro 2,950 and Renoir 995.

2.11 Show that scales (a)–(c) in Exercise 2.9 are equivalent ordinal scales.

2.12 Suppose that scale (a) in Exercise 2.9 is a ratio scale. Show that neither

(b) nor (c) is equivalent to that ratio scale.

2.13 Show that every ratio scale is an interval scale, and that every interval

scale is an ordinal scale.

2.14 Show that some interval scale is not a ratio scale.

2.15 Suppose f is a ratio scale that can be transformed into f 0 bymultiplying

all values of f by k. Show that f xð Þ ¼ 1
k � f

0
xð Þ.

Solutions

2.1 (a)

Right number (1/38) Wrong number (37/38)

Bet $35 −$1

Do not $0 $0

(b)

Very exciting!

Terrible!

OK, but expensive

Rather boring

Almost as exciting as N.D.

London

New Delhi

Tokyo

s3 or s4

s1 or s2

s1 or s3

s2 or s4

(c) $ 35þ 1ð Þ � 1
38

þ $0 � 37
38

� �
� $1 ≈� $:053
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2.2

God exists (1/2) God does not exist (1/2)

Live as if God exists Heaven − infinite gain. You gain nothing and lose

nothing.

Live a Godless life Hell − infinite loss. You gain nothing and lose

nothing.

2.3 (a) Pascal’s point is that the expected value of believing in God exceeds

that of not believing. The secondary literature on this argument is

massive, so I leave it to the reader to make up his or her own mind

about it. (b) The assumption about a 50% probability is not important.

All that matters is that the probability that God exists is > 0. (Since k

times infinity equals infinity.)

2.4 We define four states: s1 = If you are in Delhi you get a stomach infec-

tion, and it is cold in Tokyo; s2 = If you are in Delhi you get a stomach

infection, and it is not cold in Tokyo; s3 = If you are in Delhi you do not

get a stomach infection, and it is cold in Tokyo; s4 = If you are in Delhi

you do not get a stomach infection, and it is not cold in Tokyo. Now we

draw the following matrix.

s1 s2 s3 s4

London Okay, but

expensive

Okay, but

expensive

Okay, but

expensive

Okay, but

expensive

New Delhi Terrible! Terrible! Very exciting! Very exciting!

Tokyo Rather

boring.

Almost as

exciting as N.D.

Rather

boring.

Almost as

exciting as N.D.

(b) Let the states be defined as in (a).

$35

–$1

$0

$0

Bet

No bet

Right number (1/38)

Wrong number (37/38)

Wrong number (37/38)

Right number (1/38)

Solutions 39



(c) Here is my suggestion: Very exciting! = 5, Almost as exciting as

N.D. = 4, Okay, but expensive = 3, Rather boring = 2, Terrible = 1.

2.5 Your friend can be wrong in many ways. If you get $5 m back your

friend was literally speaking wrong, but you would presumably find

that outcome quite pleasing. A satisfactory formalization should take

this into account, e.g. by listing each possible (monetary) outcome as a

separate state, or by distinguishing between only two states: satisfactory

profit and unsatisfactory profit.

2.6

s1 s2

a1 p q

a2 r s

a3 t u

2.7 See Box 2.1.

2.8 (a) The ranking is based on calculating the weighted average of six

indicators. Each indicator is measured on a ratio scale. (b) A possible

objection is that the weights assigned to the indicators are arbitrary.

2.9 (a) and (b).

2.10 (a) and (b).

2.11 For each scale f it holds that f (Monet) > f (Pissarro) > f (Manet) > f (Renoir).

2.12 (a) and (b) cannot be equivalent, because 8/11 ≠ −250/2,750.

Furthermore, (a) and (c) cannot be equivalent, because 8/11 ≠ 1,000/

3,000.

2.13 Let k = 0 in (4), and note that (1) will hold true for all positive constants k

and all constants m in (4).

2.14 Here is an example: [0, 1, 2] and [1, 2, 3] are equivalent interval scales,

but there is no number k such that k · 1/2 = k · 2/3.

2.15 By definition, f
0
xð Þ ¼ k � f xð Þ; hence, f xð Þ ¼ 1

k
� f 0 xð Þ.
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3 Decisions under Ignorance

Jane is having a romantic dinner with her fiancé in a newly opened French

bistro in Santa Barbara, California. After enjoying a vegetarian starter, Jane

has to choose a main course. There are only two options on the menu,

Hamburger and Lotte de mer. Jane recalls that Lotte de mer means monkfish,

and she feels that this would be a nice option so long as it is cooked by a first-

class chef. However, she has some vague suspicions that this may not be the

case at this particular restaurant. The starter was rather poor and cooking

monkfish is difficult. She knows that almost every chef can make a decent

hamburger.

Jane feels that she cannot assign any probability to the prospect of

getting goodmonkfish. She simply knows too little about this newly opened

restaurant. Because of this, she is in effect facing a decision under ignor-

ance. In decision theory ignorance is a technical term with a very precise

meaning. It refers to cases in which the decision maker (i) knows what her

alternatives are and what outcomes they may result in, but (ii) is unable to

assign any probabilities to the states corresponding to the outcomes (see

Table 3.1). Sometimes the term “decision under uncertainty” is used

synonymously.

Jane feels that ordering a hamburger would be a safe option, and

a hamburger would also be better than having no main course at all.

Furthermore, she feels that goodmonkfish is better than an edible hambur-

ger, but terrible monkfish is worse than having no main course. This rank-

ing can be represented on an ordinal scale, as explained in Chapter 2. Since

ordinal scales only preserve the order between objects, any set of numbers

will do as long as better outcomes are represented by higher numbers.

An example is given in Table 3.2.

Which alternative should Jane choose? To answer this question the

decision maker has either to apply some decision rule or provide some
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other kind of structured reasoning for choosing one alternative over

another. This chapter surveys some of themost influential rules for making

decisions under ignorance. Later on, in Chapter 7, we will question the idea

that it is sometimes impossible to assess the probability of a state in

a meaningful way. If our desires and beliefs about the world are revealed

by our choices, and partial beliefs can be represented by a probability

function, it seems that we are, in a sense to be explained, always able to

assign probabilities to states we know very little about.

3.1 Dominance

When Jane is about to choose amain course, it would clearly be irrational of

her to choose a3. (See Table 3.2.) This is because a2 will lead to a better

outcome than a3 no matter which state happens to be the true state of the

world; decision theorists say that alternative a2 dominates alternative a3.

The widely accepted dominance principle prescribes that dominated acts

must not be chosen.

Here is another example. Imagine that you wish to travel from London to

Las Vegas. This route is serviced by two airlines, Black Jack airlines and Air

Mojave, both of which offer equivalent fares and service levels. Just as

you are about to book your ticket you read in the Times that Air Mojave is

on the brink of bankruptcy. You therefore reason as follows: “No matter

whether the information about Air Mojave is correct or not, I have nothing

Table 3.1

Good chef Bad chef

Monkfish (lotte de mer) good monkfish terrible monkfish

Hamburger decent hamburger decent hamburger

No main course hungry hungry

Table 3.2

s1 s2

a1 4 1

a2 3 3

a3 2 2
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to lose by booking my ticket with Black Jack airlines. The fare and service is

the same, but I will not face the same risk of losingmymoney. It is therefore

more rational to book with Black Jack instead of Mojave.” The decision

matrix is given in Table 3.3.

You think that having a valid ticket is better than not having one. This

ordinal relation can be represented by two arbitrary numbers, say 1 and 0.

This yields the decision matrix in Table 3.4, in which it is easy to see that a1

dominates a2.

We are now in a position to state the dominance principle in a slightly

more precise way. Briefly put, we wish to formalize the idea that one alter-

native is better than another if (but not only if) the agent knows for sure that

she will be at least as well off if the first alternative is chosen, nomatter what

state of the world turns out to be the true state. Let ≻ be a relation on acts,

such that ai ≻ aj if and only if it is more rational to perform act ai rather than

act aj. This means that whenever ai≻ aj is true, then ai ought, rationally, to be

chosen over aj. Furthermore, ai ≻̲ aj means that ai is at least as rational as aj,

and ai ~ aj means that the two acts are equally rational. Let v be an ordinal

function that assigns values to outcomes, conceived of as ordered pairs of

acts and states. For example, v(a1, s1) = 1 means that the value of doing a1 in

the case that s1 is the true state of the world is 1.

The dominance principle comes in two versions: Weak and Strong.

Weak Dominance: ai ≻̲ aj if and only if v(ai, s) ≥ v(aj, s) for every state s.

StrongDominance: ai≻ aj if andonly if v(ai, sm)≥ v(aj, sm) for every state sm,

and there is some state sn such that v(ai, sn) > v(aj, sn).

Table 3.3

Information correct Information not correct

Black Jack airlines Valid ticket Valid ticket

Air Mojave No valid ticket Valid ticket

Table 3.4

s1 s2

a1 1 1

a2 0 1
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Weak Dominance articulates the plausible idea that one alternative is at

least as rational as another if all its outcomes, under every possible state of

the world, will be at least as good as that of the other alternative. Strong

Dominance stipulates that for an alternative to be more rational than

another, two conditionsmust be fulfilled. First, its outcomes under all states

must be at least as good as those of the other alternative. Secondly, there

must also be at least one state under which the outcome is strictly better than

that of the other alternative. For example, booking a ticket with Black Jack

airlines strongly dominates booking a ticket with Air Mojave.

The dominance principle can also be applied to decisions under risk.

If we know the probabilities of the states, it still makes sense to choose one

alternative over another if it is certain to lead to at least as good an outcome

nomatter which state turns out to be the true state. Hence, it does not really

matter if the probabilities of the states involved are known by the decision

maker or not. All thatmatters is that we know that wewill be at least as well

off if we choose one alternative over another, no matter which state of the

world turns out to be the true state.

Unfortunately, the dominance principle is not the whole truth about

decision making under ignorance. It can only provide a partial answer.

This is because it sometimes fails to single out a set of optimal acts. For

example, in Jane’s decision at the restaurant in Santa Barbara, act a1 is not

dominated by a2, nor is a2 dominated by a1. All that can be concluded is that

it would not be rational to choose a3. This means that some additional

criterion is required for reaching a decision.

3.2 Maximin and Leximin

The maximin principle focuses on the worst possible outcome of each

alternative. According to this principle, one should maximize the minimal

value obtainable with each act. If the worst possible outcome of one

alternative is better than that of another, then the former should be chosen.

Consider the decision matrix in Table 3.5.

The worst possible outcome of each alternative is underlined. The best

of these worst-case scenarios is underlined and printed in bold face.

The maximin rule thus prescribes that one should choose alternative a3,

because the worst possible outcome of that act is 2, which is better than the

worst-case scenarios of all other alternatives (0, −5, and −8).
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The maximin rule is easy to formalize. Let min(ai) be the minimal value

obtainable with act ai. Then,

Maximin: ai ≻̲ aj if and only if min(ai) ≥ min(aj).

The maximin rule does not require that we compare outcomes on an

interval scale. All we need is an ordinal scale, since the “distance” between

outcomes is irrelevant. In order to illustrate this point, we return to Jane in

Santa Barbara. The matrix in Table 3.6 comprises enough information for

applying the maximin rule. Clearly, the maximin rule prescribes that Jane

should order a hamburger, because the worst possible outcome would then

be better than if any other alternative is chosen.

If the worst outcomes of two or more acts are equally good, the maximin

rule tells you to be indifferent. Hence, if the outcome of some act will be

either $1 or $2, while some other act will give you either $1 or $10,000, you

should be indifferent between those options. Yet this does not ring true. The

standard solution to this problem is to invoke the lexicalmaximin rule,which

is slightly more sophisticated. It holds that if the worst outcomes are equal,

one should choose an alternative inwhich the secondworstoutcome is as good

as possible. If this does not single out a unique act, then the third worst

outcome should be considered, and so on. Hence, unless all possible out-

comes of the alternatives are exactly parallel, the lexical maximin rule

(leximin rule) will at some point single out one or several acts that are better

Table 3.5

s1 s2 s3 s4

a1 6 9 3 0

a2 −5 7 4 12

a3 6 4 5 2

a4 14 −8 5 7

Table 3.6

Good chef Bad chef

Monkfish Best outcome Worst outcome

Hamburger 2nd best outcome 2nd best outcome

No main course 3rd best outcome 3rd best outcome
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than all the others. Consider the example in Table 3.7, in which the tradi-

tional maximin rule ranks all alternatives as equally good, whereas the

leximin rule recommends a3.

To formalize the leximin rule, let min1(ai) be the value of the worst

outcome of act ai, and min2(ai) be the value of its second worst outcome,

and minn(ai) be the value of the nth worst outcome of ai. Then,

Leximin: ai ≻ aj if and only if there is some positive integer n such that

minn(ai) > minn(aj) and minm(ai) = minm(aj) for all m < n.

What is the best argument for acceptingmaximin or leximin? It is tempt-

ing to reason as follows: In a certain sense, the maximin and leximin rules

allow the decision maker to transform a decision under ignorance into

a decision under certainty. Surely, a decisionmaker accepting the maximin

or leximin rule does not knowwhat the actual outcome of her choice will be.

However, she knows for sure what the worst possible outcome will be. This is

a kind of partial certainty, whichmany people seem to find attractive. If one

accepts the premise that the worst possible outcome should guide one’s

decisions, then the maximin and leximin rules allow one to make decisions

without fearing the actual outcome – the actual outcome will always be at

least as good as the worst possible outcome.

However, in some decision problems it seems rather irrational to focus

entirely on the worst-case scenario. Consider the example in Table 3.8.

The maximin and leximin rules prescribe that a2 should be chosen

over a1. However, from a normative point of view this appears a bit

Table 3.7

s1 s2 s3 s4

a1 6 14 8 5

a2 5 6 100 100

a3 7 7 7 5

Table 3.8

s1 s2 s3 s4 s5 s6 s7 s8 s9 s10

a1 1 100 100 100 100 100 100 100 100 100

a2 1.1 1.1 1.1 1.1 1.1 1.1 1.1 1.1 1.1 1.1
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strange. Most people would surely choose a1, because most people would

judge that it is worth sacrificing 0.1 units of value for the possibility of

getting 100 units.

What could one say in reply? To start with, note that the decision matrix

in Table 3.8 gives the false impression that 100 units of value will be amuch

more probable outcome than 1 if the first alternative is chosen. However, the

decision maker is making a decision under ignorance, so nothing can be

concluded about the probabilities of the outcomes. Themere fact that there

are more states corresponding to 100 rather than 1 does not imply that 100

is a more probable outcome than 1. In fact, by merging the nine rightmost

states (s2–s10) into a single (disjunctive) state, we get Table 3.9, which is an

equally good representation of the same decision problem.

Now, one no longer gets the false impression that 100 is a more probable

outcome than 1. But despite this maneuver, it may still be reasonable to

maintain that the first alternative is better than the second, contrary to the

recommendations of the maximin and leximin rules. Most of us would

probably agree that it is rational to trade the risk of getting 1 instead of

1.1 for a chance of getting 100.

3.3 Maximax and the Optimism–Pessimism Rule

Themaximin rule singles out the worst possible outcome of a decision as its

only normatively relevant feature. However, one could of course equally

well single out the best possible outcome as being particularly relevant.

As I write this text, best-selling author J.K. Rowling is just about to release

her seventh Harry Potter book. We all know that it will sell millions of

copies. Clearly, as Ms. Rowling wrote her first story about an unknown boy

called Harry Potter and submitted it to a publisher, she did not think much

about the worst-case scenario, i.e. to have the manuscript rejected. What

triggered her to actually submit the book to the publisher was no doubt her

desire to achieve the best possible outcome of this decision. Luckily for her,

Table 3.9

s1 s1 or s2 or s3 . . . or s10

a1 1 100

a2 1.1 1.1
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the best possible outcome also turned out to be the actual outcome. If all

authors considering submitting a manuscript always decided to focus on

the worst-case scenario, i.e. rejection and disappointment, no books would

ever be published.

The J.K. Rowling example serves as a nice illustration of the maximax

rule. Advocates of the maximax rule maintain that rationality requires us

to prefer alternatives in which the best possible outcome is as good as

possible, i.e. one shouldmaximize themaximal value obtainable with an act.

The maximax rule has surprisingly few adherents among decision theor-

ists, but as far as I can tell, it is about as reasonable as the maximin

rule. However, maximax also serves as a helpful introduction to another

rule, which has attracted considerably more attention by decision

theorists. This is the optimism–pessimism rule, originally proposed by

Hurwicz. (A synonymous name for this rule is the alpha-index rule.)

The optimism–pessimism rule asks the decision maker to consider both

the best and the worst possible outcome of each alternative, and then

choose an alternative according to her degree of optimism or pessimism.

In order to render this suggestion precise, suppose that a decisionmaker’s

degree of optimism can be represented by a real number α between

0 and 1, such that α = 1 corresponds to maximal optimism and α = 0

to maximal pessimism. Then, if max(ai) is the best possible

outcome of alternative ai and min(ai) its worst possible outcome, its

value is α · max(ai) + (1 − α) · min(ai). Naturally, α is assumed to be fixed

throughout the evaluation of all alternatives ai.

Consider the example in Table 3.10. Note that we have omitted the states

corresponding to the outcomes. It is not necessary to always write them

down.

The best possible outcome of a1 is 100 and the worst possible outcome

is 10. That is, max(a1) = 100 and min(a1) = 10. Hence, if the decision

maker is optimistic to degree 0.7, it follows that the total value of a1 is

0.7 · 100 + (1 − 0.7) · 10 = 73. Furthermore, the best possible outcome of

alternative a2 is 90, whereas its worst outcome is 50. Hence, the value of

Table 3.10

a1 55 18 28 10 36 100

a2 50 87 55 90 75 70
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this alternative is 0.7 · 90 + (1 − 0.7) · 50 = 78. Since 78 > 73, it follows that

alternative a2 is better than alternative a1.

Optimism–Pessimism: ai ≻ aj if and only if α · max(ai) + (1− α) · min(ai) >

α · max(aj) + (1 − α) · min(aj)

Note that if α = 0, then the optimism–pessimism rule collapses into the

maximin rule, since 0 · max(ai) + (1− 0) · min(ai) = min(ai). Furthermore, the

optimism–pessimism rule will be identical with the maximax rule if α = 1.

The optimism–pessimism rule can therefore be conceived of as

a generalization of the maximin and maximax rules.

The optimism–pessimism rule clearly requires that value can be

measured on an interval scale, because if one were to measure value

on an ordinal scale it would make no sense to perform arithmetical

operations such as multiplication and addition on the values. However,

the maximin and maximax rules only require that value is measured on

ordinal scales. The claim that the optimism–pessimism rule is

a generalization of maximin and maximax must therefore be taken

with a pinch of salt.

Themain advantage of the optimism–pessimism rule is that it allows the

decisionmaker to pay attention to the best-case and theworst-case scenarios

at the same time. The α-index describes the relative importance of both

outcomes. The obvious objection is, of course, that it seems irrational to

totally ignore the outcomes in between. Should one really ignore all the

nonminimal and nonmaximal outcomes? Please take a look at Table 3.11.

The max and min values of both alternatives are the same, so for every α it

holds that both alternatives are equally good. However, intuitively it seems

reasonable to choose the first alternative, because under almost all states it

will lead to a significantly better outcome, and there is only one state in

which it leads to a slightly worse outcome.

An obvious objection to this argument is that it indirectly invokes a sort

of probabilistic reasoning. Instead of assigning numerical probabilities to

the states, the argument falsely presupposes that one alternative is more

Table 3.11

a1 10 10 99 99 . . . 99 99 100

a2 10 11 11 11 . . . 11 11 100
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likely than another if there are more states leading to a certain outcome.

In a decision under ignorance nothing is known about probabilities.

However, the basic objection remains. Why is it rational to focus

exclusively on the best and the worst possible outcomes? What

about the other, nonextreme outcomes? A natural response might be to

assign α-values to all outcomes, not only to the best and worst ones.

If there are n possible outcomes, ordered from the best to the worst, the

numbers α1, α2, . . ., αn should be chosen such that α1 + α2 + . . . + αn = 1. Each

number αi describes the relative weight of outcome i. The value of the act

is thereafter calculated as above, i.e. by multiplying the α-index and value

of each outcome and thereafter adding all α-weighted outcomes. It should

be emphasized that α1, α2, . . ., αn cannot be interpreted as probabilities,

because α1, α2, . . ., αn are chosen according to how important the decision

maker feels that the best and the second-best and the third-best outcomes

are, and so on. There is in general no reason to think that the relative

importance of an outcome corresponds to its probability.

3.4 Minimax Regret

Imagine that you are invited to invest in a newly launched software com-

pany. Some of your friends, who invested in similar companies a few years

ago, made a fortune. Of course, youmay lose themoney, but the investment

is rather small, so the fact that the company may go bankrupt is not

a genuine issue of concern. However, you know that if you refrain from

making the investment and the company turns out to be yet another success

story, you will feel a lot of regret. Some academics find this intuition

important and argue that the concept of regret is relevant to rational

decision making. Briefly put, advocates of the minimax regret rule maintain

that the best alternative is one that minimizes the maximum amount of

regret. An example is given in Table 3.12.

We assume that outcomes are compared on an interval scale, not merely

an ordinal scale. The numbers in bold face denote the best alternative

relative to each state. For example, 20 is highlighted in the rightmost

column because a1 would be the best alternative to choose given that the

rightmost state was to occur. Now, for each outcome in the decisionmatrix,

regret values can be calculated by subtracting the value of the best outcome

of each state (the number in bold face) from the value of the outcome in

50 Decisions under Ignorance



question. For example, the regret value of the lowermost outcome in the

rightmost column is −10, because 10 − 20 = −10, and the regret value of

the second lowermost outcome in the rightmost column is−6, because 14−

20 =−6. By doing the analogous calculations for all outcomes in the decision

matrix, we obtain a regret matrix. See Table 3.13.

In the regret matrix, the numbers in bold face denote the maximum

regret value of each alternative act. For example,−18 is worse than−7,−10

and 0. Hence, −18 is the highest amount of regret obtainable with a1. Note

that all regret values will always be negative or zero. There is no such thing

as “positive” regret.

The minimax regret rule urges decision makers to choose an alternative

under which the maximum regret value is as low as possible. Since −9

corresponds to less regret than −18, −20 and −11, act a3 is the best alter-

native in this example. Note that once the regret matrix has been obtained

from the original decision matrix, the minimax regret rule is parallel to the

maximin rule. In a certain sense, both rules select an alternative under

which the worst-case scenario is as good as possible, but the two rules

operate on different descriptions of the relevant worst-case scenario (actual

outcome versus possible regret). Another important difference is that the

minimax regret rule requires that outcomes are compared on a cardinal

scale, whereas the maximin rule operates on ordinal values.

Unsurprisingly, the minimax regret rule will look a bit complex when

formalized. Let Max{ } be a function that returns the maximum value of

a sequence of real numbers in the set { }. Furthermore, let max(si) be

Table 3.12

a1 12 8 20 20

a2 10 15 16 8

a3 30 6 25 14

a4 20 4 30 10

Table 3.13

a1 −18 −7 −10 0

a2 −20 0 −14 −12

a3 0 −9 −5 −6

a4 −10 −11 0 −10
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a function that returns the best possible outcome thatmay be achievedwith

any alternative if si is the true state of the world. Then, the minimax regret

rule can be written as follows.

Minimax regret: a1 ≻ a2 if and only if max{(v(a1, s1) −max(s1)), (v(a1, s2) −

max(s2)), . . .} < max{(v(a2, s1) − max(s1)), (v(a2, s2) −

max(s2)), . . .}

The most prominent objection to minimax regret is the objection from

irrelevant alternatives. Consider the decision matrix in Table 3.14, which is

obtained from Table 3.12 by adding a new alternative, a5.

The regret matrix corresponding to Table 3.14 is given in Table 3.15. It can

be easily verified that in this matrix, alternative a1 comes out as the best

alternative according to the minimax regret rule – not a3 as in the previous

example. Why is this problematic? The answer is that the ranking of the

alternatives has been altered by adding a nonoptimal alternative. That is, by

simply adding a bad alternative that will not be chosen (a5), we have altered

the order between other, better alternatives. Intuitively, this is strange,

because why should one’s choice between, say, a1 and a3 depend on whether

a suboptimal alternative such as a5 is considered or not? It seems reasonable

to maintain that a normatively plausible decision rule must not be sensitive

to the addition of irrelevant alternatives. Therefore, since theminimax regret

rule does not meet this requirement it has to be ruled out as an illegitimate

rule. However, as pointed out in Box 3.1 this objection is not undisputed.

Table 3.14

a1 12 8 20 20

a2 10 15 16 8

a3 30 6 25 14

a4 20 4 30 10

a5 −10 10 10 39

Table 3.15

a1 −18 −7 −10 −19

a2 −20 0 −14 −31

a3 0 −9 −5 −25

a4 −10 −11 0 −29

a5 −40 −5 −20 0
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Box 3.1 Minimax and the objection from irrelevant

alternatives

The objection from irrelevant alternatives is often thought to be

a decisive argument against the minimax regret rule. However, it is

far from clear that the objection is as strong as it may at first appear to

be. Imagine that Bizarro, the world famous artist, produced fifty

paintings in his lifetime. Some of these masterpieces are predomi-

nantly red while the others are predominantly blue. For many years

no more than two paintings, one red and one blue, have been in

private ownership. All remaining paintings are government property

and stored in buildings which are closed to the public. However, as

luck has it you are rather well off and can afford to buy any one of the

two paintings in private ownership. Upon studying both paintings

you decide that you much prefer the red to the blue. In an attempt

to reduce its budget deficit, the government suddenly decides to sell

off one of its Bizarros. The painting that now becomes available for

choice is a red one. You find the new painting quite unappealing, and

you like both paintings in the initial choice set more than the new

one. Furthermore, for some reason, never mind why, the addition of

the new painting to the choice set does not affect the prices of the old

ones. In fact, everything else remains the same. The only difference is

that onemore painting has been added to the choice set. Nonetheless,

you no longer prefer the first red Bizarro to the blue. Since the addi-

tion of a second red painting to the choice setmakes the blue unique (it

is the only blue Bizarro in the choice set), you switch your preference.

You now prefer the blue over the red, and it is the mere addition of

a second red painting to the choice set that makes you switch your

preference.

It can hardly be denied that people sometimes reason like this. But

is this holistic reasoning rational? I think so. When stating prefer-

ences over a set of alternatives, it is rational to compare each alter-

native with the entire set of alternatives, even if some of those

alternatives are certain not to be chosen. By adding a new object to

the choice set, the relational properties of the initial objects may

change, and sometimes our preferences are based on relational prop-

erties, such as uniqueness.
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3.5 The Principle of Insufficient Reason

A number of prominent thinkers, including Bernoulli (1654–1705) and

Laplace (1749–1827), have defended a rule known as the principle of insuffi-

cient reason. Imagine that you have booked a weekend trip to a foreign

country. Unfortunately, you know nothing about the weather at your desti-

nation. What kind of clothes should you take? In your wardrobe you have

clothes for three types of weather, viz. hot, moderate and cold weather.

The decision matrix is given in Table 3.16.

The principle of insufficient reason prescribes that if one has no reason to

think that one state of the world is more probable than another, then

all states should be assigned equal probability. In the example above

there are three possible states, so the probability assigned to each state

will be 1/3 (Table 3.17). More generally speaking, if there are n states the

probability p(s) assigned to each state will be 1/n.

By applying the principle of insufficient reason, an initial decision prob-

lem under ignorance is transformed into a decision problem under risk,

that is, a decision problem with known probabilities and values. As will be

further explained in Chapter 4, many decision theorists think that one

Table 3.16

Actual

temperature is

100 °F

Actual

temperature is

50 °F

Actual

temperature is

0 °F

Bring clothes suitable for

100 °F

15 0 −30

Bring clothes suitable

for 50 °F

0 15 0

Bring clothes suitable for

0 °F

−15 0 15

Table 3.17

s1 (1/3) s2 (1/3) s3 (1/3)

a1 15 0 −30

a2 0 15 0

a3 −15 0 15
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should maximize expected value in decisions under risk. In our example,

the expected value of bringing clothes suitable for 100 °F is 1/3 · 15 + 1/3 · 0 +

1/3 · −30 = −5. The expected value of the second alternative, i.e. bringing

clothes suitable for 50 °F, is 1/3 · 0 + 1/3 · 15 + 1/3 · 0 = 5, and the expected

value of the third alternative is 1/3 · −15 + 1/3 · 0 + 1/3 · 15 = 0. Hence, it is

rational to choose the second alternative, i.e. to bring clothes suitable

for 50 °F.

Note that the principle of insufficient reason in itself does not recom-

mend any particular act. It merely transforms a decision under ignorance

into a decision under risk, by assigning equal probabilities to all states.

Hence, the principle of insufficient reason could be combined with any

decision rule for making decisions under risk. However, nearly everyone

advocating the principle of insufficient reason also thinks that decisions

under risk should be taken by calculating expected value. This composite

version of the principle of insufficient reason can be formalized in the

following way.

The principle of insufficient reason:

ai ≻ aj if and only if
Pn

x¼1
1
n v ai; sxð Þ >Pn

x¼1
1
n v aj; sx
� �

An obvious problem with the principle of insufficient reason is that it is

extremely sensitive to how states are individuated. Suppose that before

embarking on a trip you consider whether to bring an umbrella or not.

As before, you know nothing about the weather at your destination. If the

formalization of the decision problem is taken to include only two states,

viz. rain and no rain, the probability of each state will be 1/2. However, it

seems that one might just as well go for a formalization that divides the

space of possibilities into three states, viz. heavy rain, moderate rain and no

rain. If the principle of insufficient reason is applied to the latter set of

states, their probabilities will be 1/3. In some cases this difference will affect

our decisions. Hence, it seems that anyone advocating the principle of

insufficient reason must ascertain the rather implausible hypothesis that

there is only one correct way of making up the set of states.

Traditionally, decision theorists advocating the principle of insuffi-

cient reason have tried to make it more plausible by stressing the impor-

tance of considering symmetric states. For example, if someone gives you

a die with n sides and you have no reason to think that any side is more

likely than another (i.e. you have no reason to think that the die is biased),
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then you should assign a probability of 1/n to each side. However, it seems

that not all events can be described in symmetric terms, at least not in

a way that justifies the conclusion that they are equally probable.

Whether Ann’s marriage will be a happy one depends on her future

emotional attitude toward her husband. According to one description,

she could be either in love or not in love with him; then the probability of

both states would be 1/2. According to another equally plausible descrip-

tion, she could either be deeply in love, a little bit in love or not at all in

love with her husband; then the probability of each state would be 1/3.

In both cases the symmetry condition seems to be satisfied, which shows

that it is too weak.

Here is another objection to the principle of insufficient reason: If one

has no reason to think that one state ismore probable than another, it seems

strange to conclude that they are equally probable. If one has no reason to

think that some state is twice as probable as another, wewould not conclude

that it is twice as probable as the other. More generally speaking, the

problem is that it seems completely arbitrary to infer that all states are equally

probable. Any other distribution of probabilities seems to be equally justi-

fied (that is, not at all).

It might be replied that the claim that all states are equally probable is in

a certain sense special. Because if one has no reason to think that s1 is twice

as probable as s2, it may also hold true that one has no reason to think that s2

is twice as probable as s1. However, it cannot be the case that s1 is twice as

probable as s2 and that s2 is twice as probable as s1. Only if we assign equal

probabilities to all states can we avoid ascribing several different probabil-

ities to one and the same state.

Even if this line of reasoningmight have something going for it the basic

objection remains. The principle of insufficient reason could equallywell be

taken to read, “If you have no reason for inferring anything about the

probabilities of the states, then assign equal probabilities to all states.”

Once the principle is formulated in this way, it becomes natural to ask:

Why favor any particular way of assigning probabilities to states over

another? Any assignment of probability seems to be exactly as justifiable

as another (that is, not at all). In the case with two states, 1/2 and 1/2 is just

one of many options. One could equally well assign probability 0.6 to the

first state and 0.4 to the second, and so on.
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3.6 Randomized Acts

Instead of selecting one act over another, one may instead toss a coin and,

for example, choose the first alternative if it lands heads up and the second

otherwise. Consider the decision problem in Table 3.18.

Randomizing between a1 and a2 means that a new alternative is intro-

duced, which is the act of randomizing between the other acts, thereby

transforming the initial decision matrix into a newmatrix with three alter-

natives. If the randomization is performed by tossing a fair coin, the new

decision matrix will be as in Table 3.19.

In the initial, nonrandomized matrix, all acts come out equally well

according to all decision rules discussed in this chapter. However, if we

add the randomized act a3, this act will be chosen by the maximin, leximin

and minimax regret rules (as well as by the optimism–pessimism rule if α >

1/2). Hence, a3 is strictly better than both other acts. So it seems that some-

thing can be gained by allowing randomized acts.

It should be emphasized that the randomized act a3 will not lead to

a certain outcome worth 1/2, however. The number 1/2 is the expected value

of randomizing between a1 and a2 with a probability of 1/2. (Of course, any

probability could be chosen; 1/2 is just an example.) This means that there

are two cases to consider. To start with, consider the case in which the

decision maker faces some decision problem only once. Suppose that you

have been walking through the desert for days with no food or water. You

now come to a crossroads. Should you choose path a1 or a2? If you make the

right decision youwill reach an oasis; otherwise youwill die.Whatwould be

the point of randomizing between the two alternatives in this case?

Depending on which path you choose you will either die or survive.

Table 3.18

a1 1 0

a2 0 1

Table 3.19

a1 1 0

a2 0 1

a3 1/2 1/2
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To randomize between the two paths does not mean that you will “die to

degree 1/2,” or get any other outcome between the two extremes. You will

either die or reach the oasis. Hence, it is far from clear exactlywhat is gained

by randomizing in this type of case.

In the second type of case, you know that you will face the same type of

decision over and over again. Therefore, if you randomize between a1 and a2,

you will on average get 1/2. This conclusion is a bit strange, however. If one

faces exactly the same decision problem over and over again, literally

speaking, then the truth about the two states would be fixed once and

for all. Hence, it would be better to choose either a1 or a2 the first time and

then adjust one’s future behaviour to the outcome of the first decision.

If one chooses a2 and gets 0, one should switch to a1, which would then be

certain to lead to 1 in all remaining decisions. Furthermore, if the truth

about the states is not fixed once and for all, one should of course choose

either a1 or a2, stick to it, and then adjust one’s behavior as one gradually

learns more about the relative frequencies of the states.

Box 3.2 Axiomatic analysis of decisions under

ignorance

The decision rules discussed in this chapter sometimes yield conflict-

ing prescriptions, so not all of them can be accepted by a rational

decision maker. For example, in Table 3.20 maximin recommends a1,

minimax regret and the principle of insufficient reason recommend

a2, whereas the optimism–pessimism rule recommends a3 (for α = 1/2).

Which rule is best? To argue that one rule is better than another

because its normative recommendations are more intuitively plausi-

ble is unlikely to impress the decision theorist. Some stronger argu-

ment is needed. Traditionally, decision theorists seek to show that one

rule is better than another by providing an axiomatic justification.

Briefly put, the idea is to formulate a set of fundamental principles

from which a decision rule can be derived – or, in case one wants to

argue against a rule, to find a set of plausible conditions which are

inconsistent with the rule in question. Several authors have suggested

Table 3.20

a1 20 15 1

a2 19 20 0

a3 0 30 0
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such axiomatic analyses, but the most accessible and elegant one was

presented in a classic paper by Milnor.

Milnor assumed that a plausible decision rule must not only single

out a set of optimal acts, but also provide an ordinal ranking of all

alternatives. Let ≻̲ be a binary relation on acts such that ai ≻̲ aj if and

only if it is at least as rational to choose ai as aj. Furthermore, ai ≻ aj

means that ai ≻̲ aj & not- ai ≻̲ aj
� �

, and ai ~ aj means that ai ≻̲ aj and

aj ≻̲ ai. Milnor then asked us to consider a set of ten axioms.

(For simplicity, we state the axioms informally.)

1. Ordering: ≻̲ is transitive and complete. (See Chapter 5.)

2. Symmetry: The ordering imposed by ≻̲ is independent of the

labeling of acts and states, so any two rows or columns in the

decision matrix could be swapped.

3. Strict dominance: If the outcome of one act is strictly better

than the outcome of another under every state, then the former

act is ranked above the latter.

4. Continuity: If one act weakly dominates another in a sequence

of decision problems under ignorance, then this holds true also in

the limit decision problem under ignorance.

5. Interval scale: The ordering imposed by ≻̲remains unaffected by

a positive linear transformation of the values assigned to

outcomes.

6. Irrelevant alternatives: The ordering between old alternatives

does not change if new alternatives are added to the decision

problem.

7. Column linearity: The ordering imposed by ≻̲does not change if

a constant is added to a column.

8. Column duplication: The ordering imposed by ≻̲ does not

change if an identical state (column) is added.

9. Randomization: If two acts are equally valuable, then every

randomization between the two acts is also equally valuable.

10. Special row adjunction: Adding a weakly dominated act does

not change the ordering of old acts.

How do these axioms relate to the rules discussed in this chapter?

Consider Table 3.21. The symbol – means that a decision rule and

axiom are incompatible, whereas× indicates that they are compatible.
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Furthermore, a decision rule is characterized by the axioms marked

with the symbol ⊗, that is, those axioms constitute necessary and

sufficient conditions for the decision rule in question.

The table summarizes 44 separate theorems.We shall not prove all

of them here, but for illustrative purposes we prove one theorem of

each type. Consider the following examples.

Theorem 3.1 Column linearity is incompatible with maximin.

Proof We construct a counterexample to the claim that column

linearity and maximin are compatible. Consider the pair of decision

problems in Table 3.22.

The rightmost matrix can be obtained from the leftmost by add-

ing 10 to its first column. However, in the leftmost matrix, the maxi-

min rule prescribes a1, whereas it prescribes a2 in the rightmost one.

Hence, contrary to what is required by column linearity, maximin

entails that it is false that the ordering of acts remains unchanged if

a constant is added to a column. □

Table 3.21

Maximin

Optimism–

pessimism

Minimax

regret

Insufficient

reason

1. Ordering ⊗ ⊗ ⊗ ⊗

2. Symmetry ⊗ ⊗ ⊗ ⊗

3. Strict dominance ⊗ ⊗ ⊗ ⊗

4. Continuity ⊗ ⊗ ⊗ ×

5. Interval scale × ⊗ × ×

6. Irrelevant alternatives ⊗ ⊗ – ⊗

7. Column linearity – – ⊗ ⊗

8. Column duplication ⊗ ⊗ ⊗ –

9. Randomization ⊗ – ⊗ ×

10. Special row

adjunction

× × ⊗ ×

Table 3.22

a1 1 2 a1 11 2

a2 0 3 a2 10 3
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Theorem 3.2 Randomization is compatible with the principle of

insufficient reason.

Proof According to the principle of insufficient reason, the value

of an arbitrary act ai equals
Pn

m¼1 ¼ 1
n v ai; smð Þ. Call this sum z. Now,

it follows that if two acts are to be equally good, then their values z and

z0 must be the same. Therefore, if we randomize between two acts

with identical values z, then the value of the randomized act will

also be z. □

Theorem 3.3 The principle of insufficient reason is characterized

by Axioms 1, 2, 3, 6 and 7.

Proof Wewish to prove that Axioms 1, 2, 3, 6 and 7 are necessary and

sufficient conditions for the principle of insufficient reason. I leave it

to the reader to verify that they are necessary, i.e. that the principle of

insufficient reason entails the axioms.

In order to prove that the axioms are sufficient we first prove

the following lemma: The axioms guarantee that two acts which

differ only in the order of their outcomes are ranked as equally

good. In order to see why this is true, take two arbitrary acts and add

a sequence of intermediate acts (by applying Axiom 6) such that any

two acts differ only by a permutation of two outcomes. Our lemma

now follows by applying Axiom 2 to each pair of successive rows.

Next, we wish to show that if the average outcomes of two acts ai

and aj are the same, then the axioms guarantee that ai ~ aj. It is helpful

to proceed in two steps. (i) We first use our lemma to permute the

outcomes of ai and aj in order of increasing value, i.e. such that the

worst outcome is listed first and the best last. (ii) In the second step we

apply Axiom 7 and subtract from each column of ai and aj the number

corresponding to its worst outcome. By repeating steps (i) and (ii)

a finite number of times, we obtain a decision matrix with two rows

in which all numbers are zero. (This is because we stipulated that the

two acts have the same average outcome.) Hence, since the new

versions have exactly the same outcomes, Axioms 1 and 3 imply that

ai ~ aj. □
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Exercises

3.1 Which act(s) should be chosen in the decision problem below according

to the following decision rule: (a) the maximin rule, (b) maximax,

(c) minimax regret, (d) the optimism–pessimism rule (for α > ¼), (e)

the principle of insufficient reason.

a1 20 20 0 10

a2 10 10 10 10

a3 0 40 0 0

a4 10 30 0 0

3.2 Which act(s) should be chosen in the decision matrix below according

to the following decision rules: (a) the maximin rule (b) the maximax

rule (c) the optimism–pessimism rule (for α > 1/5) d) theminimax regret

rule (e) the principle of insufficient reason.

a1 5 45 0 0

a2 5 35 35 15

a3 15 15 15 15

a4 5 35 15 5

3.3 What is the main advantage of leximin as compared to maximin?

3.4 What is so special with an act’s best and worst possible outcomes?

3.5 Construct a decision matrix that corresponds to the following regret

table.

a1 −5 −45 0

a2 0 −30 −20

a3 −10 0 −25

3.6 According to the minimax regret principle, regret is defined as the

difference between the best outcome obtainable under a given state

and the outcome obtained under that state with the chosen act. Now

consider an alternative version of this principle, according to which

regret is defined (relative to each act) as the difference between the best

outcome and the worst outcome obtainable with the act in question.

This modification of the minimax regret rule would give us a highly

implausible decision rule. Why?

62 Decisions under Ignorance



3.7 Prove that Axiom 8 (Column duplication) is incompatible with the

principle of insufficient reason.

3.8 Prove that Axiom 7 (Column linearity) is incompatible with the

optimism–pessimism rule.

3.9 Explain informally why Axiom 5 (Interval scale) is compatible with all

of the following rules: (a) maximin, (b) optimism–pessimism, (c) mini-

max regret, (d) the principle of insufficient reason.

3.10 Rawls famously argued that the maximin rule could be used for for-

mulating a theory of social justice. Very briefly put, he argued that

a distribution A of social goods is better than an alternative distribu-

tion B if the worst-off person is better off in A than in B. Suppose that

Rawls’ theory of social justice is based on the optimism–pessimism

rule instead of maximin. What would be the implications for social

justice? (Assume that 1 > α > 0.)

Solutions

3.1 (a) a2, (b) a3, (c) a4, (d) a3, (e) a1

3.2 (a) a3, (b) a1, (c) a3, (d) a2, (e) a2

3.3 An explicit answer is given in the text.

3.4 This question has no universally accepted answer.

3.5 There are many solutions to this problem; here is one.

a1 5 0 25

a2 10 15 5

a3 0 45 0

3.6 According to the modified rule an act that gives you, say, either 1 or 0

would be ranked higher than an act that yields either 100 or 98. This

can’t be right.

3.7 Here is a counterexample: Thematrix to the right can be obtained from

the left by duplicating the second column. However, in the leftmost

matrix the principle of insufficient reason is indifferent between a1 and

a2, whereas in the rightmost matrix it recommends a2.

a1 1 0 a1 1 0 0

a2 0 1 a2 0 1 1
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3.8 Here is a counterexample: The matrix to the right can be obtained

from the left by adding 1 to the first column. However, in the leftmost

matrix the optimism–pessimism rule is indifferent between a1 and a2

(for all α), whereas in the rightmost matrix it recommends a1 if α > 1/2,

and a2 if α < 1/2 and is indifferent between them if and only if α = 1/2.

a1 1 0 a1 2 0

a2 0 1 a2 1 1

3.9 None of these rules require any more information than what is con-

tained in an interval scale. In particular, none of the rules require that

we calculate ratios between outcomes.

3.10 The optimism–pessimism rule only considers the worst and the best

possible outcomes of an act. All intermediate outcomes are irrelevant.

If we translate this to a social context in which each possible outcome

corresponds to a single individual, we find that it does not matter if

99 out of 100 people are badly off and 1 person is well off, or if 1 person

is well off and 99 persons are badly off. Furthermore, since the best

possible outcomes matter, it follows that we could make society better

by making things much better for the best-off individual. I leave it to

the reader to judge whether a theory of social justice thus modified is

an improvement over Rawls’ original theory.
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4 Decisions under Risk

Decisions under risk differ from decisions under ignorance in that the

decisionmaker knows the probabilities of the outcomes. If you play roulette

in Las Vegas you are making a decision under risk, because you then know

the probability of winning and thus how much you should expect to lose.

However, that you know the probability need not mean that you are in

a position to immediately determine the probability or expected outcome.

It is sufficient that you have enough information for figuring out the answer

after having performed a series of calculations, whichmay be very complex.

In this process your “tacit knowledge” is made explicit. When you play

roulette in Las Vegas and bet on a single number, the probability of winning

is 1/38: There are 38 equally probable outcomes of the game, viz. 1–36 and 0

and 00, and if the ball lands on the number you have betted on the dealer

will pay you 35 times the amount betted and return your bet. Hence, if you

bet $1, the expected payout is $ð35þ 1Þ � 1
38 þ $0 � 3738 ¼ $ 36

38 ≈$0:947. This

means that you can expect to lose about $1 − $0.947 = $0.053 for every

dollar betted.

According to the principle of maximizing expected monetary value it

would obviously be a mistake to play roulette in Las Vegas. However, this

does not show that it is irrational to play, all things considered. First, the

expected monetary value might not correspond to the overall value of the

gamble. Perhaps you are very poor and desperately need to buy some

medicine that costs $35. Then it would make sense to play roulette with

your last dollar, since that would entitle you to a chance of winning just

enough to buy the medicine. Second, it also seems clear that many people

enjoy the sensation of excitement caused by betting. To pay for this is not

irrational. Finally, one can also question the principle of maximizing

expected value as a general guide to decisions under risk. Is this really the

correct way of evaluating risky acts?
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In what follows we will focus on the last question, i.e. we will discuss

whether it is plausible to think that the principle of maximizing expected

value is the appropriate decision rule to apply to decisions under risk.

Somewhat surprisingly, nearly all decision theorists agree that this is the

case. There are no serious contenders. This is thus a significant difference

compared to decision making under ignorance. As explained in Chapter 3,

there is virtually no agreement on how decisions under ignorance should be

made.

That said, there is significant disagreement among decision theorists about

how to formulate the principle of maximizing expected value. Themain idea is

simple, but substantial disagreement remains about how to define central

concepts such as “value” and “probability,” and how to account for the causal

mechanisms producing the outcomes. In this chapter we will take

a preliminary look at some aspects of these controversies, but it will take

several chapters before we have acquired a comprehensive understanding of

the debate.

It is worth emphasizing that many situations outside the casino, i.e. in

the “real” world, involve decision making under risk. For example, if you

suffer from heart disease and your doctor offers you a transplant giving

you a 60% chance of survival, you are facing a decision under risk in which

it seems utterly important to get the theoretical aspects of the decision

right. It would thus be a mistake to think that decision making under risk

is something that only gamblers in casinos should worry about. Gambling

examples just happen to be a convenient way of illustrating some of the

major ideas and arguments.

4.1 Maximizing What?

The principle of maximizing expected monetary value must not be confused

with the principle of maximizing expected value. Money is not all that mat-

ters, at least not to all of us. It is also helpful to distinguish between the

principle of maximizing expected value and the principle of maximizing

expected utility. The latter is a more precise version of the former, in which

the notion of value is more clearly specified. We thus have three closely

related principles, all of which are frequently discussed by decision

theorists.

66 Decisions Under Risk



1. The principle of maximizing expected monetary value

2. The principle of maximizing expected value

3. The principle of maximizing expected utility

It is helpful to illustrate the differences between the three principles

in an example. Imagine that you are offered a choice between receiving

a million dollars for sure and receiving a lottery ticket that entitles

you to a 50% chance of winning either 3 million dollars or nothing

(Table 4.1).

The expected monetary value (EMV) of these lotteries can be computed

by applying the following general formula, in which p1 is the probability of

the first state and m1 the monetary value of the corresponding outcome:

EMV ¼ p1 � m1 þ p2 � m2 þ . . . þ pn � mn ð1Þ

By applying (1) to our example, we find that the expected monetary

values of the two lotteries are:

EMVðLottery AÞ ¼1

2
� $1Mþ 1

2
� $1M ¼ $1M

EMVðLottery BÞ ¼ 1

2
� $3Mþ 1

2
� $0 ¼ $1:5M

However, even though EMV(Lottery B) > EMV(Lottery A),many of uswould

prefer a million for sure. The explanation is that the overall value to us of

$3 M is just slightly higher than that of $1 M, whereas the value of $1 M is

much higher than the value of $0. Economists say that the marginal value of

money is decreasing. The graph in Figure 4.1 describes a hypothetical rela-

tionship between money and value for a poor person playing the National

Lottery.

Note that the graph slopes upwards but bends downwards. This means

that winning more is always better than winning less. However, the more

one wins, the lower is the value of winning yet anothermillion. That said, it

Table 4.1

1/2 1/2

Lottery A $1 m $1 m

Lottery B $3 m $0
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is of course not a universal truth that the marginal value of money is

decreasing. For people with very expensive habits the marginal value may

be increasing, and it is even conceivable that it is negative for some people.

Imagine, for instance, that you are a multibillionaire. If you accidentally

acquire another billion, this will perhaps decrease your well-being, since

more money makes it more likely that you will get kidnapped and you

cannot stand the thought of being locked up in a dirty basement and having

your fingers cut off one by one. If you are so rich that you fear kidnappers, it

would perhaps be better to get rid of some of the money.

Clearly, the principle of maximizing expected value makes more sense

from a normative point of view than the principle of maximizing expected

monetary value. The former is obtained from the latter by replacing m for

v in (1), where v denotes value rather than money.

EV ¼ p1 � v1 þ p2 � v2 þ . . .þ pn � vn ð2Þ

Unfortunately, not all concepts of value are reliable guides to rational

decision making. Take moral value, for instance. If a billionaire decides to

donate his entire fortune to charity, the expected moral value of doing so

might be very high. However, this is because many poor people would
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benefit from the money, not because the billionaire himself would benefit

from this. The expectedmoral value of donating a fortune is far higher than

the sort of personal value decision theorists are concerned with. In most

cases, moral value is not the sort of value that decision theorists think we

should base instrumental, ends–means reasoning on. Therefore, in order to

single out the kind of value that is the primary object of study in decision

theory – the value of an outcome as evaluated from the decision maker’s

point of view – it is helpful to introduce the concept of utility. Utility is an

abstract entity that cannot be directly observed. By definition, the utility of

an outcome depends on how valuable the outcome is from the decision

maker’s point of view. The principle of maximizing expected utility is

obtained from the principle of maximizing expected value by replacing

v for u in (2).

EU ¼ p1 � u1 þ p2 � u2 þ . . .þ pn � un ð3Þ

In the remainder of this chapter we will focus on the principle of max-

imizing expected utility, or the expected utility principle for short. It is

worth noticing that the expected utility principle can be applied also in

cases with nonmonetary outcomes. Consider the following example. David

and his partner Rose are about to deliver a sailing yacht from La Coruña

(in the north of Spain) to English Harbour, Antigua (in the Caribbean).

Because of the prevailing weather systems, there are only two feasible

routes across the Atlantic, either a direct northern route or a slightly longer

southern route. Naturally, the couple wishes to cross the Atlantic as quickly

as possible. The number of days required for the crossing depends on the

route they choose and the meteorological situation. Weather-wise, the

decisive factor is whether a high pressure zone develops over the Azores

after they have set off from the coast of Spain. There are reliable meteor-

ological data going back more than a hundred years. The probability that

a high pressure zone will develop is 83%. By studying the meteorological

data and the charts, David and Rose figure out that the decision problem

they are facing is as shown in Table 4.2.

Because David and Rose wish to make the crossing in as few days as

possible, the utility of the outcomes is negatively correlated with the number

of days at sea. Hence, the utility of sailing for 27 days, which we write as

u(27), is lower than the utility of sailing for 18 days, u(18). For simplicity, we

assume that in this particular case the utility function is linear with respect
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to the number of days spent at sea. It then follows that the expected utilities

of the two alternatives are as follows.

EUðNorthern routeÞ ¼ 0:83 � uð27Þ þ 0:17 � uð14Þ ¼ uð24:79Þ
EUðSouthern routeÞ ¼ 0:83 � uð18Þ þ 0:17 � uð21Þ ¼ uð18:51Þ

Clearly, David and Rose ought to choose the southern route, because

u(18.51) > u(24.79) according to our assumption about the correlation

between utility and the number of days spent at sea.

Table 4.2

High pressure zone

over the Azores (83%)

No high pressure zone

over the Azores (17%)

Northern route 27 days 14 days

Southern route 18 days 21 days

Box 4.1 A risky decision

Placebo Pharmaceuticals is eager to expand its product portfolio

with a drug against cardiovascular diseases. Three alternative strate-

gies have been identified. The first is to hire a research team of

200 people to develop the new drug. However, to develop a new

drug is expensive (about $50 million) and it is also far from certain

that the team will manage to successfully develop a drug that meets

the regulatory requirements enforced by the Food and Drug

Administration; the probability is estimated to be about one in ten.

The second alternative is to acquire a small company, Cholesterol

Business Inc., that has already developed a drug that is currently

undergoing clinical trials. If the trials are successful the Food and

Drug Administration will of course license the product rather

rapidly, so this alternative is more likely to be successful.

According to the executive director of Placebo Pharmaceuticals the

probability of success is about 0.8. The downside is that the cost of

taking over Cholesterol Inc. is very high, about $120 million, since

several other big pharmaceutical companies are also eager to acquire

the company. The third alternative is to simply buy a license for

$170million from a rival company to produce andmarket an already

existing drug. This is the least risky option, since the board of

Placebo Pharmaceuticals knows for sure for what it pays. Finally, to
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complete the list of alternatives, also note that there is a fourth

alternative: to do nothing and preserve the status quo.

In order to make a rational decision, Placebo Pharmaceuticals

decides to hire a decision analyst. After conducting a series of

interviews with the board members, the decision analyst is able to

establish that Placebo Pharmaceuticals’ utility of a profit greater

than zero is linear and directly proportional to the profit, whereas

its disutility of losses L (i.e. a profit equal to or smaller than zero)

is determined by the formula u = 2 · L. The decision analyst also

concludes that the revenue will depend on future demand for the

new drug. The probability that demand will be high is 0.3, in

which case the revenue will be $200 m. The probability that

demand is low is 0.7, and the revenue will then be $100 m.

To explain her findings to the executive director the decision

analyst draws the decision tree shown in Figure 4.2.

It can be easily verified that the four alternatives illustrated in the

decision tree may lead to nine different outcomes.

High demand

Low demand

No new drug 

New drug

Do nothing

Hire research team

Buy license

Take over Cholesterol Inc.

New drug

No new drug

High demand 

Low demand 

High demand 

Low demand

–$170M+$200M 

0.3/0.7

0.8/0.2

0.1/0.9

–$50M

–$120M 

–$120M+$100M 

–$170M+$100M 

0.3/0.7

–$120M+$200M 

–$50M+$100M 

–$50M+$200M 

$0

0.3/0.7

Figure 4.2
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4.2 Why is it Rational to Maximize Expected Utility?

Decision theorists have proposed two fundamentally different arguments

for the expected utility principle. The first argument is based on the law of

large numbers; it seeks to show that in the long run you will be better off if

you maximize expected utility. The second argument aims at deriving the

expected utility principle from somemore fundamental axioms for rational

decision making, which make no reference to what will happen in the long

run. We will return to the axiomatic approach in the next section.

The law of large numbers is a mathematical theorem stating that every-

one who maximizes expected utility will almost certainly be better off in

Hire research team: +$150 m with a probability of 0.1 · 0.3

+$50 m with a probability of 0.1 · 0.7

−$50 m with a probability of 0.9

Take over Cholesterol Inc.: +$80 m with a probability of 0.8 · 0.3

−$20 m with a probability of 0.8 · 0.7

−$120 m with a probability of 0.2

Buy license: +$30 m with a probability of 0.3

−$70 m with a probability of 0.7

Do nothing: $0 with a probability of 1

In order to reach a decision, the executive director now applies the

principle of maximizing expected utility. She recalls that the utility of

losses is u = 2 · L.

Hire research team: +150 M · 0.03 + 50 M · 0.07 − (2 · 50 M) · 0.9

= −82 M utility units

Take over Cholesterol Inc.: +80 M · 0.24− (2 · 20 M) · 0.56− (2 · 120 M) ·

0.2 = −51.2 M utility units

Buy license: +30 M · 0.3 − (2 · 70 M) · 0.7 = −89 M utility

units

Do nothing: 0 utility units

Based on the calculations above, the executive director of Placebo

Pharmaceuticals decides that the rational thing to do is to do nothing,

i.e. to abandon the plan to expand the product portfolio with a drug

against cardiovascular diseases.
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the long run. In this context the term “almost certainly” has a very precise

meaning. If a random experiment (such as rolling a die or tossing a coin)

is repeated n times and each experiment has a probability p of leading to

a predetermined outcome, then the probability that the percentage of such

outcomes differs from p by more than a very small amount ε converges to 0

as the number of trials n approaches infinity. This holds true for every ε > 0,

no matter how small. Hence, by performing the random experiment suffi-

ciently many times, the probability that the average outcome differs from

the expected outcome can be rendered arbitrarily small.

Imagine, for instance, that you are offered 1 unit of utility for sure or

a lottery ticket that will yield either 10 units with a probability of 0.2, or

nothing with a probability of 0.8. The expected utility of choosing the

lottery ticket is 2, which is more than 1. According to the law of large

numbers, you cannot be sure that you will actually be better off if you

choose the lottery, given that the choice is offered to you only once.

However, what you do know for sure is that if you face the same decision

over and over again, then the probability that you will not be better off

by choosing the lottery can be made arbitrarily small by repeating the

same decision over and over again. Furthermore, if you repeat the

decision in question infinitely many times, then the probability that

the average utility and the expected utility differ by more than ε units

decreases to zero.

Keynes famously objected to the law of large numbers that, “in the long

runwe are all dead” (1923: 80). This claim is no doubt true, but what should

we say about its relevance? Keynes’ point was that no real-life decision

maker will ever face any decision an infinite number of times; hence,

mathematical facts about what would happen after an infinite number

of repetitions are of little normative relevance. A different way to express

this concern is the following: Why should one care about what would

happen if some condition were to be fulfilled, given that one knows for

sure at the time of making the decision that this condition is certain not to

be fulfilled? Personally I think Keynes was right in questioning the rele-

vance of the law of large numbers. But perhaps there is some way in which

it could be saved?

It is also worth pointing out that the relevance of the law of large

numbers is partially defeated by another mathematical theorem, known

as gambler’s ruin. Imagine that you and I flip a fair coin, and that I pay you $1
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every time it lands heads up, and you pay me the same amount when it

lands tails up. We both have $1,000 as we start to play. Now, if we toss the

coin sufficiently many times each player will at some point encounter

a sequence of heads or tails that is longer than he can afford, i.e. longer

than the number of one dollar bills in his pot. If you encounter that very

long sequence first, you will go bankrupt. Otherwise I will go bankrupt first.

It is mathematically impossible that both of us can “survive” infinitely

many rounds of this game, given that each player starts with pots contain-

ing finite amounts of money. This means that the law of large numbers

guarantees that you will be better off in the long run by maximizing

expected utility only if your initial pot is infinite, which is a rather unrealistic

assumption.

An additional worry about the law of large numbers is that it seems

perfectly reasonable to question whether decision makers ever face the

same decision problem several times. Even if you were to play roulette in

a Las Vegas casino for weeks, it seems obvious that each time the dealer

drops the ball on the roulette wheel she will do it a little bit differently,

and to some extent it also seems reasonable to claim that the physical

constitution of the wheel will change over time, because of dust and wear

and tear. Hence, it is not exactly the same act you perform every time

you play.

That said, for the law of large numbers to work it is strictly speaking not

necessary to assume that the agent is facing the same decision problem,

in a literal sense, over and over again. All we need to assume is that the

probability of each outcome is fixed over time. Note, however, that if this is

the correct way of understanding the argument, then it will become sensi-

tive to the definition of probability, to be discussed in Chapter 7. According

to some theories of probability, the probability that you win when playing

roulette is the same over time, but according to other theories this need not

necessarily be the case. (For example, if probabilities are defined as relative

frequencies, or as subjective degrees of beliefs, then they are very likely to

change over time.)

A final worry about the relevance of the law of large numbers is that

many decisions under risk are unique in a much stronger sense. It might

very well hold true that the probability that John would become happy if he

were to marry his partner Joanna is 95%. But so what? He will only marry

Joanna once (or at least a very limited number of times). Why care about the
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law of large numbers in this decision? The same remark seems applicable to

other unique decisions, i.e. decisions that are made only once, such as

a decision to start a war, or appointing a chief executive, or electing a new

president. For instance, if the probability is high that the Republican candi-

date will win the next presidential election, the expected utility of betting

on that outcome is likely to be optimal. However, in this case we cannot

justify the expected utility principle by appealing to the law of large num-

bers, because every presidential election is unique.

4.3 The Axiomatic Approach

The axiomatic approach to the expected utility principle is not based on

the law of large numbers. Instead, this approach seeks to show that the

expected utility principle can be derived from axioms that hold indepen-

dently of what happens in the long run. If successful, an axiomatic argu-

ment can thus overcome the objection that it would not make sense to

maximize expected utility in a decisionmade only once. Here is an extreme

example illustrating this point. You are offered a green button to press, and

if you do, you will either die or become the happiest person on earth. If you

do not press the button, you will continue to live a rather mediocre life. Let

us suppose that the expected utility of pressing the green button exceeds

that of not pressing it. Now, what should a rational decision maker do?

Axiomatic arguments should entail, if successful, that one shouldmaximize

expected utility even in this case, even though the decision is taken only

once and the outcome may be disastrous.

Decision theorists have proposed two fundamentally different strategies

for axiomatizing the expected utility principle. Some axiomatizations are

direct, and some are indirect. In the indirect approach, which is the domi-

nant approach, the decision maker does not prefer a risky act to another

because the expected utility of the former exceeds that of the latter. Instead,

the decision maker is asked to state a set of preferences over a set of risky

acts. It is irrelevant how these preferences are generated. Then, if the set of

preferences stated by the decision maker is consistent with a number of

structural constraints (axioms), it can be shown that her decisions can be

described as if she were choosing what to do by assigning numerical prob-

abilities and utilities to outcomes and thenmaximizing expected utility. For

an example of such a structural constraint, consider the plausible idea that
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if act A is preferred to act B, then it must not be the case that B is preferred

to A. Given that this constraint is satisfied, as well as a number of more

complex and controversial constraints, it is possible to assign numbers

representing hypothetical probabilities and utilities to outcomes in such

a way that the agent prefers one act over another if and only if the

hypothetical expected utility attributed to that alternative is higher

than that of all the alternatives. A detailed overview of some influential

axiomatic constraints on preferences will be discussed in Chapters 5, 7

and 8.

In the remainder of this section we focus on the direct approach. It is

easier to understand, although it should be stressed that it is less influential

in the contemporary literature. The direct approach seeks to generate pre-

ferences over acts from probabilities and utilities directly assigned to out-

comes. In contrast to the indirect approach, it is not assumed that the

decision maker has access to a set of preferences over acts before she starts

to deliberate. The presentation given here is informal, but the skeptical

reader can rest assured that the argument can be (and has been) formalized.

We use the term utility for referring both to the value of an act and to the

value of its outcomes. The aim of the axiomatization is to show that the

utility of an act equals the expected utility of its outcomes. The first axiom

holds that if all outcomes of an act have utility u, then the utility of the act is

u. In Table 4.3 this axiom thus entails that the utility of act a1 is 5 units,

whereas the utility of act a2 is 7.

The second axiom is the dominance principle: If one act is certain to lead to

outcomeswith higher utilities under all states, then the utility of the former

act exceeds that of the latter (and if both acts lead to equal outcomes they

have the same utility). Hence, in Table 4.3 the utility of a2 exceeds that of a1.

Note that this axiom requires that states are causally independent of acts.

In Chapter 9 we discuss a type of decision problem for which this assump-

tion does not hold true. The present axiomatization thus supports the

expected utility principle only in a restricted class of decision problems.

Table 4.3

s1 s2 s3 s4 s5

a1 5 5 5 5 5

a2 7 7 7 7 7
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The third axiom holds that every decision problem can be transformed

into a decision problem with equiprobable states by splitting the original

states into parallel ones without affecting the overall utility of any of the

acts in the decision problem. See Table 4.4.

The gist of this axiom is that a1 and a2 in the leftmost matrix are exactly

as good as a1 and a2 in the rightmost matrix, simply because the second

matrix can be obtained from the first by dividing the set of states corre-

sponding to the outcomes slightly differently.

The fourth and last axiom is a trade-off principle. It holds that if two

outcomes are equally probable, and if the best outcome is made slightly

worse, then this can be compensated for by adding some (perhaps very

large) amount of utility to the other outcome. Imagine, for instance, that

Adam offers you to toss a fair coin. If it lands heads up you will be given

10 units of utility, otherwise you receive 2 units. If you refuse to take part

in the gamble you receive 5 units. Before you decide whether to gamble or

not, Adam informs you that he is willing to change the rules of the gamble

such that instead of giving you 10 units of utility if the coin lands heads

up he will give you a little bit less, 10 − ε1, but compensate you for this

potential loss by increasing the other prize to 2 + ε2 units (see Table 4.5). He

adds that you are free to choose the value of ε2 yourself! The fourth axiom

does not say anything about whether you should choose 5 units for sure

instead of the gamble yielding either 2 or 10 units, or vice versa. Such

choices must be determined by other considerations. The axiom only tells

you that there is some number δ > 0, such that for all ε1, 0 ≤ ε1 ≤ δ, there is

Table 4.4

0.2 0.8 0.2 0.2 0.2 0.2 0.2

a1 1 3 a1 1 3 3 3 3

a2 6 2 a2 6 2 2 2 2

Table 4.5

0.5 0.5 0.5 0.5

a1 5 5 a1 5 5

a2 2 10 a2 2 + ε2 10 − ε1
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a number ε2 such that the trade-off suggested by Adam is acceptable to you,

i.e. the utility of the original and the modified acts is the same.

If a sufficiently large ε2 is chosen, evenmany risk-averse decisionmakers

would accept the suggested trade-off. This means that this axiom can be

accepted by more than just decision makers who are neutral to risk-taking.

However, this axiom is nevertheless more controversial than the others,

because it implies that once ε1 and ε2 have been established, these constants

can be added over and over again to the utility numbers representing

this pair of outcomes. Put in mathematical terms, it is assumed that ε2 is

a function of ε1, but not of the initial levels of utility. (The axiom can be

weakened, however, such that ε2 becomes a function ofmore features of the

decision problem, but it is beyond the scope of this book to explore this

point any further here.)

The axioms informally outlined above together entail that the utility of

an act equals the expected utility of its outcomes. Or, put in slightly differ-

ent words, the act that has the highest utility (is most attractive) will also

have the highest expected utility, and vice versa. This appears to be a strong

reason for letting the expected utility principle guide one’s choices in

decisions under risk. A more stringent formulation of this claim and

a proof is provided in Box 4.2.

Box 4.2 A direct axiomatization of the expected utility

principle

Consider the following four axioms.

EU1 If all outcomes of an act have utility u, then the utility of the act

is u.

EU 2 If one act is certain to lead to better outcomes under all states

than another, then the utility of the first act exceeds that of the

latter; and if both acts lead to equal outcomes, they have the

same utility.

EU 3 Every decision problem can be transformed into a decision

problem with equally probable states, in which the utility of

all acts is preserved.

EU 4 If two outcomes are equally probable, and if the better out-

come ismade slightly worse, then this can be compensated for
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by adding some amount of utility to the other outcome, such

that the overall utility of the act is preserved.

Theorem 4.1 Let axioms EU 1–4 hold for all decision problems

under risk. Then, the utility of an act equals its expected utility.

Proof The proof of Theorem 4.1 consists of two parts. We first

show that ε1 = ε2 whenever EU 4 is applied. Consider the three

decision problems in Table 4.6, in which u1 and u2 are some utility

levels such that u1 is higher than u2, while their difference is less

than ε1. (That is, u1 − u2 < ε1.)

In the leftmost decision problem a1 has the same utility as a2,

because of EU 2. The decision problem in the middle is obtained by

applying EU 4 to act a2. Note that the utility of both acts remains the

same. Finally, the rightmost decision problem is obtained from the

one in the middle by applying EU 4 to a2 again. The reason why ε1 is

subtracted from u2 + ε2 is that the utility of the rightmost outcome of

a2 now exceeds that of the leftmost, since the difference between u1

and u2 was assumed to be less than ε1. By assumption, the utility of

both acts has to remain the same, which can only be the case if ε1= ε2.

To see why, assume that it is not the case that ε1= ε2. EU 2 then entails

that either a2 dominates a1, or a1 dominates a2, since−ε1 + ε2= ε2− ε1.

In the second step of the proof we make use of the fact that ε1 = ε2
whenever EU 4 is applied. Let D be an arbitrary decision problem.

By applying EU 3 a finite number of times, D can be transformed into

a decision problem D* in which all states are equally probable.

The utilities of all acts in D* are equal to the utility of the correspond-

ing acts in D. Then, by adding a small amount of utility ε1 to the lowest

utility of a given act and at the same time subtracting the same

amount from its highest utility (as we now know we are allowed to

do), and repeating this operation a finite number of times, we can

insure that all utilities of each act over all the equally probable states

will be equalized. Since all states are equally probable, and we always

Table 4.6

s s0 s s0 s s0

a1 u1 u2 a1 u1 u2 a1 u1 u2

a2 u1 u2 a2 u1 − ε1 u2 + ε2 a2 u1 − ε1 + ε2 u2 + ε2 − ε1
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4.4 The Allais Paradox

The expected utility principle is by no means uncontroversial. Naturally,

some objections are more sophisticated than others, and the most sophis-

ticated ones are referred to as paradoxes. In the following sections we will

discuss a selection of the most thought-provoking paradoxes. We start with

the Allais paradox, which was discovered by the Nobel prize-winning econ-

omistMaurice Allais. In the contemporary literature this paradox is directed

both against the expected utility principle as such, as well as more specifi-

cally against one of the axioms frequently used in the (indirect) axiomatiza-

tion of it. In this section we will conceive of the paradox as a general

argument against the expected utility principle as such. Consider the gam-

bles in Table 4.7 in which exactly one winning ticket will be drawn at

random.

In a choice betweenGamble 1 andGamble 2 it seems reasonable to prefer

Gamble 1 because it gives you onemillion dollars for sure ($1m), whereas in

a choice between Gamble 3 and Gamble 4 many people would feel that it is

rational to trade a ten-in-hundred chance of getting $5 m against a one-in-

hundred risk of getting nothing, and consequently prefer Gamble 4. Several

empirical studies have confirmed that most people reason in this way.

However, no matter what utility one assigns to money, the principle of

maximizing expected utility entails that the decision maker must prefer

Gamble 1 to Gamble 2 if and only if Gamble 3 is preferred to Gamble 4. There

is simply no utility function such that the principle of maximizing utility is

consistent with a preference for Gamble 1 to Gamble 2 and a preference for

Gamble 4 to Gamble 3. To see why this is so, we calculate the difference in

expected utility between the two pairs of gambles. Note that the probability

that ticket 1 will be drawn is 0.01 and the probability that one of the tickets

numbered 2–11 will be drawn is 0.1; hence, the probability that one of the

withdraw and add the same amounts of utilities, the expected utility

of each act in the modified decision problem will be exactly equal to

that in the original decision problem. Finally, since all outcomes of

the acts in the modified decision problem have the same utility, say u,

then the utility of the act is u according to EU 1. It immediately follows

that the utility of each act equals its expected utility.
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tickets numbered 12–100 will be drawn is 0.89. This gives the following

equations:

euðG1Þ – euðG2Þ ¼ uð1MÞ – ½0:01uð0MÞ þ 0:1uð5MÞ þ 0:89uð1MÞ�
¼ 0:11uð1MÞ – ½0:01uð0Þ þ 0:1uð5MÞ�

euðG3Þ – euðG4Þ ¼ ½0:11uð1MÞ þ 0:89uð0Þ� – ½0:9uð0MÞ þ 0:1uð5MÞ�
¼ 0:11uð1MÞ – ½0:01uð0Þ þ 0:1uð5MÞ�

These equations show that the difference in expected utility between

G1 and G2 is precisely the same as the difference between G3 and G4. Hence,

no matter what the decision maker’s utility for money is, it is impossible to

simultaneously prefer G1 to G2 and to prefer G4 to G3 without violating the

expected utility principle. However, since many people who have thought

very hard about this example still feel it would be rational to stick to the

problematic preference pattern described above, there seems to be some-

thing wrong with the expected utility principle.

Unsurprisingly, a number of decision theorists have tried to find ways of

coping with the paradox. Savage, a pioneer of modern decision theory,

made the following point:

if one of the tickets numbered from 12 through 100 is drawn, it does not

matter, in either situation which gamble I choose. I therefore focus on the

possibility that one of the tickets numbered from 1 through 11will be drawn,

in which case [the choice between G1 and G2 and between G3 and G4] are

exactly parallel . . . It seems to me that in reversing my preference between

[G3 and G4] I have corrected an error. (Savage 1954: 103)

Savage’s point is that it does not matter which alternative is chosen

under states that yield the same outcomes, so those states should be

ignored. Instead, decision makers should base their decisions entirely on

features that differ between alternatives. This idea is often referred to as

Table 4.7

Ticket no. 1 Ticket no. 2–11 Ticket no. 12–100

Gamble 1 $1 m $1 m $1 m

Gamble 2 $0 $5 m $1 m

Gamble 3 $1 m $1 m $0

Gamble 4 $0 $5 m $0
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the sure-thing principle; we will discuss it in more detail in Chapter 7.

That said, some people find the sure-thing principle very hard to accept,

and argue that this principle is the main target of the paradox. In their

view, Savage has failed to explain why sure-thing outcomes should be

ignored.

Another type of response to the Allais paradox is to question the accu-

racy of the formalization of the decision problem. The outcome of getting

$0 in G2 is very different from the outcome of getting $0 in G4. The

disappointment one would feel if one won nothing instead of a fortune

in G2 is likely to be substantial. This is because in the choice between

G1 and G2 the first alternative is certain to yield a fortune, whereas in the

choice between G3 and G4 no alternative is certain to yield a fortune.

A more accurate decision matrix would therefore look as in Table 4.8.

Note that it no longer holds true that the expected utility principle is

inconsistent with the preference pattern people actually entertain.

A drawback of this response is that it seems difficult to tell exactly how

fine-grained the description of outcomes ought to be. In principle, it seems

that every potential violation of the expected utility principle could be

rejected by simply making the individuation of outcomes more fine-

grained. However, this would make the principle immune to criticism,

unless one has some independent reason for adjusting the individuation

of outcomes.

4.5 The Ellsberg Paradox

This paradoxwas discovered by Daniel Ellsbergwhen hewas a Ph.D. student

in economics at Harvard in the late 1950s. Suppose the decision maker

is presented with an urn containing 90 balls, 30 of which are red.

Table 4.8

Ticket no. 1 Ticket no. 2–11 Ticket no. 12–100

Gamble 1 $1 m $1 m $1 m

Gamble 2 $0 and

disappointment

$5 m $1 m

Gamble 3 $1 m $1 m $0

Gamble 4 $0 $5 m $0
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The remaining 60 balls are either black or yellow, but the proportion

between black and yellow balls is unknown. The decision maker is then

offered a choice between the following gambles:

Gamble 1 Receive $100 if a red ball is drawn.

Gamble 2 Receive $100 if a black ball is drawn.

When confronted with these gambles you may reason in at least two

different ways. First, you may argue that it would be better to choose G1

over G2, since the proportion of red balls is known for sure whereas one

knows almost nothing about the number of black balls in the urn. Second,

youmay believe that there are in fact manymore black than red balls in the

urn, and therefore choose G2. The paradox will arise no matter how you

reason, but for the sake of the argument we assume that you prefer G1 to

G2. Now, having made a choice between G1 and G2 you are presented with

a second pair of gambles.

Gamble 3 Receive $100 if a red or yellow ball is drawn.

Gamble 4 Receive $100 if a black or yellow ball is drawn.

Do you prefer G3 or G4? All four gambles are illustrated in Table 4.9.

When confronted with the new pair of gambles, it seems that a person who

prefers G1 to G2 is likely to prefer G4 to G3, since G4 is a gamble with known

probabilities. The probability of winning $100 in G4 is known for sure to be

60/90.

The point of Ellsberg’s example is as follows. Nomatterwhat the decision

maker’s utility for money is, and no matter what she believes about the

proportion of black and yellow balls in the urn, the principle ofmaximizing

expected utility can never recommend G1 over G2 and G4 over G3, or vice

versa. This is because the expected utility of G1 exceeds that of G2 if and

Table 4.9

30 60

Red Black Yellow

Gamble 1 $100 $0 $0

Gamble 2 $0 $100 $0

Gamble 3 $100 $0 $100

Gamble 4 $0 $100 $100
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only if the expected utility of G3 exceeds that of G4. To show this, we

calculate the difference in expected utility between G1 and G2, as well as

the difference between G3 and G4. For simplicity, we assume that the utility

of $100 equals M and that the utility of $0 equals 0 on your personal utility

scale. (Since utility is measured on an interval scale, these assumptions are

completely innocent.) Hence, if you believe that there are B black balls in

the urn, the difference in expected utility between the gambles is as follows.

euðG1Þ – euðG2Þ ¼ ð30=90ÞM – ðB=90ÞM ¼ ð30 – BÞM=90
euðG3Þ – euðG4Þ ¼ ðð30þ 60 – BÞ=90ÞM – ð60=90ÞM ¼ ð30 – BÞM=90

Note that the paradox cannot be avoided by simply arguing that G2

ought to be preferred over G1, because then it would presumably make

sense to also prefer G3 over G4; such preferences indicate that the decision

maker seeks to avoid gambles with known probabilities. As shown above,

eu(G1) − eu(G2) = eu(G3) − eu(G4), so G2 can be preferred over G1 if and

only if G4 is preferred over G3.

The Ellsberg paradox is in many respects similar to the Allais paradox.

In both paradoxes, it seems reasonable to violate Savage’s sure-thing prin-

ciple, meaning that we are unwilling to ignore entire states just because

they have parallel outcomes. However, the reason why it seems plausible to

take into account outcomes that occur for sure under some states is differ-

ent. In the Allais paradox, G1 is better than G2 because it guarantees that

one gets a million dollars. In the Ellsberg paradox G1 is better than G2

because one knows the exact probability of winning $100, although no

alternative is certain to lead to a favorable outcome. Arguably, this shows

that the intuitions that get the paradoxes going are fundamentally differ-

ent. The Ellsberg paradox arises because we wish to avoid epistemic uncer-

tainty about probabilities, whereas the Allais paradox arises because we

wish to avoid uncertainty about outcomes.

4.6 The St. Petersburg Paradox

The St. Petersburg paradox is derived from the St. Petersburg game,

which is played as follows. A fair coin is tossed until it lands heads up.

The player then receives a prize worth 2n units of utility, where n is the

number of times the coin was tossed. So if the coin lands heads up in the

first toss, the player wins a prize worth 2 units of utility, but if it lands
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heads up on, say, the fourth toss, the player wins 24 = 2 · 2 · 2 · 2 = 16

units of utility. How much utility should you be willing to “pay” for the

opportunity to play this game? According to the expected utility princi-

ple you must be willing to pay any finite amount of utility, because

1
2 � 2þ 1

4 � 4þ 1
8 � 8þ � � � ¼ 1þ 1þ 1þ � � � ¼

X∞
n¼1

1

2

� �n
� 2n ¼ ∞. But this is

absurd. The most likely outcome is that you win a rather small amount

of utility. For instance, the probability that you win at most 8 units is

0.5 + 0.25 + 0.125 = 0.875. Should you really be willing to pay a billion

units of utility for playing a game in which you get no more than 8 units

back with such a high probability?

The St. Petersburg paradox was discovered by the Swiss mathemati-

cian Daniel Bernoulli (1700–82), who was working in St. Petersburg

for a couple of years at the beginning of the eighteenth century.

The St. Petersburg paradox is, of course, not a paradox in a strict logical

sense. No formal contradiction is deduced from the premises of the

argument. But the recommendation arrived at, that one should sacrifice

any finite amount of utility for the privilege of playing the St. Petersburg

game, appears to be sufficiently bizarre for motivating the use of the

term paradox.

In 1745 Buffon argued in response to Bernoulli that sufficiently

improbable outcomes should be regarded as “morally impossible,” i.e.

beyond concern. Hence, in Buffon’s view, a rational decision maker

should simply disregard the possibility of winning a very high amount,

since such an outcome is highly improbable. Buffon’s idea is closely

related to the principle of de minimis risks, which still plays a prominent

role in contemporary risk analysis. (Somewhat roughly put, the de minimis

principle holds that sufficiently improbable outcomes, such as comet

strikes, should be ignored.) From a mathematical point of view, it is

obvious that if probabilities below a certain threshold are ignored, then

the expected utility of the St. Petersburg gamble will be finite. That said,

this resolution of course seems to be ad hoc. Why on earth would it be

rational to ignore highly improbable outcomes?

Other scholars have tried to resolve the St. Petersburg paradox by

imposing an upper limit on the decision maker’s utility scale. From

a historical perspective, this is probably the most prominent resolution
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of the paradox. The eighteenth-century mathematician Cramer, who

discussed Bernoulli’s original formulation of the paradox in which the

prizes consisted of ducats instead of utility, suggested that “any amount

above 10 millions, or (for the sake of simplicity) above 224 = 16677216

ducats [should] be deemed . . . equal in value to 224 ducats” (in Bernoulli

1738/1954: 33). More recently, Nobel Prize winner Kenneth Arrow has

maintained that the utility of wealth should be “taken to be a bounded

function . . . since such an assumption is needed to avoid [the

St. Petersburg] paradox” (Arrow 1970: 92). In order to see how the intro-

duction of an upper limit affects the paradox, let L be the finite upper

limit of utility. Then the expected utility of the gamble would be finite,

because:

1

2
� 2þ 1

4
� 4þ 1

8
� 8þ � � � þ 1

2k
� Lþ 1

2kþ1
� L � � � ¼

Xk�1

i¼1

ð1=2Þi � 2i þ
X∞
i¼k

ð1=2Þi � L

¼
Xk�1

i¼1

ð1=2Þi � 2i þ 1�
Xk�1

j¼1

ð1=2Þj
 !

� L

A common reaction to Arrow’s proposal is that the introduction of an

upper limit is ad hoc. The mere fact that the introduction of a bounded

utility function solves the problem is not in itself a reason for believing that

Arrow’s assumption is true.

Another solution has been suggested by Richard C. Jeffrey. He claims

that, “anyone who offers to let the agent play the St. Petersburg game is

a liar, for he is pretending to have an indefinitely large bank” (1983: 154).

This is because no casino or bank could possibly fulfill its commitment

toward the player if a very large number of tails were to precede the first

head; hence, the premises of the gamble can never be true. A possible reply

to Jeffrey’s argument is to point out that all sorts of prizes should, of

course, be allowed in the construction of a gamble. Suppose, for instance,

that after having played the St. Petersburg gamble you will be connected

to Robert Nozick’s experience machine. By definition, the experience

machine can create any experience in you, e.g. intense happiness or sexual

pleasure. The fact that there is a limited amount of money in the world is,

therefore, not a problem.

The original St. Petersburg paradox is also a useful starting point for

creating other, slightly different paradoxes. Consider the Moscow game.
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The Moscow game: A manipulated coin, which lands heads up with

probability 0.4, is tossed until it lands heads up the first time. The player

then receives a prize worth 2n units of utility, where n is the number of

times the coin was tossed.

Common sense tells us that the Moscow game should be preferred to the

original St. Petersburg game, because it is more likely to yield a long

sequence of tosses and consequently better prizes. However, the expected

utility of both games is infinite, because
X∞
n¼1

ð0:4Þn � 2n ¼ ∞. Hence, the

principle of maximizing expected utility recommends us to judge both

games as equally valuable. This is deeply counterintuitive. Any satisfactory

account of rationality should entail that the Moscow game is more attrac-

tive than the original St Petersburg game.

Mark Colyvan has proposed another version of the St. Petersburg para-

dox derived from what he calls the Petrograd game. In the Petrograd game

the player always wins one additional unit of utility more than in the

St. Petersburg game, no matter how many times the coin was tossed. See

Table 4.10.

The Petrograd game dominates the St. Petersburg game, so it seems

clear that the Petrograd game should be preferred to the St. Petersburg

game. The challenge is to explain why, without giving up the principle

of maximizing expected utility. The expected utility of both games is the

same: ∞.

Colyvan himself claims that the paradox can be resolved by calculating

the relative expected utility (REU) of the two games according to his relative

expectation theory. The relative expected utility of an act is determined by

calculating the expected relative advantage in choosing one act over

another. Put in self-explanatory notation, the relative expected utility of

act Ak over Al is

Table 4.10

Probability 1/2 1/4 1/8 . . .

St. Petersburg 2 4 8 . . .

Petrograd 2 + 1 4 + 1 8 + 1 . . .
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REUðAk; AlÞ ¼
Xn
i¼1

pi � ðuki � uliÞ ð1Þ

On this view, one should choose Ak over Al if and only if REUðAk; AlÞ > 0,

which explains why the Petrograd game is worth more than the

St. Petersburg game. Unfortunately, REU runs into trouble when applied

to two other games: the Leningrad game and Leningradskij game.

The Leningrad game is a slightly modified version of the Petrograd game

in which the player in addition to receiving a finite number of units of

utility also gets to play the St. Petersburg game (SP) if the coin lands heads up

in the third round. In the Leningradskij game the player gets to play the

St. Petersburg game (SP) if the coin lands heads up in the second round. See

Table 4.11.

Intuitively, the Leningradskij game is worth more than the

Leningrad game. The probability that one, in addition to winning

a finite number of units of utility, gets to play the St. Peterburg

game, and thus wins a prize worth ∞ according to REU, is higher in the

Leningradskij game than in the Leningrad game. However, the difference in

utility for the state that occurswith probability 1/4 in Table 4.11 is�∞, while

it isþ∞ for the state that occurs with probability 1/8. Therefore, REU cannot

explain why the Leningradskij game is worth more than the Leningrad

game, because p � ∞ ¼ ∞ for all positive probabilities p, and “∞� ∞” is

undefined in standard analysis.

4.7 The Pasadena Paradox

The Pasadena paradox resembles the St Petersburg paradox, although it is a

bit more complex from a mathematical point of view. Imagine that we toss

a fair coin until it lands heads up for the first time. Let us number this event

as toss number n. If n is odd you win (2n)/n units, but if n is even you have

to pay me (2n)/n. What is the expected utility of this game?

Table 4.11

Probability 1/2 1/4 1/8 1/16 . . .

Leningrad 2 4 8 + SP 16 . . .

Leningradskij 2 4 + SP 8 16 . . .
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Let us do themath. Bymultiplying the probability for each outcomewith

its utility we get the following infinite series:

1

2
� 2
1
� 1

4
� 4
2
þ 1

8
� 8
3
� 1

16
� 16
4

þ 1

32
� 16
5
. . . ¼ 1� 1

2
þ 1

3
� 1

4
þ 1

5
. . . ¼

X
n

�1ð Þn�1

n

The series
X

n

�1ð Þn�1

n is known as the alternating harmonic series. This is an

example of a conditionally convergent series. Generally speaking, the seriesX∞

j¼1
an is conditionally convergent just in case

X∞

j¼1
an converges, butX∞

j¼1
janj diverges. Because of a mathematical theorem known as the

Riemann rearrangement theorem (which we will just take for granted here),

mathematicians can prove to us that if an infinite series is conditionally con-

vergent then its terms can be rearranged such that the series converges to any

given value, including þ∞ and �∞. For instance, if the numbers are summed

up in the temporal order in which the consequences are produced, the

result is 1� 1
2 þ 1

3 � 1
4 þ 1

5 . . . ¼ ln 2. However, by simply rearranging the order

inwhich the very same numbers are added, a different result is obtained. Here

is an example: 1� 1
2 � 1

4 þ 1
3 � 1

6 � 1
8 þ 1

5 � 1
10 � 1

12 þ 1
7 � 1

14 � 1
16 . . . ¼ 1

2 ln 2ð Þ: By
making more complicated rearrangements the sum can be made to con-

verge to 5, �1=3, or even þ∞ or �∞.

From an intuitive point of view this may seem counterintuitive, but

the math of the Riemann rearrangement theorem is uncontroversial.

The upshot is that if there is no “correct” order in which one should sum

up the terms in the alternating harmonic series, then any conclusion about

the expected utility of the Pasadena game seems arbitrary.

The most widely discussed proposal for how to deal with the Pasadena

paradox is due to Kenny Easwaran. His proposal is to distinguish between

what he calls the strong and weak expectation of a lottery. To fully grasp this

distinction requires more math than what is appropriate for this introduc-

tory book. However, the strong expectation of the Pasadena game is defined

such that if one lets this value determine one’s choice, then it follows that,

“if one player keeps getting to decide whether to play again or quit, then she

can almost certainly guarantee as much profit as she wants, regardless of

the (constant) price per play” (Easwaran 2008: 635). If one on the other hand

lets the weak expectation determine one’s choice, then it follows that, “by

fixing in advance a high enough number of n plays, the average payoff per

play can be almost guaranteed to be arbitrarily close to log 2” (ibid.).
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A possible drawback of Easwaran’s proposal is that not all gambles have

aweak expectation, so this is not a universal solution for evaluating all sorts

of gambles. Another problem is that Pasadena-like paradoxes can arise in

nonprobabilistic contexts. This indicates that the ultimate cause of the

paradox is the Riemann rearrangement theorem rather than the expected

utility principle itself. To illustrate this point, imagine that we have an

infinite stack of n consecutively numbered cards (or a computer model of

all those cards). The value you attach to each card is given by the formula
�1ð Þn�1

n . What is the total value you should attach to the entire stack of cards?

If we sum up the values in the way in which the cards are stacked in the

deck, then the sum will be ln 2. However, imagine that you accidentally

drop all the cards on the floor. Intuitively, this should not be a big concern,

because the value of each card is determined by the number n written on it

and the formula stated above. However, after you have picked up all the

cards and stacked them on the table you find that the cards are now stacked

in a different order. When you perform the same calculation a second time,

by adding the value of the card at the top of the stack to that of the next, it

turns out that this time the sum is−1000 units. Then you accidentally drop

the stack on the floor again; the third time you calculate the sum it is +99.

The point of this example is to show that the source of the Pasadena

paradox has little to do with the expected utility principle as such. The

Pasadena paradox affects a much wider class of normative principles: Any

principle that holds that the value of something depends on the sum of its

partswill run into this difficulty. Here is an example frommyown2013 paper,

which is meant to illustrate this point: According to the theory of aesthetics

you happen to believe in, the overall aesthetic value of Jackson Pollock’s

painting Convergence from 1952 is the sum of the values of some, but not all,

of its parts (or spots). To keep things simple, we imagine that all elements you

care about happen to be points on a straight line. The distance between each

pair of points is ½, ¼,⅛ . . . You now assign arbitrary numbers 1, 2, 3 . . . to the

relevant parts of the painting. You thereafter look at the painting and

come to believe that the aesthetic value of each element j is
�1ð Þ j�1

j . What

is the total aesthetic value of this painting? Because the numbering of

the elements was arbitrary, the sum will also be arbitrary. This follows

from the Riemann rearrangement theorem. So if you believe that the

value of the whole equals the sum of its parts, it seems that no meaningful

conclusion can be reached about the aesthetic value of the painting.
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4.8 The Two-Envelope Paradox

The two-envelope paradox arises from a choice between two envelopes,

each of which contains some money. A trustworthy informant tells you

that one of the envelopes contains exactly twice as much as the other, but

the informant does not tell you which is which. Since this is all you know,

you decide to pick an envelope at random. Let us say you pick envelope

A. Just before you open envelope A you are offered to swap and take

envelope B instead. The following argument indicates that you ought to

swap. Let x denote the amount in A. Then envelope B has to contain either

2x or x/2 dollars. Given what you know, both possibilities are equally likely.

Hence, the expected monetary value of swapping to B is 1
2 � 2xþ 1

2 � x2 ¼ 5
4 x.

Since 5
4 x is more than x, it is rational to take B instead of A.

However, just as you are about to open envelope B, you are offered to

swap back. The following argument indicates that you ought to take envel-

ope A. Let y denote the amount in envelope B. It then follows that envelope

A contains either 2y or y/2 dollars. As before, both possibilities are equally

likely, so the expectedmonetary value of swapping is 1
2 � 2yþ 1

2 � y2 ¼ 5
4 y. Since

5
4 y is more than y you ought to swap.

Clearly, there must be something wrong with the reasoning outlined

here. It simply cannot hold true that the expected monetary value of choos-

ing A exceeds that of choosing B, at the same time as the expectedmonetary

value of choosing B exceeds that of choosing A. Consider Table 4.12 and

Table 4.13.

Table 4.12

1/2 1/2 Expected value

Envelope A x x x

Envelope B 2x 1/2x 5x/4

Table 4.13

1/2 1/2 Expected value

Envelope A 2y 1/2y 5y/4

Envelope B y y y
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The present formulation of the paradox presupposes that there is no

upper limit to how much money there is in the world. To see this, suppose

that there indeed is some upper limit L to how much money there is in the

world. It then follows that no envelope can contain more than (2/3)L, in

which case the other envelope would be certain to contain (1/3)L. (If, say,

envelope A contains (2/3)L, then it would clearly be false that envelope

B contains either 2 · (2/3)L or 1/2 · (2/3)L. Only the latter alternative would

be a genuine possibility.) Hence, for the paradox to be viable one has to

assume that the amount of money in the world is infinite, which is implau-

sible. That said, the paradox can easily be restated without referring to

monetary outcomes. If we assume the existence of infinite utilities the

paradox will come alive again.

The two-envelope paradox can also be generated by starting from

the St. Petersburg paradox: A fair coin is flipped n times until it lands

heads up. Then a prize worth 2n units of utility is put in one of the

envelopes and either half or twice that amount in the other envelope.

It follows that, for every finite n, if the first envelope contains 2n units

of utility, one always has reason to swap to the other envelope, since

its expected utility is higher. However, as we know from the discus-

sion of the St. Petersburg paradox, the expected utility of the contents in

each envelope is infinite.

At present there is no consensus on how to diagnose the two-envelope

paradox. A large number of papers have been published in philosophical

journals. Most attempt to show that the probability assignments are illegi-

timate, for one reason or another. However, it has also been argued that the

way the outcomes are described does not accurately represent the real

decision problem. I leave it to the reader to make up her own mind about

this surprisingly deep problem.

Exercises

4.1 Consider the decision problem illustrated below.

1/2 1/4 1/4

a1 $49 $25 $25

a2 $36 $100 $0

a3 $81 $0 $0
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(a) The decision maker’s utility u of money is linear. Which act should be

chosen according to the principle of maximizing expected monetary

value?

(b) The decision maker’s utility u of money x is given by the formula

uðxÞ ¼ ffiffiffi
x

p
. Which act should be chosen according to the principle of

maximizing expected utility?

4.2 I am at a conference in Cambridge, but plan to catch a flight from

Heathrow this afternoon. I must decide whether to go to Heathrow by

bus, which costs $40, or buy a train ticket for $70. If I take the bus

I might get stuck in traffic andmiss my flight. I would then have to buy

a new ticket for $100. According to the latest statistics, the traffic on

the highway to Heathrow is intense one day in three. (a) Should I travel

by train or bus? (b) This description of my decision problem overlooks

a number of features that might be relevant. List the most important

ones.

4.3 (a) You are in Las Vegas. The probability of winning a jackpot of

$350,000 is one in a million. How much should you, who find no

reason to reject the principle of maximizing expected utility, be

prepared to pay to enter this gamble? Your utility of money is u(x)

= ln(x + 1).

(b) This time the probability of winning the jackpot of $350,000 is one

in a thousand. How much should you, who find no reason to reject

the principle of maximizing expected utility, be prepared to pay to

enter this gamble? Your utility of money is u(x) = ln(x + 1).

(c) Why is the difference between the amount you are willing to pay in

(a) and (b) so small?

(d) Why didwe assume that your utility function is u(x)= ln(x + 1), rather

than just u(x) = ln(x)?

4.4 Consider the decision problem illustrated below. The probability for

each state of the world is 1/3.

1/3 1/3 1/3

a1 $53 $110 $5

a2 $89 $70 $5

a3 $5 $5 $110
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(a) The decision maker’s utility u of money is linear. Which act should

be chosen according to the principle of maximizing expectedmone-

tary value?

(b) The decision maker’s utility u of money x is given by the formula

u xð Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðxþ 11Þp
. Which act should be chosen according to the

principle of maximizing expected utility?

4.5 (a) What is the law of large numbers?

(b) How is the law of large numbers related to the theorem known as

gambler’s ruin?

4.6 (a) Explain why Allais’ and Ellsberg’s paradoxes pose difficulties for the

principle of maximizing expected utility.

(b) Explain the difference between the two paradoxes – they arise for

two different reasons.

4.7 Suppose that you prefer Gamble 1 to Gamble 2, andGamble 4 to Gamble

3. Show that your preferences are incompatible with the principle of

maximizing expected utility, no matter what your utility of money

happens to be.

1/3 1/3 1/3

Gamble 1 $50 $50 $50

Gamble 2 $100 $50 $0

Gamble 3 $50 $0 $50

Gamble 4 $100 $0 $0

4.8 (a) Explain why the St. Petersburg paradox poses a difficulty for the

principle of maximizing expected utility.

(b) Construct a new version of the St. Petersburg paradox, in which the

player rolls a six-sided die instead of tossing a coin.

4.9 There is an interesting connection between the St. Petersburg and the

two-envelope paradox – explain!

Solutions

4.1 (a) a2, (b) a1.

4.2 (a) If money is all that matters, and my utility of money is linear,

I should buy a train ticket. It will cost me $70, but the expected
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monetary cost of going by bus is $73.33. (b) Arguably, money is

not all that matters. For instance, traveling by train is more com-

fortable and if I miss the flight I will be severely delayed. You

should also attempt to find out the chances of being delayed on

the train.

4.3 (a) The expected utility of the gamble is

999999
106

� ðln 1Þ þ 1
106

� ðln 350001Þ ¼ 1:27657 � 10�5. Hence, if the price

of the gamble is x, then e1;27657�10�5 ¼ xþ 1, so x≈1000013 − 1.

(b) The expected utility of the gamble is
999
103

� ðln 1Þ þ 1
103

� ðln 350001Þ ¼ 0:012765691. Hence, you should pay

at most e0.012765691 − 1 ≈ $0.013.

(c) Because your marginal utility of money is very small money hardly

matters to you.

(d) Because ln 0 is undefined.

4.4 (a) a1.

(b) a1 or a2 (They have the same expected utility: 23/3.)

4.5 See Section 4.2.

4.6 See Sections 4.3 and 4.4.

4.7 We calculate the difference in expected utility between Gamble 1 and

Gamble 2, and between Gamble 3 and Gamble 4. Since these are equal,

you have to prefer Gamble 1 to Gamble 2 if and only if you prefer

Gamble 3 to Gamble 4.

uðG1Þ � uðG2Þ ¼ ð50Þ � ½1=3uð100Þ þ 1=3uð50Þ þ 1=3ð0Þ�
¼ 2=3uð50Þ � 1=3uð100Þ � 1=3ð0Þ

uðG3Þ � uðG4Þ ¼ ½2=3uð50Þ þ 1=3uð0Þ� � ½1=3uð100Þ þ 2=3uð0Þ�
¼ 2=3uð50Þ � 1=3uð100Þ � 1=3ð0Þ

4.8 (a) See Section 4.6.

(b) A fair die is rolled until a six comes up. The player then receives

a prize worth 6n units of utility, where n is the number of times the

die was rolled. So if a six comes up the first time the die is rolled, the

player wins a prize worth 6 units of utility, but if a six comes up, say,

on the fourth toss, the player wins 64 = 6 · 6 · 6 · 6 = 1296 units of

utility. How much utility should you be willing to “pay” for the
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opportunity to play this game? According to the expected utility

principle you must be willing to pay any finite amount of utility,

because

X∞
n¼1

1

6

� �n

� 6n ¼ 1
6 � 6þ 1

36 � 36þ 1
216 � 216þ . . . ¼ 1þ 1þ 1þ . . . ¼ ∞.

4.9 See Section 4.7.
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5 Utility

It is hard to think of any minimally reasonable decision rule that totally

ignores how much utility an act brings about. However, the concept of

utility has many different technical meanings, and it is important to

keep these different meanings apart. In Chapter 2 we distinguished

three fundamentally different kinds of measurement scales. All scales

are numerical, i.e. utility is represented by real numbers, but the infor-

mation conveyed by the numbers depends on which type of scale is

being used.

1. Ordinal scales (“10 is better than 5”)

2. Interval scales (“the difference between 10 and 5 equals that between 5 and 0”)

3. Ratio scales (“10 is twice as valuable as 5”)

In ordinal scales, better objects are assigned higher numbers.

However, the numbers do not reflect any information about differences

or ratios between objects. If we wish to be entitled to say, for instance,

that the difference between ten and five units is exactly as great as the

difference between five and zero units, then utility has to be measured

on an interval scale. Furthermore, to be entitled to say that ten units of

utility is twice as much as five, utility must be measured on a ratio

scale.

Arguably, utility cannot be directly revealed by introspection. We could

of course ask people to estimate their utilities, but answers gathered by this

method would most certainly be arbitrary. Some more sophisticated

method is needed. So how on earth is it possible to assign precise numbers

to outcomes and acts that accurately reflect their value? And how can this

process be a scientific one, rather than a process that ismerely arbitrary and

at best based on educated guesses?
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5.1 How to Construct an Ordinal Scale

Let us first show how to construct an ordinal utility scale. To make the

discussion concrete, imagine that you have a collection of crime novels, and

that you wish to assign ordinal utilities to each book in your collection.

To avoid a number of purely mathematical obstacles we assume that the

number of books in the collection is finite. Now, it would by no means be

unreasonable to ask you to answer the following question: “Which novel do

you like themost, The Hound of the Baskervilles by Arthur ConanDoyle orDeath

on the Nile by Agatha Christie?” Suppose you answer Death on the Nile. This

preference can be represented by the symbol ≻ in the following way.

(1) Death on the Nile ≻ The Hound of the Baskervilles

Proposition (1) is true if and only if Death on the Nile is preferred over

The Hound of the Baskervilles. This may sound trivial, but what does this mean,

more precisely? How do we check if you do in fact prefer Death on the Nile to

The Hound of the Baskervilles? Economists argue that there is an easy answer to

this question: Your preferences are revealed in your choice behavior.

Therefore, you prefer x to y if and only if you choose x over y whenever

given the opportunity. The main advantage of this proposal is that it links

preference to directly observable behavior, which entails that the concept

of preference (and hence utility) becomes firmly connected with empirical

observations. However, it is of course easy to question this alleged connec-

tion between choice and preference. Perhaps you actually preferred x over y,

but chose y by mistake, or did not know that y was available. Furthermore,

using the behaviorist interpretation of preferences it becomes difficult to

distinguish between strict preference (“strictly better than”) and indiffer-

ence (“equally good as”). The observation that you repeatedly choose x over

y is equally compatible with the hypothesis that you strictly prefer x over

y as with the hypothesis that you are indifferent between the two. However,

for the sake of the argument we assume that the decision maker is able, in

one way or another, to correctly state pairwise preferences between any

pair of objects.

Indifference will be represented by the symbol ~. For future reference we

also introduce the symbol ≻̲, which represents the relation “at least as

preferred as.” We now have three different preference relations, ≻, ~ and

≻̲. Each of them can easily be defined in terms of the others.
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(2a) x ≻̲ y if and only if x ≻ y or x ~ y

(2b) x ~ y if and only if x ≻̲ y and y ≻̲ x

(2c) x ≻ y if and only if x ≻̲ y and not x ~ y

Let us return to the example with crime novels. The entire collection of

novels can be thought of as a set B= {x, y, z, . . .}, where book x is Death on the

Nile and book y is The Hound of the Baskervilles, and so on. Since you were able

to state a preference between Death on the Nile and The Hound of the Baskervilles

it seems reasonable to expect that you are able to compare any two books in

your collection. That is, for every x and y in B, it should hold that:

Completeness x ≻ y or x ~ y or y ≻ x.

Completeness rules out the possibility that you fail to muster any pre-

ference between some pairs of books. This may sound trivial, but it is in fact

a rather strong assumption. To see this, consider a completely different kind

of choice: Do you prefer to be satisfied but stupid like a pig, or dissatisfied

but clever as Socrates? A natural reaction is to say that the two alternatives

are incomparable. (J.S. Mill famously had a different opinion; he preferred

the latter to the former.) The possibility of incomparability is not consistent

with the completeness axiom.

Wemoreover assume that strict preferences are asymmetric and negatively

transitive.

Asymmetry If x ≻ y, then it is false that y ≻ x.

Transitivity If x ≻ y and y ≻ z, then x ≻ z.

Negative transitivity If it is false that x ≻ y and false that y ≻ z, then it is false

that x ≻ z.

From asymmetrywe can conclude that ifDeath on the Nile is preferred over

The Hound of the Baskervilles, then it is not the case that The Hound of the

Baskervilles is preferred over Death on the Nile. Transitivity is a slightly more

complex property: if Death on the Nile is preferred over The Hound of the

Baskervilles and The Hound of the Baskervilles is preferred over Sparkling

Cyanide, then Death on the Nile is preferred over Sparkling Cyanide. This

assumption has been seriously questioned in the literature, for reasons we

will return to in Chapter 8. Here, we shall accept it without further ado.
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Negative transitivity is a slightly stronger version of transitivity. The

reason why we assume negative transitivity rather than just transitivity is

because we need it. Negative transitivity implies that indifference is transi-

tive (if x ~ y and y ~ z, then x ~ z), but this does not follow from the assumption

that strict preference is transitive. (I leave it to the reader to verify this claim.)

Furthermore, it can also be shown that negative transitivity, but not transi-

tivity, entails that x ≻ z if and only if, for all y in B, x ≻ y or y ≻ z.

Let us now return to the problem of constructing an ordinal utility scale.

What assumptions must we make about preference relations for this to be

possible? That is, what must we assume about preferences for there to exist

a function u that assigns real numbers to all books in your collection such

that better books are assigned higher numbers, i.e.

(3) x ≻ y if and only if u(x) > u(y)?

Note that there would not, for instance, exist a utility function u if the

strict preference relation is cyclic, i.e. if x ≻ y and y ≻ z and z ≻ x. There are

simply no real numbers that can represent this ordering such that better

Box 5.1 An ordinal utility scale

Theorem 5.1 Let B be a finite set of objects. Then, ≻ is complete,

asymmetric and negatively transitive in B if and only if there exists

a real-valued function u such that condition (3) on this page.

Proof We have to prove both directions of the biconditional. Let us

first show that if there exists a function u such that (3) holds, then the

preference relation ≻ is complete, asymmetric and negatively transi-

tive. Completeness follows directly from the corresponding property

of the real numbers: Since it is always true that u(x) > u(y) or u(x)= u(y)

or u(y) > u(x), it follows that x ≻ y or x ~ y or y ≻ x. Furthermore, note

that if u(x) > u(y), then it is not the case that u(y) > u(x); this is sufficient

for seeing that ≻ is asymmetric. Finally, negative transitivity follows

from the observation that if u(x) ≥ u(y) and u(y) ≥ u(z), then u(x) ≥ u(z).

(Since x ≻ y is not compatible with y ≥ x, given completeness.)

Next, we wish to show that if the preference relation ≻ is com-

plete, asymmetric and transitive, then there exists a function u such

that (3) holds. We do this by outlining one of the many possible ways
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objects are represented by higher numbers. However, it can be shown that

such numbers do exist, i.e. that there is a real-valued function u such that (3)

holds true, if and only if the relation ≻ is complete, asymmetric and nega-

tively transitive. (A proof is given in Box 5.1.) Thismeans thatwe have solved

the problem we set out to solve – we now know under what conditions it is

possible to construct an ordinal utility scale, and how to do it!

5.2 Von Neumann and Morgenstern’s Interval Scale

In many cases ordinal utility scales do not provide the information required

for analyzing a decision problem. The expected utility principle as well as

in which u can be constructed. Before we start, we label the elements

in B with index numbers. This can be done by just adding indices to

the elements of B, i.e. B = {x1, y2, z3 . . .}. The next step is to define the

set of elements that are worse than an arbitrarily chosen element x. Let

W (x) = {y: x ≻ y}, i.e. y is an element in W that is worse than x.

Furthermore, let N(x) be the set of index numbers corresponding to W,

i.e. N(x) = {n: xn Є W (xn)}.

The utility function u can now be defined as follows:

u xð Þ ¼ P
n2N xð Þ

1
2

� �n
All that remains to do is to verify that u satisfies (3), i.e. that x≻ y if

and only if u(x) > u(y). From left to right: Suppose that x≻ y. Then, since

≻ is transitive and asymmetric, W(x) must contain at least one ele-

ment that is not in W(y). Hence, N(x) must also contain at least one

element that is not in N(y). By stipulation we now have:

u xð Þ ¼
X

n2N xð Þ

1

2

� �n

¼
X

n2N yð Þ

1

2

� �n

þ
X

n2N xð Þ�N yð Þ

1

2

� �n

>
X

n2N yð Þ

1

2

� �n

¼ u yð Þ

From right to left: Suppose that u(x) > u(y). Completeness guar-

antees that x ≻ y or x ~ y or y ≻ x. The last alternative is impossible,

since it has already been shown above that if y ≻ x then u(y) > u(x),

which is a contradiction. For the same reason, we can rule out x ~ y,

because u(x) = u(y) is also inconsistent with u(x) > u(y). Hence, we can

conclude that x ≻ y. □
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several other decision rules presuppose that utility ismeasuredon an interval

scale. In the second edition of the Theory of Games and Economic Behavior,

published in 1947, John von Neumann and Oskar Morgenstern proposed

a theory that has become the default strategy for constructing interval scales,

with which other theories of utility must compete. This is partly because von

Neumann and Morgenstern’s theory does not merely explain what utility is

and how it can be measured; their theory also offers an indirect but elegant

justification of the principle of maximizing expected utility.

The key idea in von Neumann and Morgenstern’s theory is to ask the

decision maker to state a set of preferences over risky acts. These acts are

called lotteries, because the outcome of each act is assumed to be ran-

domly determined by events (with known probabilities) that cannot be

controlled by the decision maker. The set of preferences over lotteries is

then used for calculating utilities by reasoning “backwards.” To illustrate

this point, we will consider a simple example. Note that the example

only gives a partial and preliminary illustration of von Neumann and

Morgenstern’s theory.

Suppose that Mr. Simpson has decided to go to a rock concert, and that

there are three bands playing in Springfield tonight. Mr. Simpson thinks

that band A is better than band B, which is better than band C. For some

reason, never mind why, it is not possible to get a ticket that allows him to

watch band A or C with 100% certainty. However, he is offered a ticket that

gives him a 70% chance of watching band A and a 30% chance of watching

band C. The only other ticket available allows him to watch band B with

100% certainty. For simplicity, we shall refer to both options as lotteries,

even though only the first involves a genuine element of chance. After

considering his two options carefully, Mr. Simpson declares them to be

equally attractive. That is, to watch band B with 100% certainty is, for

Mr. Simpson, exactly as valuable as a 70% chance of watching band A and

a 30% chance of watching band C. Now suppose we happen to know that

Mr. Simpson always acts in accordance with the principle of maximizing

expected utility. By reasoning backwards, we can then figure out what his

utility for rock bands is, i.e. we can determine the values of u(A), u(B) and

u(C). Consider the following equation, which formalizes the hypothesis that

Mr. Simpson accepts the expected utility principle and thinks that the two

options are equally desirable:
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0:7 � u Að Þ þ 0:3 � u Cð Þ ¼ 1:0 � u Bð Þ ð1Þ

Equation (1) has three unknown variables, so it has infinitely many

solutions. However, if utility is measured on an interval scale, Equation (1)

nevertheless provides all the information we need, since the unit and

end points of an interval scale can be chosen arbitrarily. (See Chapter 2.)

We may therefore stipulate that the utility of the best outcome is 100 (that

is, u(A)= 100), and that the utility of theworst outcome is 0 (that is, u(C)= 0).

By inserting these arbitrarily chosen end points into Equation (1), we get the

following equation.

0:7 � 100þ 0:3 � 0 ¼ 1:0 � u Bð Þ ð2Þ

Equation (2) has only one unknown variable, and it can be easily solved:

As you can see, u(B) = 70. Hence, we now know the following.

uðAÞ ¼ 100
uðBÞ ¼ 70
uðCÞ ¼ 0

Now suppose that Mr. Simpson is told that another rock band will play in

Springfield tonight, namely band D, which he thinks is slightly better than

B. What would Mr. Simpson’s numerical utility of watching band D be? For

some reason, never mind why, Mr. Simpson is offered a ticket that entitles

him to watch band D with probability p and band C with probability 1 − p,

where p is a variable that he is free to fix himself. To figure out what his

utility for D is, he asks himself the following question: “Which value of

p would make me feel totally indifferent between watching band B with

100% certainty, and Dwith probability p and Cwith probability 1− p?” After

considering his preferences carefully, Mr. Simpson finds that he is indiffer-

ent between a 100% chance of watching band B and a 78% chance of watch-

ing D combined with a 22% chance of watching C. Since we know that

u(B) = 70 and u(C) = 0, it follows that:

1:0 � 70 ¼ 0:78 � u Dð Þ þ 0:22 � 0 ð3Þ

By solving this equation, we find that u (D) = 70/0.78 ≈ 89.7. Of course,

the same method could be applied for determining the utility of every type

of good. For instance, ifMr. Simpson is indifferent between a 100% chance of

watching rock band B and a 95% chance of winning a holiday in Malibu
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combined with a 5% chance of watching band C, then his utility of a holiday

in Malibu is 70/0.95 = 73.7.

An obvious problem with this preliminary version of von Neumann

and Morgenstern’s theory is that it presupposes that the decision maker

chooses in accordance with the principle of maximizing expected utility.

We seem to have no reason for thinking that the decision maker will

apply the expected utility principle, rather than some other principle,

for evaluating lotteries. This very strong assumption needs to be justified

in one way or another. Von Neumann and Morgenstern proposed

a clever way of doing that. Instead of directly assuming that the decision

maker will always apply the expected utility principle (as we did above),

they proposed a set of constraints on rational preferences which imply that

the decision maker behaves as if he or she is making decisions by

calculating expected utilities. More precisely put, von Neumann and

Morgenstern were able to prove that if a decision maker’s preferences

over the sort of lotteries exemplified above satisfy a number of formal

constraints, or axioms, then the decision maker’s choices can be repre-

sented by a function that assigns utilities to lotteries (including lotteries

comprising no uncertainty), such that one lottery is preferred to another

just in case the expected utility of the first lottery exceeds that of the

latter. In the remaining paragraphs of this section we shall spell out the

technical assumptions underlying von Neumann and Morgenstern’s the-

ory in more detail.

We assume that Z is a finite set of basic prizes, which may include

a holiday in Malibu, a ticket to a rock concert, as well as almost any kind

of good. That is, the elements of Z are the kind of things that typically

constitute outcomes of risky decisions. We furthermore assume that L is

the set of lotteries that can be constructed from Z by applying the following

inductive definition. (Note that even a 100% chance of winning a basic prize

counts as a “lottery” in this theory.)

1. Every basic prize in Z is a lottery.

2. If A and B are lotteries, then so is the prospect of getting A with prob-

ability p and B with probability 1 − p, for every 0 ≤ p ≤ 1.

3. Nothing else is a lottery.

For simplicity, the formula ApB will be used as an abbreviation for

a lottery in which one wins A with probability p and B with probability
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1 − p. Thus, the second condition stated above could equally well be

formulated as follows: If A and B are lotteries, then so is ApB, for every

0 ≤ p ≤ 1. Furthermore, since ApB is a lottery, it follows that also Cq(ApB),

0 ≤ q ≤ 1 is a lottery, given that q is a probability and C is a lottery. And so

on and so forth.

The next assumption introduced by von Neumann and Morgenstern

holds that the decision maker is able to state pairwise preferences

between lotteries. The formula A ≻ B means that lottery A is preferred

over lottery B, and A ~ B means that lottery A and B are equally preferred.

Now, it should be obvious that preferences have to satisfy some structural

conditions. For example, it would make little sense to prefer A to B and B to

A; that is, for a rational decision maker it cannot hold true that A ≻ B and

B ≻ A. This property of rational preferences is usually referred to as the

asymmetry condition. What further conditions could we impose upon

rational preferences? Von Neumann and Morgenstern, as well as many

other decision theorists, take completeness and transitivity to be two

intuitively reasonable conditions. We recognize them from the discussion

of ordinal utility. However, note that the objects over which one is sup-

posed to state preferences are now a set of lotteries, not a set of certain

outcomes.

vNM 1 (Completeness) A ≻ B or A ~ B or B ≻ A

vNM 2 (Transitivity) If A ≻ B and B ≻ C, then A ≻ C

To state the next axiom, let p be some probability strictly greater

than zero.

vNM 3 (Independence) A ≻ B if and only if ApC ≻ BpC

The independence axiom is best illustrated by considering an example.

Imagine that you are offered a choice between lotteries A and B in Table 5.1.

Each ticket is equally likely to be drawn, so the probability of winning, say,

$5 million if lottery B is chosen is 10/11.

Suppose that you prefer lottery A to lottery B. Then, according to the

independence axiom it must also hold that you prefer the first lottery to

the second in the situation illustrated in Table 5.2. That is, you must prefer

ApC to BpC.
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The strongest objection to the independence axiom is that it entails

the Allais paradox, discussed in Chapter 4. To see this, note that the inde-

pendence axiom is supposed to hold nomatter what C is. Thus, if you prefer

A to B in the first situation you must also prefer ApC to BpC in the situation

illustrated in Table 5.3. However, in this case it seems entirely reasonable to

hold the opposite preference, that is, to prefer BpC to ApC. This is because

there is no longer any alternative that gives you a million for sure. Hence, it

might be worth taking a slightly larger risk and hope to get $5 million

instead.

However, despite the worries raised above we shall nevertheless suppose

that the independence axiom can be defended in someway or another. This

is because we need it for formulating the utility theory proposed by von

Neumann and Morgenstern.

The fourth and last axiomproposed by vonNeumann andMorgenstern is

a continuity condition. Let p and q be someprobabilities strictly greater than

0 and strictly smaller than 1.

vNM 4 (Continuity) If A ≻ B ≻ C then there exist some p and q such that

ApC ≻ B ≻ AqC

Table 5.1

Ticket no. 1 Ticket no. 2–11

A $1 m $1 m

B $0 $5 m

Table 5.2

Ticket no. 1 Ticket no. 2–11 Ticket no. 12–100

ApC $1 m $1 m $1 m

BpC $0 $5 m $1 m

Table 5.3

Ticket no. 1 Ticket no. 2–11 Ticket no. 12–100

ApC $1 m $1 m $0

BpC $0 $5 m $0
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The following example explains the assumption articulated by the con-

tinuity axiom. Suppose that A is a prize worth $10 m, B a prize worth $9 m

and C a prize worth $0. Now, according to the continuity axiom, if you

prefer $10m to $9m and $9m to $0, then theremust be some probability p,

which may be very close to 1, such that you prefer $10 m with probability

p and $0 with probability 1− p over $9 m for sure. Furthermore, there must

be some probability q such that you prefer $9 m for sure over $10 m with

probability q and $0mwith probability 1− q. Of course, some people might

feel tempted to deny that these probabilities exist; perhaps it could be

argued that there is no probability p simply because $9 m for sure is always

better than a lottery yielding either $10 m or $0, no matter how small the

probability of getting $0 is. The standard reply to this complaint is that

p might lie very close to 1.

In addition to the four axioms stated above, we also need to make an

additional technical assumption, saying that the probability calculus

applies to lotteries. (In some presentations this condition is listed as

a separate axiom.) The essence of this assumption is that it does not matter

if you are awarded prize A if you first roll a die and then roll it again, ormake

a double roll, provided that you only get the prize if you get two sixes. Put

into mathematical vocabulary, compound lotteries can always be reduced

to simple ones, involving only basic prizes. Hence, if p, q, r and s are prob-

abilities such that pq + (1 − p)r = s, then (AqB)p(ArB) ~ AsB.

The axioms stated above imply the following theorem, which is

frequently referred to as von Neumann and Morgenstern’s theorem.

It consists of two parts, a representation part and a uniqueness part.

Theorem 5.2 The preference relation ≻ satisfies vNM 1–4 if and only if

there exists a function u that takes a lottery as its argument and returns

a real number between 0 and 1, which has the following properties:

(1) A ≻ B if and only if u(A) > u(B).

(2) u(ApB) = pu(A) + (1 − p)u(B).

(3) For every other function u0 satisfying (1) and (2), there are numbers c > 0

and d such that u0 = c · u + d.

Property (1) articulates the fact that the utility function u assigns higher

utility numbers to better lotteries. From (1) it follows that A ~ B if and only if

u(A) = u(B). Here is a proof: To prove the implication from left to right,
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suppose for reductio that A ~ B and that u(A) > u(B). It then follows from

(1) that A ≻ B, which contradicts the completeness axiom. Moreover,

if A ~ B and u(B) > u(A) it follows that B ≻ A, which also contradicts

the completeness axiom. Hence, if A ~ B then it has to be the case that

u(A) = u(B). Furthermore, to prove the implication from right to left,

suppose that u(A) = u(B) and that it is false that A ~ B. The completeness

axiom then entails that either A ≻ B or B ≻ A (but not both), and in

conjunction with (1) both possibilities give rise to a contradiction,

because neither u(A) > u(B) nor u(B) > u(A) is consistent with the assump-

tion that u(A) = u(B).

Property (2) of the theorem is the expected utility property. It shows

us that the value of a compound lottery equals the expected utility of

its components. This means that anyone who obeys the four axioms

acts in accordance with the principle of maximizing expected utility.

Of course, it does not follow that the decision maker consciously applies

the expected utility principle. All that follows is that it is possible to

rationalize the decision maker’s behavior by pointing out that he acts as

if he or she were ascribing utilities to outcomes and calculating the

expected utilities.

Properties (1) and (2) are the representation part of the theorem, which

showhow a utility function can be used for representing the decisionmaker’s

behavior. Property (3) is the uniqueness part, telling us that all utility

functions satisfying (1) and (2) have something important in common:

they are all positive linear transformations of each other. This means

that every utility function satisfying (1) and (2) can be obtained from

every other such function by multiplying the latter by a constant and

adding another constant. As explained in Chapter 2, this means that in

von Neumann and Morgenstern’s theory utility is measured on an inter-

val scale. A proof of von Neumann and Morgenstern’s theorem can be

downloaded from www.martinpeterson.org.

Commentators have outlined at least three general objections to von

Neumann and Morgenstern’s result. If correct, these objections show that

a utility function cannot be constructed in the way proposed by them.

(1) The axioms are too strong. As pointed out above, the axioms on which the

theory relies are not self-evidently true. It can be questioned whether
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rational agents really have to obey these axioms. We shall return to

this criticism, which is by far the most common one, in Chapter 8.

(2) No action guidance. By definition, a rational decision maker who is

about to choose among a large number of very complex acts (lot-

teries) has to know already from the beginning which risky act (lot-

tery) to prefer. This follows from the completeness axiom. Hence,

a utility function derived in von Neumann and Morgenstern’s theory

cannot be used by the decision maker for first calculating expected

utilities and thereafter choosing an act having the highest expected

utility. The output of von Neumann and Morgenstern’s theory is not

a set of preferences over acts – on the contrary, these preferences are

used as input to the theory. Instead, the output is a (set of) utility

function(s) that can be used for describing the agent as an expected

utility maximizer. Hence, ideal agents do not prefer an act because its

expected utility is favorable, but can only be described as if they were

acting from this principle. To some extent, the theory thus puts the

cart before the horse.

In reply to this objection, it could be objected that someone who is

not fully rational (and thus does not have a complete preference

ordering over lotteries) might nevertheless get some help from the

axioms. First, they can be used for detecting any inconsistencies in the

decision maker’s set of preferences. Second, once your utility function

has been established the expected utility principle could be used for

filling any “missing gaps,” i.e. lotteries you have not yet formed pre-

ferences about. Note that both these responses presuppose that the

decision maker is a nonideal agent. But what about ideal decision

makers? Does it really make sense to define an ideal decision maker

such that it becomes trivially true that ideal decision makers do not

need any action guidance?

(3) Utility without chance. It seems rather odd from a linguistic point of view to

say that themeaning of utility has something to do with preferences over

lotteries. For even a decisionmaker who (falsely) believes that he lives in

a world in which every act is certain to result in a known outcome, i.e.

a world that is fully deterministic and known to be so, canmeaningfully

say that the utility of some events exceeds that of others. In everyday

contexts the concept of utility has no conceptual link to the concept of

risk. Hence, it might be questionable to develop a technical notion of
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utility that presupposes such a link, at least if it is meant to be applied in

normative contexts. (Perhaps it might be fruitful for descriptive

purposes.)

The obvious reply to this objection is that von Neumann and

Morgenstern’s theory is not a claim about the meaning of utility, it is

a claim about how tomeasure utility. However, this is not a very helpful

reply, because it then follows that their theory is at best a partial theory.

If we acknowledge that it wouldmake sense to talk about utilities even if

the world was fully deterministic and known to be so, it seems to follow

that we would then have to come up with some other method for

measuring utility in that world. And if such a method exists, why not

use it everywhere?

Box 5.2 How to buy a car from a friend without

bargaining

Joanna has decided to buy a used car. Her best friend Sue has a yellow

Saab Aero Convertible that she is willing to sell to Joanna. However,

since Joanna and Sue are good friends and do not want to jeopardize

their friendship, they feel it would be unethical to bargain about the

price. Instead, they agree that a fair price of the Saab would be the

price at which Joanna is indifferent between the Saab and the amount

of money paid for the car, irrespective of Sue’s preference. Hence, if

Joanna is indifferent between the Saab and $10,000 it follows that

$10,000 is a fair price for the car. Unfortunately, because Joanna and

Sue are friends, Joanna is not able to honestly and sincerely make

direct comparisons between the Saab and various amounts of money.

When asked to state a preference between the car and some amount

of money she cannot tell what she prefers. Therefore, to overcome

Joanna’s inability to directly compare the Saab with money they

decide to proceed as follows:

1. Sue offers Joanna to state preferences over a large number of

hypothetical car lotteries. The prizes include a Ford, the Saab and

a Jaguar. It turns out that Joanna’s preferences over car lotteries

satisfy the von Neumann–Morgenstern axioms and that she is indif-

ferent between getting the Saab for certain and a lottery in which

the probability is 0.8 that she wins a Ford and 0.2 that she wins
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a Jaguar. The von Neumann–Morgenstern theorem (Theorem 5.2)

now implies that:

(i) 0:8 � u Fordð Þ þ 0:2 � u Jaguarð Þ ¼ 1:0 � u Saabð Þ
By letting u(Jaguar)= 1 and u(Ford)= 0 it follows that u(Saab)= 0.2

2. Next, Sue helps Joanna to establish a separate utility function of

money by offering her a second set of hypothetical lotteries.

This utility function has no (direct) relation to her utility of cars.

As before, Joanna’s preferences satisfy the von Neumann–

Morgenstern axioms, and for future reference we note that she is

indifferent between getting $25,000 for certain and a lottery in

which the probability is 0.6 that she wins $60,000 and 0.4 that

she wins nothing. Joanna is also indifferent between getting

$60,000 for certain and a lottery in which the probability is 0.2

that she wins $25,000 and 0.8 that she wins $90,000. Hence, we

have:

(ii) 0:6 � u $60;000ð Þ þ 0:4 � u $0ð Þ ¼ 1:0 � u $25;000ð Þ
(iii) 0:2 � u $25;000ð Þ þ 0:8 � u $90;000ð Þ ¼ 1:0 � u $60;000ð Þ

Equation (ii) entails that if u($60,000)= 1 and u($0)= 0, then u($25,000)

= 0.6. Furthermore, according to equation (iii), if u($90,000) = 1 and

u($25,000) = 0, then u($60,000) = 0.8. The two utility scales derived

from (ii) and (iii) are not directly connected to each other. However,

they can of course bemerged into a single scale by observing that the

difference in utility between $60,000 and $25,000 corresponds to 0.4

units on scale (ii) and 0.8 units on scale (iii). This means that

a difference of 0.2 units on scale (iii) between $60,000 and $90,000

would correspond to a difference of 0.1 unit on scale (ii). Hence,

u($90,000) = 1.1 on that scale. The leftmost columns of Table 5.4

summarize the two original scales. The scales to the right show how

the original scales can be merged into a single scale as described

above, and thereafter calibrated such that the end points become 1

and 0.

3. In the third and final step Joanna has to find a way of connecting

her utility scale for cars with her utility scale for money.
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As mentioned above, she finds it impossible to directly compare the

Saab with money, but she is willing to compare other cars with

money. It turns out that she is indifferent between a Jaguar and

$90,000 and between a Ford and $25,000. So on the calibrated scale

a Jaguar is worth 1 unit of utility and a Ford 0.55 units. Hence, the

difference between a Jaguar and a Ford is 1 – 0.55 = 0.45 on the

calibrated scale. Now recall the first step, in which we established

that the utility of the Saab is 20% of the difference between the

Jaguar and the Ford. As 20% of 0.45 is 0.09, the utility of the Saab is

0.45 + 0.09 = 0.54.

What amount of money corresponds to 0.54 units of utility? This

is equivalent to asking: What amount $X for certain is judged by

Joanna to be exactly as attractive as a lottery in which she wins

$90,000 with a probability of 0.54 and $0 with a probability of 0.46?

As pointed out in Step 2, Joanna is indeed willing to answer this

type of question. After some reflection, she concludes that the

amount in question is $55,000. This answers the question we set

out to answer at the beginning: An ethically fair price of Sue’s

yellow Saab Aero Convertible is $55,000.

In summary, this example shows how the von

Neumann–Morgenstern theory can be used for making indirect

comparisons of items the agent is not immediately willing to com-

pare, e.g. a specific car and some amount of money. The trick is to

construct two separate scales, one for cars and one for money, and

then weld them together into a single scale. So in this type of case

Joanna’s preferences satisfy the completeness axiom in an indirect

sense.

Table 5.4

Scale (ii) Scale (iii) Merged scale Calibrated scale

$90,000 1 1.1 1.1/1.1 = 1

$60,000 1 0.8 1 1/1.1 = 0.91

$25,000 0.6 0 0.6 0.6 /1.1 = 0.55

$0 0 0 0/1.1 = 0
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5.3 Can Utility be Measured on a Ratio Scale?

Many decision theorists believe that utility can be measured only on an

interval scale, and that the best way to construct an interval scale is along

the lines suggested by von Neumann and Morgenstern. Arguably, this is

a metaphysical claim about the nature of utility. If correct, it tells us some-

thing important about what utility is. However, some economists and

mathematicians maintain that it is also possible to measure utility on

a ratio scale. To render this claim plausible, a radically different approach

has to be taken. The point of departure is the observation that there seems

to be an intimate link between the utility of an option and the probability

with which it is chosen. At first glance this may seem trivial. If you think

that $20 is better than $10, then you will of course choose $20 with prob-

ability 1 and $10 with probability 0, whenever offered a choice between

the two objects. However, the probabilistic theory of utility, as I shall call it,

is much more sophisticated than that.

To start with, let us suppose that an external observer wishes to figure

out what a decision maker’s utility function for some set of objects is.

We assume that it is not entirely sure, from the observer’s perspective,

what the decision maker will choose. All the observer can tell is that

the probability that some option will be chosen over another is, say, 0.8.

Imagine, for instance, that the manager of a supermarket observes that

one of her customers tends to buy apples but no bananas eight times out

of ten, and bananas but no apples two times out of ten. In that case the

manager may conclude that the customer will choose an apple over

a banana with a probability of 0.8. Now assume that the observer is

somehow able to verify that none of the customer’s tastes or desires

has changed; that is, the reason why the customer sometimes buys

apples and sometimes buys bananas is not that he frequently changes

his taste.

Empirical studies show that probabilistic choice behavior is by no

means uncommon, but how can such behavior be rational? It has been

suggested that we may think of the decision maker’s choice process as

a two-step process. In the first step, the decision maker assesses the

utility of each option. Then, in the second step, she makes a choice

among the available options by simply trying to choose an alternative

that maximizes utility. Now, there are at least two possibilities to
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consider, each of which gives rise to probabilistic choice behavior. First,

the decision maker may sometimes fail to choose an option that max-

imizes utility in the second step of the choice process, because she fails

to choose the alternative that is best for her. This version of the prob-

abilistic theory is called the constant utility model. Second, we may ima-

gine that the decision maker in the second step always chooses an

alternative with the highest utility, although the first step is probabil-

istic, i.e. the probabilities come from the assessment of utilities rather

than the choice itself. This version of the probabilistic theory is called

the random utility model. According to this view one and the same object

can be assigned different utilities at two different times, even if every-

thing else in the world is kept constant, because the act of assigning

utilities to objects is essentially stochastic.

Now, in order to establish a more precise link between probability

and utility, it is helpful to formalize the probabilistic approach. Let x, y,

z be arbitrary objects, and let A, B, . . . be sets of objects, and let the

formula p(x ≻ B) denote a probability of p that x will be chosen out of B.

Hence, p (apple ≻ {apple; banana}) = 0.8 means that the probability is 0.8

that an apple will be chosen over a banana. Furthermore, let p(A ≻ B)

denote the probability of the following conditional: If A is a subset of B,

then the probability is p that the chosen alternative in B is also an

element of A.

We now come to the technical core of the probabilistic theory. This

is the choice axiom proposed by Duncan Luce. This axiom holds that if

A is a subset of B, then the probability that x will be chosen from

B equals the probability that x will be chosen from A multiplied by the

probability that the chosen alternative in B is also an element of A.

In symbols,

Choice axiom if A⊂B; then p x ≻ Bð Þ ¼ p x ≻ Að Þ � p A ≻ Bð Þ:

To graspwhat kind of assumption is at stake here, it is helpful to consider

an example. Suppose that Mr. Simpson is visiting a posh restaurant and

that he is about to choose a wine from a list containing two red and two

white wines. Now, the choice axiom entails that it should not matter if

Mr. Simpson divides his choice into two stages, that is, first chooses between

red and white wine and then between the wines in the chosen subset, or

chooses directly which of the four wines to order. Hence, if Mr. Simpson is
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indifferent between red and white wine in general, as well as between the

two red wines and the two white ones at hand, the probability that

a particular bottle will be chosen is
1

2
� 1
2
¼ 1

4
:

Gerard Debreu, winner of the Nobel Prize in Economics, has constructed

an interesting counterexample to the choice axiom: When having dinner

in Las Vegas, Mr. Simpson is indifferent between seafood and meat, as well

as between steak and roast beef. The menu comprises only three dishes:

x = lobster, y = steak and z = roast beef. Let B be the entire menu, let A be

the set comprising x and y, and let A0 be the set of y and z. Then, since

Mr. Simpson is indifferent between seafood and meat, p x≻ Bð Þ ¼ 1

2
:

However, p A≻ Bð Þ ¼ 1� p z≻ Bð Þ ¼ 1� p z ≻ A 0ð Þ � p A
0
≻ B

� �
¼ 1� 1

2
� 1
2
¼ 3

4
:

Hence, the axiom implies that p x≻ Bð Þ ¼ p x≻Að Þ � p A≻Bð Þ ¼ 1

2
� 3
4
¼ 3

8
:

In response to Debreu’s example, people wishing to defend the choice

axiom may say that the root of the problem lies in the individuation of

alternatives. It could be argued that lobster, steak and roast beef are not

alternatives at the same level. Lobster belongs to the category “seafood,”

and could equally well be replaced with tuna, or any other seafood dish.

However, for the example to work, neither steak nor roast beef can be

replaced with some other meat dish, say kebab, because then it would no

longer be certain that the agentwill remain indifferent between the twomeat

dishes. Hence, the moral of Debreu’s example seems to be that alternatives

must be individuated with care. Perhaps the choice axiom should be taken

into account already when alternatives are being individuated – it could be

conceived of as a normative requirement for how alternatives ought to be

individuated. We are now in a position to prove the following theorem.

Theorem 5.3 Let B be a finite set of objects such that p(x≻ B)≠ 0; 1 for all

x in B. Then, if the choice axiom holds for B and all its subsets, and the

axioms of probability theory hold, then there exists a positive real-valued

function u on B such that for every A ⊂ B it holds that

(1) p x≻ Að Þ ¼ u xð ÞX
y2A

u yð Þ

(2) for every other function u0 satisfying condition (1) there is a constant

k such that u = k · u0.

5.3 Can Utility be Measured on a Ratio Scale? 115



Proof First consider the existence part, (1), saying that the utility function

u exists. Since it was assumed that the probability that x is chosen is

nonzero, it also holds that p(A ≻ B) ≠ 0. It then follows that

p x≻ Að Þ ¼ p x≻ Bð Þ
p A≻Bð Þ :

We stipulate that u (x) = k · p(x ≻ B), where k > 0. Then, since the

elements of A are mutually exclusive, the axioms of the probability

calculus guarantee that p x≻ Að Þ ¼ k � p x≻Bð ÞX
y2Ak � p y≻ Bð Þ

¼ u xð ÞX
y2Au yð Þ

:We now

move on to the uniqueness part, (2). Suppose that u 0 is another utility

function defined as above and satisfying (1). Then, for every x in B, it

holds that u xð Þ ¼ k � p x≻ Bð Þ ¼ k � u0
xð ÞX

y2Au
0
yð Þ : □

The downside of the probabilistic theory is that it requires that p ≠ 0,

i.e. that each option is chosen with a nonzero probability. (This assumption

is essential in the proof of Theorem 5.3, because no number can be divided

by 0.) However, as pointed out above, the probability that you choose $10

rather than $20 if offered a choice between the two is likely to be 0. Call this

the problem of perfect discrimination. The problem of perfect discrimina-

tion can be overcome by showing that for every set of objects B there exists

some incomparable object x* such that p(x*≻ x)≠ 0, 1 for every x in B. Suppose,

for example, that I wish to determine my utility of $20, $30 and $40,

respectively. In this case, the incomparable object can be taken to be

a photo of my beloved cat Carla, who died when I was fourteen. The photo

of this cat has no precise monetary value forme; my choice betweenmoney

and the photo is always probabilistic. If offered a choice between $20 and

the photo, the probability is 1/4 that I would choose the money; if offered

a choice between $30 and the photo, the probability is 2/4 that I would

choose the money; and if offered a choice between $40 and the photo,

the probability is 3/4 that I would choose the money. This information is

sufficient for constructing a single ratio scale for all four objects. Here is

how to do it.

We use the three local scales as our point of departure. They have one

common element: the photo of Carla. The utility of the photo is the same in

all three pairwise choices. Let u(photo) = 1. Then the utility of money is

calculated by calibrating the three local scales such that u(photo) = 1 in all
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of them. This is achieved by dividing the probability numbers listed

above by 3/4, 2/4 and 1/4, respectively. Table 5.5 summarizes the example.

The symbols u1, u2 and u3 denote the three local scales and u denotes the

single scale obtained by “welding together” the local scales.

Of course, there might exist some large amount of money that would

make me choose the money over the photo with probability one. This

indicates that the photo is not incomparable with every possible amount

ofmoney. However, this difficulty can be overcome by choosing some other

beloved object to compare with, e.g. the only remaining photo of my

daughter, or peace in the Middle East.

5.4 Can We Define Utility Without Being Able

to Measure It?

Intuitively, it seems plausible to separate themeaning of the term utility from

the problem of how to measure it. Consider the following analogy: We all

know what it means to say that the mass of Jupiter exceeds that of Mars, but

few of us are able to explain how to actually measure the mass of a planet.

Therefore, if someone proposed ameasurement procedure that conflicts with

our intuitive understanding of mass, we would have reason to reject that

procedure insofar as we wish to measure the thing we call mass. We are,

under normal circumstances, not prepared to replace our intuitive concept

of mass with some purely technical concept, even if the technical concept

simplifies themeasurement process. Does the analogous point apply to utility?

Theories of utility are sometimes interpreted as operational definitions, i.e.

as definitions that fix the meaning of a term by setting up an empirical

method for observing the entity the term is referring to. In this view, it does

Table 5.5

u1 u2 u3 u

$20 1/4 – –
1=4

3=4
¼ 1=3

$30 – 2/4 –
2=4

2=4
¼ 1

$40 – – 3/4
3=4

1=4
¼ 3

photo 3/4 2/4 1/4 1
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not make sense to distinguish meaning from measurement. As long as the

concept of utility is merely used for descriptive purposes, i.e. for predicting

and explaining choices, this operational approach seems fine. However,

when we consider normative applications it is far from clear that an opera-

tional definition is what we are looking for. If we, for example, wish to say

that a decision was rational because it maximized expected utility, it seems

essential that the notion of utility we refer to is the true, core notion of utility.

So what is this core notion of utility, with which operational procedures

should be compared?

Philosophers taking a utilitarian approach to ethics frequently apply

the notion of utility in moral contexts. These utilitarian philosophers

often think of utility as a mental state. That my utility increases if I get

a new car means that my mental state is transformed from one state into

another, which is more valuable. Let us see if we can make any sense of

this traditional utilitarian notion of utility. If we can, we will at least be

able to say something interesting about the meaning of utility. To start

with, it is helpful to divide the utility of an outcome or object into

temporal intervals, such that the utility may vary from one interval to

the next, but not within an interval. Call such intervals, which may be

arbitrarily small, moments of utility. It is, of course, an empirical question

whether moments of utility exist. It cannot be excluded that in some

time periods there are no constant moments of utility. To overcome this

problem we assume that if m is an interval which cannot be divided into

a sequence of constant intervals, then it is always possible to construct

a constant interval m 0 covering the same time interval, such that m ~ m 0,

by choosing some m 0 having the right intensity.

A moment of utility is to be thought of as a property of an indivi-

dual’s experience within a certain time interval. The more an agent

wants to experience a moment, the higher the utility of the moment.

Thus, the agent’s well-informed preferences over different moments

are likely to be the best way of determining the utility of moments.

In this respect the utilitarian concept resembles von Neumann and

Morgenstern’s approach, since the latter also uses preferences for axio-

matizing utility.

Let M = {a, b, . . .} be a set of moments, and let ≻ be a relation

on M representing strict preference. Indifference is represented by the

relation ~. We furthermore suppose that there is a binary operation ≻
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on M. Intuitively, a ○ b denotes the utility of first experiencing the utility

moment a, immediately followed by the utility moment b. The set of utility

moments is an extensive structure if and only if, for all a, b; c, d 2M, the axioms

stated below hold true. We recognize the first two axioms from von

Neumann and Morgenstern’s theory, but note that they now deal with

moments rather than lotteries.

Util 1 Either a ≻ b or b ≻ a or a ~ b

Util 2 If a ≻ b and b ≻ c, then a ≻ c

Util 3 [a ○ (b ○ c)] ~ [(a ○ b) ○ c]

Util 4 a ≻ b if and only if (a ○ c) ≻ (b ○ c) if and only if (c ○ a) ≻ (c ○ b)

Util 5 If a≻ b, then there is a positive integer n such that (na ○ c) ≻ (nb ○ d),

where na is defined inductively as 1a = a, (n + 1) a = (a ○ na).

The third axiom, Util 3, is mainly technical. It holds that it does not

matter if b and c are attached to a or if c is attached to a and b. Util 4 states

that in the case that a utility moment a is preferred to b, then a ≻ b even in

the case that a moment c comes before or after those moments. Of course,

this axiom does not imply that the entities that cause utility can be attached

in this way. For example, if salmon is preferred over beef, it would be

a mistake to conclude that salmon followed by ice cream is preferred to

beef followed by ice cream. Moreover, Util 4 tells us that if the utility of

eating salmon is preferred to the utility of eating beef, then the utility

of eating salmon followed by the utility of eating ice cream after eating

salmon is preferred to the utility of eating beef followed by the utility of

eating ice cream after eating beef.

Util 5 is an Archimedean condition. It implies that even if d is very

strongly preferred to c, then this difference can always be outweighed

by a sufficiently large number of moments equal to a with respect to b,

a ≻ b, such that (na ○ c) ≻ (ny ○ d). This roughly corresponds to the

Archimedean property of real numbers: if b > a > 0 there exists

a finite integer n such that na > b, no matter how small a is. Util 5 is

problematic if one thinks that there is some critical level of utility, such

that a sequence of moments containing a subcritical level moment

should never be preferred to a sequence of moments not containing

a subcritical level moment. Personally I do not think there are any such

critical levels, but to really argue for that point is beyond the scope of

this book.
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Theorem 5.4 If Util 1–5 hold for ≻ on a nonempty set of momentsM and

if ○ is a binary operation on M, then there exists a real-valued function

u on M such that

(1) a ≻ b if and only if u(a) > u(b), and

(2) u(a ○ b) = u(a) + u(b), and

(3) For every other function u 0 that satisfies properties (1) and (2) there

exists some k > 0 such that u 0 = ku.

Theorem 5.4 follows from a standard theorem in measurement theory.

(See e.g. Krantz et al. 1971.) I shall spare the reader from the proof. Note

that the axioms listed above do not say anything about what is being

measured. It is generally agreed that they hold for mass and length, and if

the (hedonistic) utilitarians are right they also hold for moments of

utility. However, if they hold for moments of utility they merely fix the

meaning of the concept. The axioms say almost nothing about how

utility could be measured in practice. Are agents really able to state

preferences not between, say, salmon and beef, but between the mental

states caused by having salmon or beef, respectively? And are they really

able to do so even if the comparison is made between hypothetical

mental states which are never experienced by anyone, as required by

the theory?

Exercises

5.1 Which preference ordering is represented by the following ordinal

utility function: u(a) = 7, u(b) = 3, u(c) = 34, u(d) = −430, u(e) = 3.76?

5.2 The following function u is not an ordinal utility function. Why not?

u(a) = 7, u(b) = 3, u(c) = 34, u(d) = −430, u(e) = 3.76, u(e) = 12.

5.3 Your preferences are transitive and asymmetric, and you prefer a to

b and b to c. Explain why it has to be the case that you do not prefer c to a.

5.4 Your preferences are asymmetric and complete, and you prefer a to

b and b to c. What is your preference between a and c ?

5.5 Show that negative transitivity is logically equivalent with the fol-

lowing claim: x ≻ z implies that, for all y in B, x ≻ y or y ≻ z.

5.6 Show that if ≻ is asymmetric and negatively transitive, then ≻ is

transitive.
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5.7 You prefer B to A and you are indifferent between receiving A for

sure and a lottery that gives you B with a probability of 0.9 and

C with a probability of 0.1. You are also indifferent between receiv-

ing A for sure and a lottery that gives you B with a probability of

0.6 and D with a probability of 0.4. Finally, you prefer B to A and

A to D. All of your preferences satisfy the von Neumann–Morgenstern

axioms.

(a) What do you prefer most, C or D?

(b) Calculate the (relative) difference in utility between B and C, and

between B and D.

(c) If we stipulate that your utility of B is 1 and your utility of C is 0,

what are then your utilities of A and D?

5.8 You are indifferent between receiving A for sure and a lottery that

gives you Bwith a probability of 0.8 and Cwith a probability of 0.2. You

are also indifferent between receiving A for sure and a lottery that

gives you B with a probability of 0.5 and D with a probability of 0.5.

Finally, you prefer B to A and all of your preferences satisfy the von

Neumann–Morgenstern axioms. What is the utility of A, B, C and

D (measured on an interval scale of your choice)?

5.9 The continuity axiom employed by von Neumann and Morgenstern

holds that if A≻ B≻ C then there exist some probabilities p and q such

that ApC ≻ B ≻ AqC. Let A = $10,000,001 and B = $10,000,000, and C =

50 years in prison. (a) Do you think it is really true that there are any

values of p and q such that ApC ≻ B ≻ AqC truly describes your prefer-

ences? (b) Psychological studies suggest that most people cannot dis-

tinguish between very small probabilities, i.e. that their preferences

over lotteries in which there is a small probability of a very bad out-

come are unaffected by exactly how small the probability is. Does this

show that there is something wrong with von Neumann and

Morgenstern’s theory?

5.10 You prefer a fifty-fifty chance of winning either $100 or $10 to a lottery

in which you win $200 with a probability of 1/4, $50 with a probability

of 1/4, and $10 with a probability of 1/2. You also prefer a fifty-fifty

chance of winning either $200 or $50 to receiving $100 for sure. Are

your preferences consistent with von Neumann and Morgenstern’s

axioms?
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5.11 You somehow know that the probability is 75% that your parents will

complain about the mess in your room the next time they see you.

What is their utility of complaining?

5.12 You somehow know that the probability is 5% that you will tidy up

your room before your parents come and visit you. What is best for

you, to tidy up your room or live in a mess?

5.13 The conclusion of Exercise 5.12may be a bit surprising – can you really

find out what is best for you bymerely considering what you are likely

to do? For example, the probability is 0.99 that a smoker will smoke

another cigarette, but it seems false to conclude that it would be better

for the smoker to smoke yet another cigarette. What could the advo-

cate of the probabilistic theory say in response to this objection?

Solutions

5.1 c ≻ a ≻ e ≻ b ≻ d

5.2 Because u assigns two different numbers to one and the same argument:

u(e) = 3.76 and u(e) = 12.

5.3 It follows from transitivity that you prefer a to c, and by applying

asymmetry to that preference we find that it is not the case that c is

preferred to a.

5.4 We cannot tell what your preference between c and a is, except that it is

complete.

5.5 By contraposition, the rightmost part of the statement can be

transformed into the following logically equivalent statement: not

(x ≻ y or y ≻ z for all y in B) implies not x ≻ z. This is equivalent with:

for all y in B, not x ≻ y and not y ≻ z implies not x ≻ z. This is

negative transitivity.

5.6 Suppose that x ≻ y and y ≻ z. From asymmetry and Exercise 5.6 we can

conclude that: x ≻ y implies that either x ≻ z or z ≻ y. The second

possibility, z ≻ y, is inconsistent with what we initially supposed and

can hence be ruled out. Hence, x ≻ z, which gives us transitivity.

Asymmetry implies that not y ≻ x and not z ≻ y. By applying negative

transitivity to these preferences we get: not z ≻ x. From completeness

it follows that either x ≻ z or x ~ z.

5.7 (a) D. (b) The difference between B and C is exactly four times the

difference between B and D. (c) u(A) = 0.9 and u(D) = 0.75.
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5.8 u(B) = 100, u(A) = 80, u(D) = 60 and u(C) = 0

5.9 (a) No matter how small the probabilities p and q are it seems

better to take B for sure. Why risk everything for one extra

dollar? (b) The psychological evidence suggests that the von

Neumann–Morgenstern theory does not accurately describe how

people do in fact behave. Whether it is a valid normative hypothesis

depends on what one thinks about the answer to (a).

5.10 No. Your preferences violate the independence axiom.

5.11 Their utility of complaining is three times that of not complaining.

5.12 It is better for you to leave your room as it is; the utility of that option

is 19 times that of tidying up the room.

5.13 In this context “better for” means “better as viewed from the decision

maker’s present viewpoint and given her present beliefs and desires.”

The point that the smoker may in fact die of lung cancer at some point

in the future is perfectly consistent with this notion of “better.”
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6 The Mathematics of Probability

The following decision problem appeared some years ago in Marilyn vos

Savant’s Ask Marilyn column in Parade Magazine.

You are a contestant in a game show hosted by Monty Hall. You have to

choose one of three doors, and youwinwhatever is behind the door you pick.

Behind one door is a brand new car. Behind the other two is a goat. Monty

Hall, who knows what is behind the doors, now explains the rules of the

game: “First you pick a door without opening it. Then I open one of the other

doors. I will always pick a door to reveal a goat. After I have shown you the

goat, I will give you the opportunity to make your final decision whether to

stick with your initial door, or to switch to the remaining door.” Should you

accept Monty Hall’s offer to switch?

The Monty Hall problem has a simple and undisputable solution, which

all decision theorists agree on. If you prefer to win a brand new car rather

than a goat, then you ought to switch. It is irrational not to switch. Yet,

a considerable number of Marilyn vos Savant’s readers argued that it makes

no difference whether you switch or not, because the probability of winning

the car must be 1/3 no matter how you behave. Although intuitively

plausible, this conclusion is false.

The point is that Monty Hall’s behavior actually reveals some extra

information that makes it easier for you to locate the car. To see this, it is

helpful to distinguish between two cases. When you make your initial

choice, the door you select either has a goat or the car behind it. In the

first case, you pick a door with a goat behind it. This leaves two doors: one

with a goat and the other with the car. Since only one of the remaining

doors has a goat, Monty Hall must open that door. (Otherwise he reveals the

prize.) Thus, there is only one door he can open. Hence, given that you

initially pick a goat, Monty Hall will indirectly reveal where the car is; in

those cases you should certainly switch. In the second case you initially pick
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the car. In that case it would of course be bad to switch. However, although

you do not knowwhether your initial pick is a goat or the car, you know that

the probability that you have initially picked a goat is 2/3. Hence, since it is

certain that you will get the car if you initially pick a door with a goat and

then switch, you will on average win the car two times out of three if you

decide to always switch. However, if you always refuse the offer to switch,

youwill on averagewin the car only one time out of three (that is, if and only

if you picked the car in your initial choice). See Table 6.1.

The moral of the Monty Hall problem is: Anyone who wishes to make

rational decisions needs to reason correctly about probabilities, because

probability theory is one of the most important tools in decision theory.

This chapter gives an overview of the probability calculus, i.e. the mathe-

matical theory of probability. The next chapter focuses on philosophical

problems related to the probability calculus.

6.1 The Probability Calculus

Imagine that you roll a traditional and fair die twice. There are exactly 36

possible outcomes: You get 1 in the first roll and 1 in the second, or 1 in the

first and 2 in the second, or 2 in the first and 1 in the second, and so on and

so forth. In Table 6.2 each outcome is represented by two numbers 〈i; j〉 –

mathematicians call this an “ordered pair” – where i refers to the outcome

Table 6.1

Contestant
chooses:

Host
reveals:

Goat 1 Goat 2 Car

Goat 2 Goat 1 Goat 2 Goat 1

1 1

1/3 1/3
1/3

1/2 1/2

1/3

Stay:

Switch:

Goat 1

Car

Goat 2

Car

Car

Goat 1

Car

Goat 2

1/3 1/6 1/6
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of the first roll and j to the second roll. So, for example, 〈1; 4〉 and 〈4; 1〉 are

two different outcomes.

Before we proceed, it is helpful to introduce some terminology. Let S be

the set of all possible outcomes of the random experiment explained above.

S is called the sample space. In our example S is finite, but one can easily

imagine cases in which S is infinite. For example, if we roll a die until a six

turns up and take the number of rolls needed for getting a six to be the

outcome of a random experiment, then the sample space will be S = {1, 2,

3, . . .}. This set is countably infinite.

To keep the mathematics as simple as possible we assume that the

sample space is either finite or countably infinite. This is a significant

limitation, because it implies that we will not be able to answer questions

like: “What is the probability of choosing the real number r from the

interval 1 ≥ r ≥ 0?” As you might recall from high school, every interval of

real numbers is uncountably infinite. The concepts needed for analyzing

such problems are introduced in more advanced books on probability

theory.

An event A is a subset of the sample space. Hence, to first roll a six and

then roll a five, 〈6; 5〉, is an event. To roll 〈6; 5〉 or 〈5; 6〉 or 〈1; 1〉 is also an

event, because 〈6; 5〉 or 〈5; 6〉 or 〈1; 1〉 is a subset of S. However, to just roll

a six and never finish the random experiment is not an event, because just

rolling a six is not a subset of S. By definition, if A and B are events, so is A-or-

B and A-and-B and not-A and not-B. Furthermore, for every event A, there is

a complement of A, denoted Ac. The complement of A is the set of all events

that are in S but not in A. Therefore, the complement of 〈1; 1〉 is the set of all

events that can be constructed from every outcome except 〈1; 1〉 in the

matrix above. Since S is the set of all possible outcomes, Sc = Ø, i.e. the

complement of S is the empty set.

Table 6.2

〈1; 1〉 〈1; 2〉 〈1; 3〉 〈1; 4〉 〈1; 5〉 〈1; 6〉

〈2; 1〉 〈2; 2〉 〈2; 3〉 〈2; 4〉 〈2; 5〉 〈2; 6〉

〈3; 1〉 〈3; 2〉 〈3; 3〉 〈3; 4〉 〈3; 5〉 〈3; 6〉

〈4; 1〉 〈4; 2〉 〈4; 3〉 〈4; 4〉 〈4; 5〉 〈4; 6〉

〈5; 1〉 〈5; 2〉 〈5; 3〉 〈5; 4〉 〈5; 5〉 〈5; 6〉

〈6; 1〉 〈6; 2〉 〈6; 3〉 〈6; 4〉 〈6; 5〉 〈6; 6〉
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Probabilities are represented by real numbers between 0 and 1 (including

the end points). We say that a function p is a probability measure only if (but

not if and only if) p assigns a number 1 ≥ p(A) ≥ 0 to every event A in S. This

means that p is a function that takes an event as its argument and then

returns a number between 0 and 1 that represents the probability of that

event. Some reflection reveals that in our example, p 〈6; 5〉ð Þ ¼ 1

36
and

p 〈6; 5〉 or 〈5; 6〉 or 〈1; 1〉ð Þ ¼ 3

36
.

The probability calculus is an axiomatized theory. This means that all

true (mathematical) statements about probability can be derived from

a small set of basic principles, or axioms. Consider the following axioms,

first proposed by Kolmogorov in 1933.

(1) Every probability is a real number between 0 and 1.

(2) The probability of the entire sample space is 1.

(3) If two events are mutually exclusive, then the probability that one of

them will occur equals the probability of the first plus the probability

of the second.

Naturally, these three axioms can also be stated in a mathematical

vocabulary.

Kolmogorov 1 1 ≥ p(A) ≥ 0

Kolmogorov 2 p(S) = 1

Kolmogorov 3 If A ∩ B = Ø, then p(A ∪ B) = p(A) + p(B)

The first axiom articulates the idea that the probability of every event lies

between 0 and 1, as explained above. The second axiom states that the

probability of the entire sample space is 1; hence, the probability is 1 that

the outcome of rolling a die twice will be one of those listed in Table 6.2.

In order to get to grips with the third axiom we need to understand the set-

theoretic operations of intersection and union: A ∩ B is the intersection of

A and B, that is, A ∩ B contains only those elements that are both in A and in

B. Hence, to say that A ∩ B = Ø just means that A and B have no common

elements – they are mutually exclusive. The formula A ∪ B denotes the

union of A and B, that is, all elements that are either in A or in B or in

both. Hence, the third axiom articulates the claim that if two events are

mutually exclusive, then the probability that one of them will occur equals

the probability of the first plus the probability of the second. In the die

example, all 36 (noncomposite) outcomes are mutually exclusive, because
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only one of them can occur every time you roll a die twice. However, 〈6; 5〉

and 〈6; 5〉∪ 〈5; 6〉 are not mutually exclusive, because 〈6; 5〉 is an element in

both events.

Up to this point we have formulated the theory of probability in set-

theoretical terms. This is the traditional way of presenting the probabil-

ity calculus, preferred by mathematicians. However, some philosophers

prefer to present the probability calculus in the language of proposi-

tional logic, since this entails that the usual logical operations and

inference rules can be directly applied to probabilities. In what follows

we shall not take a stand on which approach is best. Let us just note that

the two ways of presenting the theory are closely interrelated. For

example, the proposition A = “I roll a die and get a six, and then roll

it again and get a five” is true if and only if event 〈6; 5〉 occurs. In order to

spell out the propositional approach in more detail, we stipulate that a pair

of propositions ismutually exclusive if and only if it holds that if one is true,

then the other must be false. Now, by taking A and B to be arbitrary

propositions (instead of events), Kolmogorov’s axioms can be reformulated

in the following way.

Kolmogorov 1* 1 ≥ p(A) ≥ 0

Kolmogorov 2* If A is a logical truth, then p(A) = 1

Kolmogorov 3* If A and B are mutually exclusive, then p(A ∨ B)= p(A) + p(B)

The difference between the two approaches is important, since they

assign probabilities to different kinds of things. If we use the first set of axioms

we assign probabilities to events, that is, things that take place in the

external world. The second set assigns probabilities to linguistic entities,

viz. propositions. Propositions are the kind of thing we use when we reason

and make inferences. If we believe that probability calculus is part of some

more general theory of valid inferences and rational reasoning, then it

arguably makes more sense to base it on the propositional approach. Or

this is at least the majority view among philosophers in the contemporary

literature.

The probability axioms have a number of interesting implications.

To start with, note that

Theorem 6.1 p(A) + p(¬A) = 1
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Proof A ∨¬A is a logical truth; therefore, by axiom 2* we have p(A ∨¬A)=

1. Furthermore, A and ¬A are mutually exclusive, so by axiom 3* we have

p(A ∨ ¬A) = p(A) + p(¬A). Now, by combining these two equalities we get

p(A) + p(¬A) = p(A ∨ ¬A) = 1. □

Theorem 6.2 If A and B are logically equivalent, then p(A) = p(B)

Proof If A and B are logically equivalent, then A and ¬B are mutually

exclusive (because both propositions cannot be true simultaneously).

From axiom 3* we have p(A ∨ ¬B) = p(A) + p(¬B). Furthermore, A ∨ ¬B is

certain to be true for logical reasons, so by axiom 2* we have p(A ∨ ¬B) = 1.

Hence,

pðAÞ þ pð:BÞ ¼ 1 ð1Þ

Now we use Theorem 6.1, i.e. the fact that

pðBÞ þ pð:BÞ ¼ 1 ð2Þ

Since p(¬B) has the same value in (1) and (2) it follows that p(A) = p(B). □

Theorem 6.3

(i) pðA∨ BÞ ¼ pðAÞ þ pðBÞ � pðA∧ BÞ

and

(ii) pðA→ BÞ ¼ pð:AÞ þ pðBÞ � pð:A∧ BÞ

Proof Part (i): A ∨ B and (¬A ∧ B) ∨ (A ∧¬B) ∨ (A ∧ B) are logically equivalent,

so Theorem6.2 guarantees that the two formulas have the same probability.

However, (¬A ∧ B) and (A ∧¬B) ∨ (A ∧ B) are mutually exclusive, so Axiom 3*

implies that

pðA∨ BÞ ¼ p½ð:A∧ BÞ∨ ðA∧:BÞ∨ ðA∧ BÞ�
¼ pð:A∧ BÞ þ p½ðA∧:BÞ∨ ðA∧ BÞ� ð3Þ

The rightmost term of this equality, (A ∧¬B) ∨ (A ∧ B), is equivalent

with A, so

pðA∨ BÞ ¼ pð:A∧ BÞ þ pðAÞ ð4Þ

Now take a look at Theorem 6.3(i): in some way or another we have to

get rid of p(¬A ∧ B) and introduce p(B) and p(A ∧ B). Let’s see what happens if

we add p(A ∧ B) to both sides of (4).
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pðA∨ BÞ þ pðA∧ BÞ ¼ pð:A∧ BÞ þ pðAÞ þ pðA∧ BÞ ð5Þ

Wenowwish to cleanup the right-hand side of (5). Since (¬A∧ B)∧ (A∧ B)

is equivalent with B, we get

pðA∨ BÞ þ pðA∧ BÞ ¼ pðAÞ þ pðBÞ ð6Þ

Hence, pðA∨ BÞ ¼ pðAÞ þ pðBÞ � pðA∧ BÞ:
Part (ii) A → B and ¬A ∨ B are logically equivalent, so all we have to

do is to substitute A for ¬A in Part (i). □

Example (i) What is the probability of getting rich and happy? You know

that the probability of getting rich is 0.2 and the probability of getting happy

is 0.1, whereas the probability of getting rich or happy is 0.25.

Solution Theorem 6.3(i) tells us that: p(A ∧ B) = p(A) + p(B) − p(A ∨ B).

Hence, the probability of getting rich and happy is rather small. In fact, it is

only 0.2 + 0.1 − 0.25 = 0.05.

Example (ii) You roll four fair dice. What is the probability of getting at

least one six?

Solution Let A mean that you get at least one six in a roll of four dice.

Then, ¬A is logically equivalent with getting no six at all when rolling

four dice. We know that pð:AÞ ¼ 5

6
� 5
6
� 5
6
� 5
6
, so by Theorem 6.1 we have

pðAÞ ¼ 1� pð:AÞ ¼ 10� 5

6
� 5
6
� 5
6
� 5
6
≈0:52:

6.2 Conditional Probability

Many statements about probability are conditional. For example,

a decision maker visiting a fine restaurant may wish to determine the

probability that the fish on the menu is fresh given that it is Monday

(in most restaurants this conditional probability is low), or the probabil-

ity that the beef will be rare given that one asks the chef for a medium-

cooked piece of meat. In order to calculate conditional probabilities, we

first need to define the concept. Consider the following definition of what

it means to talk about “the probability of A given B,” abbreviated as p(A|B).

We assume that p(B) ≠ 0.

Definition 6.1 pðAjBÞ ¼ pðA∧ BÞ
pðBÞ
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Example (iii) You roll a fair die twice. Given that the first roll is a 5, what

is the probability that the total sum will exceed 9?

It takes little reflection to see that the answer is 1
3, because the second time

you roll the die you have to get either a 5 or 6. Fortunately, this intuitive

calculation is consistent with the result we get if we apply Definition 6.1.

Let A = “the sum exceeds 9” (i.e. is 10, 11 or 12), and let B = “the first roll

is a 5.” By looking at Table 6.2, we see that there are exactly two mutually

exclusive outcomes in which it is true that the total exceeds 9 and the first

roll is a 5, viz. 〈5; 5〉 and 〈5; 6〉. Hence, pðA∧ BÞ ¼ 2

36
. By looking at Table 6.2

again, we find that pðBÞ ¼ 6

36
. Hence, pðAjBÞ ¼ p 2

36

� �
p 6

36

� � ¼ 2

6
¼ 1

3
.

When you roll two dice we tacitly assume that the outcome of the second

roll does not depend on the outcome of the first roll. We simply take it for

granted that the outcomes of the two rolls are independent. It is, of course,

desirable to render our intuitive understanding of independence more

precise, and this can be achieved by observing that the concept of indepen-

dence is closely related to the concept of conditional probability. If the

probability of rain tomorrow is independent of whether the Republican

candidate wins the next presidential election, then it holds that p(rain) =

p(rain|Republican). More generally speaking, it holds that

Definition 6.2 A is independent of B if and only if p(A) = p(A|B).

Definitions 6.1 and 6.2 can be applied for calculating the probability of

many conjunctions. Consider the following theorem.

Theorem 6.4 If A is independent of B, then p(A ∧ B) = p(A) · p(B).

Proof By combining Definitions 6.1 and 6.2 we see that pðAÞ ¼ pðA∧ BÞ
pðBÞ ,

which gives us Theorem 6.4. □

Example (iv) You plan to rob four banks and then escape to Mexico.

In each robbery the probability of getting caught is 1
3, and the outcome of

each robbery is independent of that of the others. What is the probability

that you end up in jail?

Solution The probability of ending up in jail is 1 − p(never getting

caught). Since the outcomes of the four robberies are independent, the

probability of never getting caught is 1� 1

3

� �4

¼ 24

34
¼ 16

81
. Hence, the prob-

ability of ending up in jail is quite high: 1� 16

81
≈0:8.
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6.3 Bayes’ Theorem

Bayes’ theorem is the most important and widely known theorem pre-

sented in this chapter. Briefly put, the theorem shows how conditional

probabilities can be “reversed,” which is of great importance in many

applications of probability theory. Imagine, for instance, that an engineer

has observed a welding crack in a vital part of a gearbox. The engineer

wishes to calculate the probability that the gearbox will break down (B)

given the appearance of a welding crack (A). Statistics show that 90% of all

broken gearboxes (of the relevant type) havewelding cracks. Hence, p(A|B)=

0.9. Furthermore, the engineer knows that 10% of all gearboxes break down

during their predicted lifespan, and that 20% of all gearboxes have welding

cracks. Hence, p(B) = 0.1 and p(A) = 0.2. Now, the engineer can solve the

problem by inserting the numbers into the following very simple version of

Bayes’ theorem, which is sometimes called the inverse probability law.

Theorem 6.5 pðBjAÞ ¼ pðBÞ � pðAjBÞ
pðAÞ given that p(A) ≠ 0

Proof According to the definition of conditional probability,

pðAjBÞ ¼ pðA∧ BÞ
pðBÞ , and pðBjAÞ ¼ pðB∧AÞ

pðAÞ . Since A ∧ B and B ∧ A are

logically equivalent, Theorem 6.2 entails that pðBÞ � pðAjBÞ ¼ pðA∧ BÞ ¼

pðB∧AÞ ¼ pðAÞ � pðBjAÞ. Hence, pðBjAÞ ¼ pðBÞ � pðAjBÞ
pðAÞ . □

By inserting the numbers listed above into Theorem 6.5, the engineers

find that the probability that the gearbox will break down given the appear-

ance of a welding crack is quite high:

pðBjAÞ ¼ 0:1 � 0:9
0:2

¼ 0:45 ð7Þ

In many cases it is difficult to determine what the unconditional prob-

abilities of A and B are. In thewelding crack example, it was simply taken for

granted that those unconditional probabilities were known. However, by

playing with Theorem 6.5 a bit, we can eliminate at least one of the uncon-

ditional probabilities that appear in the formula, viz. the percentage of all

gearboxes that have welding cracks, p(A). Consider the following version of

Bayes’ theorem, which is probably the most well-known formulation.

Theorem 6.6 pðBjAÞ ¼ pðBÞ � pðAjBÞ
½pðBÞ � pðAjBÞ� þ ½pð:B�ÞpðAj:BÞ� given that p(A) ≠ 0
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Proof We use Theorem 6.5 as our point of departure. Hence, it suffices to

show that p(A) = p(B) · p(A|B) + p(¬B) · p(A|¬B). To start with, note that A and

(A ∧ B) ∨ (A ∧¬B) are logically equivalent, and that the disjuncts of the latter

formula are mutually exclusive. Hence, by Axiom 3* and Theorem 6.2,

jpðAÞ ¼ pðA∧ BÞ þ pðA∧:BÞ. The theorem then follows by inserting the

two terms on the right-hand side into the definition of conditional prob-

ability. To see this, recall that pðAjBÞ ¼ pðA∧ BÞ
pðBÞ . It follows that

pðBÞ � ðAjBÞ ¼ pðA∧ BÞ. Hence, pðAÞ ¼ pðBÞ � pðAjBÞ þ pð:BÞ � pðAj:BÞ. □

Example (v) Your doctor suspects that youmay be suffering fromWilson’s

disease, a rare disease that affects about 1 in 30,000. Given that you have the

disease, the test offered by the doctor will show positive with probability

0.995. Unfortunately, the test will also show positive with probability 0.01

when applied to a healthy person. What is the probability that you have

Wilson’s disease given that the test shows positive?

Solution By inserting the numbers into Bayes’ theorem we find that the

probability that you suffer from Wilson’s disease is surprisingly low:

pðdiseasejpositiveÞ ¼
1

30;000
� 0:995

1

30;000
� 0:995

	 

þ 1� 1

30;000

� �
� 0:01

	 
 ≈ 0:0033

ð8Þ

Example (vi) It is Christmas Day and you are sailing in the North Atlantic.

You observe that the barometer is falling more than 1 mb per hour, so you

are a bit worried that a storm is coming. According to the best available

meteorological data, the probability that the barometer falls more than 1

mb per hour given that a storm is coming is 0.95. The probability that it falls

more than 1mb per hour given that a storm is not coming, however, is just 1

in 1,000. Furthermore, the probability that there is a storm in the North

Atlantic on any given day in December is 0.25. What is the probability that

a storm is coming given that the barometer falls more than 1 mb per hour?

Solution You should definitely prepare the ship for storm, because

pðstormjfallsÞ ¼ 0:25 � 0:95
½0:25 � 0:95� þ ½ 1� 0:25ð Þ � 0:001� ≈ 0:997 ð9Þ
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The probability p(B), i.e. the unconditional probability that there will be

a storm in the North Atlantic or that the patient is suffering from Wilson’s

disease, is called the prior probability. In many cases it is difficult or impos-

sible to know the prior probability of an event. For example, when AIDSwas

discovered in San Francisco in the 1980s no one knew what the prior

probability of this new disease was. However, as soon as the number of

patients suffering from the disease had been counted it was easy to calculate

the prior probability. That said, the prior can of course vary over time. Today

the unconditional probability that a randomly chosen person in San

Francisco will be HIV positive is fairly low. Sadly, the prior is much higher

in some parts of southern Africa.

6.4 The Problem of Unknown Priors

It is easy to imagine examples in which it is very difficult or even impossible

to know the prior probability. What was, for example, the prior probability

that the first human space flight (by Soviet cosmonaut Yury Gagarin in 1961)

would be successful? Or what is the prior probability that the Republican

candidate will win the next election? The fact that prior probabilities are

often difficult to determine has given rise to a number of interesting pro-

blems, which are widely discussed by statisticians. At the heart of this

discussion lies an interesting proposal for how Bayes’ theorem could be

applied even when the prior probability is unknown. Let us take a closer

look at this proposal.

Imagine that you are in Las Vegas on vacation. After drinking a glass of

complimentary champagne in your suite on the 29th floor, you feel ready

to visit the casino and play roulette. In American roulette the wheel has

38 numbered pockets marked 0, 00, 1, 2, 3, . . ., 36. The house wins when-

ever the ball falls into the pockets marked 0 or 00, so the probability for

this should be 1 in 19. However, the first five times you play, the house

wins every single time. You therefore start to suspect that the wheel is

rigged, and after a while you recall a newspaper article saying that

a number of roulette wheels in Las Vegas – no one knows how many –

have beenmanipulated such that the housewins on average one out of two

times. Now, what is the probability that the roulette wheel in front of you

is one of the manipulated ones?
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Let us try to solve this problem by applying Bayes’ theorem. Let p(B|5H)

denote the probability that the wheel is rigged given that the house wins

five times in a row. Since all five trials are independent of each other

pð5Hj:BÞ ¼ 1
19

� �5
, and according to the newspaper article pð5HjBÞ ¼ 1

2

� �5
.

Note that the second probability is much higher than the first, so your

observations seem to fit better with the hypothesis that the wheel is biased.

However, the problem is that you do not know the prior probability of

facing a biased wheel, that is, the unconditional probability p(B). All you

know is that some wheels have been manipulated. Hence, when you insert

your information into Bayes’ theorem you will face an equation with two

unknown variables, p(B|5H) and p(B).

pðBj5HÞ ¼ pðBÞ � p 1
2

� �5
pðBÞ � p 1

2

� �5h i
þ 1� pðBÞ
� �

� p 1
19

� �5h i ð10Þ

In order to solve this problem we shall introduce a clever trick. We just

ask you to choose whatever value of p(B) you wish. If you believe that there are

manymanipulated roulette wheels in Las Vegas you choose a high prior, say

0.6, but if you trust the casino and feel that the owner respects the law, then

you choose amuch lower prior. Let us suppose that you trust the casino and

choose a prior of 0.01. That is, before starting to play your unconditional

probability that the wheel is biased is 0.01. Now, by inserting this number

into Bayes’ theorem we find that p(B|5H) = 0.9987. Furthermore, we can

easily calculate your conditional probability that the wheel has not been

rigged given your observations, that is, p(¬B|5H). It is 0.0013. So after having

observed five spins, each being independent of the others, you have chan-

ged your view dramatically. More precisely put, by applying Bayes’ theorem

you have been able to update your initial beliefs in the light of new informa-

tion. The new probability that the wheel is biased is called the posterior

probability. Table 6.3 summarizes what you believe about the roulette

wheel before and after watching the house win five times in a row.

Table 6.3

Before (“prior probability”) After (“posterior probability”)

Wheel is biased: p(B) = 0.01 Wheel is biased: p(B|5H) = 0.9987

Wheel is not biased: p(¬B) = 0.99 Wheel is not biased: p(¬B|5H) = 0.0013
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Is there anything wrong with this way of reasoning? Recall that your

prior probability, p(B) = 0.01, was just a mere guess. What if p(B) = 0.001?

Or if p(B) = 0.5? Well, by inserting these number into the formula we find

that p(B|5H) = 0.9872 and p(B|5H) = 0.9999, respectively. Both these

numbers are very close to 0.9987, so in this particular example it does not

really matter which of those three priors you choose.

But what if you initially thought that only 1 in 10,000 wheels were

manipulated, i.e. what if p(B) = 0.0001? Then your posterior probability

that the wheel is biased would be “only” 0.8856, which is much less than

0.9999. This seems to indicate that it is, after all, important to choose

a prior that is close to the “correct” one. However, in response to this

remark many statisticians invoke a second trick. These statisticians argue

that a rational decision maker should simply ask the dealer to spin the

wheel a couple more times, and then apply Bayes’ theorem again to the

new data set. This time the “old” posterior probability of 0.8856 should be

used as the “new” prior. Or, put in a slightly different way, the idea is to

apply Bayes’ theorem a second time, in which one starts off from the value

one got from applying the theorem the first time. For instance, if the

house were to win five times in a row the second time (which is of course

very unlikely!) and if p(B) = 0.8856, it turns out that the new posterior

probability is p(B|5H)= 0.9999. So even if your initial prior were extremely

low, you would nevertheless come to believe that the wheel is biased. This

is because you successively acquire new data that you use to “wash out”

incorrect prior probabilities.

It is important to understand this idea of how incorrect priors can be

“washed out.” However, to characterize the “washing-mechanism” in

a technically precise way would require too much mathematics. All

I can offer in this book is a nontechnical sketch. Simply put, incorrect

priors are washed out by applying Bayes’ theorem over and over again.

Each time Bayes’ theorem is applied for updating the probability that the

wheel is biased, one will get somewhat closer to the truth. The reason

why one will always get closer to the truth is that Bayes’ theorem takes

into account both the prior probability as well as the observed outcome of

some random experiment. The new posterior will always lie somewhere

between those two values. Note that in the example above, I assume that

you observed five rounds of roulette at a time. This was a superfluous

assumption, made only for the purpose of illustration. Nothing excludes
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you from applying Bayes’ theorem after every single round. Hence, even

after the house has won just once, your posterior probability that the

wheel is biased will increase, given that your prior is low. (Is this not odd?

How can a single spin of the roulette wheel be allowed to affect your

confidence that it is rigged!?) However, the more times you apply Bayes’

theorem, the closer you will get to the truth – your posterior probability

will converge toward some value, and it will converge toward the same

value no matter what your initial prior was! As I said, all this can be

proved in a mathematically satisfactory way, but this is not the right

occasion for this.

It should also be pointed out that convergence results can be applied for

resolving disagreements about probabilities in a rational way. If two or

more decisionmakers initially disagree about the unconditional probability

of some random event, i.e. if they start off with different priors, then this

disagreement could be resolved by applying Bayes’ theorem over and over

again every time they receive new data. Given that the random experiment

is repeated sufficiently many times, they will eventually come to agree on

the probability of the event they are interested in. Therefore, it does not

really matter if a group of people do not know what the “true” prior is; no

matter what numbers they start off with they will always come to agree in

the long run.

Exercises

6.1 A card deck contains 52 cards, half of which are red and half of which

are black. You randomly draw a card, put it back, and then draw

a second card.

(a) What is the probability of drawing two red cards?

(b) What is the probability of drawing two red or two black cards?

(c) What is the probability of drawing one red and one black card?

6.2 You draw two cards from a card deck, without putting back the first

before drawing the second.

(a) What is the probability of drawing two red cards?

(b) What is the probability of drawing two red or two black cards?

(c) What is the probability of drawing one red and one black card?

(d) What is the probability that the second card is red given that the first

is red?
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(e) What is the probability that the second card is red given that the

first is black?

6.3 The probability that the next president will be a Democrat is 1/2, and

the probability that the next president will be a woman is 0.3, but the

probability that the next president will be a woman and a Democrat is

just 0.1. What is the probability that the next president will be

Democrat or a woman?

6.4 You know the following: p(¬A) is 0.6, and p(B) is 0.3, and p(A→ B) is 0.7.

What is p(¬A ∧ B)?

6.5 You roll a fair die twice. What is the probability that the total sum will

exceed 5, given that the first roll is 1?

6.6 Two fair six-sided dice are rolled. (a) What is the probability that their

sum is 7? (b) Does the probability that the sum is 7 depend on the score

shown on the first die?

6.7 You know the following: p(A)= 0.1, and p(B│A)= 1, and p(B│¬A)= 0.3.

Make a rough estimate of p(A│B) without using a calculator.

6.8 According to an article in a computer magazine 5.7% of all computers

break down during their predicted lifespan, and 9.5% of all computers

are infected by a virus. Furthermore, 92% of all computers that break

down are infected by a virus. What is the probability that a computer

that is infected by a virus breaks down?

6.9 Your doctor suspects that youmay be suffering from a rare disease that

affects about 1 in 100,000. Given that you have the disease, the test

offered by the doctor will show positive with probability 0.99.

Unfortunately, the test will also show positive with probability 0.01

when applied to a healthy person. Estimate the probability that you

have the disease given that the test is positive, without using

a calculator.

6.10 Your doctor suspects that youmay be suffering from a rare disease that

affects about 1 in 50,000. Given that you have the disease, the test

offered by the doctor will show positive with probability 0.9.

Unfortunately, the test will also show positive with probability 0.01

when applied to a healthy person. What is the probability that you

have the disease given that the test is positive? What is your opinion

about the test offered by the doctor?

6.11 You toss a coin three times and it lands heads up every time. Your

a priori probability that the coin is biased to land heads is 0.1. What is
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your a posteriori probability that the coin is biased to always land

heads up?

6.12 Your a priori probability that the coin is biased is 0. Prove that no

matter howmany times you toss it and update the probability in light

of the information received, the probability can never become

nonzero.

6.13 Prove that if A is independent of A, then p(A) = 0 or p(A) = 1.

6.14 What is the probability that at least two children in a group of

n children, all born in 2017, share a birthday? (Why did I assume that

all children were born in 2017?)

6.15 Rumor has it that the following question was asked many years ago of

students applying to study philosophy at the University of Cambridge:

“Four witnesses, A, B, C and D, at a trial each speak the truth with

probability 1
3 independently of each other. In their testimonies,

A claimed that B denied that C declared that D lied. What is the

conditional probability that D told the truth?”

Solutions

6.1 (a) 1/4 (b) 1/2 (c) 1/2

6.2 (a) 26/52 · 25/51 (b) 26/52 · 25/51 + 26/52 · 25/51 (c) 26/51 (d) 25/51 (e) 26/51

6.3 0.7

6.4 0.2

6.5 1/3 (Note that “exceed” means “strictly greater than.”)

6.6 (a) 6/36 (b) No, because p(1st shows n∧ sum is 7)= p(1st shows n) · p(sum

is 7).

6.7 10/37 ≈ 0.27

6.8 0.552

6.9 The probability is very high that you do not have the disease. For every

true positive result the test yields about 1,000 false positives, meaning

that the test is almost useless.

6.10 The test offered by the doctor is almost useless, because the probability

is less than 1% that you suffer from the disease. (To be precise, it is

0.0018.)

6.11 0.47

6.12 By looking at Bayes’ theorem you see that if p(B) = 0, then p(B│A) is

certain to be 0, because 0 divided by any positive number is 0.
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6.13 If A is independent of A, then p(A) = p(A ∧ A) = p(A) · p(A). Hence, since

the equation x= x · x has exactly two solutions in the interval between

0 and 1, namely 0 and 1, it follows that p(A) = 0 or p(A) = 1.

6.14 p ¼ 1� 365!

ð365� nÞ! � 365n (Not all years have 365 days, but 2017 had.)

6.15 Oh, this is too difficult for me! Perhaps the answer is 1 − 1/81?
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7 The Philosophy of Probability

Philosophers disagree about what probability is. Somewhat roughly put,

there are three camps in this debate, objectivism, subjectivism and the epistemic

approach. Objectivists maintain that probability statements refer to some

facts in the external world. If you claim that the probability is fifty percent

that the coin I hold in my hand will land heads up when tossed, then you

are – according to the objectivist – referring to a property of the external

world, such as the physical propensity of the coin to land heads up about

every second time it is tossed. From an intuitive point of view, this seems to

be a very plausible idea. However, subjectivists disagree with this picture.

Subjectivists deny that probability statements can be understood as claims

about the external world. What is, for instance, the probability that your

suitor will ask you to marry him? It seems rather pointless to talk about

some very complex propensity of that person, or count the number of

marriage proposals that other people make, because this does not tell us

anything about the probability that you will be faced with a marriage pro-

posal. If it is true that the probability is, say, 1/2 then it is true because of

someone’s mental state.

According to the subjective view, probability statements refer to the

degree to which the speaker believes something. When you say that the

probability is 1/2 that your suitorwillmake amarriage proposal, thismerely

means that you believe to a certain degree that this proposal will be made,

and the strength of your belief can be represented by the number 1/2; and if

you were to start thinking that it was absolutely certain that you would

get the offer, your subjective degree of belief would be 1. The scope of the

subjective analysis can easily be extended to all kinds of examples, because

virtually any probability statement can be interpreted as a claim about the

speaker’s subjective degree of belief. For instance, when you say that the

probability is 1/2 that the coin will land heads up next time it is tossed, you
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are essentially referring to your subjective degree of belief that that event

will occur.

It is worth stressing this way of distinguishing between objective and

subjective views is not complete. Some probability statements are neither

objective nor subjective in the sense outlined here. Imagine, for instance,

a scientist who claims that the probability that the law of nature N is true is

1/2 given the evidence currently available to her. This is not a statement

about a particular scientist’s subjective degree of belief, nor about some

random event in nature, because all laws of nature are necessarily true.

According to the epistemic interpretation of probability statements, some

probabilities refer to the degree of support such statements get from other

statements.

In order to gain a better understanding of statements about probability

the different interpretations have to be spelled out in more detail. In this

chapter we outline three different versions of the objective interpretation

(the classical, frequentistic and propensity interpretations), discuss the episte-

mic interpretation a bit more, and finally state and assess two versions of

the subjective view.

7.1 The Classical Interpretation

The classical interpretation, advocated by Laplace, Pascal, Bernoulli and

Leibniz, holds the probability of an event to be a fraction of the total number

of possible ways in which the event can occur. For instance, as you roll a die

exactly one of six sides will come up. The probability of getting an odd

number is therefore 3/6, because out of the six possible outcomes exactly

three are odd. Consider the following general definition.

(1) Probability = Number of favorable cases/Number of possible cases

It takes little reflection to realize that this interpretation presupposes

that all possible outcomes are equally likely. This is by no means a tacit

assumption. Advocates of the classical interpretation are very explicit about

this point. According to these scholars, we determine the probability of an

event by first reducing the random process to a set of equally likely out-

comes; thereafter we count the number of outcomes in which the event

occurs and divide by the total number of possible outcomes. Here is

a passage from Laplace’s A Philosophical Essay on Probabilities.
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The theory of chance consists in reducing all the events of the same kind to

a certain number of cases equally possible, that is to say, to such as we may

be equally undecided about in regard to their existence, and in determining

the number of cases favorable to the event whose probability is sought.

The ratio of this number to that of all the cases possible is themeasure of this

probability, which is thus simply a fraction whose numerator is the number

of favourable cases and whose denominator is the number of all the cases

possible. (Laplace 1814/1951: 7)

One may of course question whether it really makes sense to assume

that it is always possible to reduce all events of the same kind into a set of

“equally possible” cases. Imagine that I knowingly roll a loaded die. Then

it is no longer reasonable to maintain, to use Laplace’s term, that it is

“equally possible” that each of the six sides will come up. Because if the

die is loaded it is of course “more possible” that, say, a six will come up.

However, contrary to what has been argued by some contemporary

scholars, this does not necessarily show that there is anything wrong

with the classical interpretation. Laplace and his allies could just point

out that when confronted with a loaded die the set of “equally possible”

cases is not identical with the six sides of the die. In that case, one has to

reduce the set of cases further, until they become “equally possible.”

If you examine the die and discover that there is a piece of lead opposite

the side marked six, making it twice as possible that you will roll a six as

a one, you could individuate the set of possible cases in some other way.

For instance, since it is twice as possible that youwill roll a six as a one, it is

equally possible that you will get a one in the first or in the second roll, as

that you will roll a six in just one roll. Given that we have a method

for deciding whether a pair of cases are equally possible, it seems that it

will always be possible to divide the set of cases such that Laplace’s

criterion is met.

At this point one might ask what it means to say that two or more cases

are “equally possible.” To avoid ending up with a circular definition, the

term “equally possible” has to be defined without making any reference

to the term “probability.” This is where the real challenge begins. As long

as we consider symmetric dice and well-balanced coins, our understand-

ing of “equally possible” is perhaps good enough. But what about the

possibility that I might ask my spouse for a divorce? Arguably, “divorce”
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and “no divorce” are not equally possible cases, but what does it mean to

say that one of the cases is “more possible” than the other?

A more technical problem with the classical interpretation is the follow-

ing. If we suppose that the total number of cases is infinite, then the

probability of every possibility will be zero, since the ratio between any

finite number and infinity is zero. Imagine, for instance, that I ask you to

pick a real number between 0 and 30; since there are uncountablymany real

numbers in every continuous interval the total number of cases will be

infinite. In contemporary statistics examples of this sort are routinely

analyzed by introducing a so-called probability density function, but for

Laplace it would make little sense to speak of probabilities if the set of

possibilities is infinite.

Despite the objections raised against the classical interpretation, it has at

least onemerit: There is nothingwrongwith it from a purely logical point of

view, because it satisfies Kolmogorov’s axioms. This is a necessary condition

for any reasonable interpretation of the probability calculus. To show that

the classical interpretation satisfies the axioms, we have to show that the

axioms come out true when interpreted as stipulated by the interpretation.

(This immediately implies that all theorems are true, since they were

derived from the axioms.) To start with, recall the first axiom saying that

all probabilities are numbers between 0 and 1, i.e. that 1 � p Að Þ � 0. Since

the set of favorable cases is a subset of the set of possible cases, it follows

trivially that the ratio between the number of elements in the first set

and the number of elements in the second set will always lie within the

stipulated interval.

The second axiom holds that if a proposition is certain, then its probabil-

ity is 1, and in the classical interpretation this means that all possible cases

count as favorable cases; hence, the ratio between the two will be 1. Finally,

according to the third axiom, p(A ∨ B) = p(A) + p(B) if A and B are mutually

exclusive. In the classical interpretation all possible cases are (by definition)

mutually exclusive, so it suffices to note that
iþ j

k
¼ i

k
þ j

k
for all i, j and k.

7.2 The Frequency Interpretation

The frequency interpretation holds that the probability of an event is the

ratio between the number of times the event has occurred divided by the

total number of observed cases. Hence, if I toss a coin 1,000 times and it
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lands heads up 517 times then the relative frequency, and thus the prob-

ability, would be 517/1,000 = 0.517. Consider the following definition:

(2) Probability = Total number of positive instances/Total number of trials

To start with, let us verify that Kolmogorov’s axioms come out as true

when interpreted as stipulated by the frequency interpretation. The first

axiom holds that all probabilities are numbers between 0 and 1. Since the

total number of trials will always be at least as large as the total number of

positive instances, the ratio between the two will always lie between 0 and

1. Furthermore, if the number of positive instances is equal to the total

number of trials, then the ratio will equal 1, which shows that the second

axiom comes out as true. Finally, the third axiom holds that p(A ∨ B) = p(A) +

p(B) if A and B are mutually exclusive. The proviso that A and B are mutually

exclusive means that no event belongs to A and B at the same time. Hence,

the number of events that count as positive instances of A ∨ B equals the

number of events that count as positive instances of A plus the number of

events that count as positive instances of B. At the same time, the total

number of trials is constant. Hence, since
i

k
þ j

k
¼ iþ j

k
the third axiom also

comes out as true.

In order to render the frequency interpretation more precise, a number

of further issues must be clarified. To start with, suppose I toss the coin

another 1,000 times, and that it lands heads up on 486 occasions. Does this

imply that the probability has changed from 0.517 to 0.486? The physical

constitution of the coin is the same, so anyone wishing to defend that view

has quite a lot to explain.

But what if one claims that both series of tosses should be taken into

account, and that the “new” probability is therefore 517 + 486/2,000 ≈

0.502? Now the same problem arises again, since it remains to be explained

how the probability could change from 0.517 to 0.502 without there being

any change at all in the physical constitution of the coin.

Note that in the frequency interpretation probability is always defined

relative to some reference class. In the first example, it was tacitly assumed

that the reference class is the set of 1,000 tosses, which was thereafter

extended to a new reference class comprising 2,000 tosses. A major chal-

lenge for anyone seeking to defend the frequency interpretation is to

specify which reference class is the relevant one and why. This problem
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becomes particularly pressing as the frequency interpretation is applied to

unique events, i.e. events that only occur once, such as the US presidential

election in 2016 in which Donald Trump won over Hilary Clinton. The week

before the election the probability was – according to many political

commentators – about fifty percent that Trump would win. Now, to which

reference class does this event belong? If this was a unique event the reference

class has, by definition, just one element, viz. the event itself. So if the

US presidential election in 2016 was a unique event we are forced to the

bizarre conclusion that the probability that Trump was going to win was 1/1,

since Trump actually won the election (even though he did not get amajority

of the votes) and the reference class comprises just a single element.

A possible reaction to this counterexample is to argue that there was no

“real” probability to be determined in this case, precisely because the

reference class is so small. But why would this be a good response? Exactly

how large does a reference class have to be to count?Would a reference class

of two, or three, or ten, elements be large enough? Between 1856 and 2017

there have been 40 presidential elections in the US, and Republican candi-

dates have won 19 of them. However, it would be strange to maintain that

the probability that a Republican will win next time is therefore 19/40.

If someone like Forrest Gump were to run for presidency, his probability

of winning would certainly be much lower (or higher!?) than 19/40. When

determining the probability that the next president will be a Republican,

the relative frequency of past events seems to be far less important than the

political qualities of the present candidates.

The problem posed by unique events has inspired people to develop

more sophisticated versions of the frequency interpretation. Venn,

a pioneering nineteenth-century advocate of the frequency interpreta-

tion, argued that this interpretation makes sense only if the reference

class is taken to be infinitely large. More precisely put, Venn argued that

one should distinguish sharply between the underlying limiting frequency

of an event and the frequency observed so far. It is not contradictory to

suppose that the limiting frequency when tossing a coin is 1/2 even if the

observed frequency is 0.517.

The limiting frequency is best thought of as the proportion of successful

outcomes (proportion of heads, in the coin-tossing example) onewould get if

one were to repeat one and the same experiment infinitely many times.

So even though the US presidential election in 2016 did actually take place
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just once, we can nevertheless imagine what would have happened had it

been repeated infinitely many times. If the outcome had been the same

every time, we would then be justified in concluding that the election

involved no genuine element of chance; otherwise we could simply deter-

mine the proportion of wins and losses.

That said, the limiting frequency view is usually thought to fit better with

coin tossing and similar examples. We cannot actually toss a coin infinitely

many times, but we could imagine doing so. This presupposes that the

limiting frequency is thought of as an abstraction rather than as a series

of events that takes place in the realworld. Time has a beginning and end, so

one and the same coin cannot be tossed infinitely many times, since it takes

a couple of milliseconds to toss it.

The point that the limiting frequency is an abstraction rather than some-

thing that can be directly observed has some important philosophical

implications. To start with, one can never be sure that a limiting relative

frequency exists. When tossing a coin, the relative frequency of heads will

perhaps never converge toward a specific number. In principle, it could

oscillate for ever. A related problem is that the limiting relative frequency is

inaccessible from an epistemic point of view, even in principle. Imagine

that you observe that the relative frequency of a coin landing heads up is

close to 1/2 in a series of 10 million tosses. Now, this does not exclude that

the true long-run frequency is much lower or higher than 1/2. No finite

sequence of observations can prove that the limiting frequency is even close

to the observed frequency. It is of course very unlikely that an average value

calculated from 10million observations would differ dramatically from the

true average value, but it is not impossible. Perhaps the coinwould land tails

almost every time if you were to toss it a billion times. A further problem is

that, at least in principle, it is difficult to understand what it means to

perform one and the same experiment more than once. Perhaps it makes

most sense to say that all events are unique, even coin tosses. Although you

may toss the same coin several times, the same particular toss never occurs

twice. All coin tosses are unique.

7.3 The Propensity Interpretation

According to the propensity interpretation, probabilities can be identified

with certain features of the external world, namely the propensity or
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disposition or tendency of an object to give rise to a certain effect. For

instance, symmetrical coins typically have a propensity or disposition or

tendency to land heads up about every second time they are tossed, which

means that their probability of doing so is about one in two.

The propensity interpretation was famously developed by Karl Popper in

the 1950s. His motivation for developing this view is that it avoids the

problem of assigning probabilities to unique events faced by the frequency

view. Even an event that cannot take placemore than once can nevertheless

have a certain propensity or tendency to occur. However, Popper’s version

of the theory also sought to connect propensities with long-run frequencies

whenever the latter existed. Thus, his theory is perhaps best thought of as

a hybrid between the two views. Contemporary philosophers have pro-

posed “pure” versions of the propensity interpretation, which make no

reference whatsoever to long-run frequencies.

The propensity interpretation can be criticized for a number of reasons.

First of all, the view needs to be more clearly stated. Exactly what is

a propensity or disposition or tendency? And even if we know what it is,

why shouldwe believe that such entities exist? No onewould be prepared to

claim that a propensity can be directly observed, so this means that we have

to rely on indirect evidence. However, for the reasons outlined above, no

finite series of observations can ever prove beyond doubt that the real

propensity of a coin landing heads up is even near the proportion of heads

observed so far.

Perhaps the best response to the last objection is to distinguish sharply

between the meaning of probability and the epistemic problem of how we

ought to determine probabilities. Even if probabilities are in principle

unknowable, it does not follow that they do not exist. Perhaps the real

force of the objection is not its epistemic side, but rather the lack of

semantic precision. It is simply not clear what it means to say that some-

thing is a propensity.

The most well-known objection to the propensity interpretation is

Humphreys’ paradox. To state this paradox, recall that conditional prob-

abilities can be “inverted” by using Bayes’ theorem, as explained in

Chapter 6. Thus, if we know the probability of A given B, we can calculate

the probability of B given A, given that we know the priors. Now, the point

made by Humphreys is that propensities cannot be inverted in this sense.

Suppose, for example, that we know the probability that a train will arrive
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on time at its destination given that it departs on time. Then it makes sense

to say that if the train departs on time, it has a propensity to arrive on time

at its destination. However, even though it makes sense to speak of the

inverted probability, i.e. the probability that the train departed on time

given that it arrived on time, it makes no sense to speak of the correspond-

ing inverted propensity. No one would admit that the on-time arrival of the

train has a propensity to make it depart on time a few hours earlier.

The thrust of Humphreys’ paradox is thus the following: Even thoughwe

may not know exactly what a propensity (or disposition or tendency) is, we

do know that propensities have a temporal direction. If Ahas a propensity to

give rise to B, then A cannot occur after B. In this respect, propensities

function very much like causality; if A causes B, then A cannot occur after

B. However, probabilities lack this temporal direction. What happens now

can tell us something about the probability of past events, and reveal

information about past causes and propensities, although the probability

in itself is a nontemporal concept. Hence, it seems that it would be

a mistake to identify probabilities with propensities.

7.4 Logical and Epistemic Interpretations

The logical interpretation of probability was developed by Keynes (1923)

and Carnap (1950). Its basic idea is that probability is a logical relation

between a hypothesis and the evidence supporting it. More precisely put,

the probability relation is best thought of as a generalization of the

principles of deductive logic, from the deterministic case to the indeter-

ministic one. For example, if an unhappy housewife claims that the

probability that her marriage will end in a divorce is 0.9, this means

that the evidence she has at hand (no romantic dinners, etc.) entails the

hypothesis that the marriage will end in a divorce to a certain degree,

which can be represented by the number 0.9. Coin tossing can be

analyzed along the same lines. The evidence one has about the shape of

the coin and past outcomes entails the hypothesis that it will land heads

up to a certain degree, and this degree is identical with the probability of

the hypothesis being true.

Carnap’s analysis of the logical interpretation is quite sophisticated

and cannot be easily summarized here. However, a general difficulty with

logical interpretations is that they run a risk of being too dependent on
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evidence. Sometimes we wish to use probabilities for expressing mere

guesses that have no correlation whatsoever to any evidence. For instance,

I think the probability that it will rain in Los Angeles tomorrow is 0.3. This

guess is not based on any meteorological evidence. I am just guessing – the

set of premises leading up to the hypothesis that it will rain is empty; hence,

there is no genuine “entailment” going on here. So how can the hypothesis

that it will rain in Los Angeles tomorrow be entailed to degree 0.3 or any

other degree?

It could be replied that pure guesses are irrational, and that it is

therefore not a serious problem if the logical interpretation cannot

handle this example. However, it is not evident that this is

a convincing reply. People do use probabilities for expressing pure

guesses, and probability calculus can easily be applied for checking

whether a set of such guesses is coherent or not. If one thinks that the

probability for rain is 0.3, it would for instance be correct to conclude

that the probability that there will be no rain is 0.7. This is no doubt

a legitimate way of applying probability calculus. But if we accept the

logical interpretation we cannot explain why this is so, since this inter-

pretation defines probability as a relation between a (nonempty) set of

evidential propositions and a hypothesis.

The debate on how to interpret the probability calculus can also be

set up in a radically different way. According to this view the partici-

pants of the debate do not necessarily disagree about anything. This is

because some statements about probability refer to objective (perhaps

logical) properties, whereas other statements refer to subjective degrees

of belief. It may very well hold true that some statements about coin

tossing refer to objective features of the world, but this does not exclude

the notion that other statements merely refer to the speaker’s mental

state. In this ecumenical approach, different versions of objective views

can even coexist. In the modern literature, the logical interpretation

is often called epistemic probability. When this label is used, it is

generally assumed that probability statements tend to refer to different

kinds of properties, and only probabilistic statements about the relation

between a hypothesis and its evidence are called epistemic probabilities.

Consider the following examples, and particularly compare the third

with the first two.
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(1) The probability that the coin will land heads up is 1/2. (Objective)

(2) The probability that Adam will divorce his wife Beatrice is 0.01.

(Subjective)

(3) The probability that the law of nature N is true is 0.98 given present

evidence. (Epistemic)

The third example is obviously a statement about how strong the relation

is between a law of nature and some set of propositions supporting the law.

Laws of nature are necessarily true or false, so it would make little sense to

ascribe a probability to the law itself. Hence, philosophers such as Mellor

and Williamson take this kind of example to show that some probabilities

are epistemic, and that epistemic probabilitiesmay coexist with other kinds

of objective probability, as well as with subjective probability. Whether it is

true that the probability is 0.98 that the law of nature holds true depends on

whether the evidence actually supports the law to that degree, rather than

on the constitution of the physical world or on the speaker’s subjective

degree of belief.

In the ecumenical approach, there is thus a genuine difference in mean-

ing between these three examples. In the first example the speaker is

talking about some objective feature of the world, and in the second she is

talking about her subjective degree of belief, whereas the third example

refers to some abstract epistemic relation between propositions.

Critics of the ecumenical approach could, of course, reply that all

claims about probability are epistemic (or objective, or subjective).

When talking about the probability of a coin landing heads up the speaker

is merely talking about the extent to which the evidence about the coin

supports the proposition that the coin will land heads up, and to say that

my subjective probability that I will ask for a divorce is 0.01 could be taken

to mean that given my evidence, it is rational for me to deny that I will ask

for a divorce.

7.5 Subjective Probability

The main idea in the subjective approach is that probability is a kind of

mental phenomenon. Probabilities are not part of the external world; they

are entities that human beings somehow create in their minds. If you claim

that the probability for rain tomorrow is, say, 0.9 this merely means that
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your subjective degree of belief that it will rain tomorrow is strong and that

the strength of this belief can be represented by the number 0.9. Of course,

whether it actually will rain tomorrow depends on objective events taking

place in the external world, rather than on your beliefs. So it is probable that

it will rain tomorrow if and only if you believe to a certain degree that it will

rain, irrespective of what actually happens tomorrow. However, this should

not be taken to mean that any subjective degree of belief is a probability.

Advocates of the subjective approach stress that for a partial belief to qualify

as a probability, one’s degree of belief must be rational in a sense to be

explained shortly.

Subjective probabilities can, of course, vary across people. Your degree

of belief that it will rain tomorrowmight be strong, at the same time asmy

degree of belief is much lower. This just means that our mental disposi-

tions are different. The fact that we disagree does not in itself show that

one of us must be wrong (even though the disagreement could only be

a temporary one, given that both of us use Bayes’ theorem for updating our

beliefs, as explained in Chapter 6). When two decision makers hold differ-

ent subjective probabilities, they just happen to believe something to

different degrees. It does not follow that at least one person has to be

wrong. Furthermore, if there were no humans around at all, i.e. if all

believing entities were to be extinct, it would simply be false that some

events happen with a certain probability, including quantum-mechanical

events. According to the pioneering subjectivist Bruno de Finetti,

“Probability does not exist.”

Subjective views have been around for almost a century. De Finetti’s

pioneering work was published in 1931. Ramsey presented a similar sub-

jective theory a few years earlier, in a paper written in 1926 and published

posthumously in 1931. However, most modern accounts of subjective prob-

ability start off from Savage’s theory (1954), which is more precise from

a technical point of view. The key idea in all three accounts is to introduce

an ingenious way in which subjective probabilities can be measured.

The measurement process is based on the insight that the degree to which

a decisionmaker believes something is closely linked to his or her behavior.

For example, if my belief is sufficiently strong that the food in the restau-

rant is poisoned I will not eat it, given that I desire to stay alive. Therefore, if

it turns out that I do actually prefer to eat the food it seems that my

subjective probability that there is no poison in it has to be fairly high.
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The main innovations presented by Ramsey, de Finetti and Savage can

be characterized as systematic procedures for linking the probability cal-

culus to claims about objectively observable behavior. Imagine, for

instance, that we wish to measure Caroline’s subjective probability that

the coin she is holding in her hand will land heads up the next time it is

tossed. First, we ask her which of the following very generous options she

would prefer.

A “If the coin lands heads up you win a sports car; otherwise you win

nothing.”

B “If the coin does not land heads up youwin a sports car; otherwise youwin

nothing.”

Suppose Caroline prefers A to B. We can then safely conclude that she

thinks it is more probable that the coin will land heads up rather than not.

This follows from the assumption that Caroline prefers to win a sports car

rather than nothing, and that her preference between uncertain prospects

is entirely determined by her beliefs and desires with respect to her pro-

spects of winning the sports car. If she on the other hand prefers B to A, she

thinks it is more probable that the coin will not land heads up, for the

same reason. Furthermore, if Caroline is indifferent between A and B, her

subjective probability that the coin will land heads up is exactly 1/2. This is

because no other probability would make both options come out as equally

attractive, irrespective of how strongly she desires a sports car, and irre-

spective of which decision rule she uses for aggregating her desires and

beliefs into preferences.

Next, we need to generalize the measurement procedure outlined

above such that it allows us to always represent Caroline’s degree of

belief with precise numerical probabilities. To do this, we need to ask

Caroline to state preferences over a much larger set of options and then

reason backwards. Here is a rough sketch of the main idea: Suppose, for

instance, that Caroline wishes to measure her subjective probability that

her car worth $20,000 will be stolen within one year. If she considers

$1,000 to be a fair price for insuring her car, that is, if that amount is the

highest price she is prepared to pay for a gamble in which she gets

$20,000 if the event S: “The car is stolen within a year” takes place, and

nothing otherwise, then Caroline’s subjective probability for S is

1; 000

20; 000
¼ 0:05, given that she forms her preferences in accordance with
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the principle of maximizing expected monetary value. If Caroline is

prepared to pay up to $2,000 for insuring her car, her subjective prob-

ability is
2; 000

20; 000
¼ 0:1, given that she forms her preferences in accor-

dance with the principle of maximizing expected monetary value.

Now, it seems that we have a general method for measuring Caroline’s

subjective probability: We just ask her howmuch she is prepared to pay for

“buying a contract” that will give her a fixed income if the event we wish to

assign a subjective probability to takes place. The highest price she is

prepared to pay is, by assumption, so high that she is indifferent between

paying the price and not buying the contract.

The problem with this method is that very few people form their prefer-

ences in accordance with the principle of maximizing expected monetary

value. Most people have a decreasing marginal utility for money. However,

since we do not know anything about Caroline’s utility function for money

we cannot replace the monetary outcomes in the examples with the corre-

sponding utility numbers. (Note that we cannot apply von Neumann and

Morgenstern’s utility theory for determining Caroline’s utility function,

since it presupposes that the probability of each outcome is known by the

decision maker.) Furthermore, it also makes little sense to presuppose that

Caroline uses a specific decision rule, such as the expected utility principle,

for forming preferences over uncertain prospects. Typically, we do not

know anything about how people form their preferences.

Fortunately, there is a clever solution to all these problems. The basic

idea is to impose a number of structural conditions on preferences over

uncertain options. The structural conditions, or axioms, merely restrict

what combinations of preferences it is legitimate to have. For example, if

Caroline strictly prefers option A to option B in the sports car example, then

shemust not strictly prefer B to A. Then, the subjective probability function

is established by reasoning backwards while taking the structural axioms

into account: Since the decisionmaker preferred some uncertain options to

others, and her preferences over uncertain options satisfy a number of

structural axioms, the decision maker behaves as if she were forming

her preferences over uncertain options by first assigning subjective prob-

abilities and utilities to each option, and thereafter maximizing expected

utility. A peculiar feature of this approach is, thus, that probabilities (and

utilities) are derived from “within” the theory. The decisionmaker does not

prefer an uncertain option to another because she judges the subjective
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probabilities (and utilities) of the outcomes to be more favorable than those

of another. Instead, the well-organized structure of the decision maker’s

preferences over uncertain options logically implies that they can be

described as if her choices were governed by a subjective probability func-

tion and a utility function, constructed such that a preferred option always

has a higher expected utility than a nonpreferred option. These probability

and utility functions need not coincide with the ones outlined above in the

car example; all we can be certain of is that there exist some functions that

have the desired technical properties.

Box 7.1 Savage’s representation theorem

Let us take a closer look at Savage’s theory and discuss how it is related

to von Neumann and Morgenstern’s work. It will turn out that the

main difference is the following: In von Neumann and Morgenstern’s

representation theorem it is assumed that the decision maker knows

the probability of each outcome of the lotteries presented to her,

whereas in Savage’s theorem no such assumption about externally

defined probabilities is required.

Let S = {s1, s2, . . .} be a set of states of the world with subsets A, B, . . .

The latter can be thought of as events. If you roll two dice and get

a double six, then this is an event having two states as elements.

The set X = {x1, x2, . . .} is a set of outcomes. An example of an outcome

is I win $100. Acts are conceived of as functions f, g, . . . from S to X. Put

inwords, thismeans that an act is a device that attaches an outcome to

each state of the world. This is a very clever definition: An act is not

a primitive concept; it is something that can be defined in terms of

other concepts. Imagine, for instance, an act characterized by two

states, Heads and Tails, and two outcomes, Win $100 and Lose $90.

If I am offered a bet in which I win $100 if the coin lands heads up

and I lose $90 if it lands tails, then the act of taking on this bet is

completely characterized by the following function f:

f ðHeadsÞ ¼ Win $100
f ðTailsÞ ¼ Lose $90

Now, it seems reasonable to assume that a rational decision maker

ought to be able to state pairwise preferences between this act and

other acts, such as the act of taking on a bet inwhich onewins or loses
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twice as much. This new act, which we may call g, can be defined as

follows.

gðHeadsÞ ¼ Win $200
gðTailsÞ ¼ Lose $180

The expression f ≻̲ g means that act f is at least as preferred as act g.

(Indifference is the special case in which f ≻̲ g and g ≻̲ f .) Now, it is

helpful to introduce a couple of definitions. We say that f and g agree

with each other in the set of states B if and only if f(s) = g(s) for all s ∈ B.

Put in words, this means that two acts agree in B if and only if they

yield exactly the same outcome if event B occurs. Furthermore, f ≻̲ g

given Bmeans that if B is known to obtain then f is weakly preferred to

g; and B is null, iff f ≻̲ g given B for every f, g. It takes little reflection to

realize that B is null in the case that B is considered to be virtually

impossible to obtain.

Savage’s first axiom is familiar from von Neumann and

Morgenstern’s work:

SAV 1 ≻̲ is a complete and transitive relation.

The assumption that ≻̲ is complete implies that it cannot be the

case that the decision maker, after having considered two acts care-

fully, finds it impossible to tell which one she prefers more.

Personally, I know from introspection that this is descriptively false.

I find some acts to be virtually impossible to compare. For example,

even if I eventuallymanage to choose awine fromawine list, this does

not mean that my choice necessarily reveals any deeply considered

preference. Onmany occasions, my “choice” is merely the result of an

unconscious random process; perhaps the probability was just 70%

that I would choose the wine I actually did choose. However, accord-

ing to Savage, his theory is normative and the fact that ≻̲ is not always

completemerely shows that I ought to adjustmy preference according

to his recommendation; otherwise I am not rational. The assumption

that ≻̲ is transitive may also be put in doubt, but let us for the time

being assume that it is a reasonable normative requirement; anyone

whose preferences are not transitive ought to adjust her preferences.

Here is Savage’s second axiom, which is known as the sure-thing

principle. It is less complex than the following formulation may

indicate.
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SAV 2 If f, g and f0, g0 are such that

1. in ¬B, f agrees with g, and f0 agrees with g0,

2. in B, f agrees with f0, and g agrees with g0, and

3. f ≻̲ g

then f ≻̲ g
0
.

The sure-thing principle is the most controversial of Savage’s

axioms. To understand why, we shall return to Allais’ paradox, dis-

cussed in Chapter 4. Consider the decision problems in Table 7.1, in

which exactly one winning lottery ticket will be drawn.

Suppose that you are first offered a choice between f and g, and

thereafter another choice between f 0 and g0. Let B be the event of

drawing a ticket numbered 1, 2, . . ., or 11, and let ¬B be the event of

drawing a ticket numbered 12, 13, . . ., or 100. Note that in ¬B act

f agreeswith g, and f 0 agreeswith g0. Furthermore, in B act f agreeswith

f 0, and g agrees with g0. When offered a choice between f and g many

people feel that their preference is f ≻̲ g. Now, you can easily check

that all the conditions of the sure-thing principle are satisfied, so it

follows that f
0
≻̲ g

0
. However, as explained in Chapter 4, many people

would disagree with this conclusion. According to critics of the sure-

thing principle, it is perfectly reasonable to accept that f ≻̲ g but deny

that f
0
≻̲ g

0
. If you prefer f you will get amillion for sure, but f 0 does not

guarantee any money; hence, it might be worthwhile to take a risk

and prefer g0 over f 0. However, let us accept the sure-thing principle

for the sake of argument, and see where Savage’s axioms lead us.

Savage’s third axiom seeks to establish a link between preferences

over acts and preferences over outcomes. From a technical point of

view, an outcome can be thought of as an act that is certain to yield

a specific outcome. Imagine, for instance, that some act produces the

same outcomenomatterwhich state of theworld is the true state. Call

such acts static. Then, the third axiom stipulates that one static act is

Table 7.1

B (Ticket no. 1) (Ticket no. 2–11) ⌐B (Ticket no. 12–100)

Act f $1 m $1 m $1 m

Act g $0 $5 m $1 m

Act f0 $1 m $1 m $0

Act g0 $0 $5 m $0
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preferred to another if and only if the outcome produced by the first

static act is preferred to the outcome produced by the second static

act:

SAV3 If f(s) = x, f 0(s) = x0 for every s∈ B, and B is not null, then f ≻̲ f
0
given B,

if and only if x ≻̲ x
0
.

Before we introduce the fourth axiom, yet another definition needs

to be specified: B is not more probable than A if and only if f given A is at

least as preferred as f given B (abbreviated as fA ≻̲ fB), provided that the

outcome of fA is preferred over the outcome of f¬A, fA = fB and f¬A = f¬B.

Note that this is a formalization of the idea illustrated in the example

with Caroline and the sports car. Now, it is natural to assume that:

SAV4 For every A and B it holds that A is not more probable than B or B is not

more probable than A.

The next axiom is a rather uncontroversial technical assumption.

It states that there is some outcome that is strictly preferred to

another (that is, it is not the case that every outcome is weakly

preferred to every other outcome). This assumption was tacitly

taken for granted in the sports car example, outlined above.

SAV 5 It is false that for all outcomes x, x0, x ≻̲ x
0
.

It can be shown that a decision maker who accepts SAV 1–5 will be

able to order all events A, B, . . . from the least probable to the most

probable. However, it does not follow that one is able to assign unique

quantitative probabilities to these events. The next axiom, SAV 6, is

adopted by Savage for establishing such a quantitative probability

measure. Briefly put, the axiom says that every set of states can be

partitioned into an arbitrary large number of equivalent subsets. This

implies that one can always find a subset that corresponds exactly to

each probability number.

SAV 6 Suppose it is false that f ≻̲ g; then, for every x, there is a (finite)

partition of S such that, if g0 agrees with g and f0 agrees with f except

on an arbitrary element of the partition, g0 and f0 being equal to

x there, then it will be false that f
0
≻̲ g or f ≻̲ g

0
.

The six axioms stated above imply Theorem 7.1 below. The main

difference compared to von Neumann and Morgenstern’s theorem is
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that the probability function p is generated from the set of preferences

over acts (uncertain prospects), rather than just taken for granted by

the decision maker.

Theorem7.1 (Savage’s theorem) There exists a probability function

p and a real-valued utility function u, such that:

(1) f ≻̲ g if and only if
Ð ½u f sð Þ
� �

� p sð Þ�ds > Ð ½u g sð Þ
� �

� p sð Þ�ds.
Furthermore, for every other function u0 satisfying (1), there

exist numbers c > 0 and d such that:

(2) u0 = c · u + d.

I will spare the reader the proof of Savage’s theorem, which is

rather complex. (An accessible version can be found in Kreps (1988).)

The basic idea is similar to that used in the proof of von Neumann and

Morgenstern’s theorem. However, a few remarks on the interpreta-

tion of the theorem are appropriate.

Part (1) is the representation part. It guarantees the existence of

a probability function representing degrees of belief (and a real-

valued function representing utility), such that the agent can be

described as if he was acting according to the principle of maximiz-

ing expected utility. As explained above, no claim is made about

what mental or other process actually triggered the decision maker’s

preferences. The theorem merely proves that a particular formal

representation of those preferences is possible, which can be used

for explaining and making predictions about future behavior as

long as all preferences remain unchanged. Part (2) is the uniqueness

part, saying that utility is measured on an interval scale. It is exactly

parallel to the uniqueness part of von Neumann and Morgenstern’s

theorem.

In the presentation outlined here, I have emphasized the simila-

rities between Savage’s and von Neumann and Morgenstern’s the-

ories. It is important to note that both theories use the same basic

strategy for measuring a kind of mental state, even though Savage’s

slightly more complex theory manages to measure both utility and

subjective probability at the same time – von Neumann and

Morgenstern had nothing useful to say about where the probability

function comes from, it is just taken for granted in their theorem.
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7.5.1 State-dependent Utilities

Imagine that you are standing next to James Bond. He is about to disarm

a bomb,which has been programmed to go off within a few seconds. It is too

late to escape; if Bond fails to disarm the bomb, both of youwill die. Now ask

yourself what your subjective probability is that Bond will manage to dis-

arm the bomb before it goes off. Since you are now familiar with Savage’s

theory, you are prepared to state a preference between the following

gambles:

A You win $100 if Bond manages to disarm the bomb and nothing

otherwise.

B You win nothing if Bond manages to disarm the bomb and $100 if the

bomb goes off.

Let us suppose that you prefer A over B. It follows directly from Savage’s

theory that your subjective probability that Bondwill manage to disarm the

bomb exceeds your subjective probability that he will fail to do so, for the

same reason as in the sports car example. However, in the present example

it seems reasonable to maintain that a rational agent will always prefer the

gamble in which he wins $100 if the bomb is disarmed, no matter what he

believes about the bomb. This is because if the bomb goes off money does

not matter anymore. (Once in Heaven, you will of course be served shaken

martinis free of charge!) Hence, Savage’s theory of subjective probability

comes to the wrong conclusion. Even an agent who strongly believes that

the bombwill go off will prefer the gamble in which he wins somemoney if

the state he thinks is more unlikely occurs.

The problem illustrated by the James Bond example is that utilities are

sometimes state-dependent, although Savage’s theory presupposes that

utilities are state-independent. That utilities are state-dependent means

that the agent’s desire for an outcome depends on which state of the

world happens to be the true state.

A natural reaction to the James Bond problem is to argue that one should

simply add the assumption that utilities have to be state-independent. Then

the James Bond example could be ruled out as an illegitimate formal repre-

sentation of the decision problem. However, the following example, origin-

ally proposed by Schervish, Kadane and Seidenfeld, shows that this is not

a viable solution.
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Suppose that the agent is indifferent between the three lotteries in

Table 7.2.We then have to conclude that the agent considers the probability

of each state to be 1/3. Also suppose that the agent is indifferent between the

three lotteries in Table 7.3, inwhich the outcomes are given in Japanese yen.

The three states are the same as before. Given that the decision maker’s

marginal utility for money exceeds zero, it follows that his subjective prob-

ability of s1 is higher than his subjective probability of s2, which is higher

than his subjective probability of s3. (Otherwise the expected utility of the

three lotteries could not be equal.) It is therefore tempting to conclude that

the decision maker has contradicted himself. It cannot be the case that the

probability of each state is 1/3, at the same time as the probability of s1 is

higher than that of s2.

However, suppose that the three states denote three possible exchange

rates between dollars and yen. State s1 is the state in which $100 = ¥100, s2 is

the state in which $100 = ¥125, and s3 is the state in which $100 = ¥150.

Obviously, this would render the decision maker’s preferences perfectly

coherent. By considering the hypothesis that the utility of money may be

state-dependent for the agent, the hypothesis that the decisionmaker is not

contradicting himself can be temporarily saved. However, important pro-

blems now arise. First of all, how could one tell from an external point of

view whether utilities are state-dependent or not? If we have only observed

the preferences stated in Table 7.2, what should we then say about the

decision maker’s subjective probability of the three states? And more

Table 7.2

State 1 State 2 State 3

Lottery 1 $100 0 0

Lottery 2 0 $100 0

Lottery 3 0 0 $100

Table 7.3

State 1 State 2 State 3

Lottery 1 ¥100 0 0

Lottery 2 0 ¥125 0

Lottery 3 0 0 ¥150
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importantly, is it true that s1 is subjectivelymore probable than s3 or not? Yes

or no? As long as the probability function is not unique, this question will

remain open.

It is beyond the scope of this textbook to review the vast literature on

state-dependent utilities. Many articles have been published on this issue.

Some authors have suggested axiomatizations that permit the derivation

of a unique subjective probability function even in the case that the

decision maker’s utility function is state-dependent. This solution

comes at a price, though. Such axiomatizations require that the agent is

able to state preferences over a much wider class of uncertain options

than required by Savage.

7.5.2 The Dutch Book Theorem

The Dutch Book theorem is commonly thought to provide an alternative

route for justifying the subjective interpretation of probability.

The theorem shows that subjective theories of probability are no less

respectable from a mathematical point of view than objective ones.

A Dutch Book is a combination of bets that is certain to lead to a loss.

Suppose, for instance, that you believe to degree 0.55 that at least one

person from India will win a goldmedal in the next Olympic Games (event

G), and that your subjective degree of belief is 0.52 that no Indian will win

a gold medal in the next Olympic Games (event ¬G). Also suppose that

a cunning bookie offers you to bet on both these events. The bookie

promises to pay you $1 for each event that actually takes place. Now,

since your subjective degree of belief that G will occur is 0.55 it would be

rational to pay up to $1 · 0.55 = $0.55 for entering this bet. Furthermore,

since your degree of belief in ¬G is 0.52 you should be willing to pay up to

$0.52 for entering the second bet, since $1 · 0.52 = 0.52. However, by now

you have paid $1.07 for taking on two bets that are certain to give you

a payoff of $1 no matter what happens. Irrespective of whether G or¬G takes

place you will face a certain loss of $0.07. See Figure 7.1. Certainly, this

must be irrational. Furthermore, the reason why this is irrational is that

your subjective degrees of belief violate the axioms of the probability

calculus. As you should remember, we proved in Chapter 6 that the

probability of G ∨ ¬G = 1.
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The Dutch Book theorem states that a decision maker’s degrees of

belief satisfy the probability axioms if and only if no Dutch Book can be

made against her. This theorem, which was developed by Ramsey but

independently discovered and proved more rigorously by de Finetti, is

often taken to constitute an important alternative to Savage’s axiomatic

defense of subjective probability. The Dutch Book theorem emphasizes

the intimate link between preferences over uncertain options (“bets”)

and degrees of belief in a manner similar to Savage’s axiomatic approach.

However, in the Dutch Book theorem no utility function is derived; de

Finetti simply took for granted that the decisionmaker’s utility of money

and other goods is linear. Many scholars have pointed out that this is

a very strong assumption.

In order to get a better grasp of the Dutch Book theorem some qualifica-

tions have to be made. First, a fair price for a bet – say $100 for insuring

a home worth $10,000 – is an amount such that the decision maker is

equally willing to act as a player (the insured person) and as a bookie (the

insurance company). Hence, it should not matter to the decision maker if

she, depending on whether her home is destroyed or not, has to pay $100

and thereafter receives either $10,000 or nothing, or if she is the personwho

is being paid $100 and then has to pay either $10,000 or nothing. A further

assumption is that there is exactly one fair price for every bet. If you, for
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Figure 7.1 All units are in cents. Courtesy the Machine Intelligence Research

Institute
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instance, are equally willing to buy or sell a bet costing $100, your prefer-

ence must be altered if the price is changed to $101. (To “sell” a bet means

that you take on a bet with a negative stake, such as−$100 instead of $100.)

The ratio between the fair price of a bet and the absolute value of the

amount at stake is called the betting quotient. Hence, when you pay $100 for

insuring a home worth $10,000 your betting quotient is p ¼ 100
10;000 ¼ 0:01.

Now, to establish the Dutch Book theorem the decision maker has to

announce his betting quotients for a fairly large number of bets: Let E be

some initial set of statements about events x, x0, . . . that will or will not take

place. Then, the decision maker has to announce his betting quotients for

all elements in the set E* comprising all standard truth-functional com-

pounds of events in E, such as ¬x, ¬x0, x ∧ x0 and x ∨ x0.

Next, the player is instructed to announce her betting quotients for all

events E*, that is, her subjective degrees of belief in all these events. At this

point some important similarities with traditional betting stop: We assume

that the bookie is allowed to freely choose the stake S of each bet, which may be

either positive or negative. Hence, the player does not decide if she will, say,

win $100 if x occurs or lose the same amount if this event takes place.

We stipulate that the player must pay the bookie p · S for entering each

bet, and that the player then receives S from the bookie if the event she is

betting on occurs and nothing otherwise. The situation can be summarized

in Table 7.4.

The Dutch Book theorem consists of two parts. The first part shows that if

the player’s betting quotients violate the probability axioms, then she can be

exploited in a Dutch Book. This means that it is pragmatically irrational to

violate the probability axioms. The second part of the theorem shows that

noDutch book can be set up against a player whose betting quotients satisfy

the probability axioms; this indicates that anyone whose betting quotients

satisfy the probability axioms cannot be criticized for being irrational in

a pragmatic sense. De Finetti only proved the first part of the Dutch Book

theorem. The second part was proved in the 1950s by other scholars.

In Box 7.2 we recapitulate de Finetti’s part of the theorem.

Table 7.4

Player wins bet Player loses bet

S − p · S − p · S
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Box 7.2 The Dutch Book theorem

Theorem7.2 (de Finetti’s part) If a player’s betting quotients violate

the probability axioms, then she can be exploited in aDutch Book that

leads to a sure loss.

Proof We will consider each axiom in turn and show that if it is

violated, then a Dutch Book can be made against the player.

The first axiom of the probability calculus holds that 1 ≥ p(x) ≥ 0

for every event x. To start with, suppose that the player announces

a betting quotient p(x) < 0. Then the bookie chooses some S > 0, and

the player’s net loss will be S − p · S < 0 if x occurs, and −p · S < 0

otherwise. Hence, the player loses some money no matter whether

x occurs or not. If p(x) > 1, then the bookie may choose S = 1, since, 1−

p · 1 < 0 and −p · 1 < 0.

The second axiom holds that p(x ∨¬x) = 1. (Strictly speaking, this

is a theorem derived from the axiom.) Suppose that the player

announces a betting quotient such that p(x ∨¬x) > 1. Then the bookie

chooses S > 0, and the player’s net loss is S − p · S < 0 since x ∨ ¬x is

certain to occur, i.e. the player will “win” the bet no matter what

happens. If p(x ∨ ¬x) < 1, then the bookie chooses S < 0, and the

player’s net loss is S − p · S < 0. In both cases the player faces

a certain loss.

The third axiom is the additivity axiom, according to which

p(x ∨ x 0) = p(x) + p(x 0) given that x and x 0 are mutually exclusive.

First, suppose that p(x ∨ x 0) > p(x) + p(x 0). Then, the bookie can simply

choose S = 1 for the bet on x ∨ x 0, S 0 = −1 for the bet on x, and S 0 = −1

for the bet on x 0. Then, since x and x 0 are mutually exclusive events,

only one of them can occur. For instance, if x but not x 0 occurs,

then the player’s payoff is 1 − p(x ∨ x 0) · 1 from the bet on x ∨ x 0 and

−1− p(x) ·−1 from the bet on x 0. Furthermore, he loses the bet on x 0,

which incurs a loss of −p(x0) · −1. By adding these three terms we get:

1 −p(x ∨ x0) · 1 −1 − p(x) · (−1) −p(x0) · (−1). This looks a bit messy, but

this expression can be rewritten as−p(x ∨ x0) + p(x) + p(x0). However, the

initial assumption that p(x∨ x0) > p(x) + p(x0) entails that−p(x∨ x0) + p(x) +

p(x0) is negative, which means that the player will face a loss.

The second case, p(x ∨ x0) + p(x) + p(x0), is analogous. □
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The Dutch Book theorem is no doubt an important theorem. It shows

that there is an intimate link between rational degrees of beliefs and the

probability axioms. However, my personal view is that Savage’s axioms

provide much stronger support for the subjective interpretation than the

Dutch Book theorem.One reason for this is that the principle ofmaximizing

expected monetary value is simply taken for granted in the setup of the

Dutch Book theorem. It is not prima facie irrational to suppose that some

people are prepared to assign subjective degrees of belief to events, and that

these partial beliefs satisfy the probability axioms, even though the agent

refuses to evaluate bets by maximizing expected value. Perhaps the agent

feels strongly committed to some other decision rule. Another problem is,

as highlighted by Savage, that it is rather implausible to suppose that the

player’s utility for money is linear.

That said, one could of course combine the Dutch Book theorem with

Savage’s axioms. Anyone who obeys Savage’s axioms will act in accordance

with the expected utility principle. By replacing the monetary stakes with

utilities we avoid the assumption that the player’s utility for money is

linear. However, the problem with this proposal is that we do not really

need the Dutch Book theorem if we have already accepted Savage’s axiom:

It follows from Savage’s axioms that the decision maker’s partial beliefs

satisfy the probability axioms.

7.5.3 Minimal Subjectivism

Both Savage’s approach and the Dutch Book theorem seek to explicate

subjective interpretations of the probability axioms by making certain

claims about preferences over bets or other uncertain options. But, one

could ask, is the relation between partial degrees of belief and preferences

really that close? A preference invariably requires a desire and a belief.

When I tell the waiter that I would like tuna rather than salmon, then

I believe that this will lead to an outcome (that I get some tuna) that

I desire more than the other outcome (salmon). However, the converse

does not hold. An agent can certainly believe something to a certain degree

without having any preferences. The independence of beliefs and desires

was stressed already by Hume, and few contemporary philosophers are

willing to entirely reject his idea. Hence, it now seems natural to ask: Why

on earth should a theory of subjective probability involve assumptions
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about preferences, given that preferences and beliefs are separate entities?

Contrary to what is claimed by Ramsey, Savage and de Finetti, emotionally

inert decisionmakers failing tomuster any preference at all (i.e. people that

have no desires) could certainly hold partial beliefs.

Here is a slightly different way of putting this point. If Ramsey, Savage

and de Finetti are right, a decisionmaker cannot hold a partial belief unless

he also has a number of desires, all of which are manifested as preferences

over bets or uncertain options. However, contrary to what is claimed by

Ramsey, Savage and de Finetti, emotionally inert agents could also hold

partial beliefs. The assumption that there is a necessary link between prob-

abilities and preferences (desires) is therefore dubious.

Does this argument pose any serious threat? The point is that the sub-

jective theory of probability outlined above relies on an assumption that is

not essential to the concept of probability, viz. the concept of desire. This

shows that the meaning of the term “subjective probability” is not captured

by the traditional subjective analysis. Of course, it could be argued that in

real life there are no emotionally inert agents, or at least no emotionally

inert decision makers. However, this is hardly a relevant objection. For this

argument to hold water, it is enough that the existence of an emotionally

inert person is possible.

At this point Ramsey, Savage and de Finetti may object that they have

never attempted to analyze the meaning of the term subjective probability.

All they sought to do was to offer a procedure for explaining and predicting

human behavior. However, if this line of reasoning is accepted, we must

look elsewhere to find a definition of subjective probability. Some of

Savage’s contemporaries, e.g. Good, Koopman and DeGroot, proposed mini-

mal definitions of subjective probability that are not based on preferences

over bets or uncertain options.

DeGroot’s basic assumption is that decision makers can make qualita-

tive comparisons between pairs of events, and judge which one they

think is most likely to occur. For example, he assumes that one can

judge whether it is more, less or equally likely, according to one’s own

beliefs, that it will rain today in Cambridge than in Cairo. DeGroot then

shows that if the agent’s qualitative judgments are sufficiently fine-

grained and satisfy a number of structural axioms, then there exists

a function p that (i) satisfies the probability axioms and (ii) assigns

real numbers between 0 and 1 to all events, such that one event is
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Box 7.3 DeGroot’s minimal subjectivism

In order to spell out DeGroot’s minimal theory in more detail, let S be

the sample and let E be a set of events to which probabilities are to be

assigned, and let X, Y, . . . be subsets of E. The relation “more likely to

occur than” is a binary relation between pairs of events; this relation

is a primitive concept in DeGroot’s theory. X ≻ Y means that

X is judged to be more likely to occur than Y, and X ~ Y means that

neither X ≻ Y nor Y ≻ X. The formula X ≻̲ Y is an abbreviation for

“either X ≻ Y or X ~ Y, but not both.” Now consider the following

axioms, each of which is supposed to hold for all X, Y, . . . in E.

QP 1 X ≻̲ ; and S ≻;.

QP 1 articulates the trivial assumption that no event is less likely to

occur than the empty set, and that the entire sample space is strictly

more likely than the empty set.

QP 2 For any two events X and Y, exactly one of the following three

relations hold: X ≻ Y, or Y ≻ X, or X ~ Y.

QP 2 requires that all events are comparable. This axiom resem-

bles the completeness axiom in Savage’s axiomatization, according

to which one must be able to rank any set of uncertain options

without (explicitly) knowing the probabilities and utilities asso-

ciated with their potential outcomes. However, QP 2 is less demand-

ing than Savage’s, since it does not involve any evaluative

judgments.

QP 3 If X1, X2, Y1 and Y2 are four events such that X1 ∩ X2 = Y1 ∩ Y2 = ;
and Yi ≻̲ Xi for i = 1, 2, then Y1 ∪ Y2 ≻̲ X1 ∪X2. If, in addition,

either Y1 ≻ X1 or Y2 ≻ X2, then Y1 ∪ Y2 ≻ X1 ∪ X2.

In order to explain QP 3, suppose that some events can occur in

either of twomutually exclusive ways, for example (1) “the coin lands

heads and you win a BMW” and (2) “the coin lands tails and you win

a BMW”; and (3) “the coin lands heads and youwin a Ford” and (4) “the

coin lands tails and you win a Ford.” Then, if (3) is more likely than (1)

and (4) ismore likely than (2), then it ismore likely that youwin a Ford

than a BMW.

168 The Philosophy of Probability



QP 4 If X1 ⊃ X2 ⊃ . . . and Y is some event such that Xi ≻̲ Y for i = 1,

2, . . ., then X1 ∩X2 ∩ ≻̲ Y .

QP 4 guarantees that the probability distribution is countable addi-

tivly. It follows from QP 4 that Y ~ ;, because no matter how unlikely

Y is (Y ≻ ;), it is impossible that for every n between one and infinity,

the intersection of events X1 ∩ X2 ∩ . . . is at least as likely as Y, given

that each Xn is more likely than Xn+1. For an intuitive interpretation,

suppose that each Xn denotes an interval on the real line between

n and infinity.

QP 5 There exists a (subjective) random variable which has

a uniform distribution on the interval [0, 1].

QP 5 needs to be qualified. This axiom does not require that the

random variable in question really exists. It is sufficient that the agent

believes that this random variable exists. De Groot’s approach to subjec-

tive probability theory makes no assumption about the nature of the

external world – all that matters is the structure of internal subjective

beliefs. QP 5 is thus consistent with the world being deterministic.

To understand what work is carried out by QP 5, suppose an agent

wishes to determine her subjective probability for the two events

“rain here within the hour” and “no rain here within the hour.”

Then, since the set of events E only contains two elements, it is not

possible to obtain a quantitative probability function by only compar-

ing those two events. The set of events has to be extended in some

way. QP 5 is the key to this extension. In a uniform probability

distribution all elements (values) are equally likely. As an example,

think of a roulette wheel in which the original numbers have been

replaced with an infinite number of points in the interval [0, 1]. Then,

by applying QP 5, the set of events can be extended to the union of the

two original events and the infinite set of events “the wheel stops at

x (0 ≤ x ≤ 1),” etc.

Theorem 7.3 QP 1–5 are jointly sufficient and necessary for

the existence of a unique function p that assigns a real number in

the interval [0, 1] to all elements in E, such that X ≻̲ Y if and only if p

(X) ≥ p(Y). In addition, p satisfies Kolmogorov’s axioms (see page 120).

Proof The proof consists of two parts. The first part shows that QP 1–5

imply the existence of a unique probability distribution. The second
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judged to be more likely than another if and only if it is assigned

a higher number. So in DeGroot’s minimal theory, the probability func-

tion is obtained by fine-tuning qualitative data, thereby making them

quantitative. One may think of this as a kind of bootstrap approach to

subjective probability. The probabilistic information was there already

from the beginning, but after putting the qualitative information to

work the information becomes quantitative.

part verifies that the probability distribution satisfies Kolmogorov’s

axioms.

Part (1): The subjective probability function p is constructed byfirst

applying QP 5, which entails that there exists a random variable which

has a uniform distribution on the interval [0,1]. Let G[a, b] denote the

event that the randomvariable is in the interval [a, b]. Then consider the

following lemma:

Lemma If x is any element in E, then there exists a unique number

a* (1 ≥ a* ≥ 0) such that x ~ G[0, a*].

The proof of this lemma can be found in DeGroot’s work. Now,

if x is any element in A, we can apply the lemma and let p(x) be

defined as the number a*. Hence, x ~ [0, p(x)]. It follows that x ≻̲ y if

and only if p(x) ≥ p(y), since x ≻̲ y if and only if G½0; p xð Þ� ≻̲ G½0; p yð Þ�.
Part (2): It follows from the definition of p above that p(x) ≥ 0 for

every x. This verifies the first axiom of probability calculus. Moreover,

S = G[0, 1], where S is the entire sample space. This entails that p(S) = 1.

This verifies the second axiom. To verify the third axiom, we have to

show that p ∪ n
i¼1xi

� � ¼Pn
i¼1 p xið Þ. To start with, consider the binary

case with only two elements x1 and x2; that is, we want to show that if

x1 ∪ x2 = ;, then p(x1 ∪ x2) = p(x1) + p(x2). In the first part of the proof we

showed that x1 ~ G[0, p(x1)]. Hence, x1 ∪ x2 ~ G[0, p(x1 ∪ x2)]. According

to a lemma proved by DeGroot, it also holds that B ~ G[p(x1), p(x1 ∪ x2)].

Now, note that G[p(x1), p(x1 ∪ x2)] ~ G[0, (x1 ∪ x2)− p(x1)]. Also note that

by definition, B ~ [0, p(B)]. Hence, p(x1 ∪ x2)− p(x1) = p(x2). By induction

this result can be generalized to hold for any finite number of disjoint

elements. □
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Exercises

7.1 In Chapter 6 we showed that p(A) + p(¬A) = 1. Verify that this theorem

comes out as true in the classical interpretation.

7.2 Summarize the major problems with the classical interpretation.

In your view, which problem poses the greatest difficulty for the classi-

cal interpretation?

7.3 Prove that p(A) + p(¬A) = 1 in the frequency interpretation (without

using Kolmogorov’s axioms).

7.4 According to the frequency interpretation, probability is always defined

relative to some reference class. What does this mean, and why might

this spell trouble?

7.5 By definition, unique events (such as marriages or stock market

collapses) never occur more than once. What do advocates of the

following interpretations have to say about unique events: (a) the clas-

sical interpretation, (b) the frequency interpretation, (c) the propensity

interpretation and (d) the subjective interpretation?

7.6 Consider the decision matrix below. You know that your marginal

utility of money is decreasing, but you don’t know by how much.

(a) Suppose that you are indifferent betweenOption 1 andOption 2.What

can you conclude about your subjective probability for the two states?

(b) Suppose that you strictly prefer Option 1 to Option 2. What can you

conclude about your subjective probability for State 1, as compared

to State 2?

(c) Suppose that the $100 outcome is replaced with a black box with

unknown contents, and that you feel indifferent between the two

options. What can you conclude about your subjective probability

for States 1 and 2?

State 1 State 2

Option 1 $100 0

Option 2 0 $100

7.7 You are indifferent between receiving $10,000 for sure or five times that

amount if and only if a Pakistani wins a gold medal in the next Olympic

Games. Your utility for money is linear. What is your subjective prob-

ability that a Pakistani will win a gold medal in the next Olympic Games?
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7.8 You are indifferent between lotteries A and B described below and you

always maximize expected utility. What is your subjective probability

that it will be sunny in Vail today?

Sunny in Vail today Not sunny in Vail today

A 20 units of utility 0

B 0 60 units of utility

7.9 How did Savage define acts?

7.10 What is the sure-thing principle? Why is it controversial?

7.11 Explain briefly, using nontechnical vocabulary, how Savage manages

to derive both a utility function and a subjective probability function

from a set of preferences over uncertain prospects.

7.12 Explain the idea that the utility of an outcomemay sometimes be state-

dependent.

7.13 What is a Dutch Book?

7.14 Construct a Dutch Book to show that if A is impossible, then p(A) = 0.

7.15 Explain the difference between the betting approach to subjective

probability and the qualitative approach taken by DeGroot. What are

the merits and drawbacks of each approach?

Solutions

7.1 Let m be the number of cases that count as favorable with respect to A,

and let n be the total number of cases. Then the number of favorable

cases with respect to ¬A is n − m. Hence,
m

n
þ n�m

n
¼ n

n
¼ 1.

7.2 See Section 7.1.

7.3 Let m be the number of positive instances of A, and let n be the total

number of trials. Then the number of positive instances with respect to

¬A is n − m. Hence,
m

n
þ n�m

n
¼ n

n
¼ 1.

7.4 See Section 7.2.

7.5 Explicit answers are outlined in the relevant sections.

7.6 (a) p(State 1) = 1/2 and p(State 2) = 1/2. (b) You consider State 1 to bemore

probable than State 2. (c) It does not matter how much you like or

dislike the prize in the black box, so p(State 1) = 1/2 and p(State 2) = 1/2.

7.7 1/5
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7.8 3/4

7.9–7.13 Explicit answers are provided in the text.

7.14 Suppose that p(A) > 0. The bookie then chooses some S > 0. Then, since

A is impossible, the player will always lose any bet on A, so the bookie

is certain to win S come what may.

7.15 An answer is outlined in the relevant section.
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8 Bayesianism and Pragmatic
Arguments

There are almost as many definitions of Bayesianism as there are decision

theorists. The following broad definition proposed by Richard Bradley is,

however, a fairly uncontroversial characterization of the main idea.

Bayesian decision theories are formal theories of rational agency: they aim to

tell us both what the properties of a rational state of mind are . . . and what

action it is rational for an agent to perform, given her state of mind. (Bradley

2007: 233)

According to this definition, Bayesianism has two distinct components.

The first tells youwhat your state of mind ought to be like, while the second

tells you how you ought to act given that state of mind. Let us call the two

components the epistemic and the deliberative component, respectively. The

epistemic component of Bayesianism is a claim about what rational agents

ought to believe, and which combinations of beliefs and desires are ration-

ally permissible. In essence, the theory holds that one is free to believe

whatever one wishes as long as one’s beliefs can be represented by a sub-

jective probability function, and those beliefs are updated in accordance

with Bayes’ theorem (see Chapter 6). This means that Bayesian epistemol-

ogy offers virtually no substantial advice on how one ought to go about when

exploring the world. The theory merely provides a set of structural restric-

tions onwhat it is permissible to believe, and how one is permitted to revise

those beliefs in light of new information. Bayesians thus maintain that all

beliefs come in degrees, and that the theory of subjective probability pro-

vides an accurate account of how degrees of belief ought to be revised.

(Some Bayesians advocate objective versions of the theory, according to

which probabilities are objective features of the world such as relative

frequencies or physical propensities. Naturally, the mathematical frame-

work for how probabilities ought to be updated is the same.)
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Because the correct way to update one’s degrees of beliefs is to apply

Bayes’ theorem, discussions of Bayesian epistemology are apt for formaliza-

tion. The purelymathematical part of Bayesian epistemology is impeccable.

Bayes’ theorem, and every principle derived from it, are mathematical

results that it makes little sense to question. However, a major issue of

disagreement among scholars working on Bayesian epistemology is how to

determine the “prior probabilities” needed for getting the Bayesianmachin-

ery off the ground (see Chapter 6). What is, for example, the prior prob-

ability that a newly discovered disease is contagious, i.e. what is the

probability that it is contagious before we have started collecting any

further information? As explained in Chapter 6, an influential strategy for

tackling this problem is to prove that even people with different priors at

the beginning of a series of experiments will come to agree in the end, after

sufficiently many iterations.

In this chapter we will focus on the deliberative component of

Bayesianism. The deliberative component tells the agent what it is rational

to do given her present (and hopefully perfectly rational) state of mind. The

principles below summarize the Bayesian account of rational action.

Ramsey, Savage and many contemporary decision theorists endorse all

these principles

1. Subjective degrees of belief can be represented by a probability function

defined in terms of the decision maker’s preferences over uncertain

prospects.

2. The decision maker’s desires can be represented by a utility function

defined in terms of preferences over uncertain prospects.

3. Rational decision makers act as if they maximize subjective expected

utility.

The first two principles are discussed at length in Chapters 5 and 7, but

the third principle is new. What does it mean to say that rational decision

makers act as if theymaximize subjective expected utility? A brief answer is

that the decision maker does not prefer an uncertain prospect to another

because she judges the utilities and probabilities of the outcomes to be more

favorable than those of another. Instead, thewell-organized structure of the

agent’s preferences over uncertain prospects logically implies that the

agent can be described as if her choices were governed by a utility function

and a subjective probability function, constructed such that a prospect
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preferred by the agent always has a higher expected utility than a nonpre-

ferred prospect. Put in slightly different words, the probability and utility

functions are established by reasoning backwards: since the agent preferred

some uncertain prospects to others, and the preferences over uncertain

prospects satisfy a number of structural axioms, the agent behaves as if

she had acted from a subjective probability function and a utility function,

both of which are consistent with the principle of maximizing expected

utility. Thus, the axiomatic conditions on preferences employed in Bayesian

theories merely restrict which combinations of preferences are legitimate.

Blackburn expresses this point very clearly. Hewrites that Bayesian theories

give us a “grid for imposing interpretation: a mathematical structure,

designed to render processes of deliberation mathematically tractable,

whatever those processes are” (Blackburn 1998: 135).

The most fundamental axiom on rational preferences proposed by

Bayesians is the ordering axiom. It holds that for any two uncertain pro-

spects, the decision maker must be able to state a clear and unambiguous

preference, and all such preferences must be asymmetric and transitive.

However, the ordering axiom does not tell the agent whether she should,

say, prefer red wine to white. The axiom only tells the agent that if red wine

is preferred to white, then she must not prefer white to red. This is what

Blackburn has inmindwhenhewrites that Bayesianism can be conceived of

as a grid that will “render processes of deliberation mathematically tract-

able, whatever those processes are.”

Bayesians believe that preferences are revealed in one’s choice behavior.

If the agent is offered a choice between two uncertain prospects and

chooses one of them, we may conclude that she preferred the chosen one.

(Some Bayesians go as far as saying that preferences can be identified with

choices.) Here is an example that illustrates how information about prefer-

ences can be utilized for eliciting subjective probabilities and utilities by

reasoning backwards: Suppose you wish to measure your subjective prob-

ability that your new designer watch, worth $1,000, will get stolen. If you

consider $50 to be a fair price for insuring thewatch – that is, if that amount

is the highest price you arewilling to pay for a bet inwhich youwin $1,000 if

the watch gets stolen, and nothing otherwise, then your subjective prob-

ability is approximately 50/1,000 = 0.05.

In order to render this approximation precise, a linear measure of utility

has to be established, because most agents have a decreasing marginal
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utility for money. However, if we know the probability of at least one event,

then a utility function can be extracted from preferences over uncertain

prospects in roughly the same way. To see this, suppose that we somehow

know that the agent considers the probability that it will rain in Texas today

to be fifty percent. Also suppose that she prefers a gold watch to a steel

watch to a plastic watch. Then, if the agent is indifferent between the

prospect of getting a steel watch for certain, and the prospect of getting

the gold watch if the state “rain in Texas today” obtains, and the plastic

watch if it does not, then the agent’s utility for the three possible outcomes

can be represented on a linear scale in the following way: A gold watch is

worth 1, a steel watch is worth 0.5 and a plastic watch is worth 0 (because

then the expected utility of the two prospects will be equal).

The watch example serves as an illustration of the fact that Bayesians are

able to extract subjective probabilities and utilities from preferences over

uncertain prospects, given that they can somehow establish that the agent

considers “rain in Texas today” (Event 1) and “no rain in Texas today” (Event

2) to be equally likely states. In order to do this, Bayesians use the following

trick, first discovered by Ramsey: Suppose that the agent strictly prefers one

object – say, a fancy designer watch – to another object. Then, if the agent is

indifferent between the prospect in which (i) she wins the first object if Event

1 occurs and the second object if Event 2 occurs, and the prospect in which

(ii) she wins the second object if Event 1 occurs and the first object if Event 2

occurs, then the two events are by definition equally probable. A simple

numerical example can help clarify this somewhat technical point. Imagine

that the agent considers the mutually exclusive events R and ¬R to be

equally probable. Then she will be indifferent between winning, say,

(i) 200 units of utility if R occurs and 100 units if ¬R occurs, and (ii) 100

units if R occurs and 200 units if¬R occurs. This holds true, no matter what

her attitude to risk is. All that is being assumed is that the agent’s preference

is entirely fixed by her beliefs and desires.

8.1 Why Should We Accept the Axioms?

As noted above, Bayesian decision theory is an axiomatic theory. The

axioms can be formulated in a number of slightly different ways. Savage’s

theory, discussed in Chapter 7, is one of the most influential axiomatiza-

tions. Another influential axiomatization has been proposed by Jeffrey and
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Bolker. The technical details of the various axiomatizationswill not concern

us here, suffice it to notice that the central components of all versions of

Bayesian decision theory are the transitivity, completeness and indepen-

dence axioms: see Table 8.1. These axioms are supposed to hold for all

options x, y, z, and all probabilities p such that 1 > p > 0.

The attentive reader will recall that the transitivity, completeness

and independence axioms are also central to other theories of rational

choice, such as von Neumann–Morgenstern’s utility theory discussed in

Chapter 5. (Note that in the von Neumann–Morgenstern theory the

probability function is exogenous to the axiomatization.) This is good

news, because it shows that the basic principles of some of the most

influential accounts of rationality are closely interconnected. However,

this also raises a fundamental concern: Do we really have any good

reason for accepting all these axioms in the first instance? Perhaps they

are all false!

A very simple standpoint – perhaps too simple – is that the axioms need

no further justification. We know the axioms to be true because we some-

how grasp their truth immediately. The problem with this proposal is

that, many decision theorists deny that they can immediately determine

whether any of the Bayesian preference axioms are true, so it seems that

some further justification is needed.

What more could one say in support of the axioms? According to an

influential view, we have sufficient reason to accept a preference axiom if

and only if it can somehow be pragmatically justified. Imagine, for instance,

that youmaintain that x≻ y and y≻ x. Now suppose that you are holding x in

your hand, and that I invite you to swap x for y if you payme a small amount

ofmoney (one cent). You think y is better than x even after you have paidme

a cent and therefore agree to swap. I then invite you to swap back, that is,

swap y for x on the condition that you pay me one cent. Since you also think

that y is better than x, you agree to swap and pay me one cent. You are now

Table 8.1

Transitivity If x ≻ y and y ≻ z, then x ≻ z

Completeness x ≻ y or y ≻ x or x ~ y

Independence If x ≻ y, then xpz ≻ ypz (where xpz is a lottery that gives you x

with probability p and z with probability 1 − p.)
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back where you started, the only difference being that you have two

cents less. I now offer you to swap again. After a finite number of

iterations you will be bankrupt. Hence, it is irrational to simultaneously

prefer x ≻ y and y ≻ x. This argument is called the money pump argument,

because it purports to show that an irrational decision maker can be

“pumped” of all her money. The money pump argument is a paradig-

matic example of a pragmatic argument. Generally speaking, pragmatic

arguments seek to show that decision makers who violate certain prin-

ciples of rationality may face a decision problem in which it is certain

that they will stand to lose, come what may. Thus, the decision maker

will be worse off, as judged from her own perspective, no matter what

happens. Next to the money pump argument, the Dutch Book argument

mentioned in Chapter 7 is perhaps the most influential pragmatic argu-

ment. However, note that pragmatic arguments need not always be

formulated in monetary terms. One could equally well construct a

scenario in which the decision maker who follows her irrational pre-

ferences is certain to face a sure loss of ice cream, happiness or moral

virtue, or whatever she cares about.

Pragmatic arguments provide the best support currently available for the

axioms of Bayesian decision theory. That said, it does not follow that this

support is very strong. In what remains of this chapter we shall take a closer

look at some pragmatic arguments for the transitivity, completeness and

independence axioms.

8.2 Must a Rational Preference be Transitive?

Imagine that a friend offers to give you exactly one of her three crime

novels, x or y or z. You feel that you prefer x to y and y to z. Does it follow

that you must also prefer x to z? The transitivity axiom entails that the

answer should be affirmative. Before we explain how this axiom can be

pragmatically justified, it is worth noting that it is sometimes considered to

be a conceptual truth. Anyone who understands what it means to have a

preference will eventually realize that preferences must not violate the

transitivity axiom. To deny transitivity is, on this view, like denying that a

triangle must have three corners.

The downside of the conceptual argument is that it is sometimes very

difficult to determine whether something is a conceptual truth. History is
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full of claims that were originally thought to be conceptual truths. Formore

than two thousand years Euclid’s parallel axiom, saying that parallel lines

will never cross, was believed to be a conceptual truth. However, the non-

Euclidean geometry developed by the Hungarian mathematician Bolyai in

the 1820s showed this to be false. It is not a conceptual truth that parallel

lines will never cross.

The pragmatic argument for transitivity is based on a slightly more

sophisticated version of the money pump argument outlined above. This

argument seeks to show that anyone whose preferences are cyclic (and

hence not transitive) may end up in a situation in which it is certain that

she will lose an infinite amount of money. The argument goes as follows.

Imagine that your preference ordering over the three novels x, y and z is

cyclic. You prefer x to y, and y to z, and z to x; i.e. x ≻ y ≻ z ≻ x. Now suppose

that you are in possession of z, and that you are invited to swap z for y.

Because you prefer y to z, it is rational for you to swap even if you have to pay

some small amount, say one cent, for swapping. So you swap, and tempora-

rily get y. You are then invited to pay one cent for swapping y for x, which

you do, because you prefer x to y. Finally, you are offered to pay one cent for

swapping x for z. Because z is strictly better than x, even after you have paid

the fee for swapping, rationality tells you that you should accept the offer.

This means that you end up where you started, the only difference being

that you now have three cents less: see Figure 8.1. This procedure is there-

after iterated over and over again. After a billion cycles you have lost thirty

million dollars, for which you have got nothing in return.
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Figure 8.1 Courtesy the Machine Intelligence Research Institute
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Exactly what does the money pump argument for transitivity show?

Obviously, the conclusion is not that a rational preference must be transi-

tive. The conclusion is rather that if we permit cyclic preference orderings,

then the contradiction outlined in Box 8.1 is unavoidable. Of course, one

could deny transitivity without accepting cyclic preference orderings.

Box 8.1 The money pump argument

Does themoney pump argument provide a convincing justification of

transitivity? In order to make a qualified judgment we first have to

spell out the argument in more detail. Let Pt(x) denote a predicate

saying that it is permissible to choose x at time t. Now, the money

pump argument has twomajor premises. The first premise holds that

value is choice-guiding:

Premise (i) In a pairwise choice between x and y at time t:

(i) If x ≻ y, then Pt(x) ∧¬Pt(y).

(ii) If x ~ y, then Pt(x) ∧ Pt(y).

Note that clause (i) is very weak. If necessary, it could plausibly be

strengthened to the claim that if x ≻ y, then Ot(x) ∧ ¬Pt(y), where Ot(x)

means that it is obligatory to choose x at t. Also note that we have not

assumed that a rational preference must be complete. All we assume

is that if x is preferred to y at t, then one is permitted to choose x and

not y at t. (If the decisionmaker is indifferent between the two objects,

she is of course permitted to choose either of them.)

The second premise of the money pump argument is the principle

of no payment. It holds that one is never rationally permitted to pay

for x, if x could have been obtained for free. Of course, this premise is

not universally valid, since things might change over time. Though

you now could obtain a painting by the unknown artist Ossacip for

free, it might be rational to pay a huge amount for it in the future,

if Ossacip becomes as famous as Picasso. However, given that the

principle of no payment is restricted to short periods of time, it

seems hard to resist. In this context, the term “short period” means

that the utility of all objects must remain constant. Hence, the prin-

ciple of no payment holds in the following situation: You will shortly

receive exactly one object, x, or y, or z, and you know that these three
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Imagine, for example, that you prefer x to y and y to z, and that you regard x

and z to be incommensurable. (Let x be a large amount of money, and z

health; money and health may be incommensurable.) This is a clear viola-

tion of transitivity, but in this case your preference ordering is not cyclic,

and it is not certain that you can be money pumped. Hence, it is difficult to

are the only objects you can ever obtain. You are then offered a

sequence of pairwise choices between the three objects. Now, if it

is permitted to choose x at one point during the course of the

experiment, then it can hardly be permitted to choose a strictly

worse outcome, x − ε, at a later point.

To pay for an object x means that the agent gives up some small

amount of utility ε in exchange for x. The formula x − ε is a metapho-

rical expression of this exchange. Strictly speaking, x− ε is an ordered

pair 〈x, −ε〉, in which x is the object received by the decision maker

and −ε is the amount the decision maker paid for getting x. Consider

the following condition, which we assume holds for all x and t:

Premise (ii) If Pt(x), then ¬Pt + n (x −ε) for all n ≥ 1.

In addition to the two premises stated above, we also need to make

the following technical assumption: For every pair of distinct

objects, if x ≻ y at t, then there exists some small amount of value

ε such that x− ε ≻ y at t. Call this Assumption T.

We are now in a position to prove the following theorem:

Theorem 8.1 Premises 1 and 2 and Assumption T are logically

inconsistent.

Proof Suppose for reductio that x ≻ y and y ≻ z and x ≻ z. Let t1, t2, t3

be three points in time and suppose that the agent is offered a choice

between x at t1, and between x and y at t2, and between z and x − ε at

t3. It follows from Premise (i) that Pt1(x) in the choice between

x and y, since x ≻ y. Now consider the choice made at t3.

Assumption T guarantees that ε can be chosen such that x − ε ≻ z.

Therefore, in a choice made at t3 between z and x − ε, Premise (i)

implies that Pt3(x − ε). However, since Pt1(x), as shown above,

Premise (ii) implies that ¬Pt3(x − ε). □
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see how themoney pump argument could support the transitivity axiom. It

merely seems to exclude some, but not all, preference orderings that are

incompatible with this axiom.

Another criticism of the money pump argument for transitivity, raised

by Frederick Schick, is that a clever decision maker facing a money pump

would “see what is in store for him” and reject the offer to swap and thus

stop the pump. If you know from the outset that you will bemoney pumped

if you act according to your preferences, then it seems odd to claim that you

ought to accept the offers to swap. Because you can foresee that youwill face

a sure loss if you begin to swap, the money pump argument never gets off

the ground. You know that you are essentially facing a choice between x and

x − ε, so why not just refuse the offers to swap and keep x?

In response to this objection, Johan Gustafsson has claimed that the

sequential (stepwise) nature of the money pump argument is irrelevant.

What makes a cyclic preference irrational is not that the agent can be

exploited, but rather the fact that she is acting against her own preference:

“What is irrational about being money pumped is that one chooses against

one’s preference . . . Whether someone else thereby gets rich at your

expense is irrelevant for whether you are rational” (2013: 462). On this

view, it is strictly speaking not necessary to present the money pump

argument as a series of swaps offered at different points in time. We could

equally well present a synchronous version of the argument, in which you

are offered only a single choice at a single point in time.

Imagine, for instance, that your preference ordering is as follows: x ≻

x − ε ≻ y ≻ z ≻ x. If all these options are offered at the same time, it is

certain that you will act against your own preference no matter whether

you choose x, or x − ε or y or z. The outcome will be suboptimal according

to your own preferences no matter what you do. This is, it seems, suffi-

cient for establishing that a cyclic preference is irrational. (However, as

noted above, this is not sufficient for showing that noncyclic preference

must also be transitive.)

8.3 Must a Rational Preference be Complete?

The completeness axiom – holding that a rational decision maker must

either prefer one object to another or be indifferent between the two – is

a rather strong requirement. Consider, for instance, a choice between
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money and human welfare. Many authors have argued that it makes no

sense to compare money with welfare. If the government could either save

10 million dollars or let a citizen die, it is far from clear that a rational

decision maker must be able to tell which option she prefers. Perhaps the

cost of rescuing some fishermen from a sinking ship happens to be 10

million. Then, if you feel that you prefer saving a fellow citizen’s life rather

than spending 10 million dollars less, consider a case in which the cost of

saving the citizen is 20, 30 or 100million dollars. If you accept the complete-

ness axiom, you must accept that there exists a precise cut-off point at

which a certain amount of money becomes more preferable than saving a

fellow citizen’s life. (Unless one life saved outweighs every amount of

money, which seems implausible.) This is because the completeness

axiom entails that any pair of objects, no matter how disparate, can be

compared. You must either prefer one to the other, or be indifferent

between the two.

Can the completeness axiom be justified by some pragmatic argument?

This depends on how one thinks incommensurability is linked to rational

choice. If it is rationally permissible to swap between two incommensurable

objects, then it is easy to construct a money pump of the kind outlined

above: Suppose that x and y are incommensurable, and that y+ is strictly

preferred to y. Now imagine a scenario in which you start with x, swap x for

y, and then pay one cent for getting y+. Finally, you swap y+ for x. You are

now back where you started, the only difference being that you have one

cent less. By iterating this procedure, a clever decision theorist can pump

you of all your money. However, if one denies that it is permissible to swap

between incommensurable objects, it would no longer be possible to con-

struct this kind of money pump. There is currently no agreement on

whether a decision maker who regards two objects as incommensurable

should be permitted to swap. Therefore, it seems that the pragmatic justi-

fication of the completeness axiom is rather weak.

Having said all this, there is also an influential argument against the

completeness axiom. This is the so-called small improvement argument.

It runs as follows. Suppose that in a choice between 10 million dollars

and saving a human life, the decision maker neither (strictly) prefers

10 million to saving a human life, nor saving a human life to 10 million.

Now, it would of course be a mistake to conclude that the decision maker

must therefore be indifferent between 10million and a human life. If one
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regards 10 million dollars and a life saved to be equally valuable, it

follows that if the 10 million dollars or the life saved were modified by

attaching an arbitrary small bonus, then the preference must tip over in

favor of whichever object was thus modified. We stipulate that the addi-

tion of a small bonus, say one cent, to one of the alternatives would not

have such a dramatic effect on the decision maker’s preference. In a

choice between a human life and 10 million plus one cent, the decision

maker would again be unable to muster a preference between the two

alternatives. Hence, the decision maker was not indifferent between

10 million dollars and a human life. So 10 million dollars is neither

better, nor worse, nor equally good as a human life. Hence, the two

alternatives are incommensurable: see Box 8.2.

Box 8.2 The small improvement argument

The small improvement argument can easily be formalized. Consider

three distinct objects, x, y and y+, where y+ is a small improvement of y

(say, y plus one cent). Now, the point of the argument is to show that

the four premises stated below together cast doubt on the complete-

ness axiom. The first premise states that the decision maker neither

strictly prefers 10 million to saving a human life, nor saving a human

life to 10 million, while the second articulates the fact that 10 million

plus one cent is preferred to 10 million. The third premise is a

substantial logical assumption, while the fourth merely states that

10 million plus one cent is not preferred to saving a human life (see

Espinoza 2008).

(1) ¬ (x ≻ y) ∧ ¬ (y ≻ x) premise

(2) y+ ≻ y premise

(3) (x ~ y) ∧ (y+ ≻ y) → y+ ≻ x premise

(4) ¬ (y+ ≻ x) premise

(5) ¬ ((x ~ y) ∧ (y+ ≻ y)) [from (3) and (4)]

(6) ¬ (x ~ y) [from (2) and (5)]

(7) ¬ (x ≻ y) ∧ ¬ (y ≻ x) ∧ ¬ (x ~ y) [from (1) and (6)]

The conclusion, (7), is an outright denial of the completeness axiom.

Obviously, (7) follows from premises (1)–(4). Hence, the advocate of the

completeness axiommust maintain that at least one of (1)–(4) is false.
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The small improvement argument is not uncontroversial. Some authors

have questioned its premises. It is beyond the scope of this book to do justice

to that debate, suffice it to notice that a forceful objection to the small

improvement argument can be derived from a view about preferences put

forward by the economist Paul Samuelson in the 1930s. Inspired by

the logical positivists, Samuelson emphasized that every statement about

preferences must be revealed through choice behavior. According to

Samuelson’s revealed preference theory, there is no conceptual space for

incomplete preferences. Unless choices violate the weak axiom of revealed

preference (WARP), they automatically reveal a preference. For example, if a

decision maker is faced between two mutually exclusive and exhaustive

alternatives x any y, and chooses x over y, then an external observer has to

conclude that xwas at least as preferred as y. If we accept Samuelson’s view,

it becomes very difficult to see what kind of behavior could possibly corre-

spond to incommensurability. If neither x nor y is chosen, e.g. if no choice at

all is made, it is after all not a choice between two mutually exclusive and

exhaustive options. This is why revealed preference theory does not

acknowledge incommensurability as a possible preference relation.

Whatever option the decision maker chooses, an advocate of revealed pre-

ference theory will argue that the chosen option was at least as preferred as

the non-chosen one.

A possible way of dealing with incomplete preferences, which is quite

popular in applications of decision theory to real-world problems, is

to introduce a sharp distinction between single- and multiattribute

approaches to decisionmaking. In a single-attribute approach, all outcomes

are compared along a single scale. For example, in a decision between

saving a group of fishermen from a sinking ship at a cost of 10 million

dollars or letting the fishermen die and saving the money, the value of a

human life will be directly compared with monetary outcomes on a single

scale, as explained above.

The multiattribute approach seeks to avoid the criticism that, for

instance, money and human welfare are incommensurable by giving up

the assumption that all outcomes have to be compared on a common

scale. In a multiattribute approach, each type of attribute is measured in

the unit deemed to be most suitable for that attribute. Perhaps money is

the right unit to use for measuring financial costs, whereas the number of

lives saved is the right unit to use for measuring human welfare. The total
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value of an alternative is thereafter determined by aggregating the attri-

butes, e.g. money and lives, into an overall ranking of the available

alternatives.

Here is an example. Rachel has somehow divided the relevant objec-

tives of her decision problem into a list of attributes. For the purposes of

illustration, we assume that the attributes are (i) the number of lives

saved, (ii) the financial aspects of the decision, (iii) the political implica-

tions of the decision, and (iv) the legal aspects of the decision. Now, to

make a decision, Rachel has to gather information about the degree

to which each attribute can be realized by each alternative. Consider

Table 8.2, in which we list four attributes and three alternatives. The

numbers represent the degree to which each attribute is fulfilled by

the corresponding alternative. For example, in the leftmost column the

numbers show that the second alternative fulfills the first attribute to a

higher degree than the first alternative, and so on. So far the ranking is

ordinal, so nothing follows about the “distance” in value between the

numbers. However, in many applications of the multiattribute approach

it is of course natural to assume that the numbers represent more than an

ordinal ranking. The number of people saved from a sinking ship can, for

instance, be measured on a ratio scale. This also holds true of the amount

of money saved by not rescuing the fishermen. In this case, nothing

prevents the advocate of the multiattribute approach from using a ratio

or interval scale if she so wishes.

Several criteria have been proposed for choosing among alternatives

with multiple attributes. It is helpful to distinguish between two types of

criteria, viz. additive and nonadditive criteria. Additive criteria assign

weights to each attribute, and rank alternatives according to the weighted

sum calculated by multiplying the weight of each attribute with its value.

The weights are real numbers between zero and one, which together sum

up to one. Obviously, this type of criterionmakes sense only if the degree to

Table 8.2

Attribute 1 Attribute 2 Attribute 3 Attribute 4

Alt. a1 1 3 1 2

Alt. a2 3 1 3 1

Alt. a3 2 2 2 2
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which each alternative satisfies any given attribute can be represented at

least on an interval scale, i.e. if it makes sense to measure value in quanti-

tative terms. Let us, for the sake of argument, suppose that this is the case

for the numbers in Table 8.2, and suppose that all attributes are assigned

equal weights, i.e. 1/4. This implies that the value of alternative a1 is 1/4 · 1 +

1/4 · 3 + 1/4 · 1 + 1/4 · 2 = 7/4. Analogous calculations show that the value of a2

is 2, while that of a3 is also 2. Since we defined the ranking by stipulating

that a higher number is better than a lower, it follows that a2 and a3 are

better than a1.

Of course, one might question the method used for determining the

weights. How could we rationally determine the relative importance of

each attribute? An obvious answer is to ask the decision maker to directly

assign weights to each attribute. A slightly more sophisticated approach is

to let the agent make pairwise comparisons between all attributes, and

thereafter normalize their relative importance. However, from a theoretical

point of view the second approach is no better than the first. None of them

can overcome the objection that such a direct approach makes the

assignment of weights more or less arbitrary. It is indeed very optimistic

to believe that decision makers can come up with adequate numerical

weights. So perhaps the direct version of the multiattribute approach is

no better than the single-attribute approach: It is indeed contentious to

measure the utility of very different objects on a common scale, but it

seems equally contentious to assign numerical weights to attributes as

suggested here.

Most advocates of the multiattribute approach favor an implicit strategy

for making trade-offs between attributes. The basic idea has been imported

from economic theory. Instead of directly asking the decision maker how

important one attribute is in relation to another, wemay instead ask him to

state preferences among a set of hypothetical alternatives, some of which

include more of one attribute but less of another. One can then indirectly

establish indifference curves for all attributes, which show how much of

one attribute the decision maker is willing to give up for getting one extra

unit of another attribute. Given that the decision maker’s preferences

among alternatives are complete, asymmetric and transitive, it can then

be proved that the decision maker behaves as if he is choosing among

alternatives by assigning numerical utilities to alternatives, e.g. by assign-

ing weights to the attributes and then adding all the weighted values.
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Unfortunately, the implicit approach seems to put the cart before the

horse in normative contexts. If one merely wishes to describe and predict

the decision maker’s future choices, it certainly makes sense to observe

preferences among a set of alternatives and then assume that the trade-off

rate between attributes implicit in those choices will be the same in

future choices. However, if one wants to make a normative claim about

what ought to be done, the implicit approach becomes more question-

able. A decision maker who knows his preferences among alternatives

with multiple attributes does not need any action guidance – so why

divide the decision into a list of attributes in the first place?

Furthermore, according to the implicit approach, it is false to say that

one alternative act is better than another because its aggregated value is

higher. All one is entitled to say is that the decision maker, as a matter of

fact, behaves as if he was assigning numerical values to alternatives. From

a normative point of view, this is of little help.

Nonadditive aggregation criteria do not assume that the total value

of an alternative can be calculated as a weighted sum. Consider, for

example, the suggestion that the value of an alternative is obtained by

multiplying the value of each attribute. Obviously, multiplicative criteria

tend to put emphasis on the minimal degree to which each attribute is

satisfied – a large number times zero is zero, nomatter how large the large

number is. Suppose, for example, that only two attributes are considered,

and that the value of the first is zero and the value of the second is 999;

then the product is of course also zero. An additive criterion would give at

least some weight to the second value (999), so the overall value would in

that case be strictly greater than zero, depending on the weight assigned

to the second attribute.

Another example of a nonadditive criterion is to impose aspiration levels

for each attribute. The basic idea is that in case an attribute falls below a

certain minimal level – the aspiration level – that alternative should be

disregarded, no matter how good the alternative is with respect to other

attributes. An obvious problem is, of course, that it might be difficult to

specify the aspiration level. Furthermore, it might be questioned whether it

is reasonable to assume that aspiration levels are sharp. Perhaps there are

areas of vagueness, in which outcomes are neither below nor above the

aspiration level.
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A common objection to multiattribute approaches is there may exist

several equally plausible but different ways of constructing the list of

attributes. Sometimes the outcome of the decision process depends on

which set of attributes is chosen – an alternative that is ranked as optimal

according to a given decision criterion relative to one set of attributesmight

be ranked as suboptimal according to the same decision criterion relative to

another equally reasonable set of attributes. Consider, for example, a med-

ical products agency which is about to approve a new drug for the market.

Imagine that the long-term effects of the drug are partly unknown, and that

there is a concern that the drug may lead to increased cardiotoxicity.

Cardiotoxicity might thus be taken to be a relevant attribute. However, let

us suppose that for half of the population, the intake of the drug leads to an

increased risk of cardiotoxicity, whereas for the other half it actually leads

to a decreased risk. It is plausible to assume that the explanation of this

difference is to be found in our genes. Now, if cardiotoxicity is conceived as

one attribute, the drug might very well be approved by the regulatory

agency, since no increased risk could be detected in a clinical trial – the

two effects will cancel out each other. However, had we instead distin-

guished between two different attributes, “cardiotoxicity for people with

gene A” and “cardiotoxicity for people with gene B,” the result might have

been quite different. If the increased risk for people with gene B is suffi-

ciently large, the regulatory decisionmight be radically affected, depending

on which criterion is used for aggregating risks. This example illustrates

that advocates of multiattribute approaches need a theory about how to

individuate attributes, and if there is more than one way to individuate

attributes, they must not lead to conflicting recommendations. I leave it to

the reader to decide whether the multiattribute approach can be used to

overcome the problem with incomplete preference orderings.

8.4 Must a Rational Preference Satisfy the Independence

Axiom?

We turn now to the independence axiom. Can this axiom be justified by a

pragmatic argument?Many decision theorists have argued so. Their aimhas

been to construct a scenario in which a decision maker who violates the

independence axiom will stand to lose, come what may. In the standard

version of the argument, the decision maker is asked to consider a
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sequential (dynamic) decision problem that is somewhat more complex

than traditional money pump arguments. As a point of departure we use

Allais’ famous example discussed in Chapter 4. However, we shall present

Allais’ decision problem in a slightly different way. Consider the following

list of possible outcomes.

x $1,000,000

y $5,000,000 iff it rains tomorrow (R), and $0 otherwise (¬R)

z $0

x + ε $1,000,000 plus one cent

z + ε $0 plus one cent

We stipulate that the probability of rain tomorrow is 10/11, and that you

know this. We also stipulate that there is an asymmetrical coin, which we

know will land heads up (p) with probability 0.11. You are now presented

with a set of choices over the outcomes listed above. First, you are asked to

consider a choice between x and y. You choose x, i.e. x ≻ y, since x gives you

$1 million for sure. Next consider a lottery that gives you x with a prob-

ability of 0.11 and z otherwise. (We write xpz, as explained in Chapter 5.)

How does xpz compare with ypz, i.e. a lottery that pays y with a probability

of 0.11 and z otherwise? Clearly, ypz entitles you to a 11% chance of win-

ning $5 million if it rains tomorrow, and nothing otherwise. Hence, the

probability of winning $5million is 0.11 · 10/11 = 0.10. Many people prefer a

10% chance of winning $5 million to a 11% chance of winning $1 million,

and we assume that you are one of them. Hence, ypz ≻ xpz. This means that

your preferences are as follows.

x≻ y; but ypz≻ xpz ð1Þ

Clearly, you now violate the independence axiom, because indepen-

dence implies that xpz ≻ ypz whenever x ≻ y. Furthermore, given that the

small bonus ε mentioned above is small enough, it will not reverse your

preference between ypz and xpz. Hence, we may safely assume that:

ypz≻ xpzþ ε≻ xpz ð2Þ

The preferences stated in (1) and (2) will lead to a certain loss. To see this,

we now ask you to consider the sequential decision problem illustrated in

Figure 8.2. Squares denote choice nodes, that is, points at which the decision
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maker makes her move (up or down). Circles stand for chance nodes, that is,

points at which “nature” makes its move (up or down). Note that the tree

table is just a different way of illustrating Allais’ paradox.

A rational decision maker will solve this sequential decision problem

by implementing a plan. In this context, a plan specifies exactly your

moves at all choice nodes that you can reach with or without the help of

the “moves” made by nature at the chance nodes. Since you accept (1) and

(2) you are committed to implement the following plan: You prefer ypz ≻

xpz + ε≻ xpz, so youmust therefore go up at the first (leftmost) choice node.

Otherwise you will end up with xpz + ε. Given that p occurs and you reach

the second (rightmost) choice node, the plan then specifies that you

should go down, which will give you y. If p does not occur (that is, if the

coin does not land heads up), then you will get z. Let us call this plan Q.

Plan Q is just a different way of expressing your preference ypz ≻ xpz + ε≻

xpz. Given that ypz really is preferred to xpz + ε and xpz, you are rationally

committed to implement plan Q.

However, now suppose that you were to implement plan Q. Naturally, at

the first choice node you would thus decide to go up. There are thus two

cases to consider, depending onwhether p occurs or not. Given that p occurs

(the coin lands heads up), you will reach the second choice node, at which

you face a choice between x and y. Plan Q now dictates that you should go

not P

not P
not R

P

R
P

$0

$5M

X ($1M)

Y ($5M or $0)

Z ($0)

X + ε

Z + ε

Figure 8.2 (After Rabinowicz 1995)
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down, which will give you y. However, because of (1) we know that x ≻ y,

so if you reach the second choice node you will no longer feel compelled to follow plan

Q, but instead go up and get x. Furthermore, if p does not occur (if the coin

does not land heads up), you will get z. Compare all this with what would

happen had you instead decided to go down in your first move. Clearly,

had p occurred, you would have got x + ε instead of x, and had p not

occurred, then you would have got z + ε instead of z. Hence, no matter

whether p occurred or not, you would be better off by going down at the

first choice node rather than up. This means that we have constructed an

example in which a decision maker who acts in accordance with her own

preferences will know for sure, before the first move is made, that the

outcome will be suboptimal. Had you decided to go down at the first

choice node, contrary to what is dictated by plan Q, you would have got

whatever you would have got otherwise, plus a small bonus ε. Of course, if

we repeat this thought experiment a large number of times, the loss can

be made arbitrarily large.

Is this argument convincing? Many commentators have pointed out

that a clever decision maker would foresee what is going to happen at the

second choice node already at the first choice node, and thus go down

instead of up at the first choice node to collect the bonus ε. Or, put in a

slightly different way: A sophisticated decision maker would not face a

sure loss of ε, because he would realize already from the beginning what

was going to happen and take actions to avoid the trap. The notion of

“sophisticated” choice can be articulated in different ways. However, a

popular strategy is to argue that a sophisticated decision maker should

reason backwards, from the end nodes to the first choice nodes. This type

of reasoning is known as backwards induction (cf. Chapters 1 and 11).

Instead of solving the decision problem by starting at the beginning, one

should instead start at all the end nodes and reason backwards. The

argument goes as follows. Since the decision maker prefers x to y, he

would go up at the second choice node. Hence, y can be ignored, since

that outcome will never be chosen anyway. This means that the decision

maker is essentially choosing between xpz and (x + ε)p(z + ε) at the first

choice node, and since he prefers (x + ε)p(z + ε), we have identified a way of

avoiding getting trapped. However, the backwards induction argument is

controversial, for several reasons. First of all, backwards induction rea-

soning sometimes seems to lead to very odd conclusions, as illustrated in
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Chapter 11. It is not clear that this is a valid form of reasoning.

Furthermore, an even more severe problem is that it is possible, as

shown by several decision theorists, to construct sequential decision

problems in which even a sophisticated decision maker, who reasons

backwards from the end nodes to the first choice node, will be caught in

a pragmatic trap. Such examples are quite complex, but the main idea is

to show that even if one allows for backwards reasoning, a decisionmaker

who violates the independence axiom may face situations in which it is

certain that she will be worse off, by her own standards, when she acts on

her preferences. Unsurprisingly, those alternative arguments have also

been criticized, and there is currently no consensus on whether the

independence axiom can be justified by some pragmatic argument.

8.5 Can Bayesians be Money Pumped?

It is widely believed that agents who maximize subjective expected utility

are immune to pragmatic arguments. However, if we believe that some acts

have an infinite expected utility, this may not be true. Consider the follow-

ing somewhat simplified version of an example proposed by Vann McGee:

At 11 p.m. tonight I will offer you to eitherwalk awaywith somethingworth

1 unit of utility on your utility scale or, if you pay me some small amount of

money, toss a fair coin. Depending on the outcome of the coin toss you will

either win something worth 3 times as much utility or lose everything

(that is, walk away with 3 or 0 units). It is evident that as a Bayesian who

maximizes expected utility you have to accept this gamble. However, half

an hour later (60/2 minutes before midnight) I offer you to gamble again

with whatever amount of utility you have left from the previous round. If

you win, you triple your utility, meaning that you can walk away with

9 units. But if you lose, you walk away with 0 units. Fifteen minutes later

(60/4minutes beforemidnight) I will offer you to gamble again with all your

x units of utility, and then again seven and a halfminutes later (60/8minutes

before midnight), and so on.

Because the expected utility of the gamble offered to you is 3=2x in every

round (minus the small fee you paid for playing) you are rationally obliged

to play in each and every round as long as you keep winning. However, in

each round the probability is fifty percent that you go bankrupt. No matter

how many times you manage to play without going bankrupt, you will
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never reach a level of utility at which it is rational for you to stop gambling.

Your commitment to maximizing expected utility forces you to keep

gambling. Unfortunately, if you keep gambling as long as you can you

will go bankrupt with probability 1 at some point before midnight. The

probability that you survive this infinite series of gambles without losing

any single time is 0. So it seems that although your preferences conform to

the axioms of subjective expected utility theory, the probability is 1 that

your utility will be reduced to 0 units (minus the fee you paid me) within

one hour, although you could have walked away with 1 unit if you had

refused the first gamble.

As correctly pointed out by McGee, this pragmatic argument relies heav-

ily on the assumption that an agent’s utility function is unbounded. The

axiomatizations discussed in the previous chapters do not permit such

utility functions. Every utility function that describes a Bayesian agent as

someone who acts “as if” he or she maximizes expected utility is always

bounded. SoMcGee’s argument does not show that agents who act as if they

maximize expected utility can be exploited.

That said, the assumption that the agent’s utility function is unbounded

may not be essential for constructing this type of example. Consider Jacob,

whose bounded utility function ranges from 0 to 1. Unlike in the example

above, Jacob is offered to either walk away with some unknown positive

amount of utility x, or bet all x units on the outcome of a fair coin toss.

Depending on the outcome, Jacob either doubles his capital or loses every-

thing. At infinitely many later points in time (all of which occur within a

single hour, as explained above) Jacob is offered to gamble with the utility

he has left from the previous round, as long as he has not gone bankrupt.

The initial stake x has been set such that if Jacob gambles in all rounds up to

and including the round before hewould go bankrupt hewill win at most 1/2

a unit of utility, and possibly much less. Jacob knows all this. This guaran-

tees that Jacob’s gains will always be representable by a bounded utility

function ranging from 0 to 1. If we so wish, we can stipulate that the coin

was tossed yesterday, behind Jacob’s back, until the value of x was even-

tually determined.

In order to play this modified gamble, Jacob has to pay a fee. Before Jacob

is offered to either gamble orwalk awaywith x units he has to pay 1/2 x; note

that paying the fee and walking away with x is better than not paying the

fee.Moreover, in order to give Jacob an incentive to gamble, hewill receive a
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small bonus in every round he gambles, which equals
1

4
x �
Xn
m¼1

1

2m

� �
where n

is the number of rounds Jacob gambles. So if Jacob gambles only once the

bonus will be 1/8 x, and if he gambles infinitely many times the bonus will

approach 1/4 x.

What should Jacob do? It seems that Jacob should pay the initial fee of 1/2

x, no matter what x is, because he could immediately win it back by just

walking away with x. However, once Jacob has paid the fee, he will realize

that it is better to gamble, because of the small bonus he will get if he

gambles. By iterating this argument, it follows that Jacob should keep

gambling until he goes bankrupt. What has gone wrong here? Note that

Jacob may very well have some initial belief about the value of x before he

starts gambling. If so, he should, as a true Bayesian, use that belief for

determining themaximumnumber of rounds he should play. This indicates

that the argument outlined here spells trouble for the Bayesian only if Jacob

treats x as an unknown variable to which no value is assigned. If Jacob believes

that, say, x = 1/16, then he should gamble three times (even though the

probability is 7/8 that that will make him go bankrupt).

For the Bayesian agent who has beliefs about everything, nomatter whether

those beliefs are groundless or do not reflect the information presented to

him, there is no cause for concern here. However, for everyone else, who

thinks that arbitrary beliefs that do not reflect the information available to

the agent should be ignored, Jacob’s problem may be a genuine source of

concern. Recall that as Jacob was told that he could win at most 1/2 unit of

utility if hewere to gamble in all rounds up to and including the round before

he would go bankrupt, any guess Jacob makes about the value of x (that is

compatible with this boundary condition) seems to be groundless.

A somewhat similar type of problem has been discussed by Arntzenius

and colleagues. They ask us to consider the following example, which they

call Satan’s Apple:

Satan has cut a delicious apple into infinitely many pieces, labeled by the

natural numbers. Eve may take whichever pieces she chooses. If she takes

merely finitely many of the pieces, then she suffers no penalty. But if she

takes infinitely many of the pieces, then she is expelled from the Garden for

her greed. Either way, she gets to eat whatever pieces she has taken.

(Arntzenius et al., 2004: 262)
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This example is more general than the others. There is no uncertainty

about what will happen. For the same reason as in the examples discussed

above, it seems that no matter what finite number of pieces of apple Eve

takes, she is rationally obliged to take one more piece. So it is rational to

take infinitely many pieces. However, if Eve takes infinitelymany pieces she

will be expelled from the garden for her greed. So how many pieces is it

optimal to take? Arntzenius and colleagues propose that the best way for

Eve to handle this sequential decision problem is to irrevocably bind herself

at the outset to a plan of action and then resist the temptation to take any

additional pieces of apple: “For example, she might at the start commit

herself to taking the first million pieces, and no others.”

The notion of binding solves the problem in the sense that Eve will

manage to stay in the garden, but is this solution compatible with the spirit

of Bayesianism? When Eve has taken the first million pieces of apple she

will know, and therefore believe, that she would be better off taking one

additional piece. It seems to be contrary to the spirit of Bayesianism to claim

that Eve should ignore that belief once she actually has it.

8.6 Do Bayesians Put the Cart Before the Horse?

Bayesianism provides a unified answer to important questions in decision

theory, epistemology, probability theory and statistics. If you accept the

Bayesian view, the answer to nearly all questions you are interested in will

always be based on the same principles, viz. the axioms discussed above.

Bayesianism also avoids a number of potentially hard metaphysical ques-

tions. There is no need to worry about what the external world is like. All

that matters are your beliefs and desires. For example, even if you believe

that the world is deterministic and chance does not exist, you can still be a

Bayesian, since probabilities ultimately reflect your degree of belief. If you

defend alternative interpretations of probability, you cannot avoid making

substantial metaphysical assumptions about the nature of chance, which

may prove difficult to justify.

That said, it can be questioned whether Bayesian decision theory is action

guiding. Strictly speaking, when Bayesians claim that rational decision

makers behave “as if” they act from a subjective probability function and

a utility function, and maximize subjective expected utility, this is merely

meant to prove that the agent’s preferences over alternative acts can be
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described by a representation theorem and a corresponding uniqueness

theorem, both of which have certain technical properties: see Chapter 7.

Bayesians do not claim that the probability and utility functions constitute

genuine reasons for choosing one alternative over another. This seems to

indicate that Bayesian decision theory cannot offer decision makers any

genuine action guidance. Let us take a closer look at this objection.

Briefly put, the objection holds that Bayesians “put the cart before the

horse” from the point of view of the deliberating agent. A decision maker

who is able to state a complete preference ordering over uncertain

prospects, as required by Bayesian theories, already knows what to do.

Therefore, Bayesian decision makers do not get any new, action-guiding

information from their theories. So roughly put, the argument seeks to

show that even if all the axiomatic constraints on preferences proposed

by Bayesians were perfectly acceptable from a normative point of view, the

Bayesian representation and uniqueness theorems would provide no direct

action guidance. This is because the agent who is about to choose among a

large number of very complex acts must know already from the beginning

which act(s) to prefer. This follows directly from the ordering axiom for

uncertain prospects, which in one version or another is accepted by all

Bayesians. For the deliberating agent, the output of a Bayesian decision

theory is thus not a set of preferences over alternative acts – these prefer-

ences are on the contrary used as input to the theory. Instead, the output of

a Bayesian decision theory is a (set of) probability and utility function(s) that

can be used to describe the agent as an expected utility maximizer. This is

why ideal agents can only be described as if they were acting from this

principle.

In order to spell out the argument in more detail, it is helpful to imagine

two decision makers, A and B, who have exactly the same beliefs and

desires. They like and dislike the same books, the same wines, the same

restaurants, etc., and they hold the same beliefs about past, present and

future events. For instance, they both believe (to exactly the same degree)

that it will rain tomorrow, and they dislike this equally much. However, as

always in these kinds of examples, there is one important difference: A is

able to express his preferences over uncertain prospects in theway required

by Bayesians. That is, for a very large set of risky acts {x, y, . . .}, decision

maker A knows for sure whether he prefers x to y or y to x, or is indifferent

between them. Furthermore, his preferences conform with the rest of the
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Bayesian preference axioms aswell. But agent B ismore like the rest of us, so

in most cases he does not know if he prefers x to y. However, B’s inability to

express preferences over alternative acts is not due to any odd structure of

his beliefs and desires; rather, it is just a matter of his low capacity to

process large amounts of information (so his preferences conform with

the Bayesian axioms in an implicit sense). Since B’s tastes and beliefs are

exactly parallel to those of A, it follows that in every decision, B ought to

behave as A would have behaved; that is, B can read the behavior of A as a

guidebook for himself.

Decision maker A is designed to be the kind of highly idealized rational

person described by Ramsey, Savage and contemporary Bayesians. Suppose

that you are A and then ask yourself what output you get from normative

decision theory as it is presented by Bayesians. Do you get any advice about

what acts to prefer, i.e. does this theory provide you with any action gui-

dance? The answer is no. On the contrary, even if A was to decide among a

large number of very complex acts, it is assumed in the ordering axiom that

A knows already from the beginning which act(s) to prefer. So for A, the

output of decision theory is not a set of preferences over risky acts – these

preferences are, rather, used as input to the theory. Instead, as shown

above, the output of a decision theory based on the Bayesian approach is a

(set of) probability and utility function(s) that can be used to describe A as an

expected utility maximizer. Again, this is why ideal agents do not prefer an

act because its expected utility is favorable; they can only be described as if

they were acting from this principle. So the point is that Bayesians take too

much for granted. What Bayesians use as input data to their theories is

exactlywhat a decision theorist would like to obtain as output. In that sense,

theories based on the Bayesian approach “put the cart before the horse”

from the point of view of the deliberating agent.

Of course, Bayesians are not unaware of this objection. To understand

how they respond, we need to bring the nonideal decision maker B into the

discussion. Recall that for B the situation is somewhat different. He does not

yet know his preference between (all) acts. Now, a Bayesian theory has

strictly speaking nothing to tell B about how to behave. However, despite

this, Bayesians frequently argue that a representation theorem and its

corresponding uniqueness theorem are normatively relevant for a nonideal

agent in indirect ways. Suppose, for instance, that B has access to some of his

preferences over uncertain prospects, but not all, and also assume that he
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has partial information about his utility and probability functions. Then,

the Bayesian representation theorems can, it is sometimes suggested, be put

to work to “fill the missing gaps” of a preference ordering, utility function

and probability function, by using the initially incomplete information to

reason back and forth, thereby making the preference ordering and the

functions less incomplete. In this process, some preferences for risky acts

might be found to be inconsistent with the initial preference ordering, and

for this reason be ruled out as illegitimate.

That said, this indirect use of Bayesian decision theory seems to suffer

from at least two weaknesses. First, it is perhaps too optimistic to assume

that the decision maker’s initial information always is sufficiently rich to

allow him to fill all the gaps in the preference ordering. Nothing excludes

that the initial preferences over uncertain prospects only allow the decision

maker to derive the parts of the utility and probability function that were

already known. The second weakness is that even if the initial information

happens to be sufficiently rich to fill the gaps, this maneuver offers no

theoretical justification for the initial preference ordering over risky acts.

Why should the initial preferences be retained? In virtue of what is it more

reasonable to prefer x to y than to prefer y to x? Bayesians have little to say

about this. On their view, the choice between x and y is ultimately a matter

of taste, even if x and y are very risky acts. As long as no preference violates

the structural constraints stipulated by the Bayesian theory, everything is

fine. But is not this view of practical rationality a bit too uninformative?

Most people would surely agree that decision theorists ought to be able to

say much more about the choice between x and y. An obvious way to address

this problem would be to say that rationality requires more than just

coherent preferences. The axioms are necessary but perhaps not sufficient

conditions for rationality. A rational decision maker must somehow

acknowledge probabilities and utilities measured but not defined by the

Bayesian theory. However, an extended theory that meets this requirement

would no longer be purely Bayesian.

8.7 Non-Bayesian Decision Theory

Having said all that about Bayesianism, it is worth mentioning that several

non-Bayesian decision theories have been proposed in the literature. Non-

Bayesian decision theories can be divided into two subclasses: externalist and
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internalist theories. Externalists argue that an act is rational not merely by

virtue of what the decision maker believes and desires. This set of theories

thus rejects the Humean belief–desire account of practical rationality,

according to which acts can be interpreted and rationalized by identifying

the beliefs and desires that prompted the decisionmaker to perform the act

in question. From an externalist perspective, the belief–desire model is too

narrow. Rationality is also (at least partly) constituted by facts about the

external world. For example, theories advocating objective concepts of

probability, such as Laplace’s, Keynes’ and Popper’s, are all non-Bayesian

in an externalist sense. According to their view, the kind of probability that

is relevant when making decisions is not the decision maker’s subjective

degree of belief. Instead, the concept of probability should rather be inter-

preted along one of the objective lines discussed in Chapter 7. Whether

some form of externalism about practical rationality should be accepted is

ultimately amatter of what we take a normative reason to be. Is a normative

reason constituted solely by beliefs and desires, or is some “external”

component required? It is beyond the scope of this book to assess the debate

on this apparently difficult question.

So what about the other, purely internalist alternative to Bayesianism?

Briefly put, internalists agree with Bayesians that the decision maker’s

beliefs and desires are all that matters when adjudicating whether an act

is rational or irrational. However, unlike Bayesians, the non-Bayesian

internalist denies that rational decision makers merely act “as if” they

were acting from the principle of maximizing expected utility. The non-

Bayesian internalist claims that rational decisionmakers choose an act over

another because its subjective expected utility is optimal. One’s beliefs and

desires with respect to the risky acts x and y thus constitute reasons for

preferring one act to another. That is, preferences over risky acts are not just

a tool that is used for measuring degrees of belief and desire. Instead, one’s

beliefs and desires constitute reasons for preferring one risky act over

another.

Is non-Bayesian internalism a tenable alternative to Bayesianism? In

recent years, decision theorists have paid surprisingly little attention to

this approach. However, during the golden era of axiomatic decision theory,

in the 1950s and 1960s, a number of decision theorists proposed views

that are best conceived of as genuine alternatives to the Bayesian way of

aggregating beliefs and desires. For example, in the discussion on subjective
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probability in Chapter 7, we brieflymentioned DeGroot’s axiomatization of

subjective probability. Recall that DeGroot’s theory begins with the assump-

tion that agents can make qualitative comparisons of whether one event is

more likely to occur than another. DeGroot thereafter showed that if the

decision maker’s qualitative judgments are sufficiently fine-grained and

satisfy a number of structural conditions, then there exists a function p

that assigns real numbers between 0 and 1 to all events, such that one event

is judged to be more likely than another if and only if it is assigned a higher

number, and this function p satisfies the axioms of the probability calculus.

Thus, on DeGroot’s view, subjective probabilities are obtained by fine-tun-

ing qualitative data, thereby making them quantitative. The probabilistic

information is present from the beginning, but after putting qualitative

information to work the theory becomes quantitative. Since subjective

probabilities are not obtained by asking the decision maker to state a set

of preferences over risky acts, this theory is not a Bayesian theory in the

sense stipulated above.

Naturally, decision theorists have also proposed non-Bayesian

accounts of utility. Luce’s probabilistic theory of utility is perhaps the

most interesting account, which is still widely discussed in the literature.

As explained in Chapter 5, Luce managed to show that we can ascribe a

utility function to a decision maker given that his choice behavior is

probabilistic and conforms to the choice axiom. Even though this account

of utility clearly invokes a number of rather strong philosophical assump-

tions, it clearly counts as a non-Bayesian account of utility: the utility

function is not derived from a set of preferences over risky alternatives.

Hence, it seems that a utility function derived in this way could be put to

work for explaining why one risky alternative ought to be preferred to

another, given that subjective probability is interpreted along the lines

proposed by DeGroot.

Of course, it might be thought that the differences between the various

accounts of practical rationality considered here are rather minuscule and

not really worth that much attention. However, even if the discussion may

appear a bit theoretical (which it, of course, is), the controversy over

Bayesianism is likely to have important practical implications. For example,

a 40-year-old woman seeking advice about whether to, say, divorce her

husband, is likely to get very different answers from the Bayesian and his

critics. The Bayesian will advise the woman to first figure out what her
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preferences are over a very large set of risky acts, including the one she is

thinking about performing, and then justmake sure that all preferences are

consistent with certain structural requirements. Then, as long as none of

the structural requirements is violated, the woman is free to do whatever

she likes, no matter what her beliefs and desires actually are. The non-

Bayesian externalist would advise her to consider the objective probability

that she will be happy if she divorces her husband, whereas the non-

Bayesian internalist will advise the woman to first assign numerical utilities

and probabilities to her desires and beliefs, and then aggregate them into a

decision by applying the principle of maximizing expected utility.

Exercises

8.1 Explain, by using your own words, the term ‘Bayesianism’.

8.2 Your subjective degree of belief in B is 0.1 and your degree of belief in A

given B is 0.4. You then come to believe that the unconditional prob-

ability of A is 0.9. To what degree should you believe B given A? (That is,

what is p(B|A)?)

8.3 Pete is a Bayesian. He tells you that he prefers x to z, and the lottery ypw

to xpw. He thereafter asks you to advise him on whether he should

prefer y to z, or z to y, or be indifferent. What do you tell him?

8.4 Suppose that Pete in Exercise 8.3 prefers z to y. His preferences are then

incoherent. Can you advise him which of his preferences he ought to

revise?

8.5 Your preferences over a set of objects are not cyclic, i.e. it is not the case

that there exists some x such that x ≻ . . . ≻ x. Does it follow that your

preferences satisfy the transitivity axiom?

8.6 (a) What is a pragmatic argument? (b) What is the money pump

argument?

8.7 The money pump argument shows that an agent with cyclic prefer-

ences can bemoney pumped. It does not entail that anyonewho violates

transitivity can be money pumped. (a) Explain why! (b) Can the money

pump argument be strengthened, i.e. can this gap be filled? If so, how?

8.8 I prefer x to y and y to z, but I have no preference whatsoever between x

and z (I regard them to be incommensurable). (a) Do my preferences

violate transitivity? (b) Can I be money pumped?
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8.9 You will shortly be executed. The prison warden informs you that you

will be given a free meal of your choice. The decision what to eat will

be your very last one, and you know this for sure. Just as you are about

to tell the prison guard what you would like to eat, you realize that if

you were to act on your preferences you could be money pumped,

because your preferences are cyclic. However, for obvious reasons,

you know for sure that you will not be money pumped. Do you now

have a reason to revise your preferences?

8.10 Why is Samuelson’s theory of revealed preferences incompatible with

the small improvement argument?

8.11 In the account of Bayesianism given here, we identified an epistemic

and a deliberative component, respectively. But is there really any

fundamental difference between choosing what to believe and choos-

ing what to do – perhaps choosing a belief is a way of performing an

act? If so, do you think it would be possible to reduce Bayesianism to a

single, unified theory about rational deliberation?

Solutions

8.1 See the discussion in the first pages of the chapter.

8.2 We know from Chapter 6 that p Bð jAÞ ¼ p Bð Þ � p Að jBÞ
p Að Þ . Hence, p(B|A) =

0.044.

8.3 He must not prefer z to y, because then his preferences would be

incoherent.

8.4 No, he is free to revise any one of his preferences (therebymaking them

coherent). It would be incorrect to think that there is some specific

preference that he must revise.

8.5 No.

8.6 (a) Pragmatic arguments aim to show that decision makers who violate

certain principles of rationality can be presented with decision pro-

blems in which it is certain that they will stand to lose, come what

may. (b) See Section 8.1.

8.7 (a) If you prefer x to y and y to z and regard x and y to be incommensur-

able, then you violate transitivity, but your preferences are not

cyclic. (b) I leave it to the reader to make up his or her own mind

about this.
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8.8 (a) Yes. (b) As the money pump argument is traditionally set up, one

cannot be money pumped. However, this depends on what one thinks

about rational decision making between incommensurable objects. If

it is permissible to swap between incommensurable objects, and a

mere possibility to end up slightly poorer than where one started is

all that is required for the argument to be successful, then one can

indeed be money pumped.

8.9 I leave it to the reader to make up her own mind about this.

(My personal view is no!)

8.10 The theory of revealed preferences equates preference with choice.

Thus, there is no room for a preference ordering being incomplete.

One cannot choose one object over another, while claiming that the

two objects were actually incommensurable.

8.11 I leave it to the reader to make up her own mind about this.
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9 Causal vs. Evidential Decision
Theory

The focus of this chapter is on the role of causal processes in decisionmaking.

In some decision problems, beliefs about causal processes play a significant

role in determiningwhatwe intuitively think it is rational to do. However, it

has turned out to be very difficult to give a convincing account of what role

beliefs about causal process should be allowed to play. Much of the discus-

sion has focused on a famous example known as Newcomb’s problem.

We shall begin by taking a look at this surprisingly deep problem.

9.1 Newcomb’s Problem

Imagine a being who is very good at predicting other people’s choices.

Ninety-nine percent of all predictions made by the being so far have been

correct. You are offered a choice between two boxes, B1 and B2. Box B1

contains $1,000 and you know this, because it is transparent and you can

actually see the money inside. Box B2 contains either a million dollars or

nothing. This box is not transparent, so you cannot see its content. You are

now invited to make a choice between the following pair of alternatives:

You either takewhat is in both boxes, or take onlywhat is in the second box.

You are told that the predictor will put $1 million in box B2 if and only if she

predicts that you will take just box B2, and nothing in it otherwise.

The predictor knows that you know this. Thus, in summary, the situation

is as follows. First the being makes her prediction, then she puts either

$1 million or nothing in the second box, according to her prediction, and

then you make your choice. What should you do?

Alternative 1 Take box B1 ($1,000) and box B2 (either $0 or $1 m).

Alternative 2 Take only box B2 (either $0 or $1 m).

206



This decision problem was first proposed by the physicist William

Newcomb in the 1960s. It has become known as Newcomb’s problem, or

the predictor’s paradox. Philosopher Robert Nozick was the first author to

discuss it in print. (According to legend, he learned about the problem from

a mutual friend of his and Newcomb’s at a dinner party.) Nozick identified

two different, but contradictory, ways of reasoning about the problem. First,

one can argue that it is rational to take both boxes, because then you get

the $1,000 in the first box and whatever amount of money there is in

the second. Since the $1 million either is or is not in the second box as

you make your choice, the fact that the predictor has made a prediction

does not make any difference. The predictor makes her prediction, and

adjusts the amounts of money in the second box accordingly, before you

make your choice. She certainly does not have any magical powers, so she

cannot adjust the amount in the second box now, as you are about to

choose. The $1 million either is in the box or is not, no matter what you

decide to do. Therefore you should take both boxes, because then you will

be better off, come what may. This line of reasoning can be seen as

a straightforward application of the dominance principle: Taking two

boxes dominates taking just one.

However, if you grab both boxes you haven’t yet really taken all relevant

information into account. It seems rational to also consider the fact that

the predictor has predicted your choice and adjusted the amounts of money

in the second box accordingly. As explained above, the probability that

the predictor has made a correct prediction is 99%. Hence, if you take

both boxes she has almost certainly predicted this, and hence put $0 in

the second box. However, if you take only the second box, the predictor has

almost certainly predicted that decision correctly, and consequently put

$1 million in the second box. Hence, by taking just the second box it is

much more likely that you will become a millionaire. So why not take only

the second box? This line of reasoning can be seen as a straightforward

application of the principle of maximizing expected utility. Consider the

decision matrix in Table 9.1.

To keep things simple, we assume that your utility of money is linear,

i.e. we assume that dollars can be directly translated into utilities. (This is

a nonessential assumption, which could easily be dropped at the expense of

some technical inconvenience.) Hence, the expected utility of taking only

the second box is as follows:
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Take box 2: 0.99 · u($1M) + 0.01 · u($0)= 0.99 · 1,000,000 + 0.01 · 0= 990,000.

However, the expected utility of taking both boxes is much lower:

Take box 1 and 2: 0.01 · u($1M) + 0.99 · u($1,000) = 0.01 · 1,000,000 + 0.99 ·

1,000 = 11,000.

Clearly, since 990,000 > 11,000, the principle of maximizing expected

utility tells you that it is rational to only take the second box. Hence, two of

the most fundamental principles of decision theory – the dominance prin-

ciple and the principle of maximizing expected utility – yield conflicting

recommendations. So what should a rational decision maker do?

When presented with Newcomb’s problem, students (and other normal

people) often come upwith awide range of suggestions as to whatmay have

gone wrong. Some of those reactions indicate that the commentator has

not correctly understood how the problem has been set up. Therefore, to

steer clear of a number of trivial mistakes, consider the suggestion that one

cannot know for sure that the probability is 0.99 that the predictor has made

an accurate prediction since such good predictors do not exist in the real

world. At first glance, thismay appear to be a reasonable reaction. However,

anyone who thinks a bit further will see that this point is irrelevant.

Decision theorists seek to establish the most general principles of ration-

ality, and we can surely imagine a being with the very impressive predictive

powers stipulated in the example. For instance, suppose that a thousand

people have been offered the same choice before. Nearly all who chose one

box are now millionaires, whereas almost everyone who took both boxes

got just $1,000. Isn’t this a good reason for trusting the predictive powers of

the being?

Another common source of misunderstanding is that Newcomb’s pro-

blem somehow presupposes that the predictor has magical powers, or can

alter the past. This is simply not the case, however. The predictor is just

a very good predictor. In all other respects she ismuch like you andme. Here

Table 9.1

Second box contains $1 m Second box is empty

Take second box only $1 m (prob. 0.99) $0 (prob. 0.01)

Take both boxes $1 m + $1,000 (prob. 0.01) $1,000 (prob. 0.99)

208 Causal vs. Evidential Decision Theory



is an analogous example, proposed by James Joyce, of a situation that is

similar to Newcomb’s problem but which is less odd from a metaphysical

point of view. Imagine that a team of researchers has recently discovered

that students who read An Introduction to Decision Theory by Martin Peterson

always have a firm interest in decision theory. (Indeed, anyone who reads

such a terribly boring book must have a truly outstanding interest in the

subject!) Unfortunately, the researchers have also discovered that nearly

all students of decision theory end up leading miserable lives, since they

spend too much time thinking about abstract decision rules and fail to

appreciate the less theoretical aspects of human flourishing. More precisely

put, the researchers have discovered that students who read Section 9.2

of An Introduction to Decision Theory always pass the exam at the end of the

course, whereas those who stop reading at Section 9.1 always fail.

Furthermore, it is also known that 99% of all students taking courses in

decision theory have a gene that causes two separate effects. First, the gene

causes the desire to read Section 9.2 of An Introduction to Decision

Theory. Second, the gene also causes their miserable lives. Thus, given that

you have the gene, if you read Section 9.2 you know that you will lead

a miserable life, although you will of course pass the exam. If you do not

have the gene and continue to read you will lead a normal life and pass the

exam, but if you stop reading now you will fail the exam. Naturally, you

prefer to pass the exam rather than to fail, but you much prefer to lead

a happy life not passing the exam instead of passing the exam and leading

a miserable life. Is it rational for you to read Section 9.2? You are now

at Section 9.1. Think carefully before you decide.

9.2 Causal Decision Theory

So you decided to read this section!? People advocating causal decision theory

will congratulate you. Briefly put, causal decision theory is the view that

a rational decisionmaker should keep all her beliefs about causal processes

fixed in the decision-making process, and always choose an alternative that

is optimal according to these beliefs. Hence, since you either have the gene

or not it is better to read this section, because then you will at least pass the

exam. If you have the gene, it is not you reading this section that causes your

miserable life. It is the gene that causes this unfortunate outcome – and

there is nothing you can do to prevent it. Furthermore, if you belong to
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the 1%minoritywho end up leading normal lives it is of course better to pass

the exam than to fail, so in that case it is also rational to read this section.

Hence, it is rational to read this section no matter whether you have the

gene or not. The decision matrix in Table 9.2 illustrates how we established

this conclusion.

According to causal decision theory, the probability that you have the

gene given that you read Section 9.2 is equal to the probability that you have

the gene given that you stop at Section 9.1. (That is, the probability is

independent of your decision to read this section.) Hence, it would be

a mistake to think that your chances of leading a normal life would have

been any higher had you stopped reading at Section 9.1. The same line of

reasoning can be applied to Newcomb’s problem. Naturally, causal decision

theory recommends you to take two boxes. Since you know that the pre-

dictor has already placed or not placed $1 million in the second box, it

would be amistake to think that the decision youmake now could somehow

affect the probability of finding $1 million in the second box. The causal

structure of theworld is forward-looking, and completely insensitive to past

events.

Causal decision theory leads to reasonable conclusions in many simi-

lar examples. For instance, imagine that there is some genetic defect

that is known to cause both lung cancer and the drive to smoke, con-

trary to what most scientists currently believe. If this new piece of

knowledge were to be added to a smoker’s body of beliefs, then the

belief that a very high proportion of all smokers suffer from lung cancer

should not prevent a causal decision theorist from starting to smoke,

because: (i) one either has that genetic defect or not, (ii) there is a small

enjoyment associated with smoking, and (iii) the probability of lung

cancer is not affected by one’s choice. Of course, this conclusion

depends heavily on a somewhat odd assumption about the causal struc-

ture of the world, but there seems to be nothing wrong with the

Table 9.2

Gene No gene

Read Section 9.2 Pass exam & miserable life Pass exam & normal life

Stop at Section 9.1 Fail exam & miserable life Fail exam & normal life
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underlying logic. Given that lung cancer and the drive to smoke really

have the same cause, then the action prescribed by the causal decision

theorist seems to be rational.

Having said all this, it is helpful to formulate causal decision theory in

more detail in order to gain a better understanding of it. What does it mean

to say, exactly, that rational decision makers should do whatever is most

likely to bring about the best expected result, while holding fixed all views

about the likely causal structure of the world? The slogan can be formalized as

follows. Let X □→ Y abbreviate the proposition “If the decision maker were

to do X, then Ywould be the case,” and let p(X□→ Y) denote the probability

of X □→ Y being true. In the smoking case, the causal decision theorist’s

point is that p(Smoke□→ Cancer) is equal to p(¬Smoke□→Cancer). Hence,

it is better to smoke, since one will thereby get a small extra bonus. There is

of course a strong statistical correlation between smoking and cancer, but

according to the assumption of the example it is simply false that smoking

causes cancer. Therefore it is better to smoke, since that is certain to yield

a small extra enjoyment. Furthermore, in the exam case the causal decision

theorist will point out that p(Read Section 9.2□→Miserable life) is equal to

p(Stop at Section 9.1 □→ Miserable life). You either have the gene or you

don’t. Hence, the decision to continue reading was rational since it entails

that you will at least pass the exam. Finally, in Newcomb’s problem, p(Take

both boxes □→ $1 m) is equal to p(Take second box only □→ $1 m), and

since it is certain that you will get an extra $1,000 if you take both boxes,

you should do so.

9.3 Evidential Decision Theory

The causal analysis of Newcomb-style problems has been influential in

academic circles in recent years, although it is by nomeans uncontroversial.

Some decision theorists claim there are cases in which causal decision

theory yields counterintuitive recommendations. Imagine, for instance,

that Paul is told that the number of psychopaths in the world is fairly low.

The following scenario, constructed by Andy Egan, seems to cast doubt on

the causal decision theorist’s analysis.

Paul is debating whether to press the “kill all psychopaths” button. It would,

he thinks, be much better to live in a world with no psychopaths.
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Unfortunately, Paul is quite confident that only a psychopath would press

such a button. Paul very strongly prefers living in aworldwith psychopaths to

dying. Should Paul press the button? (Egan 2007: 97)

Intuitively, it seems reasonable to maintain that Paul should not press the

button. If he presses, it is probable that he will die, because nearly everyone

who presses is a psychopath. However, causal decision theory incorrectly

implies that Paul should press the button. To see why, note that p(press

button □→ dead) is much lower than p(press button □→ live in a world

without psychopaths). This is because Paul either is or is not a psychopath,

and the probability of the two possibilities does not depend on what he

decides to do. In order to support this claim further, it may be helpful to

dress up the example with some numbers. Let us, somewhat arbitrarily,

suppose that the probability of p(press button□→ dead) is 0.001, since there

are very few psychopaths, whereas p(press button □→ live in a world with-

out psychopaths) is 0.999. Let us furthermore suppose that the utility of

death is −100, and that the utility of living in a world without psychopaths

is +1, whereas the utility of not pressing the button and living in a world

with psychopaths is 0. According to the causal decision theorist, the

expected utilities of the two alternatives can thus be calculated as follows.

Press button: p(press button □→ dead) · u(dead) + p(press button

□→ live in aworldwithout psychopaths) · u (live in

a world without psychopaths) = (0.001 · −100) +

(0.999 · 1) = 0.899

Do not press button: p(do not press button □→ live in a world with

psychopaths) · u (live in a world with psychopaths)

= 1 · 0 = 0

If expected utilities are calculated in this way, it follows that pressing

the button ismore rational than not pressing. However, as argued above, it

is not clear that this is the right conclusion. We intuitively feel that it

would be better not to press, even after a quick rehearsal of the argument

proposed by the causal decision theorist. Some decision theorists, known

as evidential decision theorists, explicitly deny the causal analysis.

Evidential decision theorists claim that it would be rational not to press.

The gist of their argument is that they think causal decision theorists

calculate probabilities in the wrong way. In the psychopath case, it is
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almost certain that if you press the button then you are a psychopath

yourself, and this insight must somehow be accounted for. Evidential

decision theorists agree with causal decision theorists that pressing the

button does not cause any psychiatric disease, but if you were to press the

button you would indirectly learn something about yourself that you did

not already know, namely that you are a psychopath. This piece of extra

information cannot be accounted for in any reasonable way by the causal

decision theorist.

Evidential decision theory comes in many flavors. On one account, evi-

dential decision theory can be defined as the claim that it is not probabilities

such as p(X □→ Y) that should guide one’s decision, but rather probabilities

such as p((X □→ Y) | X). That is, instead of asking yourself, “what is the

probability that if I were to do X, then Y would be the case?,” a rational

decision maker should ask, “what is the probability that if I were to do X,

then Y would be the case given that I do X?” To see how this difference

affects the analysis, it is helpful to reconsider the psychopath case. Clearly,

p((press button □→ dead) | press button) is very high, since nearly everyone

who presses the button is a psychopath. For analogous reasons, p(press

button □→ live in a world without psychopaths | press button) is quite

low. Hence, if these probabilities are used for calculating the expected

utilities of the two alternatives, it follows that it is rational not to press

the button, which tallies well with our intuitive appraisal of what is

required by a rational decision maker. Furthermore, in Newcomb’s pro-

blem, advocates of evidential decision theory argue that it is rational to

take one box. This is because the probability p((take one box□→ $1m) | take

one box) is high, while p((take two boxes □→ $1 m) | take two boxes) is low.

A somewhat different counterexample has been constructed by Arif

Ahmed. His objection to causal decision theory goes as follows.

In my pocket (he says) I have a slip on which is written a proposition, P. You

must choose between two bets. Bet 1 is a bet on P at 10:1 for a stake of $1. Bet 2

is a bet on P at 1:10 for a stake of $10. So your profits and losses are as in

[Table 9.3]. Before you choose whether to take bet 1 or bet 2, I should tell you

what P is. It is the proposition that the state of the world yesterday was such

as to cause you now to take bet 2. (Ahmed 2014: 666)

Ahmed’s example spells trouble for the causal decision theorist who

believes in soft determinism about free will. Soft determinism is the view
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that you are now free to take either of the two bets, although there already

exists (and has always existed) a determining cause for whichever bet you

choose. You are free to choose whatever you want, but your choice is fully

determined by facts of the past in conjunctionwith the laws of nature. If you

are a causal decision theorist you may, therefore, reason as follows: “P is

either true or false, irrespective of what I do, and in both cases I will be

better off if I choose Bet 1. So because Bet 1 dominates Bet 2, I choose Bet 1.”

However, at this point the evidential decision theorist will point out that if

you choose Bet 1 it follows that P is false, so you in that case get –$1. If you

listen to the evidential decision theorist’s advice you will choose Bet 2 and

win $1, which is better for you. (As pointed out by Ahmed, the premise that

soft determinism is true is not crucial to the example. It is sufficient to

imagine that there are some sufficiently precise stochastic laws governing

the agent’s behavior, although that makes the example more complicated.)

Unfortunately, evidential decision theory is not a view without down-

sides. A potentially powerful objection is that it seems to require that the

decision maker can somehow ascribe probabilities to her own choices.

According to this objection, this is incoherent because one’s own choices

are not the kind of things one can reasonably ascribe probabilities to.

(We will shortly see why.) The reason why one has to ascribe probabilities

to one’s own choices is the simple fact that p Xð jYÞ ¼ p XΛ Yð Þ
p Yð Þ , as explained in

Chapter 6. In the psychopath case Y is the act of pressing the button,

whereas X is the fact that I live. Clearly, the former is something I trigger

myself. In Newcomb’s problem Y is the act of taking one box, and X the

monetary outcome.

So why would it be incoherent to ascribe probabilities to one’s own

choices? First, if probabilities are taken to be objective, then it seems

difficult to reconcile the idea of a decision maker making a free choice

with the thought that your choices are somehow governed by probabilistic

processes. How can something be the outcome of a deliberative process and

a random event? Second, similar problems arise also if probabilities are

Table 9.3

P ¬P

Bet 1 $10 −$1

Bet 2 $1 −$10
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taken to be subjective and defined in terms of preferences over bets. If the

decision maker assigns subjective probabilities to his own choices, this

readiness to accept bets becomes an instrument for measuring his own

underlying dispositions to act. For example, if you consider $10 to be

a fair price for a bet in which you win $40 if the hypothesis Y = “I will

take one box in Newcomb’s problem” turns out to be true, but win nothing

otherwise, your subjective probability for Y is 10/40 (given that your utility

ofmoney is linear). Several authors have pointed out that this use of bets for

measuring subjective probabilities for your own acts gives rise to the follow-

ing problem: (1) If the decisionmaker ascribes subjective probabilities to his

present alternatives, then hemust be prepared to take on bets on which act

he will eventually choose. (2) By taking on such bets, it becomes more

attractive for the decision maker to perform the act he is betting on:

It becomes tempting to win the bet by simply choosing the alternative

that will make him win the bet. Therefore, (3) the “measurement instru-

ment” (that is, the bets used for eliciting subjective probabilities) will inter-

fere with the entity beingmeasured, that is, the decisionmaker’s subjective

degree of belief that he will choose a certain act. The conclusion will there-

fore be that the decision maker’s subjective probability will not reflect his

true preference among the bets.

However, it is not obvious that the problem with self-predicting prob-

abilities is a genuine threat to evidential decision theory. First, the eviden-

tial decision theorist could perhaps find a way of expressing the position

that does not presuppose that the decision maker is able to assign any

probabilities to his own choices. Second, it could also be argued that the

difficulty with self-predicting probabilities is not as severe as it appears to

be. If probabilities are taken to be subjective, the betting situation could be

modified such that the agent asks a well-informed friend who knows him

very well to do the betting, without telling the agent whether he will win or

lose the bet if the alternative he bets on is chosen. By separating the belief-

generating mechanism from the deliberative mechanism in this manner,

the problem outlined above would no longer arise. Another strategy for

avoiding the difficulty outlined above could be to keep the stakes of the bets

to a minimum, such that they become virtually negligible in comparison to

the value of the outcomes. The underlying thought is that since the mea-

surement theoretical objection presupposes that the net gain made by

choosing in accordance with one’s bets is of a certain size, one could
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block that assumption by setting a suitable limit for the bet that is relative to

each decision situation.

Box 9.1 Death in Damascus

Which decision theory is best, the causal or the evidential version?

A possible, but depressing, conclusion is that there are cases in which

neither the causal nor the evidential theory can help us. The following

example, suggested by Gibbard and Harper, supports this conclusion.

Consider the story of the man who met death in Damascus. Death

looked surprised, but then recovered his ghastly composure and said,

“I am coming for you tomorrow.” The terrified man that night bought

a camel and rode to Aleppo. The next day, death knocked on the door of

the room where he was hiding, and said “I have come for you.” “But

I thought you would be looking for me in Damascus,” said the man.

“Not at all,” said death “that is why I was surprised to see you yesterday.

I knew that today I was to find you in Aleppo.” Now suppose the man

knows the following. Death works from an appointment book which

states time and place; a person dies if and only if the book correctly

states in what city he will be at the stated time. The book is made

up weeks in advance on the basis of highly reliable predictions.

An appointment on the next day has been inscribed for him. Suppose,

on this basis, the man would take his being in Damascus the next day

as strong evidence that his appointment with death is in Damascus,

and would take his being in Aleppo the next day as strong evidence

that his appointment is in Aleppo . . . If . . . he decides to go to Aleppo,

he then has strong grounds for expecting that Aleppo is where death

already expects him to be, and hence it is rational for him to prefer

staying in Damascus. Similarly, deciding to stay in Damascus would

give him strong grounds for thinking that he ought to go to Aleppo . . .

(Gibbard and Harper [1978] 1988: 373–4)

In this case it seems that no matter which of the two cities the man

decides to go to, it would have been better for him to go to the other

one, and he knows this alreadywhenhemakes the decision. However,

note that the man is rightfully convinced that his decision is causally

independent of Death’s prediction. It is not the case that Death’s

location is caused by the man’s decision to go to one of the two cities.

In a case like this, decision theorists say that there is no stable act
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available. By definition, an act is stable if and only if, given that it is

performed, its unconditional expected utility is maximal. Hence,

since the expected utility of performing the other alternative is always

higher, no matter which alternative is chosen, there is no stable

alternative available for the man in Damascus.

Death in Damascus is in many respects similar to Newcomb’s

problem. By definition, the decision maker’s choice is causally inde-

pendent of the prediction, but it nevertheless turns out that the

prediction is almost always correct. When presented with Death in

Damascus, decision theorists tend to react in many different ways.

One option is, naturally, to argue that there is something wrong with

the example. Richard Jeffrey, a well-known advocate of evidential

decision theory, thinks that if presented with this kind of example,

“you do well to reassess your beliefs and desires before choosing”

(1983: 19). Jeffrey’s point is that a case like this can arise only if the

decision maker’s desires and beliefs about the world are somehow

incorrect or pathological.

Another option is to argue that a case like Death in Damascus is in

fact a genuine decision problem that could eventually materialize,

although it does not follow that some alternative must therefore be

rationally permissible. It could simply be the case that in a situation

like this no alternative is rational. No matter what the man decides to

do, he will fail to act rationally. This is because he unfortunately faces

a decision problem that cannot be properly analyzed by any theory of

rationality.

A third option, suggested by Harper (1986), is to argue that the lack

of a stable alternative is due to the fact thatwe have not yet considered

any mixed acts. As explained in Chapter 3, a mixed act is an act

generated by randomizing among the acts in the initial set of alter-

natives. For example, if the man decides to toss a coin and go to

Damascus if and only if it lands, say, heads up, and we stipulate that

Death can predict only that the man will toss a coin but not the out-

come of the toss, then it no longer follows that it would have been

better to choose some other alternative. Hence, we have identified

a stable alternative. That said, one could of course reformulate the

example by simply excluding the possibility of choosing a mixed

alternative. Imagine, for example, that the man is told by Death that

if he performs a mixed act Death will invariably notice that and

torture him to death.
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Exercises

9.1 Imagine that Newcomb’s problem is reformulated such that box B1

contains $0 instead of $1,000. Then this would no longer be a decision

problem in which two major decision principles seem to come into

conflict. Explain!

9.2 Newcomb’s problem has little to do with the principle of maximizing

expected utility. Propose an alternative rule for decision making under

risk, and show that it comes into conflict with the dominance principle

in Newcomb-style cases.

9.3 (a) Suppose that p(X □→ Y) = p(¬X □→ Y) = 0. What can you then

conclude about Y?

(b) Suppose that p(X □→ Y) = p(¬X □→ Y) = 1. What can you conclude

about Y?

9.4 In the Paul-and-the-psychopath case we stipulated that the number of

psychopaths in the world was known to be small. Why?

9.5 (a) Suppose that p((X □→ Y) | X) = p((¬X □→ Y) | ¬X) = 0. What can you

then conclude about Y?

(b) Suppose that p((X □→ Y) | X) = p((¬X □→ Y) | ¬X) = 1. What can you

conclude about Y?

9.6 Death offers you a choice between $50 and $100. He adds that if you

make a rational choice, he will kill you. What should you do? (You think

$100 is better than $50, and you have no desire to die.)

Solutions

9.1 The dominance principle would no longer give the decision maker

a reason to take both boxes. Hence, we would no longer face an appar-

ent clash between the dominance principle and the principle of max-

imizing expected utility.

9.2 Here is an example: Suppose you think improbable outcomes should be

assigned less weight, proportionally speaking, than very probable out-

comes. Then a similar conflict between dominance and the new rule

would of course arise again.

9.3 (a) Y will not occur, no matter whether you do X or ¬X.

(b) Y will occur, no matter whether you do X or ¬X.
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9.4 Otherwise the temptation to press the button would not give him new

evidence for thinking that he is himself a psychopath. If nearly every-

one is a psychopath, it is likely that he is one too; hence, he should not

press the button in the first instance.

9.5 (a) No matter whether you were to do X, Y would not be the case no

matter whether you did X or not.

(b) No matter whether you were to do X, Ywould be the case no matter

whether you did X or not.

9.6 If your choice is rational, Death will punish you. This indicates that you

should try to do what you know is irrational. But can it really hold true

that you should do what you know to be irrational?

Solutions 219



10 Risk Aversion

Imagine you have just won your first professional golf tournament.

The chairman of the United States Golf Association offers you to either

collect the $1,000,000 prize check right away or toss a fair coin. If the coin

lands heads he will double the prize check, but if it lands tails you lose the

money and have to walk away with $0. As a relatively poor newcomer to the

world of professional golf you strictly prefer $1,000,000 to the actuarially

fair gamble in which you either double or lose your prize money. This is

hardly controversial. It may take years before you win your next tourna-

ment. Few would question that decision makers are sometimes rationally

permitted to be risk averse, especially if the stakes are high. That said, it

remains to explain how risk aversion should be defined and analyzed, and

to determine whether it is always rationally permissible to be risk averse.

The term “risk aversion” has several different but interconnected mean-

ings in decision theory. Some of these are compatible with the principle of

maximizing expected utility, while others are not. In what follows we shall

discuss three of the most influential notions of risk aversion discussed in

the literature:

1. Aversion against actuarial risks

2. Aversion against utility risks

3. Aversion against epistemic risks

Each of these notions of risk aversion can be characterized formally.

As we will see shortly, this makes it easier to assess their applicability and

limitations.

10.1 Actuarial Risk Aversion

Kenneth Arrow,winner of theNobel Prize in Economics, characterizeswhat

wemay call actuarial risk aversion as follows: “[a] risk averter is defined as one
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who, starting from a position of certainty, is unwilling to take a bet which is

actuarially fair.” A golfer who is unwilling to accept a bet worth $1,000,000

on the toss of a fair coin is risk averse in this sense. For another example,

imagine that you are offered a choice between getting three apples for sure

and a lottery that gives you a fifty-fifty chance ofwinning either six apples or

nothing. Unless you desperately need six apples for making an apple pie it

seems rationally permissible to prefer three apples for sure over the actua-

rially fair lottery.

The actuarial notion of risk aversion is fully compatible with the princi-

ple of maximizing expected utility. In fact, Arrow’s main point is that

intuitions about risk aversion can be accounted for without modifying the

expected utility principle. The key insight of the actuarial notion of risk

aversion is that if a decision maker’s utility function for, say, apples is

concave (i.e. slopes upwards but bends downwards) then the expected utility

of getting n apples for sure will always exceed the expected utility of a fifty-

fifty chance of getting either 2n apples or nothing. Take a look at Figure 10.1.
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Figure 10.1
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The dashed line in Figure 10.1 denotes the utility of apples for an actua-

rially risk neutral decision maker. For such a person, a fifty-fifty chance of

getting, say, either six or zero apples has the same expected utility as getting

three apples for sure. Most of us do not have such a linear utility of apples or

other goods.

The solid black line in the figure exemplifies the utility of apples for an

actuarially risk averse decision maker. As indicated by the graph, the utility of

getting three apples is about 1.7 units of utility, while the utility of six

apples is about 2.4. For this actuarially risk averse decision maker the

expected utility of a lottery in which she has a fifty-fifty chance of winning

either six apples or nothing is 2.4 · 0.5 + 0 · 0.5 = 1.2, which is less than 1.7.

Hence, the risk averse decisionmaker will prefer three apples to the lottery

in which she wins either six or zero apples.

More generally speaking, a decision maker whose utility function is

concave (slopes upwards but bends downwards) will always prefer getting

a smaller prize for sure to an actuarially fair lottery over some larger and

smaller prizes, no matter which particular concave utility function we

study. You can verify this by looking at the graph.

The “curvier” the decisionmaker’s concave utility function is, themore

actuarially risk averse she is. However, since utility is measured on an

interval scale, it is desirable to measure risk aversion in a manner that

does not depend on which particular utility function is used. From

a mathematical point of view, this technical desideratum can be met by

defining actuarial risk aversion as the ratio between the second and first

derivative of the decision maker’s utility function. This is known as the

Arrow-Pratt measure of absolute risk aversion: −u 0 0/u 0. The value of this

ratio does not depend on which of the infinitely many positive linear

transformations of the utility function is used for representing the deci-

sion maker’s preference for apples. The equation for the dashed line in

Figure 10.1 is u(x) = √x. The first derivative of this function, u 0, is 1/(2√x)

and the second derivative, u 0 0, is −1/(4x3/2). Therefore, −u 0 0/u 0 = 1/2x.

This enables us to represent the decision maker’s risk aversion for any

quantity of apples with a unique number. For example, for x= 1 apple, we

have −u 0 0/u 0 = 1/2, and for x = 2 apples, we have −u 0 0/u 0 = 1/4.

The notion of actuarial risk aversion has been extensively analyzed by

economists. This is partly because it is consistent with the expected

utility principle, but also because it yields precise behavioral predictions
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that can be easily tested. However, scholars interested in normative

aspects of decision theory have remarked that Arrow’s theory cannot

account for some of our most central intuitions about risk aversion.

To start with, in Allais’ paradox discussed in Chapter 4, you prefer win-

ning $1m for sure to the actuarially better gamble in which you win

either $5m or $0. But then you swap your preference as the new $0

state is introduced. This type of risk aversion of yours cannot be

explained by any concave utility function, as pointed out in Chapter 4.

The preferences exhibited by people confronted with Allais’ paradox are

incompatible with the principle of maximizing expected utility, no mat-

ter what their utility of money is, meaning that Arrow’s theory cannot

shed any light on this type of risk aversion.

Another problematic feature of Arrow’s theory is that many of its impli-

cations are deeply counterintuitive from a normative point of view.

Matthew Rabin has pointed out that no reasonable person would actually

be willing to accept all the prescriptions entailed by the theory. Imagine, for

instance, that you turn down a gamble in which you either lose $100 or win

$100 depending on the outcome of a coin toss, and you do so nomatter what

your initial wealth level is. Arrow’s theory then entails that you must also

turn down a fifty-fifty gamble inwhich you lose $1,000 orwin any amount of

money. The truth of this claim does not depend on the shape of your utility

function, as long as it is concave. However, from an intuitive point of view it

seems perfectly reasonable to reject the first gamble but accept a fifty-fifty

gamble in which you lose $1,000 or win, say, 100 billion dollars. The fact

that Arrow’s theory is incompatible with these preferences is a serious

drawback. Another equally problematic implication of Arrow’s theory is

that if you turn down a fifty-fifty gamble in which you lose $1,000 or win

$1,050 no matter what your initial wealth level is, then you must also turn

down a fifty-fifty gamble in which you lose $20,000 or win any amount of

money. This result holds for all concave utility functions. Rabin gives the

following informal explanation of all these surprising results (and he also

proves them formally):

turning down a modest-stakes gamble means that the marginal utility of

moneymust diminish very quickly for small changes in wealth. For instance,

if you reject a 50–50 lose $10/gain $11 gamble because of diminishing

marginal utility, it must be that you value the eleventh dollar above your
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current wealth by at most (10/11) as much as you valued the tenth-to-last-

dollar of your current wealth. Iterating this observation, if you have the

same aversion to the lose $10/gain $11 bet if you were $21 wealthier,

you value the thirty-second dollar above your current wealth by at most

(10/11) × (10/11) ≈ (5/6) as much as your tenth-to-last dollar. You will value

your two-hundred-twentieth dollar by at most (3/20) as much as your last

dollar, and your eight-hundred-eightieth dollar by at most (1/2,000) of your

last dollar. (Rabin 2000: 1282)

Rabin explains that the assumption that the decision maker turns down

themodest-stakes gamble irrespective of his or her initial wealth level is not

crucial to his point. If we, for instance, know that your initial wealth level is

less than $350,000 and you turn down a fifty-fifty gamble in which you lose

$105 or win $100, then Arrow’s theory entails that for an initial wealth level

of less than $340,000 you will also turn down a fifty-fifty gamble in which

you lose $4,000 or win $635,670. It seems unreasonable to be that risk

averse.

Another type of objection to Arrow’s theory is that no matter what its

normative implications might be, it fails to distinguish between our atti-

tudes to risk and our attitudes to certain outcomes. Bengt Hansson puts the

worry as follows:

My utility curve is one thing. It has to do with how useful different

quantities of a commodity are to me and depends on what commodity it is

and on my tastes and values and it can, as an abstract concept at least, be

determined completely without reference to gambling situations. And my

gambling temperament, that’s my attitude toward risk, is another thing.

It doesn’t enter the picture until that commodity is somehow made part of

a gambling situation. So the two are different – and even independent.

(Hansson 1988: 137)

Hansson’s point is that the identification of risk aversion with properties

of the decisionmaker’s utility function overlooks a fundamental distinction

between utility and risk. We can easily imagine two different decision

makers who like apples equally much, and therefore put equally much

value on them, but whose attitudes to risk differ. While the first decision

maker is willing to accept the actuarially fair bet on zero or six apples,

the second decisionmakermay bemore risk averse and therefore reject the

actuarially fair bet.
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The economist’s standard response to this objection is, as Hansson notes

himself, to point out that a scenario with two decision makers who share

the same utility function butmake different choices (when confronted with

the same bets) is conceptually impossible. The utility function is just

a representation of the decision maker’s choice behavior. So if one and the

same utility function describes the behavior of two different decision

makers, then their choice behavior cannot come apart if they are presented

with identical bets.

Although this is technically correct, this maneuver may not address

the thrust of the objection. If we try to measure two things with a single

function, how much someone likes apples as well as the person’s atti-

tude to risk, then we will never be able to tell by examining the proper-

ties of that function whether it was the decision maker’s taste for apples

or attitude to risk that triggered her choice. The actuarial notion of risk

aversion is in that sense less informative than it could, and perhaps

should, be. Although it is technically possible to measure two separate

phenomena with a single function, that makes it difficult to keep the

two phenomena apart. If we believe that there is a fundamental distinc-

tion to be drawn between someone’s taste for apples and his or her

attitude to risk, it seems that it would be more appropriate to measure

each phenomena with a separate measure, even if that forces us to

modify the principle of maximizing expected utility.

10.2 Aversion Against Utility Risks

If you are unsatisfied with Arrow’s account of risk aversion, you may think

that a risk-averse decision maker ought to replace the expected utility prin-

ciple with some other decision rule. Imagine, for instance, that the chair-

man of the United States Golf Association offers you to either collect your

prize worth 1,000,000 units of utility or toss a fair coin. If the coin lands heads

he will double the number of utility units, but if it lands tails you will lose

the prize and walk away with zero units. In this version of the example it

seems perfectly rational to strictly prefer a million units for sure to the

actuarially fair gamble. However, the crux is that if you accept the principle

of maximizing expected utility and Arrow’s theory of risk aversion, you are

not permitted to have this preference. You must be indifferent between the

two options, which is counterintuitive.
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It is, of course, easy to construct alternatives to the expected utility

principle that give the “correct” recommendation in this type of case.

A prominent example of a decision rule that is risk averse in this strong

sense is the maximin rule, discussed in Chapter 3. Note, however, that the

maximin rule is insensitive to the probability of the possible outcomes.

The same holds true of many other similar rules.

A more promising proposal is to replace the principle of maximizing

expected utility with what Lara Buchak calls the principle of maximizing

risk-weighted expected utility. According to Buchak’s principle, “the possi-

bility of a potential utility gain over the minimum improves the gamble

above its minimum utility value by the size of the gain multiplied by

a function of the probability of realizing that gain.” In order to see how

this works in practice, it is helpful to consider simple examples in which

the decision maker either wins some amount x with probability 1 − p or

wins some at least as large amount y (that is, x ≥ y) with probability p.

Consider Table 10.1.

The expected utility of the first gamble is (1 − p) · u($0) + p · u($100),

which is equivalent to u($0) + p · [u($100)− u($0)]. Buchak’s proposal is that

the possibility of gaining $100 with a probability p should be weighted

with the agent’s “risk function” r, which assigns a value between 0 and 1

to every probability p of realizing a gain over the minimum utility value.

This means that the risk-weighted expected utility of the first gamble can be

written as:

uð$0Þ þ rðpÞ � ½uð$100Þ � uð$0Þ�

If r(p) is a linear function, the risk-weighted expected utility is equal to its

expected utility. However, Buchak proposes that to be risk averse with

respect to utility risks is to have a convex risk function (r slopes upwards and

bends upwards). Consider Figure 10.2.

To keep the example as simple as possible, we suppose that (i) the

decision maker’s utility of money is linear, (ii) her risk function is r(p) = p2

Table 10.1

1 - p p

Gamble 1 $0 $100

Gamble 2 $40 $40
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, and (iii) the two states in Table 10.1 are equally probable. The risk-weighted

expected utility of the first gamble is thus 0 +¼ · [100− 0]= 25 units of utility.

The risk-weighted utility of the second “gamble” is 40 + ¼ · [40 − 40] = 40.

On this view, it is therefore rational to prefer $40 for sure to a fifty-fifty

gamble in which you win either $100 or $0. From an intuitive point of

view, this seems reasonable.

More generally speaking, the convexity of the risk function guarantees

that gains above the minimum utility value will always count for less

according to the risk-weighted expected utility principle, compared to the

traditional expected utility principle. Moreover, if we make the better out-

come more probable (and the other outcome less probable), this increase

willmattermore themore likely the better outcome is to obtain. To see this,

compare the case in which we increase the probability of getting the better

outcome from p = 0 to p = 0.1, with the case in which we increase it from

p = 0.9 to p = 1. The risk-weighted utility of the first gamble p = 0 is 0; for

p = 0.1 it is 0 + 1/100 · [100− 0]= 1. However for p= 0.9 we have 0 + 81/100 ·

[100 − 0] = 81 and for p = 1 the risk-weighted expected utility is 100. This

means that the same 0.1 increase of the probability of getting the better

outcome thus yields an extra 1 unit of risk-weighted expected utility if we

start at 0, but asmuch as 19 extra units if we start at 0.9. The intuition is that

the more probable it is that the decision maker will get the better outcome,

the more this increase in probability matters.

The risk-weighted expected utility principle can easily be generalized to

cases with more than two outcomes. It should also be stressed that the
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decision maker’s utility function will typically be concave rather than

linear.What Buchak andArrow disagree about is notwhether it is rationally

permissible to have a concave utility function – everyone agrees that it is –

but whether the concavity of the utility function is sufficient for making

sense of reasonable intuitions about risk aversion.

Although the risk-weighted expected utility principle yields reason-

able recommendations in many cases, a possible drawback is that it

makes the decision maker vulnerable to pragmatic arguments of the

type discussed in Chapter 8. To be more precise, it is possible, as Buchak

points out herself, to construct choice situations in which someone who

evaluates options according to the risk-weighted expected utility princi-

ple and whose risk function is convex rather than linear is certain to lose

some utility, come what may. This vulnerability to pragmatic arguments

is not unique to this particular extension of the expected utility principle.

The bad news is that every decision maker who rejects the traditional

expected utility principle will be vulnerable to exploitation. Whether

this shows that every attempt to modify the expected utility principle is

doomed to fail boils down to what one thinks about pragmatic arguments

in general. The reader who feels convinced that a rational agent should

never make herself vulnerable to exploitation will most probably feel

compelled to reject the risk-weighted expected utility principle. Others,

who are not fully convinced that exploitability is always a sign of irration-

ality, may wish to seriously consider this and other similar modifications

of expected utility theory.

10.3 Epistemic Risk Aversion

Some of our intuitions about risk aversion arguably stem from aversion

against epistemic uncertainty. Consider, for instance, the Ellsberg paradox

discussed in Chapter 4. The upshot of that paradox is that it is rationally

permissible to prefer a lottery with known probabilities to a similar lottery

with unknown probabilities, even if the expected utility of the two lotteries

is the same. This contradicts the principle of maximizing expected utility.

This and other similar examples indicate that risk aversion has an epistemic

dimension.

Peter Gärdenfors and Nils-Eric Sahlin present a very simple type of

example to illustrate the epistemic dimension of risk aversion. Imagine
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that you have been offered to bet on the outcome of three tennismatches, A,

B and C. You know everything there is to know about the two players

in match A. You know their past track records and you feel certain that

the match will be even. You are therefore able to say with a high degree

of certainty that both players are equally likely to win, meaning that

the fifty percent chance you assign to each possible outcome is epistemi-

cally robust. There is no additional piece of information that you are not yet

aware of that could make you drastically revise this probability function.

Inmatch B the epistemic situation is very different. You have never heard

the names of the players before and therefore know nothing about their

past performance. When you conclude that each player has a fifty percent

chance of winning, this is not an epistemically robust probability assess-

ment. If you were to learn a bit more about their skills and past perfor-

mance, it is likely that you would adjust your probability assignment.

Match C is similar to match B, except that you have heard that one of

the players is significantly better than the other. Unfortunately, you

don’t know who the better player is. It is almost certain that the

match will not be even, but you are unable to tell who the better player

is until the first set has started. At this point in time you therefore have

to give each player a fifty percent chance of winning, although you are

fully aware that this probability assignment is not epistemically robust.

Consider Table 10.2.

You are now offered to bet on eachmatch. In each bet youwill win or lose

$100 depending on who wins the match. Gärdenfors and Sahlin note that

a strict Bayesian would say that [the decision maker] should be willing to bet

at equal odds on one of the players winning in one of thematches if and only

if she is willing to place a similar bet in the two other matches. It seems,

however, perfectly rational . . . to bet on match A, but not on B or C, for the

reason that a bet on match A is more reliable than a bet on the others.

(Gärdenfors and Sahlin 1982: 362)

Table 10.2

Match A You know that both players are equally good.

Match B You know nothing about the players.

Match C You know that one player is better than the other, but you do

not know who the better player is.
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The intuition articulated by the examplewith the three tennismatches is

that bets with reliable probabilities, which are based on robust probability

assignments, are more attractive than other bets, everything else being

equal. This, again, indicates that the principle of maximizing expected

utility has to be rejected or modified.

Gärdenfors and Sahlin propose an interesting extension of the

principle of maximizing expected utility that can accommodate intui-

tions about epistemically unreliable probability functions. Briefly put,

their proposal is that the decision maker should model her unreliable

probabilities with several parallel probability functions. In match C you

know that one player is better than the other, but you do not know who

the better player is. This can be modeled with two separate probability

functions. According to the first, the probability is 0.9 that player

one will win and 0.1 that player two will win; according to the second,

the probability is 0.1 that player one will win and 0.9 that player two

will win.

In order to represent the information you have about match B, which is

played between players whom you have never heard of before, you have

to consider more than just two probability functions. Because you know

nothing about the relevant probabilities, it seems that all possible

probability functions are equally plausible. This means that the set of

probability functions you have to consider when evaluating the bet on

match B is infinitely large. However, as noted above, when making up

your mind about whether to bet on match A or not, you just have

to consider a single probability function, which gives each player a

fifty percent chance of winning.

Suppose that your utility of winning $100 on any of the three bets is

worth 10 units of utility, and that losing $100 is worth 9 units (because your

utility of monetary wealth is concave). Should you take on all three bets, or

some of them, or none of them? Gärdenfors and Sahlin argue that in a case

like this it is rational to apply the maximin criterion for expected utilities (MMEU).

According to the MMEU rule, the decision maker ought to choose the

alternative with the largest minimal expected utility. Let us illustrate how

this criterion works by applying it to the three tennis matches. In match

C you operate with two parallel probability functions. According to the first,

the expected utility of bet B is 10 · 0.9 + −9 · 0.1 = 8.1, but according to

the second it is 10 · 0.1 +−9 · 0.9=−7.1. Hence, MMEU recommends you to
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turn down the bet. The minimal expected utility of refusing the bet is 0

(doing nothing), whereas theminimal expected utility of accepting it is−7.1.

Now consider match A. Here, you have only one probability function to

consider, so the expected utility is 10 · 0.5 + −9 · 0.5 = 0.5. Since 0.5 > 0,

you should accept the bet. Furthermore, in match B the MMEU rule

collapses into the maximin rule. Since no probability distribution is

more reasonable than another, the minimal expected utility is obtained

when probability 1 is assigned to the worst outcome of the decision,

which is exactly what is prescribed by the maximin rule. Hence, since

the worst outcome of accepting the bet is that you lose 9 units, you should

refuse the bet.

The MMEU rule can be modified in various ways to render it compa-

tible with more sophisticated accounts of epistemic uncertainty.

Gärdenfors and Sahlin note that the decision maker could select

a desired minimum level of epistemic reliability for the probability func-

tions that the MMEU rule should be applied to. By doing so, not every

epistemically possible probability function has to be considered.

Probability functions that are too unreliable should simply be ignored.

Moreover, the more epistemically risk averse the decision maker is, the

lower should be this epistemic threshold for permissible probability

functions. Extremely risk averse decision makers will consider probabil-

ity functions that are very uncertain.

To illustrate the practical importance of this epistemic notion of risk

aversion, consider the debate over climate change in the late 1980s

and early 1990s. At that point there was no consensus among climate

scientists on what the probabilities of various climate events were, and

many probability assessments were highly uncertain. However, a highly

epistemically risk averse decision maker would, arguably, have been

willing to include even those highly unreliable probability assessments

in the set of permissible probability functions evaluated by the

MMEU rule.

The MMEU rule is risk averse in the sense that it tells you to expect

the worst. If the quality of the information at hand is low, this would

indirectly justify a more cautious decision, and in the extreme case in

which nothing is known about the probability of the outcomes one

should reason as if the worst outcome was certain to occur. Isaac Levi as

well as Itzak Gilboa and David Schmeidler have proposed similar but
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technically more complex decision rules that seek to explicate roughly

the same idea. Moreover, as noted above, the Ellsberg paradox discussed

in Chapter 4 draws on the same intuition: Everything else being equal,

one should prefer to take on bets in which one knows for sure what the

probabilities are.

Having said all this, one can of course question whether intuitions about

epistemic risk aversion can really be rationally defended. Agents who eval-

uate bets according to any of these modified versions of classic expected

utility theory will be vulnerable to exploitation. This is because all these

modified theories reject the independence axiom.We saw in Chapter 8 that

anyone who violates the independence axiom can be exploited. It is also

unclear why we should expect the worst to happen. Why not the best? That

is, why should we accept the maximin rule rather than the maximax rule if

no probabilities are known? The arguments against the maximin rule dis-

cussed in Chapter 3 seem to be directly applicable also against the MMEU

rule discussed above.

Exercises

10.1 You are offered a choice between (i) one left shoe and a right shoe, and

(ii) a fifty-fifty chance of getting nothing or ten left shoes. Because the

utility of a left shoe in the absence of a right shoe is nil, you prefer (i) to

(ii). Does thismean that you are risk averse in the actuarial sense, since

you preferred two shoes to five expected shoes?

10.2 Karen’s utility ofmoney is u= x1/2 and John’s utility ofmoney is u= x1/3,

where x is the current balance in each person’s bank account. Who is

most averse against actuarial risks, Karen or John, for large amounts of

money?

10.3 Show that for a linear risk function, the risk-weighted expected utility

principle is equivalent to the expected utility principle.

10.4 Generalize the risk-weighted expected utility principle from cases

with two outcomes to cases with n outcomes.

10.5 Suppose that your risk function is concave (slopes upwards but bends

downwards). Are you risk averse, risk neutral or risk seeking?

10.6 According to the MMEU rule proposed by Gärdenfors and Sahlin we

should maximize the minimal expected utility obtainable in a choice

situation.
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(a) Why is this more rational than maximizing the maximal expected

utility obtainable in a choice situation?

(b) Explain the implications of replacing the maximin rule in the

MMEU principle with the principle of insufficient reason discussed

in Chapter 3.

Solutions

10.1 No. In this case the relevant individuation of objects is, arguably, to

count how many pairs of shoes you get, rather than individual shoes.

(That said, the question indicates that the actuarial notion of risk

aversion is sensitive to deep metaphysical questions about the indivi-

duation of objects.)

10.2 Actuarial risk aversion is defined as −u0 0/u0. Hence, if u = x1/2 then

u
0 ¼ 1

2 x
�1=2 and u ¼ � 1

4 x
�3=2, so �u=u

0 ¼ � 1
4 x

�3=2= 1
2 x

�1=2 ¼ � 1
2 x

�1:

Furthermore, if u = x1/3 then u
0 ¼ 1

3 x
�2=3 and u ¼ � 2

9 x
�3=5, so

�u=u
0 ¼ � 2

9 x
�5=3= 1

3 x
2=3 ¼ � 2

3 x
�1. It follows that John is more risk

averse than Karen for all x > 1.

10.3 Consider the simple case with two possible outcomes described in the

text. According to the risk-weighted expected utility principle the

value of a lottery between outcome x and someweakly better outcome

y is u(x) + r(p) · [u(y) − u(x)]. According to the expected utility princi-

ple, the expected utility of the same lottery is (1 − p) · u(x) + p · u(y) =

u(x) + p · [u(y)− u(x)]. So for r(p)= p the claim is trivially true. For every

other linear function r(p)= ap + b it holds that u(x) + (ap + b) · [u(y)− u(x)]

= u(x) +−ap[u(y)− u(x)]− b[u(y)− u(x)], which is a linear transformation

of the utility scale.

10.4 For the lottery L that gives you outcome x1 if event E1 occurs, and so on,

where u(x1)≤ u(x2)≤ . . .≤ u(xn), the risk-weighted expected utility of L is

u(x1) + r
Xn

i¼2
p Eið Þ

� �
u x2ð Þ � u x1ð Þ
� �

þ . . .þ r p Enð Þ
� �

u xnð Þ � u xn�1ð Þ
� �

.

10.5 Risk seeking.

10.6 (a) I leave this question to the reader. (b) The implication would be that

one should reason as if all probability functions are equally likely to be

correct.
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11 Game Theory I: Basic Concepts
and Zero-sum Games

Game theory studies decisions in which the outcome depends partly on

what other people do. Chess is a paradigmatic example. Before I make

a move, I always carefully consider what my opponent’s best response

will be, and if the opponent can respond by doing something that will

force a checkmate, she can be fairly certain that I will do my best to

avoid that move. Both I and my opponent know all this, and this

assumption of common knowledge of rationality (CKR) determines which

move I will eventually choose, as well as how my opponent will

respond. I do not consider the move to be made by my opponent to be

a state of nature that occurs with a fixed probability independently of

what I do. On the contrary, the move I make effectively decides my

opponent’s next move.

Chess is, however, not the best game to study for newcomers to game

theory. This is because it is such a complex gamewithmany possiblemoves.

Like other parlor games, such as bridge, monopoly and poker, chess is also

of limited practical significance. In this chapter we will focus on other

games, which are easier to analyze but nevertheless of significant practical

importance. Consider, for example, two hypothetical supermarket chains,

Row and Col. Both have to decide whether to set prices high and thereby try

to make a good profit from every item sold, or go for low prices and make

their profits from sellingmuch larger quantities. Naturally, each company’s

profit depends on whether the other company decides to set its prices high

or low.

If both companies sell their goods at high prices, they will both make

a healthy profit of $100,000. However, if one company goes for low prices

and the other for high prices, the company retailing for high prices will sell

just enough to cover their expenses and thus make no profit at all ($0),

whereas the other company will sell much larger quantities and make
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$120,000. Furthermore, if both companies set their prices low each of them

will sell equally much but make a profit of only $10,000. Given that both

companies wish to maximize their profit, what would you advise them to

do? Consider the game matrix in Table 11.1.

Player Row is essentially choosing which row to play, whereas Col is

deciding which column to play. The row and column chosen by them

together uniquely determine the outcome for both players. In each box

describing the outcomes, the first entry refers to the profit made by Row

and the second entry to that made by Col.

In order to advise Row what to do, suppose that we somehow knew that

Col was going to keep its prices high. Then it would clearly follow that Row

should go for low prices, since a profit of $120,000 is better than one of

$100,000. Now consider what happens if we instead suppose that Col is

going to set its prices low. In that case, Row is effectively making a choice

between eithermaking $0 (if it goes for high prices), or making $10,000 (if it

goes for low prices). Then it would also be better to go for low prices. Hence,

we can conclude that it is rational for Row to go for low prices no matter what

Col decides to do.

Now look at the game from Col’s perspective. If Row chooses high

prices, it would be better for Col to choose low prices, because making

a profit of $120,000 is better thanmaking “only” $100,000. If Row were to

decide on setting its prices low, then it would also be better for Col to

set its prices low, since $10,000 is more than $0. Hence, we can conclude

that it is rational for Col to also set its prices low no matter what Row decides

to do.

Since it is rational for both players to set their prices low, regardless

of what the other player decides to do, it follows that each company will

end up making a profit of only $10,000. This is a somewhat surprising

conclusion. By looking at thematrix above, we can clearly see that there is

another outcome in which both companies would make much more

Table 11.1

Col

High prices Low prices

Row
High prices $100,000, $100,000 $0, $120,000

Low prices $120,000, $0 $10,000, $10,000
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money: if both companies were to decide on setting their prices high, each

company would make a healthy profit of $100,000. However, if both

companies act rationally, then they cannot reach this optimal outcome,

even though it would be better for both of them. This is indeed

a surprising conclusion, which is also of significant practical importance.

For instance, this example explains why companies often try to agree in

secret to set prices high, although government authorities and consumer

organizations do their best to prevent such deals: if big retailers are

allowed to communicate about price levels, and can somehow form bind-

ing agreements about price levels, then the retailers will make a big profit

at the consumers’ expense. In effect, many countries have implemented

legal rules prohibiting the formation of such cartels.

11.1 The Prisoner’s Dilemma

The supermarket-game is an example of a much larger class of games,

known as prisoner’s dilemmas. Before we explain more in detail how games

can be classified as belonging to different classes, we will take a closer look

at this important example.

Imagine that the police have caught two drug dealers, Row and Col.

They are now sitting in two separate cells in the police station. Naturally,

they cannot communicate with each other. The prosecutor tells the pris-

oners that they have one hour to decide whether to confess their crimes or

deny the charges. The prosecutor, who took a course in game theory at

university, also informs the prisoners that there is not enough evidence

for convicting them for all their offenses unless at least one of them

decides to confess. More precisely put, the legal situation is as follows:

If both prisoners confess, they will get ten years each. If one confesses

and the other does not, then the prisoner who confesses will be rewarded

and get away with just one year in prison, whereas the other one will

get twenty years. If both prisoners deny the charges they will neverthe-

less be sentenced to two years for a series of well-documented traffic

offenses. The matrix in Table 11.2 summarizes the possible outcomes of

the game.

To analyze this game, we first look at the matrix from Row’s point of

view. Row can choose between confessing or denying the charges. Suppose

that Row knew that Col was going to confess. Then, Row would essentially

236 Game Theory I: Basic Concepts and Zero-sum Games



bemaking a choice between ten or twenty years in prison. Thus, in that case

it would clearly be better to confess and get ten years. Furthermore, if Row

knew that Col was going to deny the charges, Row would in effect be

making a decision between getting either one or two years in prison.

In that case it would, of course, be better to confess and get one year instead

of two. Hence, Row should confess no matter what Col decides to do.

Now look at the matrix from Col’s point of view. There are two slightly

different ways in which Col can reason, both of which are valid and lead to

the same conclusion. First, Col could assume that Rowwill either confess or

not. Then, since the outcome for Col will be better no matter what Row

decides to do – since ten years is better than twenty, and one is better than

two – it follows that Col should confess no matter what Row decides to do.

Hence, both players will confess and end up with ten years in prison each.

This holds true, despite the fact that both prisoners would get just two years

had they decided not to confess.

The second way in which Col could reason is the following. Instead of

considering his best response to all possible strategies made by Row, Col

could simply start from the assumption that Row is rational (common

knowledge of rationality, CKR). As we exemplified above, if Row is rational

he will confess. Hence, if Col knows that Row is rational he also knows that

Row will confess. Hence, there is no need to consider the possibility that

Rowmay not confess. Moreover, since Col’s best response to Row’s strategy

is to confess, we can conclude that both players will confess. Interestingly

enough, the fact that both players are rational forces them into an outcome

that is worse for both of them.

The prisoner’s dilemma shows that what is optimal for each indivi-

dual need not coincide with what is optimal for the group. Individual

rationality sometimes comes into conflict with group rationality.

In prisoner’s dilemmas, rationality forces both players individually to

choose an outcome that is worse, for both of them, than the outcome

Table 11.2

Col

Confess Do not

Row
Confess −10, −10 −1, −20

Do not −20, −1 −2, −2
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they would have agreed on had they acted as a group seeking to mini-

mize the total number of years in prison. In this case, both of them get

ten years instead of two.

It could be objected that a prisoner who is about to confessmust consider

the risk of being punished by the criminal friends of the betrayed prisoner.

However, note that this objection is not compatible with the assumptions

we have made. As the example is set up, the number of years in prison is all

that matters for the prisoners. If we take other possible consequences into

account, we are in effect playing a different game, which is less interesting

from a theoretical point of view. It is not the story about the prisoners that

has made the prisoner’s dilemma famous, but rather the robust mathema-

tical structure of the game.

So how robust is the prisoner’s dilemma? Is there any way in which

rational prisoners could avoid confessing? To start with, suppose that you

doubt that the other prisoner is fully rational. Perhaps he will deny the

charges, even though you know that doing so would be foolish. Does this

change the situation? No. Because it is better for Row to confess, regardless

of what he thinks Col will do. Hence, as long as Row is rational, he will

confess. Furthermore, if Col is rational but feels uncertain about whether

Row is rational, it is nevertheless rational for Col to confess. Hence, both

players should confess no matter what they believe about their opponent’s

capability to choose rationally. Hence, in this particular game (unlike in

some other games to be discussed later on), we can figure out what each

rational player will do without making any strong assumptions about the

opponent’s degree of rationality.

Let us now consider what happens if we assume the prisoners are

somehow able to communicate with each other and thus coordinate their

strategies. Suppose, for instance, that the prosecutor allows the prisoners to

meet in a cell for an hour. The outcome of this meeting will, of course, be

that Col and Row promise each other to deny the charges, since this will

render them just two years in prison. The problem is, however, that both

players are rational. Therefore, when the meeting is over and Row is asked

to make his choice he will reason as follows:

My opponent Col has promised me that he will deny the charges. I am

a rational person, but not a moral one, so I care only about the outcome for

myself. Hence, the fact that I have promised him to deny the charges is
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irrelevant. If I confess and he does not, I will get just one year, which is better

than two. Furthermore, it is also better to confess if Col cheats on me and

confesses. Therefore, it is better for me to confess no matter what Col

eventually decides to do.

Since the game is symmetric, Col will of course reason exactly like Row

and confess. Hence, our initial assumption that the players were not able to

communicate about their plans was in fact superfluous. Rational prisoners

will confess even if they get the opportunity to coordinate their strategies.

This holds true no matter whether they trust that the other player will

respect their agreement.

The prisoner’s dilemma is much more than just an odd and somewhat

artificial example. Prisoner’s dilemmas occur everywhere in society.

The supermarket-game serves as a helpful illustration. For another

example, imagine a number of chemical industries located next to

a beautiful river. Each firm has to decide whether to limit its emissions

of pollutants into the river, and thereby make a slightly lower profit, or

ignore all environmental concerns and maximize its profit. Furthermore,

since the local environmental authority has too little funding, each firm

knows that it is virtually risk-free to pollute. If a firm emits all its

pollutants into the river, it is very unlikely that it will be punished for

it. Furthermore, whether the river stays clean or not does not depend on

what any single firm decides to do. The river will get dirty if and only if

the large majority of firms decide to pollute. Now, the decision to be

taken by each firm can be illustrated in Table 11.3, in which only the

outcomes for Row are indicated.

As can be clearly seen in this matrix, it is better for Row to pollute no

matter what it thinks other firms will do. A large profit and a dirty river is

better than a small profit and a dirty river; and a large profit and a clean river

is better than a small profit and a clean river. Furthermore, this holds true

for all firms. Hence, it is rational for all firms to pollute, and to some degree

Table 11.3

Other firms pollute They do not

My firm pollutes Large profit and dirty river Large profit and clean river

It does not Small profit and dirty river Small profit and clean river
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this explains why so many rivers are so dirty, especially in countries with

weak environmental legislation.

Note that the conclusion that it is better to pollute holds true even if all

firms agree that it would be better, from each firm’s point of view, to

make a slightly smaller profit and keep the river clean, thereby enabling

the families of the board members to use it for recreation. Rationality

prevents the firms from not polluting, even though it would be better for

everyone.

Here is yet another example of a prisoner’s dilemma. The citizens of

a large city have to choose between getting to work either by taking their

own car or by using public transportation. Taking the car is more comfor-

table than traveling by public transportation; however, if everyone decides

to take the car there will be a huge traffic jam. (See Table 11.4.)

Look at Table 11.4 fromRow’s point of view. As you can see, it is better for

Row to take the car no matter what she thinks the other players will do,

because more comfort is better than less and whether there will be a traffic

jam depends on what others do. However, this holds true for everyone; the

identity of Row is irrelevant. Hence, it is rational for everyone to take their

own car, rather than traveling by public transportation. The outcome of this

is likely to bewell known tomost readers of this book: Everyone drives their

own car, and this creates huge traffic jams in most cities around the world.

To travel by public transportation is irrational, given that you care about

your own comfort (and all other differences are negligible). So if you spent

a lot of time in traffic jamswhen commuting to work by car this morning, it

might be good to know that you are at least not doing anything irrational.

But it is perhaps less comforting to know that there is an alternative out-

come that would be better for everyone, namely to accept the slightly lower

comfort on the train or bus and avoid all traffic jams. But as long as people

are rational, we will never reach that outcome.

Table 11.4

Others use cars They use public transport

I take my car Comfort and traffic jam Comfort and no traffic jam

I travel by public

transportation

Less comfort and traffic jam Less comfort and no traffic jam
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More generally speaking, prisoner’s dilemmas arise whenever a game is

symmetrical, in the sense that everyone is essentially facing the same strate-

gies and outcomes, and the ranking of the outcomes is as in Table 11.5. Note

that the numbers only refer to some ordinal ranking of outcomes. All that

matters is that 4 is better than 3 and 2 is better than 1. In many games, it is

taken for granted that utility is measured on an interval scale, but in the

prisoner’s dilemma this rather strong assumption is superfluous. Since doing

X – which may be any action – dominates not doing X, Row will do X. This

holds true also for Col since the game is symmetrical, so everyone will end up

doing X, and thereby reach the third best outcome. As we have seen from the

examples above, it would not be possible to reach the very best outcome, 4,

since that outcome can only be reached if some other player gets the worst

outcome, 1. However, itwould actually be possible for everyone to reachhis or

her second-best outcome – given that the players were irrational!

The prisoner’s dilemma was first formulated in 1950 by Merill Flood

and Melvin Dresher while working at the RAND corporation in Santa

Monica, and formalized by Albert Tucker, a mathematician working at

Princeton. In the 1970s philosopher David Lewis pointed out that there

is an interesting connection between the prisoner’s dilemma and

Newcomb’s problem. To see this, imagine that you are one of the prison-

ers sitting in a cell thinking about whether to confess or not. Since you

have good reason to believe that the other prisoner is also rational, and

since the game is symmetric, it is probable that the other player will

reason like you. Hence, it is probable that the other prisoner will confess

if and only if you confess; and it is also probable that the other prisoner

will deny the charges if and only if you do so.

However, while sitting alone in your cell you cannot be entirely sure that

the other prisoner will reach the same conclusion as you. Let us say that

your subjective probability is 0.95 that both of you will choose the same

strategy. This means that you are now facing a decision problem under risk,

which can be represented as in Table 11.6.

Table 11.5

They do X They do not

I do X 2, 2 4, 1

I do not 1, 4 3, 3
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As in Newcomb’s problem, the probability of the two states depends on

what you do. If you confess it is very likely that the other player will also

confess, but if you do not the other player is muchmore unlikely to do so.

Suppose that the number of years in prison corresponds exactly to your

cardinal disutility of spending time in prison. Then, your expected utility

of confessing is −9.55, whereas that of not doing so is only −2.9. Hence,

the principle of maximizing expected utility recommends you not to

confess. Now apply the dominance principle to the matrix above.

Clearly, −10 is better than −20 and −1 is better than −2, so the dom-

inance principle recommends you to confess. As in the Newcomb pro-

blem, we have a clash between two of the most fundamental principles of

rationality, the principle of maximizing expected utility and the domi-

nance principle.

This example shows that the doors between decision theory and

game theory are not watertight. Game theory can be conceived of as a

special branch of decision theory, in which the probability of the states

(that is, the course of action taken by other players) depends on what

you decide to do. Of course, this dependence need not be causal.

To emphasize this close relation between traditional decision theory

and game theory also makes a lot of sense from a historical perspective.

As you may recall from the brief summary of the history of decision

theory in Chapter 1, von Neumann and Morgenstern developed their

axiomatization of the expected utility principle as an aid for studying

game theory!

11.2 A Taxonomy of Games

The prisoner’s dilemma is a noncooperative, simultaneous-strategy, symmetric,

nonzero-sum and finite game. In this section we will explain all the italicized

concepts, and a few more. To be exact, we will explain the following

distinctions:

Table 11.6

He confesses He does not

You confess −10, probability 0.95 −1, probability 0.05

You do not −20, probability 0.05 −2, probability 0.95
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• Zero-sum versus nonzero-sum games

• Noncooperative versus cooperative games

• Simultaneous-move versus sequential-move games

• Games with perfect information versus games with imperfect information

• Nonsymmetric versus symmetric games

• Two-person versus n-person games

• Noniterated versus iterated games

In a zero-sum game you win exactly as much as your opponent(s) lose.

Typical examples include casino games and parlor games like chess.

The total amount of money or units of utility is fixed no matter what

happens. The prisoner’s dilemma is, however, not a zero-sum game, simply

because this criterion is not satisfied.

A noncooperative game is not defined in terms of whether the players do

actually cooperate or not. The official definition of a noncooperative game is

a game in which the players are not able to form binding agreements,

because in some noncooperative games players do in fact cooperate.

However, they do so because it is in their own interest to cooperate.

Consider Table 11.7, in which we stipulate that the players cannot coop-

erate in the sense that they first communicate about their strategies and

then enforce a binding contract forcing them to adhere to the agreed

strategies.

In this noncooperative game, rational players will cooperate. This is

because both players know that they will be strictly better off if they

cooperate, irrespective of what the other player decides to do. However,

the game is nevertheless a noncooperative game, since there are no legal

rules or other mechanisms that force players to keep their agreements.

Games that are not noncooperative are called cooperative games.

By definition, players playing a cooperative game can agree on binding

contracts that force them to respect whatever they have agreed on.

In most Western societies, private companies can sometimes play

Table 11.7

Cooperate Do not

Cooperate 5, 5 2, 1

Do not 1, 2 1, 1

11.2 A Taxonomy of Games 243



cooperative games with other companies, in which the legal system guar-

antees that each player respects the agreements they have reached with

other players. Such legal rules usually benefit all players.

A simultaneous-move game is a game in which the players decide on

their strategies without knowing what the other player(s) will do.

Hence, it is not necessary that the players choose their strategies at

exactly the same point in time. All that matters is that no player is

aware of what the other player(s) has decided on before making her

move. Rock, paper, scissors, a game played by children in the US and

Europe, is an example of a simultaneous-move game. Both players

announce one of three alternative strategies, called rock, paper or scissors,

without knowing what the other player will do. According to the rules

of this game, paper beats rock, and stone beats scissors, and scissors beats

paper. So if you play rock and I play scissors, you win. Of course, it would

be no fun to play this game had it not been a simultaneous-move game.

If you knew what I was going to play as you decided on your strategy,

you would quickly get bored.

In sequential games the players have some (or full) information about the

strategies played by the other players in earlier rounds. Chess is

a paradigmatic example. For another example, imagine two car manufac-

turers who wish to maximize their profit by offering various discounts to

their potential customers. Both companies make new decisions about their

discount policies as soon as they learn about the other company’s latest

offers; for simplicity, we assume that the first company decides on its

discounts on Mondays, Wednesdays and Fridays, whereas the other com-

pany makes its decisions on Tuesdays, Thursdays and Saturdays. For this to

be a sequential game, it is not essential that each company remember all the

previous strategies played by the other company. It is sufficient that each

player has some information about what the other company has done in the

past.

The most interesting subset of sequential games is that in which the

players have full information about the strategies played by the other

player(s). Games that fulfill this criterion are called games with perfect

information. Hence, all games with perfect information are sequential

games, but not all sequential games are games with perfect information.

Chess is a paradigmatic example of a game with perfect information, as is

the centipede game discussed in Section 11.3.
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Many games studied by game theorists are symmetric, including most

versions of the prisoner’s dilemma. This is because such games are

often easier to study from a mathematical point of view. As briefly

explained in the previous section, a symmetric game is a game in

which all players face the same strategies and outcomes. This means

that the identities of the players do not matter. In Table 11.8 the left-

most matrix illustrates a symmetric game, whereas the rightmost one

illustrates an asymmetric game. Note that in the latter game, Col is in

a better position than Row.

We now come to the distinction between two-person and n-person games.

The games illustrated in the matrices in Table 11.8 are two-person games,

simply because they are played by exactly two players. However, the players

may be single individuals or large organizations such as multinational

companies. It is not the total number of people involved that counts; what

matters is the number of players. An n-person game is a game played by an

arbitrary number of players. Many games are relatively easy to analyze as

long as only two players play them, but theymay become significantlymore

difficult to analyze if played by n players. For instance, if you play Monopoly

against five people instead of just one, you have to think a bit harder before

you decide which strategy to choose. Of course, since n-person games do not

fit in traditional two-dimensional matrices, such games are also more diffi-

cult to illustrate graphically.

The next distinction is between mixed and pure strategies. Briefly put,

to play a mixed strategy means to play a pure strategy with some

probability between zero and one. For instance, to play a mixed strategy

in the prisoner’s dilemma means to confess with probability p and to

deny the charges with probability 1 − p, where p > 0. That is, the player

chooses which pure strategy to play by using some random device.

Mixed strategies are important from a theoretical point of view, because

sometimes it is better to play a mixed strategy rather than a pure one.

Imagine a general who is about to attack his enemy in one of two

Table 11.8

Strat 1 Strat 2 Strat 1 Strat 2

Strat 1 0, 1 0, 0 Strat 1 0, 1 0, 0

Strat 2 0, 0 1, 0 Strat 2 0, 0 0, 1
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alternative places. If he believes that there is a spy in his headquarters,

telling the enemy about his plans, the best thing to do may be to choose

where to attack by tossing a fair coin. This guarantees that the general’s

decision will be a surprise for the enemy.

It is also important to note that some games can go on forever without

coming to an end, whereas other games always end after a finite series of

moves. The former kind of game is called an infinitely repeated game. For

instance, commuters choosing between driving their own car to work or

taking the bus play an infinitely repeated game. (The fact that humans live

only for a finite number of days is of little interest from a purely theoretical

point of view.) Other games are certain to come to an end at some point.

A game of chess cannot go on forever, because the rules stipulate that if one

and the same position arises three times the game is a draw, and there is

only a finite number of possible positions.

The distinction between iterated and noniterated games is also straightfor-

ward and easy to grasp. A noniterated game is played only once, no matter

how many strategies it comprises. An iterated game is played several times.

However, the importance of this distinction is easy to overlook. Sometimes

it makes a huge difference whether a game is played just once. For example,

if the prisoner’s dilemma is presented as a noniterated game, rational

players cannot avoid ending up with the suboptimal outcomes described

above. However, if the game is iteratedmany times (perhaps infinitelymany

times), there is actually another strategy that is better: to play tit for tat.

To play tit for tat means to respond in each round with the same type of

strategy the opponent played in the previous round. Hence, each player will

cooperate if the opponent played a cooperative strategy in the previous

round, but play a retaliative strategy if the opponent did not cooperate in

the previous round.

11.3 Common Knowledge and Dominance Reasoning

All game theorists agree that it would be great to have a single, unified

theory that could be applied for solving all different kinds of games.

Unfortunately, there is no such unified theory. So far, game theorists have

only formulated theories that correctly solve specific subclasses of games

such as, for example, two-person zero-sum games. However, even if there is

no general solution that can be applied to all games, it is worth pointing out
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that many games can in fact be solved by just applying the dominance

principle in a clever way.

The technique to be explained here is based on a number of technical

assumptions, which are commonly accepted by most game theorists.

The first assumption is that all players are rational and therefore try to play

strategies that best promote the objective they consider to be important.

This does not mean that all players must be selfish. Some players may have

a strong desire for performing what appear to be altruistic actions, so if

a rational player pays attention to the well-being of others, he does so just

because he believes that doing so will somehow promote his ownwell-being.

The second assumption is that all players know that the other players are

rational. Hence, it is not just merely the case that all players are rational;

they also know that everybody else is rational. In fact, for theoretical

purposes it is often fruitful to strengthen this assumption even further:

Each player knows that the other player knows that the first player knows that

the other player knows that . . . the player in question is rational. Formulated

in this way, this assumption is sometimes referred to as the assumption of

nth-order common knowledge of rationality (nth order CKR). The third

assumption is simply that the dominance principle is a valid principle of ration-

ality. This assumption is so common that it is sometimes not even listed as

an assumption. However, as we have seen in previous sections, it makes

sense to accept this principle only in cases where one thinks the players’

strategies are causally independent of each other, and if the worries arising

in Newcomb-style problems can be taken care of in one way or another.

To solve a game is to figure out which strategies rational players would

choose if confronted with the game in question. The chosen strategies

determine the outcome of the game. An example is shown in Table 11.9.

Two players have three strategies each to choose from; as usual, the first

number refers to the outcome for Row, and the second number to the

outcome for Col.

Table 11.9

C1 C2 C3

R1 1, 3 2, 2 1, 0

R2 3, 2 3, 3 2, 7*

R3 1, 1 8, 2 1, 4
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In this game, Row will certainly not play strategy R1, since that

strategy is dominated by strategy R2. No matter which strategy Col

decides on, Row will be better off if she plays R2 rather than R1.

Therefore, both players know for sure that Row will play either R2 or

R3. This means that strategy C3 is an attractive strategy for Col, since

she knows that she will not end up with 0. More precisely put, given

that Row will not play R1, strategy C3 dominates C2 and C1. Hence, both

players can conclude that Col will play strategy C3. Furthermore, since

Col will play C3, Row will be better off playing strategy R2 rather than

R3. Hence, if both players are rational and the assumption of CKR holds

true, then it follows that Col will play strategy C3 whereas Row will play

strategy R2. This means that this pair of strategies, marked by an aster-

isk in the matrix, is a solution to the game. Hence, those strategies are

what we should expect the players to choose, given our assumptions

about their rationality and knowledge.

Box 11.1 Dominance reasoning with more than two

players

The dominance reasoning illustrated above is applicable also to games

with more than two players. Let us consider a game with three players

who have only two strategies to choose between: Player 1 has to

choose between A and B; player 2 between F and G; and player 3

between X and Y, respectively. Since it is difficult to represent three-

dimensional matrices on two-dimensional surfaces, we use a slightly

different representation than before. Below, each of the 2 × 2 × 2

possible outcomes is represented by a triple such that the first ele-

ment represents the outcome for the first player, and so on. Suppose

the outcomes are as follows:

(A, F, X) = (1, 6, 9)

(A, F, Y) = (2, 5, 8)

(A, G, X) = (3, 9, 9)

(A, G, Y) = (4, 8, 7)

(B, F, X) = (2, 1, 3)*

(B, F, Y) = (3, 2, 2)

(B, G, X) = (4, 0, 7)

(B, G, Y) = (5, 1, 2)
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So far the dominance principle has directed us toward clear, unambig-

uous and uncontroversial conclusions. Unfortunately, this is not always the

case. There are many games in which no strategies are dominated by the

others. Consider the example in Table 11.10.

First look at Row’s alternatives. Clearly, none of the three alternatives

dominates any of the others. Then look at Col’s alternatives. Again, none

dominates the others. Hence, the dominance reasoning applied above cannot

get started. This means that if we wish to solve this game, we have to find

some other principle or principles telling us what rational players should do.

In this example, the triples (A, F, X) = (1, 6, 9) mean that player

1 chooses A rather than B and gets an outcome worth 1; and

player 2 chooses F rather than G and gets an outcome worth 6;

and player 3 chooses X rather than Y and gets an outcome worth

9. It takes little reflection to see that player 1 will choose B rather

than A, no matter what the other player decides to do. For

instance, if players 2 and 3 play F and X, then strategy B is better

than A; and if the others play F and Y, then B is also better than A,

and so on. This means that none of the sets of strategies listed on

the first four lines will be chosen by the players. Now look at the

remaining four lines. If player 2 knows that player 1 will do B,

then player 2 can conclude that it will certainly be better to

choose F rather than G, since 1 is better than 0 (which one gets

if player 3 chooses X) and 2 is better than 1 (which one gets if

player 3 chooses Y). Now look at the game from the perspective of

player 3. Given that B and F will be chosen by players 1 and 2,

respectively, it is clearly better to choose X rather than Y, since 3 is

better than 2. Hence, the solution to this game is (B, F, X) = (2, 1, 3),

i.e. the fifth line, which has been marked by an asterisk.

It is worth noticing that the total sum of utility of (B, F, X) is just 6

units, which is actually less than the sum of utility realized by all other

sets of strategies. This is yet another illustration of the amazing fact

that collective rationality may conflict with individual rationality.

What is best from a group perspective is not certain to be good for

all individuals of the group. (Note that this point requires that utility

can be somehow interpersonally aggregated, which is a controversial

assumption rejected by many decision theorists.)
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Before we discuss alternative ways of solving games, it is worth pointing

out that there are also cases in which dominance reasoning leads to unac-

ceptable conclusions. The centipede game provides a classic illustration of

this. This game is a finite and sequential two-person game in which the

dominance principle is applied for reasoning “backwards.” Imagine that

Sophie, the mother of Anne and Ben, tells her children that they will have

the opportunity tomake a series of alternatingmoves. Sophie then puts one

dollar in a pot on the table. In her first move, Anne must either let Sophie

add a dollar to the pot or take the dollar and quit the game. If Anne decides

to let Sophie put in a dollar, Benmust either let Sophie add one more dollar

to the pot or stop the game by taking the two dollars on the table. If none of

them stops the game in the first round, more money will be added to the

pot; see Figure 11.1. The numbers at the bottom refer to the possible payouts

to Anne and Ben. D means that Anne plays down (i.e. quits the game by

grabbing the pot), whereas dmeans that Ben plays down. Rmeans that Anne

plays row (i.e. adds a dollar to the pot), and r means that Ben plays row.

Sophie tells her children that the game will be stopped after exactly four

rounds (or a hundred; it does not matter).

Let us see what happens if the dominance principle is applied to this

game. At the last choice node, Ben has to choose between receiving either

$3 (which is the amount he gets if he plays r) and $4 (which he gets if he

plays d). Of course, $4 is better than $3. However, Anne knows that Ben

Table 11.10

C1 C2 C3

R1 1, 3 2, 4 1, 0

R2 3, 3 3, 3 0, 1

R3 4, 2 2, 0 1, 3

0, 2 3, 1 2, 4

3, 3

dDD

R R rr

d

1, 0

1 2 1 2

Figure 11.1
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will reason like this already when Anne is about to make her choice at the

preceding choice node. Therefore, Anne realizes that she is in fact making

a decision between receiving $3 by quitting the game, and adding an extra

dollar and getting $2. She will of course choose the first option. However,

Ben knows all this already as he makes his first move, and $2 is better

than $1, so at that point he would quit the game and take $2. Knowing all

this, Anne will quit the game already at the first choice node and take

the one dollar put on the table by hermother Sophie. Hence, Anne will get

$1 whereas Ben will get nothing.

This analysis seems to be impeccable from a technical point of view, but

the conclusion is nevertheless a very odd one, to say the least. Had Anne and

Ben not been thinking so much about the other player’s behavior they

would have ended up with $3 each. How can it be rational to get $1 or

nothing, when one could have obtained $3 ormore? Since decision theory is

a theory of how to make rational decisions, one may suspect that there is

something wrong with a theory that implies that one will always get $1

instead of $3 or more.

In response to this argument, it should be pointed out that according to

the rules of the game only irrational people could ever get more than $1.

Here is an analogy. Imagine that I promise to give you a million dollars if

you decide to choose irrationally, but nothing otherwise. You want the

money, so it would thus be “rational to choose irrationally.” However, no

theory of rationality could ever avoid this type of potential paradox!

The derivation of the “paradoxical” conclusion does not depend on any

substantial principle of rationality. No matter what principle one uses for

evaluating strategies, it would be “rational to choose irrationally.” This

shows at least two things. First, one may doubt whether this is a genuine

problem. If so, exactly what is the problem? Second, the analogy with

the million-dollar promise indicates that the alleged paradox is not

directly related to the centipede game. As noted above, the problem arises

because of the rules of the game, not because of the principles used for

evaluating alternative strategies. In fact, the dominance principle is not

essential to the centipede game. Analogous conclusions could be reached

also if other principles are applied for evaluating strategies, such as the

principle of maximizing expected utility, or even the principle of mini-

mizing monetary payoff.
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11.4 Two-Person Zero-sum Games

The most extensively researched kind of game is the two-person zero-sum

game. It was thoroughly analyzed already by von Neumann and

Morgenstern in the 1940s. As explained in the taxonomy, a two-person zero-

sum game is characterized by two features. First, it is always played by only

two players (rather than three or four or n players). Second, whatever

amount of utility is gained by one player is lost by the other. Hence, if the

utility of an outcome for Row is 4, it is −4 for Col. This is why the game is

called a zero-sum game. Many casino games are zero-sum games (even

though not all of them are two-person games). For instance, if you play

poker against only one opponent, you win exactly as much as your oppo-

nent loses, and vice versa.

Two-person zero-sum games are much easier to represent in decision

matrices than other games. This is because if we know what the out-

come for Row will be, then we automatically know the outcome for Col.

Hence, two-person zero-sum games can be represented by listing only

the outcomes for one player. By convention, we list Row’s outcomes.

Consider the example in Table 11.11, in which e.g. 7 in the upper right-

most corner means that Row will get 7 units of utility and Col −7 units if

R1 and C3 are played.

Naturally, Row seeks to maximize the numbers in the matrix, whereas

Col tries to keep the numbers as low as possible. The best outcome for Row

is 7, and the worst is−3. However, the best outcome for Col is−3 (since that

means +3 for her), whereas the worst is 7 (that is, −7).

Some but not all two-person zero-sum games can be solved with dom-

inance reasoning. For example, in the game illustrated above no strategy is

dominated by the others. However, despite this, it is easy to figure out what

rational players will do. Consider the pair (R2, C1), marked by an asterisk in

the matrix. If Col knew that Row was going to play R2, then Col would not

Table 11.11

C1 C2 C3

R1 3 −3 7

R2 4* 5 6

R3 2 7 −1
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wish to play any other strategy, since Col tries to keep the numbers down.

Furthermore, if Row knew that Col was going to play strategy C1, Rowwould

have no reason to choose any other strategy. Hence, if that pair of strategies

is played, no player would have any good reason to switch to another

strategy, as long as the opponent sticks with his strategy. We now have to

introduce a technical term.

Definition 11.1

A pair of strategies is in equilibrium if and only if it holds that once this pair

of strategies is chosen, none of the players could reach a better outcome

by unilaterally switching to another strategy.

As explained above, the pair (R2, C1) in Table 11.11 is in equilibrium. If Col

plays strategy C1, Row’s best option is to play R2; and given that Row plays

R2, Col could not gain anything by switching to another strategy. Neither of

themhas any reason to choose any other strategy, given that the other player

sticks to his decision, and this is why (R2, C1) is in equilibrium.

In principle, we could solve a game by analyzing each pair of pure strate-

gies one by one and check whether it is in equilibrium. (Unfortunately, this

procedure does not work for mixed strategies.) However, a much easier way

to find equilibrium strategies of two-person zero-sum games is to find strate-

gies that fulfill the minimax condition. This is a sufficient but not a necessary

condition, i.e. it does not select all equilibria. The minimax condition tells us

that a pair of strategies are in equilibrium if (but not only if) the outcome determined by

the strategies equals the minimal value of the row and the maximal value of the column.

Consider the examples in Table 11.12.

Clearly, in the leftmost example (R1, C3) is in equilibrium according to

the criterion, since 7 is the minimal value of the first row, as well as the

maximal value of the third column. (We indicate this by writing an asterisk

in the corresponding box.) It is also fairly easy to see why the minimax

criterion is a sufficient criterion: Since 7 is the highest value of the column

Table 11.12

C1 C2 C3 C1 C2 C3

R1 9 8 7* R1 4 1* 2

R2 7 −5 6 R2 5 1* 9

R3 4 1 −2 R3 2 −3 −2
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in question, Row would have no reason to choose any other strategy given

that Col plays strategy C3. Furthermore, since 7 is the minimal value of its

row, Col could not do better given that she knew Row was going to play

strategy R1. And this is exactly why (R1, C3) is in equilibrium.

That said, in the rightmost example there are two equilibrium points:

both (R1, C2) and (R2, C2) fulfill the criterion stated above. This is a potential

problem, since there might be a risk that the players seek to achieve

different equilibriums and consequently different strategies, and end up

with an outcome that is not in equilibrium. However, it can be shown that if

there are several equilibrium points, then all of them are either on the same

row or in the same column. Hence, the players run no risk of failing to

coordinate their strategies. For example, in the rightmost example above, it

does not matter whether Row plays strategy R1 or R2; given that Col plays

strategy C2 both alternatives constitute equilibrium points.

11.5 Mixed Strategies and the Minimax Theorem

The minimax criterion stated above is not sufficient for solving every two-

person zero-sum game. For example, in the game illustrated in Table 11.13

no number fulfills the criterion of being the minimal value of its row and

the maximal value of its column.

The absence of a criterion for solving this game is, of course, a serious

matter. Imagine that the matrix illustrates a game played by two great

armies. General Row, the commander of the Horizontal army, is about to

instruct his troops to attack the Vertical army by using one of the three

alternative strategies R1 to R3. General Col has to defend herself against

General Row’s attack by choosing exactly one of the three defense strategies

C1 to C3. It is evident that it is utterly important to find a solution to this

game, if there is one. Indeed, the well-being of millions of people depends

on the strategies chosen by the two generals.

Table 11.13

C1 C2 C3

R1 0 −100 +100

R2 +100 0 −100

R3 −100 +100 0
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Fortunately, there is a solution to this game. That is, there is a pair of

strategies such that no player would have reason to regret their choice

were that pair to be chosen. Briefly put, the optimal strategy for both

generals is to roll a die! General Row should reason as follows: “If

I throw a die and choose each pure strategy with probability 1/3, then

the expected utility of my mixed strategy will be 0, no matter what

probabilities General Col assigns to her strategies.” Furthermore, if

Row knew that Col was going to play the analogous mixed strategy,

then Row would have no reason to switch to any other mixed strategy,

since 0 is then the highest expected utility he could obtain, as will be

explained below.

At this point, General Col should reason in exactly the same way, since

the game is symmetric: “If I throw a die and choose each pure strategy

with probability 1/3, then the expected utility of my choice will be 0, no

matter what probabilities General Row assigns to his strategies.”

As before, if Col knew that Row was going to play the analogous mixed

strategy, then Col would have no reason to switch to any other mixed

strategy, since 0 is then the highest expected utility she would be able to

obtain.

To see how General Row was able to conclude that the expected utility

of playing themixed strategy [R1 1/3, R2 1/3, R3 1/3] has an expected utility

of 0, no matter what the other general decides to do, one may reason as

follows. Let p denote the probability that Col chooses C1, and let q denote

the probability that she chooses C2, and let r denote the probability

that Col chooses C3. Then, Row’s expected utility of playing [R1 1/3,

R2 1/3, R3 1/3] is:

1=3 0p� 100qþ 100rð Þ þ 1=3 100pþ 0q� 100rð Þ þ 1=3 �100pþ 100qþ 0rð Þ
¼ 1=3 0p� 100pþ 100p� 100qþ 0qþ 100qþ 100r � 100r þ 0rð Þ
¼ 0

Naturally, General Col performs the analogous calculations, which show

that the expected utility of [C1 1/3, C2 1/3, C3 1/3] is also 0.

But why is this pair of mixed strategies in equilibrium, then? Let us

apply the same test as before. Given that General Col plays [C1 1/3, C2 1/3,

C3 1/3], General Row can do no better than playing [R1 1/3, R2 1/3, R3 1/3].

For obvious mathematical reasons, no other strategy would yield

a higher expected utility. Furthermore, given that General Row were to
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play [R1 1/3, R2 1/3, R3 1/3], Col could not do better by playing some other

mixed or pure strategy. Hence, the pair ([R1 1/3, R2 1/3, R3 1/3], [C1 1/3, C2

1/3, C3 1/3]) is in equilibrium.

However, in this example the numbers were chosen with great care.

So far we have certainly not shown that every two-person zero-sum game

has a solution, i.e. a pair of strategies that are in equilibrium – and neither

have we said anything about how onemay find that solution. Fortunately, it

has been established that such solutions do exist, and are not that difficult

to find. More precisely put, it can be shown that every two-person zero-sum

game has a solution. Thismeans that there will always be a pair of strategies

that are in equilibrium, and if there is more than one pair they all have the

same expected utility. In Box 11.2 we give a formal proof of this claim.

Box 11.2 The minimax theorem

Theorem 11.1 Every two-person zero-sum game has a solution, i.e.

there is always a pair of strategies that are in equilibrium, and if there

is more than one pair they all have the same expected utility.

Proof For technical reasons, it is helpful to first consider a subset of

the set of all two-person zero-sum games, viz. the set known as the

standard form of the game. (As will be explained below, the proof can

be generalized to hold for all two-person zero-sum games.)

The standard form of a two-person zero-sum game has the structure

shown in Table 11.14.

In this matrix, a, b, c and d are positive utilities such that a > c and

b > c and b > d. It follows directly from the assumptions that no pair of

pure strategies is in equilibrium. Therefore, if an equilibrium exists, it

has to involve mixed strategies. Suppose that Row plays R1 with

probability p and R2 with probability 1 − p, and that Col plays C1

with probability q and C2 with probability 1− q. Now, the probability

Table 11.14

C1 C2

R1 a d

R2 c b
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that Row gets outcome a is pq, and the probability that he gets out-

come d is p · (1 − q), and so on. Hence, the expected utility for Row of

playing a mixed strategy is as follows:

Row’s EU ¼ apq þ dp 1� qð Þ þ c 1� pð Þqþ b 1� pð Þ 1� qð Þ ð1Þ

Hence,

Row’s EU ¼ apq þ dp� dpqþ cq� cpqþ b� bq� bpþ bpq ð2Þ

¼ a� d� c þ dð Þpq þ d� bð Þpþ c � bð Þqþ b ð3Þ

We now introduce a set of constants, which we define as follows:

K ¼ jadc þ bj
L ¼ jd� bj
M ¼ jc � bj
N ¼ jbj

Our initial assumptions that a > c and b > c and b > d imply that

(a− d− c + b) > 0 and (d− b) < 0 and (c− b) < 0. Hence, the formula for

Row’s expected utility can be rewritten as follows, where the con-

stants K, L, M and N are the absolute values of the corresponding

differences above.

Row’s EU ¼ Kpq� Lp�Mqþ N ð4Þ

Note that we can rewrite this equation in the following way. (I do

not expect you to see this immediately, but please feel free to check

that the algebra is correct!)

Row’s EU ¼ K½ p�M=Kð Þ q� L=Kð Þ� þ KN � LMð Þ=K ð5Þ

Look carefully at Equation (5). For Col, it is desirable to insure that

the value of (5) is as low as possible. By letting q = L/K, Col can insure

that the total value does not exceed (KN − LM)/K. Let us suppose that

this indeed is part of an equilibrium strategy. Then, Row could insure

that he gets at least (KN− LM)/K by letting p =M/K. Now, if both players

play these strategies, we clearly see in equation (5) that neither of

them could do better by unilaterallymodifying their strategy. If at least

one of the terms (p − M/K) and (q − L/K) is zero, then the value of the

other term does not matter; the expected utility will nevertheless be

(KN − LM)/K. Hence, we have shown that the following pair of mixed

strategies is always in equilibrium:
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Exercises

11.1 Imagine that you are a fully rational decisionmaker facing a (one-shot)

prisoner’s dilemma. Explain why the outcome of the game will not be

affected if you are allowed to meet and discuss with the other player

before you make your move.

11.2 Can the following games be solved by applying the dominance princi-

ple? If so, what are the equilibrium strategies?

(a)

C1 C2 C3

R1 1, 9 2, 9 0, 9

R2 3, 1 5, 2 2, 1

(b)

C1 C2 C3

R1 1, 3 8, 2 1, 4

R2 3, 2 3, 1 2, 7

R3 1, 5 9, 2 1, 4

(c)

C1 C2 C3

R1 1, 3 2, 4 1, 0

R2 3, 3 5, 2 0, 1

R3 2, 5 2, 0 1, 8

½R1M=K;R2 1�M=Kð Þð �; ½C1 L=K;C2 1� L=Kð Þ�Þ ð6Þ

The strategies in (6) can be used for directly finding a solution to

a two-person zero-sum game. However, to complete the proof we

also have to show that all two-person zero-sum games can be

reduced to the standard form. This is not the right place to give

a watertight proof for this claim, but some clarifying comments are

in order. First, if a–d include negative utilities, we can transform

the numbers into positive ones by doing a positive linear transfor-

mation of the scale. Furthermore, if the restriction that a > c and b >

c and b > d is not met, we can simply switch the rows or prove that

one strategy dominates the other.
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(d)

C1 C2 C3 C4

R1 1, 1 1, 1 1, 4 2, 2

R2 3, 0 5, 2 2, 3 3, 3

R3 1, 1 2, 2 1, 4 8, 2

R4 0, 6 2, 4 1, 7 2, 8

11.3 Consider the suggestion that the prisoner’s dilemma is a Newcomb

problem. Would an evidential decision theorist advise you to confess?

Explain!

11.4 Solve the following two-person zero-sum game by using the minimax

condition.

C1 C2 C3 C4

R1 400 300 350 200

R2 250 700 400 600

R3 500 2000 650 800

R4 0 1200 0 250

11.5 By definition, a noncooperative game is a game in which the players are

not able to form “binding agreements.” Why can we not simply say

that a noncooperative game is a game in which the players do not

actually cooperate?

11.6 Can the following two-person zero-sum games be solved by using the

minimax condition? If so, what are the equilibrium strategies?

(a)

C1 C2

R1 2 −3

R2 5 7

R3 1 7

(b)

C1 C2 C3

R1 4 −3 −7

R2 5 3 7

R3 3 2 −1
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(c)

C1 C2 C3

R1 0 −1 1

R2 1 0 −1

R3 −1 1 0

(d)

C1 C2 C3 C4

R1 1 4 −1 1

R2 −2 3 −2 0

R3 3 6 −4 8

R4 −4 1 −3 7

11.7 The following two-person zero-sum game has no pure equilibrium

strategies. Determine the mixed equilibrium strategies.

C1 C2 C3

R1 −20 20 0

R2 20 0 −20

R3 0 −20 20

11.8 Find the mixed equilibrium strategies in the following game, where

x is any positive number. (You may wish to consult the proof of the

minimax theorem.)

C1 C2

R1 3x 2x

R2 x 3x

11.9 In what sense, if any, can game theory be viewed as an instance of

decision making under ignorance or risk?

11.10 Game theorists routinely assume that all players are rational and

that this is common knowledge. However, sometimes players may

have reason to doubt the rationality of their opponents. Suppose,

for instance, that you believe the probability is seventy percent

that your opponent Col is rational and thirty percent that she is

260 Game Theory I: Basic Concepts and Zero-sum Games



insane, in which case she seeks to minimize rather than maximize

her payoff. The payoff matrix for the game in which Col is rational

looks as follows. Which strategy will be played by Row?

C1 C2 C3

R1 0, 2 1, 1 0, 0

R2 2, 1 2, 2 1, 6

R3 0, 0 7, 1 0, 3

Solutions

11.1 The game is noncooperative, i.e. you cannot make any binding agree-

ments. No matter what you agree on it will always be rational to

confess, since this is a dominant strategy.

11.2 (a) (R2, C2)

(b) (R2, C3)

(c) No

(d) (R2, C3)

11.3 If you decide not to confess, this piece of information is evidence for

thinking that the other player will reason like you and not confess.

Given that both players are fully rational, you can treat your own

behavior as evidence of what the other player will do, since the game

is symmetrical.

11.4 (R3, C1)

11.5 Sometimes it is rational for rational decisionmakers to cooperate even

when no binding agreement has been made or could have been made.

For example, the crew of a sinking ship may decide to cooperate to

save the ship and their own lives, without making any binding

agreements.

11.6 (a) (R2, C1)

(b) (R2, C2)

(c) No

(d) (R1, C3)

11.7 ([R1 1/3, R2 1/3, R3 1/3], [C1 1/3, C2 1/3, C3 1/3])

11.8 ([R1 2/3, R2 1/3], [C1 1/3, C2 2/3])
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11.9 Each player has to select a move, without knowing what the other

player will do. Of course, in many decision problems the probability

of the states (themove selected by the other player) is independent of

what move is selected by the player. However, Newcomb-style pro-

blems indicate that this is not always the case. Interestingly enough,

some authors take this line of thought to show that there is no deep,

fundamental difference between game theory and the theory of

individual decision making.

11.10 Row will play R2. There are two game matrices to consider, namely

the one illustrated in the question and the one in which Col’s utilities

are reversed. If the first matrix is the true description of the game,

then R2, C3 will be played. If the reversed matrix is the true matrix

R2, C1 will be played.
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12 Game Theory II: Nonzero-sum and
Cooperative Games

In the final sections of Chapter 11 we showed that all (two-person) zero-sum

games can be solved by determining a set of equilibrium strategies. From

a purely theoretical perspective, there is little more to say about zero-sum

games. However, nonzero-sum games are more interesting, and require

further attention by game theorists. This chapter gives a brief overview of

what we currently know about nonzero-sum games. First, we will give

a proper introduction to the equilibrium concept tacitly taken for granted

in the previous chapter. We will then go on to analyze a couple of well-

known nonzero-sum games. The chapter ends with a discussion of whether

game theory has any implications for ethics, biology and other subjects,

which some scholars believe is the case.

12.1 The Nash Equilibrium

The prisoner’s dilemma is an example of a nonzero-sum game. This is

because the loss or gain made by each player is not the exact opposite of

that made by the other player. If we sum up the utilities in each box they do

not always equal zero. In the prisoner’s dilemma each prisoner will have to

spend some time in prison nomatter which strategy he chooses, so the total

sum for both of them is always negative. To see this point more clearly, it is

helpful to take a second look at the game matrix of the prisoner’s dilemma

(Table 12.1).

Obviously, R2 is dominated by R1, whereas C2 is dominated by C1.

Hence, rational players will select the pair of strategies (R1, C1). It follows

that (R1, C1) is in equilibrium, because if Row knew that Col was going to

confess (play C1), then he would not be better off by switching to another

strategy; and if Col knew that Row was going to confess (play R1), then he

would also be best off by not switching his strategy. The notion of
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equilibrium tacitly employed here was originally proposed by John Nash,

a Princetonmathematician who was awarded the Nobel Prize in Economics

for his contributions to game theory. Nash’s basic idea was very simple:

Rational players will do whatever they can to insure that they do not feel

unnecessarily unhappy about their decision. Hence, if a rational player is

about to play a strategy and knows that he could do something better, given

that his assumptions about the opponent are held fixed, then the player will

not choose the nonoptimal strategy. Only strategies that fulfill this very

simple “not better to switch” test will be chosen. Furthermore, this holds

true for every player. Hence, rational players will always play strategies that

constitute Nash equilibriums.

In his Ph.D. dissertation from 1950 (which is just thirty-two pages long

and written in a surprisingly informal style), Nash defines the equilibrium

concept as follows:

an equilibrium point is [a set of strategies] such that each player’s . . . strategy

maximizes his pay-off if the strategies of the others are held fixed. Thus each

player’s strategy is optimal against those of the others. (Nash 1950a: 7)

Nash’s definition is equivalent to Definition 11.1 in Section 11.4. Other

game theorists have proposed alternative equilibrium concepts. Throughout

this chapter the term “equilibrium” will refer to a Nash equilibrium, except

for in the discussionof evolutionary game theory in Section 12.4, inwhichwe

discuss the notion of evolutionary stable strategies.

Unfortunately, many nonzero-sum games have more than one Nash

equilibrium. This indicates that a game cannot be properly “solved,” i.e.

we cannot figure out exactly what rational players would do, by just apply-

ing Nash’s equilibrium concept. As an illustration of this, we will return to

the game of stag hunt, mentioned in Chapter 1. Recall that twomembers of

a pre-historical society must choose to either cooperate to hunt for stag, or

go and hunt for hares on their own. If the hunters cooperate and hunt for

stag, each of themwill get 25 kilos of meat; this is the best outcome for both

Table 12.1

C1: Confess C2: Do not

R1: Confess −10, −10 −1, −20

R2: Do not −20, −1 −2, −2
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hunters. However, a hunter who hunts for stag when the other is hunting

for hare gets nothing. This is the worst outcome. A hunter hunting for hare

on his own can expect to get a hare of 5 kilos. See Table 12.2. (Exercise: Make

sure you understand why this is a nonzero-sum game.)

In stag hunt there are two pure Nash equilibria, (R1, C1) and (R2, C2),

marked by asterisks. If Row felt confident that Col was going to play C1,

then Row would have no reason to switch from R1 to R2, and nor would

Col have any reason to switch from C2 to C1 if he knew that Row was

going to play R1. Hence, (R1, C1) is in equilibrium. This also holds true of

the opposite corner of the matrix. If Row knew that Col was going to play

C2, then Rowwould not be any better off were he to switch from R2 to R1,

and the same is true of Col mutatis mutandis. Hence, if (R2, C2) is played,

then each player’s strategy is optimal against that of the other. (Note that

in this context “optimal” means at least as good as.) Hence, (R2, C2) is also

a Nash equilibrium. In addition to the two pure Nash equilibria, the game

also has a mixed Nash equilibrium. This is not the right place to explain

how to find that equilibrium. (It will be explained in Section 12.5.) For the

time being, I ask the reader to trust my claim that it is (R1 1/5, C1 1/5).

That is, if Col plays C1 with probability 1/5, then it would be optimal for

Row to play R1 with probability 1/5, and vice versa. Each player’s

expected catch will then be 1/5 (25 · 1/5 + 0 · 4/5) + 4/5(1/5 · 5 + 4/5 · 5) =

5, and neither of them could expect to gain anything by switching to

another strategy.

So what should we expect from rational agents playing stag hunt, then?

Nash’s equilibrium concept only gives a partial answer to this question.

It eliminates those strategies that will not be played, i.e. (R1, C2) and (R2,

C1), and a number of mixed strategies. But what about the three remaining

equilibrium strategies? Are they all equally reasonable?

Imagine that you are Row. It then seems reasonable to look at stag hunt

as a decision under risk (in which the outcomemay or may not be probabil-

istically correlated with the strategy chosen by Col). You therefore assign

Table 12.2

C1: Hunt stag C2: Hunt hare

R1: Hunt stag 25, 25* 0, 5

R2: Hunt hare 5, 0 5, 5*
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a subjective probability p to the state in which Col plays C1 given that you

play R1, and probability 1 − p to the state in which Col plays C2 given that

you play R1. Furthermore, you assign a probability q to the state in which

Col plays C1 given that you play R2, and a probability 1 − q to the state in

which Col plays C2 given that you play R2. If your utility of meat is linear,

you will thus choose R1 over R2 if and only if 25p + 0(1 − p) > 5q + 5(1 − q).

This inequality can be simplified to p > 1/5. Hence, if your subjective prob-

ability is higher than 1/5 that Col will hunt for stag given that you do so,

then you should also hunt for stag. Furthermore, Col should reason in

exactly the same way, since the game is symmetric. This gives us two clear

and unambiguous recommendations, which may of course be applied to

similar situations mutatis mutandis.

Note that Nash’s equilibrium concept played no role whatsoever in

the alternative analysis. The strategy to be chosen by the other player

was treated as a state of the world, to which we assigned a subjective

probability. So what is the point of identifying the Nash equilibria? Why

not treat (noncooperative) nonzero-sum games as individual decisions

under risk?

Having said that, I would like to make the following point. In the

analysis above, we tacitly took for granted that rational players maximize

expected utility. Some people may find that assumption questionable.

A decision maker who is risk averse to a sufficiently high degree, in either

of the senses explained in Chapter 10, will always hunt for hare, since that

will give him 5 kilos of meat for sure, that is, he runs no risk of ending up

with nothing. Therefore, each player may stop worrying about what the

other player will do, since it is better to be safe than sorry! This leads us to

a conclusion that is familiar from the study of the prisoner’s dilemma:

What is best for each (risk-averse) individual may not be best for the group

as a whole. In order to reach the outcome that is best for a group playing

stag hunt, we have to insure that the players are prepared to take at least

moderate risks.

Some philosophers have used stag hunt for illustrating the importance of

mutual trust among fellow citizens in society. We all benefit from a society

in which people cooperate, but if rational individuals are to start cooperat-

ing they have to trust each other. Furthermore, the benefits of trust always

run the risk of being destroyed by too-risk-averse decision makers. If each

player trusts that his opponent will be willing to cooperate and hunt for

266 Game Theory II: Nonzero-sum and Cooperative Games



stag, then the players will be able to reach an outcome that is better for the

group as a whole as well as for each and every individual. However, if there

is no such mutual trust in place, then the better outcome will never be

reached. Hence, it is of utmost importance that we insure that we are

somehow able to establish mechanisms that preserve and increase the

degree of trust we have in our fellow citizens.

Before moving on to discuss other noncooperative games, a final

remark is appropriate. Economists often talk about “Pareto efficient”

states. Briefly put, a state is Pareto efficient if and only if no one’s utility

level can be increased unless the utility level for someone else is decreased.

(R2, C2) is not a Pareto efficient state, but (R1, C1) is. Many economists

think that Pareto efficiency is a plausible minimal normative condition.

Very crudely put, the idea is that all states that are not Pareto efficient

should be avoided. As explained above, individual rationality does not by

any means guarantee that society will reach a Pareto efficient state. If you

believe to a sufficiently strong degree that your opponent will hunt for

hare, then it is rational for you to hunt for hare too, even though the

outcome will not be Pareto efficient. This is yet another illustration of the

importance of promoting trust in a society and insuring that people are

not too risk averse. Because if we do not trust that our fellow citizens will

cooperate, and if we are risk averse, then we will not reach the best

outcomes.

12.2 The Battle of the Sexes and Chicken

We will now consider a slightly different nonzero-sum game. Unlike stag

hunt, this game cannot be dealt with by “merely” establishing a certain

degree of trust among the players. Consider the following story. A newly

married couple wishes to spend some time together. They are thinking of

either going to the opera or attending a football match. They much prefer

doing something together, rather than going alone. However, Row (the

wife) prefers to go to the opera rather than the football stadium, whereas

Col (her husband) has the opposite preference: He prefers to watch foot-

ball rather than listen to opera, but both activities are worth undertaking

just in case Row comes along. For historical reasons, this game has

become known as the battle of the sexes. It is interesting mainly because of
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its game-theoretical structure, not because of what it tells us about the

times in which it was created. The old-fashioned story about a married

couple wishing to coordinate their leisure activities could be replaced

with any story about two players seeking to coordinate their strategies,

in which the payoff matrix looks like in Table 12.3.

The battle of the sexes is a noncooperative game. This holds true even if

we assume that the players are able to communicate andmake agreements.

The point is that there is no way in which players can form binding agree-

ments. Of course, Row could threaten Col to treat him badly in the future if

Col refuses the offer to go to the opera, but if that threat is to be taken into

account the payoff matrix would be different. From a game-theoretical

point of view, we would then be dealing with a different game, which is

much less interesting. (To make the game look more plausible we could of

course modify the story a bit. Let us suppose that the players are stuck in

different parts of the city, and that they are unable to communicate because

one of them left his or hermobile phone at home. Now, this is still the same

game, since its payoff matrix is exactly the same.)

The battle of the sexes has two pure equilibria, (R1, C1) and (R2, C2).

In addition to this, the game also has a mixed equilibrium, namely (R1 2/3,

C1 1/3). So how should we expect rational players to play? Each player

seems to be justified in starting off from the assumption that both players

are very likely to reason in the same way. However, in order to illustrate

why this assumption creates problems, let us suppose that you are Row.

You feel that you will choose R1, since that may give you a payoff of

2 rather than 1. Then Col will of course choose C2 for exactly the same

reason. However, the problem is that then both of youwill get 0, and this is

bad for both of you. Furthermore, had you instead felt inclined to prefer

R2, never mind why, then Col would under the current assumption prefer

C1, for exactly the same reason, and this also leads to an outcome that is

bad for both of you. The analogous point can also be made for a number of

mixed strategies.

Table 12.3

C1: Opera C2: Football

R1: Opera 2, 1* 0, 0

R2: Football 0, 0 1, 2*
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In the battle of the sexes, it is rather difficult to see how the players could

actually manage to reach one of the Nash equilibria. Under reasonable

assumptions about how the other playerwill reason, it seems almost certain

that theywill fail to reach an equilibriumpoint. If correct, this spells serious

trouble for Nash. If he is right, rational players would never choose (R2, C1)

or (R1, C2). But herewe have suggested an argument for thinking that one of

those pairs of strategies would actually be chosen. So what has gone wrong?

There is currently no agreement on this in the literature. I leave it to the

reader to make up her own mind.

Let us also show how the battle of the sexes could be treated as an

individual decision under risk or uncertainty. Of course, each player’s

choice would essentially depend on what she thinks the other player will

do. For instance, if you are Row and assign probability 1 to the state inwhich

Col plays C1 (irrespective ofwhat you do), then you should of course play R1.

Note that (R1, C1) is a Nash equilibrium, so then everything is fine.

Furthermore, if you are able to assign a precise (subjective or frequentistic)

probability to what you think your opponent will do, then you can calculate

which mixed strategy you ought to play.

However, one can easily imagine situations in which the player is not

prepared to assign any probabilities to what the opponent is likely to do.

Perhaps the people who are about to meet up are not a married couple,

but rather two distant relatives who have not met for years. Then it may

make little sense to assign probabilities to the behavior of the opponent.

Put in the language of subjective probability theory, the assumption

that the player’s preferences over uncertain prospects are complete

may be false. So what should a rational player do? Again, there is little

agreement in the literature. As before, I leave it to the reader to make up

her own mind.

Before closing this section we will consider another example of a famous

nonzero-sum game. This game is known as chicken, and its payoff matrix is

given in Table 12.4.

Table 12.4

C1: Straight C2: Swerve

R1: Straight −100, −100 1, −1*

R2: Swerve −1, 1* 0, 0
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Here is the story explaining why the game is called chicken. Two drivers

are driving at high speed straight toward each other. If neither of them

swerves, they will both crash and die. The utility of dying is, say, −100. For

both players the best outcome is achieved if and only if the other swerves,

because a driver who swerves is called “chicken.” For simplicity, we assume

that the utility of being called chicken is −1, while that of not swerving if

the other does is 1. If both swerve each gets 0 units of utility.

Stag hunt and the battle of the sexes are examples of coordination games,

in which both players benefit from cooperating. Chicken is, on the other

hand, an anti-coordination game. Both players benefit from choosing differ-

ent strategies. Of course anti-coordination is also a question of coordina-

tion, so the importance of this distinction should not be exaggerated. As

in the previous examples, there are two pure Nash equilibria (you should

be able to find them yourself by now) and one mixed equilibrium, viz.

([R1 1/100, R2 99/100], [C1 1/100, C2 99/100]). However, just as before, it is

far from clear how rational players should reason to reach equilibrium, and

which of these three points they would ultimately reach.

12.3 The Bargaining Problem

Up to this point we have focused on noncooperative games. Recall that

noncooperative games are games in which the players are unable to form

binding agreements on how to coordinate their actions. In this section we

will discuss a famous cooperative game, known as the bargaining game.

Someone has put $100 on the table. Row and Col are offered to split the

money between the two of them. The rules of the game are very simple. Each

player has to write down his or her demand and place it in a sealed envelope.

If the amounts they demand sum to more than $100 the players will get

nothing. Otherwise each player will get the amount he or she demanded.

The players are allowed to communicate and form whatever binding

agreements they wish.

The bargaining game is an idealization of a situation that arises fre-

quently in many parts of society. For example, if an employer and a labor

union agree on more flexible working hours, the company may make

a larger profit, say an additional 100 million. But how should the employer

and the labor union split this surplus? If they are unable to reach an
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agreement, neither of them will get anything. Or imagine two small firms

that have signed a contract with a multinational corporation to supply

a certain product. The project is so huge that neither of the small firms

can supply the product without the help of the other. Therefore, if they do

not agree to cooperate, neither of the firms will make any money. But how

should they split the profit?

Before analyzing the general version of the bargaining game, it is helpful

to take a look at a slightly less complex version: Row and Col get the

opportunity to split $100 between the two of them, but according to the

rules of the simplified game, either Rowmust take $80 and Col $20, or Row

must take $20 and Col $80. Otherwise they both end up with $0. As before,

the players are allowed to communicate and bargain. The payoff matrix for

the simplified game is given in Table 12.5.

The matrix illustrates two striking facts about the simplified bar-

gaining game. First, its structure is very similar to the noncooperative

game the battle of the sexes in Section 12.2. (I leave it to the reader to

verify this by transforming the utility scales.) Hence, it is hardly sur-

prising that the simplified game has more than one Nash equilibrium.

The two pure ones are (R1, C2) and (R2, C1), and given that each

player’s utility of money is linear, the mixed solution is ([R1 8/10, R2

2/10], [C1 8/10, C2 2/10]). So it seems that we are facing the same old

problem again.

Moreover, since the simplified bargaining game is just a version of

a well-known noncooperative game, it is natural to think that the distinc-

tion between noncooperative and cooperative games is not that important

after all. Many contemporary game theorists argue that cooperative games

can essentially be reduced to noncooperative ones. On their view, we

cannot make sense of what it means to make a binding agreement unless

we first show how such agreements can arise in noncooperative games.

Table 12.5

C1: $80 C2: $20

R1: $80 0, 0 $80, $20

R2: $20 $20, $80 0, 0
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Thus, noncooperative games are in a certain sensemore fundamental than

cooperative ones.

All this said about the simplified bargaining game, it is now time to

analyze the general version of the problem. At first glance, things seem to

be even worse here. This is because every possible way to split the $100

constitutes a Nash equilibrium (as long as no money is left on the table).

To see this, imagine that you are Row and that you are fully certain that Col

will demand $99. Then, given that Col will demand $99, your best option is

to demand $1; if you decide to demand more, both would get nothing.

Hence, your best response to Col’s demand for $99 is to accept $1.

The same holds true no matter which positive numbers $x and $100 − x > 0

we replace for $99 and $1, respectively.

So how should we solve the general bargaining problem, with its

plethora of equilibria? Nash himself made a very clever proposal. He

hypothesized that rational players facing the bargaining problem would

agree on four axioms. The axioms stipulate some conditions for what would

be required of a rational solution of the problem. Nash then went on to

show that there is actually just oneway of dividing themoney that fulfills all

four axioms. Hence, there is a unique best way to divide the money, and if

the players are sufficiently rational they will find this solution.

If correct, Nash’s solutionmay have important implications for ethics and

political philosophy. Many philosophers believe that individuals wishing to

share a common good have to agree on some substantial ethical principle,

such as egalitarianism or prioritarianism. However, if Nash is right, no such

substantial ethical principle is necessary. As long as we agree on the purely

formal ethical principle that any agreementmade among rational individuals

is morally acceptable, we will always be able to solve all problems of distri-

butive ethics by applying Nash’s axioms. Since these axioms only deal with

what it is rational to do, we have reduced an ethical problem to a problem of

rationality. The only ethical assumption we make is that any agreement

made among rational individuals is morally acceptable. (We will return to

this assumption in the last section of the chapter.)

So what does Nash’s solution to the bargaining problem look like? Briefly

put, Nash showed that if Row were to gain u(x) units of utility by getting

$x dollars and Col v(100− x) units from getting $100− x (where 100− x > 0),

then rational players will always agree to divide the money such that the

product u(x) · v(100− x) is maximized. Furthermore, if three or more players
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are playing the game, they will agree to maximize the product u(x1) · v(x2) ·

w(x3) · . . ., where the x’s refer to the money received by each player.

Hence, if each player’s utility gain is directly proportional to the money

she gets, then in a two-person case, they will get $50 each, because 50 · 50

= 2500 is the maximal value of x · (100 − x) for all x such that 100 > x > 0.

This is a remarkable result. It means that there is only one Nash solution to

the bargaining problem, despite the fact there are infinitely many Nash

equilibria.

The axioms proposed by Nash, fromwhich this conclusion is derived, are

the following.

Nash equilibrium Whatever rational bargainers agree on, the chosen

strategies will be a Nash equilibrium.

Irrelevance of utility representation The chosen strategies should be

invariant to the choice of vNM utility function to represent a player’s

preferences.

Independence of irrelevant alternatives The solution to the bargaining

problem does not depend on whether irrelevant strategies (i.e. strategies

that are not preferred by any player) are removed or added to the set of

alternative strategies.

Symmetry The players’ strategies will be identical if and only if their utility

functions are identical.

We will refrain from stating the axioms formally, and hence also from

giving a proof of the theorem. However, a few comments might be

appropriate. To start with, note that the first axiom implies that the

solution the players agree on must be a Pareto optimum. Because if one

player could get more utility, without any cost for the opponent, then he

would rationally demand that, and the chosen strategies would not be in

equilibrium. The second axiom, according to which it does not matter

which interval scale the agents use for representing utility, is fairly

uncontroversial. Indeed, it would be very odd to claim that the rational

solution to the bargaining problem depended on how utility was

represented.

The third axiom, the principle of irrelevant alternatives, is essentially

the same principle we discussed in Section 3.4, in the discussion of the

minimax regret rule. The basic idea is simple. Imagine that a strategy x is

preferred over y, and that there is also a third alternative z that is worse
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than both of them. Now, if we remove strategy z from the set of alterna-

tives, then the preference between x and y must remain the same. Nash

expressed this idea in the following slightly more general way: “If the set

T contains the set S and c(T) is in S, then c(T) = c(S),” where c(S) is the

solution point in a set of alternative strategies S. If you found the counter-

example we gave to the principle of irrelevant alternatives in Chapter 3

convincing, you could easily reformulate the example (by “reversing” the

order in which the alternatives are presented) and use it against Nash’s

axiom.

Finally, the symmetry axiom ismeant to “[express] equality of bargaining

skill” (Nash 1950b: 159). To seewhy, imagine that two players have identical

utility functions. Then, if one of themmanages to get more than half of the

money, the only explanation would be that that player’s bargaining skills

are better. However, in an idealized analysis like the present one, it makes

sense to assume that both players are equally clever; therefore Nash pro-

posed that the players must have equal bargaining skills. That said, it could

be objected that Nash actually assumes much more. By assuming that both

players will get equally much if their utility functions are equal, Nash in

effect presupposed that all other factors than the shape of the players’ utility

functions are irrelevant. Nash explicitly adopted von Neumann and

Morgenstern’s theory of utility. However, the vNM theory is of course

fully compatible with the thought that rational players bargaining about

some good ought to pay attention to other things than the utility of the good

in itself. Perhaps rational players should agree to give a larger fraction to the

player who deserves it, or to the player who needs it most. Of course, this does

not show that Nash’s assumption about equal bargaining skills is unreason-

able, but the assumption is surely not as uncontroversial as it might first

appear to be.

12.4 Iterated Games

If you face the standard version of the prisoner’s dilemma, you typically

have no reason to think that you will ever face the same decision

again. However, in many cases this restriction to one-shot games

makes little sense. Some games are played many times. Recall the exam-

ple with people commuting to work in the city center, who may choose

between going by public transportation or driving their own car. They
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also face a version of the prisoner’s dilemma, but this game is iterated

every day, week after week.

Game theorists have discovered that the equilibrium strategies will

sometimes be different in iterated games. To explain why this is so, we

need to distinguish between two kinds of iterated games: finitely and

infinitely iterated games. As explained in Section 11.2, a finitely iterated

game is a game that is iterated a finite number of times. It follows (together

with the assumptions we make about the players) that as the last round of

the game is played, then the players know that they are playing the last

round of the game. However, infinitely iterated games are not like that.

No matter whether the game is actually played an infinite number of times,

there is no point in time such that the players know in advance that they are

about to play the last round of the game.

The distinction between finite and infinite games makes a huge differ-

ence to the analysis of iterated games. Suppose, for example, that Row

and Col play the iterated prisoner’s dilemma a finite number of times. As

they are about to play the last round they both know that it is the last

round of the game, and they both know that the other player knows this.

Hence, in the last round both players will confess, that is, play the domi-

nant strategy, since each player knows they will be better off no matter

what the other player decides to do. In this last round it would be pointless

to worry about how the opponent may react to a move in the next round,

since there is no next round. Furthermore, as the players are about to play

the penultimate round, they both know that each of them will confess in

the last round. Hence, a player who decides to cooperate (deny the charges)

knows that she will not be rewarded for this in the next round. The other

player will confess no matter what happens. Knowing all this, it is clearly

better for each player to confess (that is, play the dominant strategy) also

in the penultimate round. By using backwards induction, it follows that

both players will confess also in the pre-penultimate round of the game,

and so on and so forth. The conclusion of this analysis is simple:

In a finitely iterated prisoner’s dilemma rational players will behave in

exactly the same way as in the one-shot version of the game. Each player is

best off confessing, because that will yield the best outcome for the

individual. However, from a group perspective the players are of course

much worse off. It would be better for both of them if they could somehow

cooperate. This is the same old clash between individual rationality and
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group rationality we encountered in the analysis of the one-shot prisoner’s

dilemma.

Now consider the infinitely iterated prisoner’s dilemma. As pointed out

above, we need not stipulate that the game will actually be iterated an

infinite number of times. The crucial assumption is that there is no point

at which the players know in advance that the next round of the game will

be the last one. Every time the players make their moves, they believe to

some nonzero degree that the game will be played again, against the same

opponent. This stops the backwards induction argument from getting off

the ground. In order to emphasize this point, infinitely iterated prisoner’s

dilemmas are sometimes called indefinitely iterated prisoner’s dilemmas.

In an infinitely or indefinitely iterated game, each player may thus adjust

her next move to what the opponent did in the previous round. In a certain

sense, the players may observe each other’s behavior and learn more about

what strategies are most likely to be played by the opponent.

Here is an example. If my opponent in the indefinitely iterated prison-

er’s dilemma has been cooperative and played the mutually beneficial

strategy ninety-nine times out of a hundred in the past, I may conclude

that she is likely to cooperate next time too. But does this mean I should

cooperate? Of course, in a one-shot prisoner’s dilemma it is always better

for me not to cooperate (by confessing), no matter what I think my oppo-

nent will do. However, because I am now playing an indefinitely iterated

prisoner’s dilemma, I must also take into account how my opponent will

“punish” me in the next round if I confess in this round. Suppose that the

opponent has been cooperative in the past just because I have also been

cooperative in the past. Then it is probably not worth trying to gain a small

amount of utility in this round by playing the myopically dominant strat-

egy. An effect of that may be that the opponent stops cooperating in the

next round. So it is better for me to cooperate, even though I would be

better off in this round by not cooperating. Game theorists have proposed

a clever strategy that explicitly takes this kind of reasoning into account,

called tit for tat. It is defined as follows: Always cooperate in the first round,

and thereafter adjust your behavior to whatever your opponent did in the

previous round.

Thus, in the second round you should cooperate if and only if the

opponent cooperated in the first round, and refrain from doing so (“con-

fess”) if the opponent did so in the previous round. If both players adopt this
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strategy, they will achieve outcomes that are much better than those

achieved by players always playing the dominant, noncooperative strategy.

Furthermore, the tit-for-tat strategy can be modified in various ways, by

introducing probabilistic conditions. For example, in real life it wouldmake

sense to introduce a condition that prevents a player from always playing

a noncooperative strategy if the opponent failed to cooperate. Perhaps the

opponent accidentally made amistake, without having any intention of not

trying to cooperate. (This is sometimes called the “trembling hand” hypoth-

esis.) Hence, even if the opponent did not cooperate and you are playing tit

for tat, it might be wise to modify your strategy such that the probability

that you cooperate against a noncooperative player is not equal to zero.

Perhaps you should give him a ten percent chance to show that he actually

prefers to cooperate and that his previous move was caused by an uninten-

tional mistake.

In order to further clarify how indefinitely iterated prisoner’s dilemmas

differ from the finitely iterated version of the game, it is helpful to consider

a numerical example. In order to keep the example as simple as possible, we

shall make the somewhat unrealistic assumption that both players play the

grim trigger strategy, and that this is common knowledge. The grim trigger

strategy is a version of tit for tat in which each player cooperates in the

initial round of the game, as well as in every future round, as long as the

other player also cooperates. However, as soon as the other player defects,

the player will defect in all future rounds of the game, no matter what the

other players does. The upshot of this is that a noncooperative move will

never be forgiven.

Under what conditions is it rational for players playing the grim trigger

strategy to cooperate? Utility is measured on an interval scale, so without

loss of generality we can set the utility of the outcome inwhich both players

do not cooperate to zero. To make sure that the game is a prisoner’s

dilemma, we stipulate that A > B > 0 > D.

Table 12.6

C1: Cooperate C2: Do not

R1: Cooperate B, B D, A

R2: Do not A, D 0, 0
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If both players cooperate in every round, and the probability is p in each

round that that round is not the last, then the expected utility of cooperat-

ing is Bþ pBþ p2Bþ p3B ¼ B= 1� pð Þ for each player. Let us combine this

insight with the observation that a player who does not cooperate in the

current round will get A units of utility in this round and 0 in all future

rounds (because the opponent plays the grim trigger strategy). It now fol-

lows that it is rational for each player to cooperate in the current round if

and only if B= 1� pð Þ � A, which entails that each player will cooperate as

long as p � 1� B=Að Þ. So if the utility of A is, say, 3 units and that of B is

1 unit, then it is rational for each player to cooperate as long as the prob-

ability is at least 2/3 that the current round is not the last.

Does all this mean that it is rational to play tit for tat with the grim trigger

strategy in an infinitely iterated prisoner’s dilemma? Note that if both

players were to play this strategy, they would reach a Nash equilibrium.

That is, for each player it holds true that if he thinks the opponent will play

the grim trigger strategy, then he is also best off by playing the grim trigger

strategy. Unfortunately, this is not a convincing argument for claiming that

the grim trigger strategy is rational, since there are many other Nash

equilibria. For example, if you knew that your opponent was always going

to play the noncooperativemove, then youwould be best off by also playing

the noncooperative move. Therefore, the pair of strategies in which both

players choose noncooperative moves (by always “confessing”) also consti-

tutes a Nash equilibrium.

In fact, the situation is even worse. According to the folk theorems of game

theory – so called because they formalize pieces of knowledge known by

game theorists long before the theorems were formally proved and pub-

lished – it holds that virtually any “feasible” payoff can be an equilibrium

outcome, given that the player is sufficiently “patient.” This is not the right

place to explain in detail what the technical terms “feasible” and “patient”

mean, since that requires more advanced mathematics than is appropriate

for this book. However, the overall message should be clear: Iterated games

have far too many equilibria! If we wish to provide general solutions to

iterated games, we need a theory of equilibrium selection. So far no one

has proposed any convincing theory for this. Empirical studies show that tit

for tat does really well in game tournaments, but this is of course not

sufficient reason for concluding that it is also the most rational strategy.

There is currently a lot of research going on in this area.
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12.5 Game Theory and Evolution

John Maynard Smith, a British biologist with a background in engineering

and mathematics, proposed in the early 1970s that game theory could help

shed light on evolutionary processes. Many biologists found his ideas use-

ful, and game theory is nowadays an important tool in biology.

In evolutionary game theory, the “players” are usually different sub-

groups of a species, which differ with respect to some biological character-

istics. It is not necessary to assume that players (i.e. subgroups) know that

they are playing a game, or that they are aware that they choose among a set

of alternative strategies. The theoretical framework imported from game

theory can be successfully applied without making any assumptions of why

or how the players choose their strategies. However, the equilibrium con-

cept adopted in evolutionary game theory is slightly different from Nash’s

equilibrium concept. It can be shown that every evolutionary stable strategy

(ESS) is part of a Nash equilibrium, but not every Nash equilibrium has only

evolutionary stable strategies. The basic idea behind the notion of evolu-

tionary stable strategies is fairly simple. Imagine that a certain subgroup of

a species, say rats living in New York, can either play the hawk strategy

when meeting other rats, which is a more aggressive strategy in which at

least one rat is likely to be badly injured, or the dove strategy, which ismore

forgiving. Currently, the New York rats play hawk with probability p and

dove with probability 1 − p. (This can either be taken to mean that the

corresponding proportions of rats in New York play these strategies, or that

each individual rat randomizes. In the present discussion it does not matter

which interpretation we choose.) Now imagine that another group of rats

arrive in New York from nearby New Jersey. They play the hawk strategy

with some other probability q and the dove strategy with probability 1 − q.

The mixed strategy played by the New York rats is in an evolutionary stable

equilibrium if and only if it has a higher expected utility than that played by

the New Jersey rats. That is, if the mixed strategy played by the New York

rats is in equilibrium, then it will not change after the New Jersey rats have

arrived; on the contrary, the New Jersey rats will start to learn that they

would fare better if they were to adopt the strategy played by the New York

rats. In this context, the loose term “fare better” and the slightly more

formal term “expected utility” should, of course, be interpreted as fitness

for survival.
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Formally, a strategy x is evolutionary stable if and only if the following

conditions hold. Let EU(x, y) be the expected utility of playing strategy

x against someone playing strategy y.

(i) EU(x, x) ≥ EU(x, y) for all y.

(ii) EU(x, x) > EU(y, x) or EU(x, y) > EU(y, y) for all y.

In order to illustrate how Maynard Smith’s equilibrium concept can be

applied for explaining evolutionary processes, it is helpful to consider the

hawk–dove game; see Table 12.7. A closer inspection reveals that the

hawk–dove game is in fact equivalent to the game of chicken discussed in

Section 12.2; it is just the motivation of the payoff matrix that is a bit

different. It goes like this: If both players choose the aggressive strategy

(hawk), then they fare much worse than if they are less aggressive (i.e. play

dove). However, the best outcome for each player is to play hawk while the

other plays dove.

If analyzed in the traditional way, the conclusion is that the hawk–dove

game has three Nash equilibria, two pure and one mixed one, and that it is

not clear which one rational players would choose. The two pure Nash

equilibria are (R1, C2) and (R2, C1). However, before proceeding it is now

time to also explain how to find the mixed Nash equilibrium. Imagine that

you are an average rat from New York playing against other New York rats.

Clearly, if the strategy played by the other rats is part of a mixed Nash

equilibrium, then your expected utility of playing R1 and R2must be equal.

Otherwise you would have a decisive reason for preferring either R1 or R2,

and by assumption this is not the case. Hence,

EUðR1Þ ¼ EUðR2Þ ð1Þ

Hence, we have:

EUðR1Þ ¼ �4qþ 3 � ð1� qÞ ¼ 3� 7q ð2Þ

EUðR2Þ ¼ 0qþ 2 � ð1� qÞ ¼ 2� 2q ð3Þ

Table 12.7

C1: Hawk C2: Dove

R1: Hawk −4, −4 3, 0

R2: Dove 0, 3 2, 2
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It follows that

q ¼ 1=5 ð4Þ

Hence, Rowrat can conclude that Colrat will play hawk with probability

1/5. Since the game is symmetric, it follows that Rowratmust also play hawk

with probability 1/5; otherwise Colrat would have a decisive reason for

playing either C1 or C2 with probability 1. Let us see how this fits

with Maynard Smith’s equilibrium concept. Clearly, neither of the pure

Nash strategies is an evolutionary stable strategy, since they do not meet

the conditions stipulated above. (I leave it to the reader to verify this.)

However, playing hawk with probability 1/5 does meet the conditions, as

can be easily verified by carrying out the appropriate calculations.

We are now in a position to explain what will happen if a New Jersey rat

arrives in New York. It can expect tomeet a New York rat playing hawkwith

probability 1/5. It follows from what has been said about the equilibrium

concept that the best response for the New Jersey rat is to also play hawk

with probability 1/5. Hence, if the New Jersey rat used to play hawk with

a probability q > 1/5 while living in New Jersey, because that was an

equilibrium strategy in its old environment, then the New Jersey rat will

on average beworse off in NewYork than aNewYork rat. The New Jersey rat

is not choosing the best response. Hence, the New Jersey rat would do better

to adjust its strategy. Otherwise it will accumulate a low average utility and

ultimately go extinct in its new environment. Similarly, if theNew Jersey rat

plays hawk with some probability q < 1/5, it will also fare worse than the

average New York rat. So only those New Jersey rats who manage to adjust

their behavior will make it in New York!

The reasoning outlined above is meant to provide a rough sketch of how

tools from game theory can be applied in a biological context.

Unsurprisingly, the analysis can be modified to incorporate much more

sophisticated ideas, such as the thought that organisms sometimes take

on different roles and play games that are asymmetric. It is beyond the

scope of this brief introduction to describe how game theory can be applied

to explain more complex evolutionary processes.

12.6 Game Theory and Ethics

Game theory is sometimes used for settling disputes within ethics and poli-

tical philosophy. In this section we will discuss to what extent, if any, such
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claims are warranted. Let us start with Nash’s solution to the bargaining

problem. Many authors have argued that this formal result provides an

answer to what is perhaps the most fundamental question in distributive

ethics: How should a group of people divide a set of resources among them-

selves? As explained above, Nash showed that rational bargainerswould agree

on a unique solution to the bargaining problem. All that is needed for figuring

out how to rationally divide a set of resources among a group of people is

information about the shape of their individual utility functions. Then, given

that Nash’s axioms of rationality are accepted, it follows that players will

agree to divide the resources such that the product of their individual utility

functions is maximized. According to some economists, this is also a strong

reason for thinking that resources ought to be distributed in that way.

However, the professional philosopher will no doubt start to feel a bit

uneasy at this point. First, it is rather tempting to criticize some of Nash’s

axioms, as explained above. Second, and more importantly, it seems that if

the economists are right, Nash’s result would constitute a counterexample

to the widely accepted Hume’s law, which holds that no moral statement

can be derived from a set of purely nonmoral statements. Nash’s axioms are

statements about rational behavior, not statements about what it would be

morally right to do. That said, no one, not even Nash, would claim that the

moral conclusion that we ought to realize from the Nash solution follows

from his axioms alone. If thismoral conclusion is to be entailed, we actually

need to add a “bridge-premise” that links Nash’s result in game theory to

ethics. In this case, the bridge-premise will hold that whatever a group of

people rationally agree on ought, morally speaking, to be implemented.

If this bridge-premise is added to the argument, then a moral conclusion

could indeed be deduced from Nash’s axioms.

So should we accept this bridge-premise closing the gap between ration-

ality and morals? I think not. One can easily imagine normative reasons for

not seeking to achieve what rational people have agreed on. For instance,

what they have agreed on may have negative consequences for others.

In that case, every reasonable consequentialist theory of ethics should

take the well-being of everybody into account, not only the well-being of

the rational players playing the bargaining game. Furthermore, not all

ethicists are as concerned with utility maximization. Some ethicists assign

moral importance to concepts such as rights, duties and virtues, which need

not be considered by rational players accepting Nash’s axioms. Imagine, for

instance, a version of the bargaining game in which my equilibrium

282 Game Theory II: Nonzero-sum and Cooperative Games



strategy involves ignoring duties, rights and virtues. In that case it is rational

in the instrumental sense discussed by game theorists to play that strategy,

but it would certainly not be ethical.

The prisoner’s dilemma has also been the subject of much debate

among moral philosophers. It is tempting to argue that players who coop-

erate are more ethically praiseworthy than other players. However, note

that such conclusions fall outside game theory itself. Given that we accept

Hume’s law, no moral conclusion can follow from purely nonmoral

premises.

That said, game theory may nevertheless be used by ethicists for justify-

ing ethical conclusions in ways that are not at odds with Hume’s law.

A famous attempt to use tools from game theory for reasoning about ethics

has been proposed by David Gauthier. Very briefly put, Gauthier argues that

it is rational to cooperate in the finitely iterated prisoner’s dilemma if one

thinks one is playing the game against a cooperatively minded opponent;

otherwise it is rational to play noncooperative strategies. Gauthier articu-

lates this claim by distinguishing between two kinds of utility maximizing

players, viz. straightforward maximizers who always play the dominant strat-

egy and refuse to cooperate, and constrained maximizers who cooperate with

fellow constrained maximizers but not with straightforward maximizers.

Having clarified this distinction, Gauthier then goes on to show that from

each individual’s point of view, it is rational to be a constrained maximizer

rather than a straightforward maximizer. Hence, it is rational to cooperate,

given that all the standard assumptions of game theory are met.

Furthermore, Gauthier also argues that it would be rational for each indivi-

dual to cooperate, or rather adopt the normative rule to be a constrained

maximizer, even if a number of the standard assumptions are not met.

Those relaxations are normatively important, because theymake his results

more applicable to real-world decision making.

The upshot of Gauthier’s analysis is that self-interested rational con-

strained utility maximizers will come to agree on certain “moral” rules.

One such rule is to cooperate when facing the prisoner’s dilemma. Hence,

in a certain sense, it is rational for every one to be moral. However, Gauthier

is of course aware of Hume’s law, so to justify his moral conclusion he also

argues for the bridge-premise, holding that whatever self-interested rational

individuals agree on, this ought to be accepted as a valid moral conclusion.

There is a vast scholarly literature on whether Gauthier’s defense of (what

I call) the bridge-premise and his general approach to ethics is successful.
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Exercises

12.1 Find all pure Nash equilibria in the following games.

(a)

C1 C2

R1 3, 5 0, 4

R2 1, 0 20, 30

(b)

C1 C2

R1 0, 8 2, 2

R2 8, 0 3, 3

12.2 Find all pure Nash equilibria in the following games.

(a)

C1 C2 C3

R1 0, 2 2, 2 2, 3

R2 4, 4 3, 3 1, 2

R3 3, 2 1, 3 0, 2

(b)

C1 C2 C3

R1 0, 2 2, 2 2, 3

R2 4, 4 3, 3 1, 2

R3 3, 2 1, 3 0, 2

12.3 Consider the game below. It is a version of a coordination game known

as the battle of the sexes.

(a) What is a coordination game?

(b) Find the pure Nash equilibria of this game.

C1 C2

R1 1, 1 4, 2

R2 2, 4 1, 1

12.4 Recall Nash’s solution to the bargaining game. One of the conditions

he proposed for deriving his solution was the principle of irrelevant
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alternatives, holding that the solution to the bargaining problem does not

depend on whether irrelevant strategies (i.e. strategies that are not preferred

by any player) are removed from or added to the set of alternative strategies.

Can you construct a realistic scenario in which this condition is

violated?

12.5 Many games have more than one pair of equilibrium strategies. Does

this show that game theory as we currently know it is an incomplete

theory? Discuss.

12.6 It is sometimes pointed out that cooperative games can in a certain

sense be “reduced to,” or “derived from,” noncooperative games.

What does this mean? That is, what is the relation between coopera-

tive and noncooperative games?

12.7 (a) What is an iterated game?

(b) What does it mean to play tit for tat in the iterated prisoner’s

dilemma?

12.8 (a) What does the term “evolutionary stable strategy” mean?

(b) Is evolutionary game theory a descriptive theory, or a normative

theory, or something else?

12.9 Find all pure and mixed Nash equilibria in the following nonzero-

sum games.

(a)

C1 C2

R1 −3,−3 3, 0

R2 0, 3 1, 1

(b)

C1 C2

R1 0, 3 4, 2

R2 6, 2 3, 3

12.10 Does evolutionary game theory presuppose that biological entities

like animals and plants make rational decisions?

12.11 Which equilibrium concept do you think makes most sense, Nash’s

or the ESS concept used in evolutionary game theory? Does it make

sense tomaintain that different equilibrium concepts should be used

in different contexts? Why/why not? Discuss!
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12.12 Many philosophers have attempted to establish a link between game

theory and ethics. How can such attempts overcome Hume’s law,

according to which no moral conclusions can be derived from purely

nonmoral premises?

Solutions

12.1 (a) (R1, C1) and (R2, C2)

(b) (R2, C2)

12.2 (a) (R1, C1) and (R1, C3)

(b) (R1, C3) and (R2, C1)

12.3 (a) Coordination games are games with multiple pure Nash equili-

bria. If played only once, we cannot foresee exactly how players

will behave. This gives rise to a number of practical problems.

(b) (R1, C2) and (R2, C1)

12.4 Cf. the counterexample to the analogous principle for decision mak-

ing under ignorance in Chapter 2. If two players participate in

a bargaining game, the relative value of some alternatives may

depend on alternatives that are not chosen, simply because the rela-

tional aspects of the old alternatives may change as new alternatives

are introduced.

12.5 I leave it to the reader to make up her own mind on this issue.

12.6 See Section 12.3.

12.7 (a) A game that is played several times by the same players, and is

known to be played several times by the players.

(b) Always cooperate in the first round, and thereafter adjust your

behavior to whatever your opponent did in the previous round.

12.8 (a) See Section 12.5.

(b) Evolutionary game theory is descriptive.

12.9 (a) (R1, C2), (R2, C1) and (R1 2/5, C1 2/5)

(b) (R1 1/2, C1 1/7)

12.10 No. The theory merely presupposes that biological entities behave in

accordance with the prescriptions articulated in the theory.

12.11 I will leave it to the reader to develop her own answer.

12.12 I will leave it to the reader to develop her own answer.
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13 Social Choice Theory

Megan, Joe and Nick have decided to spend the summer holiday together.

Unfortunately, they disagree onwhere to go. The set of alternatives includes

Acapulco (a), Belize (b) and Cape Cod (c). Everyone in the group agrees that it

would be fair to make the decision by voting, and their preferences are as

follows.

Megan prefers a to b, and b to c. (a≻ b≻ c)

Joe prefers b to c, and c to a. (b ≻ c≻ a)

Nick prefers c to a, and a to b. (c≻ a≻ b)

It seems plausible to maintain that, conceived of as a group, the friends

prefer a to b, because in a pairwise choice a will get two votes (from Megan

and Nick) whereas b will get just one (from Joe). Furthermore, the group

prefers b to c, because b will get two votes (from Megan and Joe) and c one

(fromNick). Finally, the group also prefers c to a, because cwill get two votes

(from Joe and Nick) and a one (from Megan). However, by now the voting

rule has produced a cyclic preference ordering: a is preferred to b, and b to c,

and c to a. This holds true although none of the individual preference

orderings is cyclic.

The observation that the majority rule can give rise to cyclic preference

orderings is not a novel discovery. This point was extensively analyzed

already by the French nobleman Marquis de Condorcet in the eighteenth

century. Nowadays this result is known as the voting paradox. It serves as

a classic illustration of the difficulties that arise if a group wishes to aggre-

gate the preferences of its individual members into a joint preference

ordering. Evidently, if group preferences are cyclic, they cannot be choice

guiding. (But why not roll a die and let chance make the decision? Answer:

This does not explainwhy one option is better than another. It can hardly be
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better to spend the summer in Acapulco because a die landed in a certainway

on a particular occasion.)

Social choice theory seeks to analyze collective decision problems. How

should a group aggregate the preferences of its individual members into

a joint preference ordering? In this context, a group could be any set of

individuals, such as a married couple, a number of friends, the members

of a club, the citizens of a state, or even all conscious beings in the Universe.

In fact, if it is true, as has been claimed by some authors, that single

individuals can entertain several parallel preference orderings simulta-

neously, then the group could even be a single individual. (“I prefer to

smoke a cigarette, but I also prefer to quit smoking.”) Obviously, this

suggestion requires that preferences are not defined in terms of choices,

but in some other way.

Readers familiar with distributive ethics and theories such as utilitarian-

ism, egalitarianism and prioritarianism will recognize that social choice

theory is essentially addressing the same type of problem. Utilitarians argue

that we should prefer one option over another if and only if its sum-total of

utility exceeds that of the latter. Therefore, utilitarians would argue that

there is a much simpler solution to the problem of social choice, viz. to just

add the utilities of all individuals and pick some option that maximizes the

sum-total of utility. Egalitarians and prioritarians maintain that intuitions

about equality should also be taken into account in the decision-making

process. A drawback of all these proposals is that they require interpersonal

comparisons of utility. If Anne’s utility is 5 and Ben’s is 6, then it makes sense

to infer that the sum-total of utility is 11 only if we can somehow justify the

assumption that Anne’s utility is directly comparable with Ben’s. For many

decades, decision theorists have been skeptical about the possibility of

making such interpersonal utility comparisons. Inspired by the logical

positivists in the 1930s, it was concluded that there is no empirically mean-

ingful way to test claims about interpersonal utility comparisons. In what

follows we will accept this dogma, even though it seems clear that some

interpersonal comparisons are surely possible. For example, it is obvious

that the utility of a transplant heart for a patient dying of a heart disease is

far greater than the utility of the same transplant heart for a healthy person.

Anyone who denies this suffers from an overdose of philosophical wisdom.

(But the decision theorist could reply: Exactly what does “utility” mean

here? What would the precise technical definition be?)
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13.1 The Social Choice Problem

Social choice theory attempts to analyze group decisions as precisely as

possible. To achieve this aim, social choice theorists have to make their

normative assumptions very explicit. A social choice problem is any decision

problem faced by a group in which each individual is able to state ordinal

preferences over outcomes. This means that each individual’s preferences

must satisfy the axioms stated in Section 5.1 (completeness, asymmetry and

transitivity). Once all individuals have stated such ordinal preferences we

have a set of individual preference orderings. The challenge faced by the social

choice theorist is to somehow combine the individual preference ordering

into a social preference ordering, that is, a preference ordering that reflects the

preferences of the group.

A social state is a state of the world that includes everything that indivi-

duals care about. In the holiday example, the social states are Acapulco,

Belize and Cape Cod. For another example, consider a society choosing

between a high tax level, moderate taxes and low taxes. In this case, each

tax level corresponds to a social state. The term social welfare function (SWF)

refers to any decision rule that aggregates a set of individual preference

orderings over social states into a social preference ordering over those

states. The majority rule is an example of an SWF. We can also construct

more complicated voting rules, which give some individuals more votes

than others, or stipulate that the group should vote repeatedly among

pairwise alternatives and exclude the least popular alternative in each

round.

All these concepts can, of course, be defined formally. To start with, an

individual preference ordering can be conceived of as a vector (i.e. a list of

ordered objects), I = [a, b, c, d, {e, f }, g, h, . . .], in which the first object is

preferred to the second, and so on. If some objects are equi-preferred, then

we include the set of those objects as elements of the vector, i.e. {e, f } means

that e ~ f, and so on. Thus, all individual preference orderings in society can

be represented by a set of vectors G = {I, K, L, . . .}. It is important to under-

stand what kind of thing G is: This is a set that consists of individual

preference orderings. In the holiday example, G is thus the set of the

following vectors: I = [a, b, c], J = [b, c, a], K = [c, a, b]. However, instead of

using this somewhat awkward notation, we will write I: a≻ b≻ c and so on.
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The aim of social choice theory is to analyze if and how a set of

individual preference orderings G can be aggregated in a systematic man-

ner into a social preference ordering S. From a mathematical point of

view, the social preference ordering S is just yet another vector that lists

the group’s preference ordering over the objects its individuals hold

preferences over. It is natural to stipulate that an SWF is a function

from G to S. This means that the very general question, “How should

society make its decisions?” can be reformulated and rendered much

more precisely by asking: “Given an arbitrary set of individual preference

orderings G, which SWF would produce the best social preference order-

ing S?”

It may be helpful to illustrate the technical concepts introduced above in

an example. Imagine four individuals, M, N, O and Q, who are about to

aggregate their preferences over a set of objects, {a, b, c, d, e, f }. Their

individual preference orderings are as follows.

M: a ≻ b ≻ c ≻ d ≻ e ≻ f

N: b ≻ a ≻ c ≻ e ≻ d ≻ f

O: a ~ b ≻ d ≻ c ≻ e ≻ f

Q: a ≻ b ≻ c ≻ d ~ e ≻ f

How should we aggregate the preference orderings of M, N, O and

Q into a social preference ordering S? For the purpose of illustration, we

will consider the majority rule once again. We already know that this

rule cannot provide a satisfactory solution to our problem, but it is

helpful to gain a deeper understanding of why. So what would happen

if individuals M, N, O and Q were to vote? Clearly, two of them prefer

a to b, whereas one is indifferent, and one holds the opposite prefer-

ence. Hence, S should list a before b, that is, society prefers a to b.

By counting all the “votes,” the reader can check that a society accept-

ing the majority rule will aggregate their preferences into the following

group preference:

S: a ≻ b ≻ c ≻ d ≻ e ≻ f

In this particular example, it turns out that the preference ordering of the

group is identical to that of individual M. This is, of course, very fortunate
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for M. However, note that the majority rule does not in general privilege

individual M. For example, if individual Q were to prefer b to a, then the

majority would switch, and society would prefer b to a. Hence, S would no

longer coincide with M. From a normative point of view, this is very plau-

sible. Social choice theorists articulate this intuition by claiming that every

normatively reasonable SWF should be nondictatorial, which means that it

must not be the case that S always coincides with the preference ordering of

a particular individual. Let us make this assumption explicit. Basically, the

idea is that no individual should be allowed to be a dictator. In order to

express this intuition in a technical language we introduce the following

definition:

Definition 13.1

A group D (which may be a single-member group), which is part of the

group of all individualsG, is decisive with respect to the ordered pair of social

states (a, b) if and only if state a is socially preferred to b whenever every-

one in D prefers a to b. A group that is decisive with respect to all pairs of

social states is simply decisive.

Now consider the following desideratum, which is meant to capture the

intuition that no individual should be allowed to be a dictator:

Nondictatorship No single individual (i.e. no single-member group D)

of the group G is decisive.

Evidently, the majority rule meets this condition. We showed above

that M is not a dictator, and it can easily be seen that no individual will be

a dictator as long as themajority rule is accepted. That said, we have already

outlined another reason for being a bit suspicious about the majority rule.

As illustrated in the holiday example, the majority rule will sometimes

generate cyclic preference orderings. This indicates that it cannot be

applied as a general recipe for resolving social choice problems. Social

choice theorists therefore stipulate that a reasonable social decision rule

must produce a social preference ordering that meets the ordering condi-

tions stated in Section 5.1. That is, for every possible combination of individual

preference orderings, an SWF must produce a social preference ordering

that is complete, asymmetric and transitive. Let us add this assumption to

our list of desiderata:
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Ordering: For every possible combination of individual preference order-

ings, the social preference ordering must be complete, asymmetric and

transitive.

Clearly, themajority rule is ruled out by the ordering condition. Some social

preference orderings generated by the majority rule are cyclic. However,

the modified version of the majority rule that uses randomization for

avoiding cyclic preference orderings is not ruled out. Having said that,

however, such a modified majority rule is ruled out by our initial assump-

tion that an SWF is a function from the set of individual preference orderings

to a social preference ordering. If something is a function, it must always

produce the same output S whenever we insert the same input G. The

modified majority rule does not meet this requirement.

13.2 Arrow’s Impossibility Theorem

In his doctoral thesis, economist KennethArrow (1951) proved a remarkable

theorem. It gained him instant fame, as well as the Nobel Prize in

Economics. Very briefly put, what Arrow proved is the following: There is

no social welfare function (SWF) that meets the conditions of nondictator-

ship and ordering, as well as two additional conditions to be introduced

shortly. This result is widely known among academics as “Arrow’s impossi-

bility theorem.” A natural interpretation is that social decisions can never

be rationally justified, simply because every possible mechanism for gen-

erating a social preference ordering – including themajority rule – is certain

to violate at least one of Arrow’s conditions. Arrow’s result receivedmassive

attention in academic circles. In the 1960s and 1970s, many people took

the theorem to prove that “democracy is impossible.” However, the present

view is that the situation is not that bad. By giving up or modifying some of

Arrow’s conditions one can formulate coherent SWFs that are not vulner-

able to impossibility results. Today, the theorem is interesting mainly

because it opened up an entirely new field of inquiry.

In order to state and prove Arrow’s theorem, we must first state the

conditions it is derived from. Arrow explicitly required that if everyone in

the group prefers a to b, then the group should prefer a to b. This assump-

tion is known as the Pareto condition, after the Italian economist Vilfredo

Pareto. Below we state the Pareto condition in a somewhat unusual way,
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by taking advantage of the notion of decisiveness introduced in the

preceding section.

Recall that a group of people is decisive with respect to the ordered pair

(a, b) if and only if it turns out that society prefers a to bwhenever everyone

in the group prefers a to b; and if the group is decisive with respect to all

states, it is simply decisive. The Pareto condition can therefore be stated as

follows.

Pareto The group of all individuals in society is decisive.

Essentially, this formulation of the Pareto condition stipulates that if

everyone in society prefers one social state over another, then society

must rank those two social states in the same way. This is a weak normative

assumption.

Arrow’s fourth and last condition is a bit more complex. This condition is

known as independence of irrelevant alternatives. It is different from the princi-

ple with the same name discussed in Chapter 3, which is a principle for

individual decision making under ignorance. On the present version of the

principle, the social ranking of, say, a and b should depend only on indivi-

dual preferences over that pair of social states. In particular, the social

ranking of a and b must not depend on how some third (irrelevant) social

state c is ranked by the individuals. To see why this seems to be a reasonable

condition, consider the following example: In the Old days, society pre-

ferred a to b, simply because Old Mark and Old Nicole agreed that a is better

than b. Suppose that,

Old Mark: a ≻ b ≻ c

Old Nicole: c ≻ a ≻ b

However, in the New society things are a bit different, but the only

difference is that object c is ranked differently:

New Mark: c ≻ a ≻ b

New Nicole: a ≻ c ≻ b

SinceNewMark andNewNicole still agree that a is better than b, theNew

society must also prefer a to b. How c is ranked is irrelevantwhen it comes to
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determining the social preference between a and b. Consider the following

formulation of this condition.

Independence of irrelevant alternatives If all individuals have the

same preference between a and b in two different sets of individual

preference orderings G and G0, then society’s preference between a and

b must be the same in G and G0.

This condition is more controversial than the others. The problem is that

it effectively excludes all SWFs that are sensitive to relational properties

of the individual preference orderings. Imagine, for instance, an SWF that

assigns one point to each individual’s most preferred social state, and two

points to the second-best social state, and so on. We can then imagine

that the social preference ordering is generated by adding the total

number of points for each social state, and thereafter ordering them

such that the most preferred social state is the one with the lowest

number of points, etc. This seems to be a fairly reasonable SWF, which

tallies well with our intuitions about democracy. However, this SWF is

not compatible with the condition of irrelevant alternatives. Consider the

following example.

U: c ≻ b ≻ a U0: c ≻ b ≻ a

V: b ≻ a ≻ c V0: c ≻ b ≻ a

W: a ≻ c ≻ b W0: c ≻ a ≻ b

-----------------------------------------------

S: a ~ b ~ c S0: c ≻ b ≻ a

In the leftmost example, each alternative gets the same number of

points. Hence, all three alternatives are equi-preferred in S. However, the

individual preference orderings to the right can be obtained from the

leftmost ones by simply putting the c’s in different positions. The order

between a and b remains the same in all preference orderings to the right.

Despite this, the order between a and b is not the same in S and S 0, which

is a clear violation of independence of irrelevant alternatives. This indi-

cates that this condition is a very strong one, and it is far from obvious

that an SWF cannot be normatively reasonable unless it meets this con-

dition. (A possible reply to this objection is to try to weaken the condition

a bit, but this is not the right place to discuss alternative formulations.)
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We are now in a position to state and fully grasp Arrow’s impossibility

theorem. What Arrow showed was that no SWF satisfies independence of

irrelevant alternatives, Pareto, nondictatorship and the ordering condition,

unless society has just one member or the number of social states is fewer

than three. A proof of this claim can be found in Box 13.1.

Box 13.1 Arrow’s impossibility theorem

Suppose that there are at least three distinct social states and that the

number of individuals in society is finite but greater than one. Then,

Theorem 13.1 No SWF satisfies independence of irrelevant alter-

natives, Pareto, nondictatorship and the ordering condition.

The proof given below, first published by Sen, is shorter and

more elegant than Arrow’s original version. The main idea is to

show that whenever ordering, Pareto and independence of irrele-

vant alternatives are satisfied, then some individual in society

must be a dictator. Hence, the condition of nondictatorship fails

whenever the others are accepted. The proof is based on two

simple lemmas.

Field-Expansion Lemma If a group D is decisive with respect to

any pair of states, then it is decisive.

Proof Let a and b be a pair of social states such that D is decisive with

respect to (a, b), and let x and y be some arbitrary social states. We now

have to show thatD is decisive alsowith respect to (x, y). First, we apply

the ordering condition. Let everyone in D prefer x ≻ a ≻ b ≻ y, while

those not in D prefer x ≻ a and b ≻ y, and rank the other pairwise

combination of social states in any way whatever. Since we assumed

that D is decisive with respect to (a, b), society prefers a to b.

By applying Pareto, we find that society prefers x to a and b to y,

because those in D and not in D agree on this. The social preference

ordering is thus as follows: x≻ a≻ b≻ y, and because of transitivity, it

follows that x ≻ y. Now, if the social preference ordering x ≻ y is

influenced by some other individual preferences than preferences

over x and y (that is, preferences obtaining between other social states

than x and y), then that would constitute a violation of the principle of
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irrelevant alternatives. Hence, by assuming that D is decisive with

respect to (a, b), we have shown that society must as a consequence

of this prefer x ≻ y, given the preference orderings stipulated above.

So society prefers x to y because everyone in D prefers x to y. Hence,

according to the definition of decisiveness, D is decisive with respect

to (x, y). □

Group-Contraction Lemma If a group D (which is not a single-

person group) is decisive, then so is some smaller group contained

in it.

Proof Consider a decisive group D and partition it into two groups D0

and D″. Let all individuals in D0 prefer a ≻ b and a ≻ c, and let all

individuals inD″ prefer a≻ b and c≻ b. There are two cases to consider.

First, if a ≻ c in the social preference ordering, then group D0 would

clearly be decisive with respect to that pair, since the preferences of

the other individuals played no role in the derivation of the social

preference ordering. We now come to the second case. Note that

group D0 is not decisive with respect to the pair (a, b) only if c � a for

some nonmembers of D0. So let us analyze this case more closely.

Clearly, a ≻ b in the social preference ordering, simply because D is

decisive and we stipulated that a≻ b in both D0 and D″. From c� a and

a ≻ b it follows by transitivity that c ≻ b in the social preference

ordering. However, all we assumed above was that only the members

ofD″had to prefer c≻ b. Hence, sincewewere able to conclude that c≻

b in the social preference ordering without making any further

assumptions, group D″ is decisive with respect to that pair of states.

We have now shown that in each of the two cases some subgroup of

D is decisive with respect to some pair of states: if a ≻ c in the social

preference ordering then D0 is decisive, otherwise D″ is. Finally,

because of the Field-Expansion lemma, we know that a group that is

decisive with respect to some pair of states is decisive with respect to

every pair. Hence, if D is decisive, there clearly will be some smaller

subgroup of D that is also decisive. □

Proof of Theorem 13.1 We apply the Field-Expansion and Group-

Contraction lemmas to prove the main theorem. Pareto tells us that

the group of all individuals is decisive. Since the number of
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A natural response to Arrow’s theorem is to question the conditions it

is derived from. If we do not believe that all conditions hold true, then the

impossibility result is of little importance. As pointed out above, the most

controversial condition is independence of irrelevant alternatives.

Several scholars have discussed various ways of modifying this condition,

because the impossibility result seems to get much of its strength from it.

Naturally, if the independence condition is rejected, the theorem will not

go through.

Sixty years after Arrow presented his impossibility theorem, Samir

Okasha pointed out that Arrow’s formal result can shed light on the debate

over theory choice in philosophy of science. Thomas Kuhn argued in his

seminal book The Structure of Scientific Revolutions (1962) that there is “no

neutral algorithm for theory choice.” Although some scientific theories

are more accurate than others, accuracy is not the only criterion scientists

care about, or should care about, when deciding what theory to accept.

Scientific values such as consistency, scope, simplicity and fruitfulness are

also relevant criteria to consider when making choices among alternative

scientific theories. Okasha’s point is that this multitude of criteria naturally

leads to a new interpretation of Arrow’s impossibility result. Consider, for

instance, the Pareto condition. If theory T1 scores better than theory T2 with

respect to all relevant criteria – accuracy, consistency, scope, simplicity and

fruitfulness – then we should prefer T1 to T2. The ordering condition is also

a reasonable condition in this context: the ranking of alternative theories

must be complete, transitive and asymmetric. As for the condition of non-

dictatorship, the implication for theory choice is that none of the five

criteria must be dictatorial. All five criteria matter for which theory it is

rational to choose. Finally, it also seems reasonable tomaintain that choices

among alternative theories should be independent of irrelevant alterna-

tives. Therefore, if we accept all these conditions as reasonable restrictions

on algorithms or principles for theory choice, then the upshot is that no

individuals in society was assumed to be finite, we can apply it over

and over again (to a smaller decisive group). At some point, we will

eventually end up with a decisive single-member group, that is,

a dictator. □
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such algorithm or principle can satisfy all four conditions proposed by

Arrow.

13.3 Sen on Liberalism and the Pareto Principle

Amartya Sen, who also won the Nobel Prize in Economics for his contribu-

tions to social choice theory, has argued that the Pareto principle is incom-

patible with the basic ideals of liberalism. If correct, this indicates that there

is either something wrong with liberalism, or with the Pareto principle, or

both. In this context, the term “liberalism” refers to a very weak normative

claim, which anyone who calls herself a liberal should be willing to accept.

For example, consider an individual who prefers to have pink walls rather

than white walls at home. In a liberal society, we should permit this some-

what unusual preference, even if the majority would prefer to see white

walls. However, this absolute freedom for the individual does not apply to

all choices, only to some. More precisely put, Sen proposes a minimal

condition of liberalism, according to which there is at least one pair of

alternatives (a, b) for each individual such that if the individual prefers

a to b, then society should prefer a to b, no matter what others prefer.

Note that Sen’s notion of minimal liberalism tells us nothing about what

kind of issues individuals ought to be decisive about. Theminimal condition

merely guarantees that there is at least one pair of alternatives over which

the individual is decisive. Of course, it need not be related to the color of

one’s walls. A more plausible examplemight be freedom of speech: There is

at least one pair of sentences such that if you prefer to proclaim a rather

than b, then society should allow you to do so. However, Sen’s point is that

not even this minimal version of liberalism is consistent with the Pareto

principle. This is of course remarkable, since the latter is regarded as

relatively uncontroversial by Arrow and many other decision theorists.

A possible interpretation of Sen’s result is thus that we should give up our

liberal ideals, or that Pareto is not as uncontroversial as we have previously

thought.

We will now state Sen’s theorem more carefully. Sen proposes the fol-

lowing minimal condition of liberalism, which is slightly weaker than the

formulation discussed above. (This formulation merely requires that two

individuals, rather than everyone, are decisive with respect to at least one

pair of alternatives.)
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Minimal liberalism There are at least two individuals in society such that

for each of them there is at least one pair of alternatives with respect to

which she is decisive, that is, there is a pair a and b, such that if she prefers

a to b, then societyprefers a to b (and societyprefers b to a if sheprefers b to a).

For technical reasons, Sen also invokes a version of the ordering condi-

tion, which is slightly weaker than that used by Arrow. However, we will

refrain from stating Sen’s version here, since it makes the proof of the

theorem a bit more complex. In what follows, the ordering condition we

are talking about is Arrow’s strong version.

Now,what Sen proved is that no SWF satisfiesminimal liberalism, Pareto

and the ordering condition. This theorem is sometimes referred to as the

paradox of the Paretian liberal. Robert Nozick, one of the most well-known

proponents of liberalism in recent years, comments on it in his book

Anarchy, State and Utopia. His main point is that Sen is wrong in constructing

liberalism as a property of an SWF. Instead, it is better to think of liberalism

as a constraint on the set of alternatives that society should be allowed to

make decisions about:

Individual rights are co-possible; each person may exercise his rights as

he chooses. The exercise of these rights fixes some features of the world.

Within the constraints of these fixed features, a choice can be made by

a social choice mechanism based upon a social ordering, if there are

any choices left to make! Rights do not determine a social ordering but

instead set the constraints within which a social choice is to be made, by

excluding certain alternatives, fixing others, and so on. (Nozick 1974:

165–6)

Expressed in slightly more technical vocabulary, Nozick denies a part of

the ordering condition known as “unrestricted domain.” According to

Nozick, it is simply false that an SWF should be a function from all possible

individual preference orderings to a social preference ordering over the

same set of objects. Some of the things that individuals hold preferences

about should simply not be included in the social preference ordering –

decisions on those issues should be taken by the individual, not by society.

Naturally, Nozick thinks that the color of your wall belongs to the latter

kind of issues. This response to Sen’s theorem is no doubt very elegant.

Nozick has managed to find a way to accept both conditions under attack
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Box 13.2 The paradox of the Paretian liberal

Theorem 13.2 No SWF satisfies minimal liberalism, Pareto and the

ordering condition.

Proof We recapitulate Sen’s own proof, which is easy to follow.

Let the two individuals referred to in the condition of minimal

liberalism be X and Y, and let the two decisive pairs of alterna-

tives be (a, b) and (c, d), respectively. Obviously, (a, b) and (c, d)

cannot be the same pair of alternatives, because if X’s preference

is a ≻ b and Y’s is b ≻ a, then the social preference ordering

would be a ≻ b ≻ a, which contradicts the ordering condition.

This leaves us with two possible cases: (a, b) and (c, d) either have

one element in common, or none at all. Let us first consider the

case in which they have one element in common, say a = c.

Suppose that X’s preference is a ≻ b and that Y’s is d ≻ c (= a).

Also suppose that everyone in society, including X and Y, agrees

that b ≻ d. Because of the ordering condition, X’s preference

ordering is a ≻ b ≻ d, while Y’s is b ≻ d ≻ a. The ordering

condition guarantees that this set of individual preference order-

ings is included in the domain of every SWF. However, minimal

liberalism entails that society prefers a ≻ b and d ≻ c, and since

we assumed that c = a, it follows that society prefers d ≻ a.

Finally, Pareto implies that society prefers b ≻ d. Hence, the social

preference ordering is a ≻ b ≻ d ≻ a, which contradicts the

ordering condition.

To complete the proof, we also have to consider the case in which

the pairs (a, b) and (c, d) have no common elements. Let X’s preference

ordering include a ≻ b, and let Y’s include c ≻ d, and let everyone in

society (including X and Y) prefer d≻ a and b≻ c. Hence, X’s preference

ordering must be as follows: d ≻ a ≻ b ≻ c, while Y’s is b ≻ c ≻ d ≻ a.

However, minimal liberalism entails that society prefers a≻ b and c≻

d, whereas Pareto entails that d≻ a and b≻ c. It follows that the social

preference ordering is d ≻ a ≻ b ≻ c ≻ d, which contradicts the

ordering condition. □
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by Sen, viz. the condition of minimal liberalism and the Pareto prin-

ciple. To avoid contradiction, he instead proposes to limit the scope of

the ordering condition, which has simply been taken for granted by

most other scholars. From a normative point of view, this seems

attractive. What reason do we have for thinking that a social prefer-

ence ordering must include preference over everything that individuals

care about?

13.4 Harsanyi’s Utilitarian Theorems

John C. Harsanyi, a well-known economist and fellow Nobel Prize laureate,

has proposed a radically different approach to social decision making.

Briefly put, he defends a utilitarian solution to the problem of social choice,

according to which the social preference ordering should be entirely deter-

mined by the sum total of individual utility levels in society. For example, if

a single individual strongly prefers a high tax rate over a low tax rate, and all

others disagree, then society should nevertheless prefer a high tax rate

given that the preference of the single individual is sufficiently strong.

Here is another equally surprising utilitarian conclusion: If a doctor can

save five dying patients by killing a healthy person and transplant her

organs to the five dying ones – without thereby causing any negative side

effects (such as decreased confidence in the healthcare system) – then the

doctor should kill the healthy person.

In order to defend his utilitarian position, Harsanyi makes a number of

assumptions. First of all, he rejects Arrow’s view that individual preference

orderings carry nothing but ordinal information. On Harsanyi’s view, it is

reasonable to assume that individual preference orderings satisfy the von

Neumann and Morgenstern axioms for preferences over lotteries (or some

equivalent set of axioms). This directly implies that rational individuals can

represent their utility of a social state on an interval scale.

Individual rationality All individual preference orderings satisfy the

von Neumann and Morgenstern axioms for preferences over lotteries. (See

Section 5.2.)

To render this assumption more intelligible, we may imagine hypothe-

tical lotteries over alternative social states. Suppose, for instance, that you

are offered a lottery ticket that entitles you to a fifty-fifty chance of either
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living in a society with a high tax rate, or in one with a low tax rate. You are

then asked to compare that lottery with a “lottery” that entitles you to live

in a society with a moderate tax rate with full certainty. Which lottery

would you prefer? Given that your preferences over all social states, and

all lotteries over social states, satisfy von Neumann and Morgenstern’s

axioms (or some equivalent set of axioms), it follows that your preferences

can be represented by a utility function that measures your utility on an

interval scale.

The next condition proposed by Harsanyi is a bit more abstract.

Briefly put, Harsanyi asks us to imagine an individual (who may or

may not be a fellow citizen) who evaluates all social states from

a moral point of view. Let us refer to this individual as the Chairperson.

If the Chairperson is a fellow citizen, then he has two separate prefer-

ence orderings, viz. one personal preference ordering over all states that

reflects his personal opinion, as well as a separate preference ordering

over the same set of social states that reflects the social preference

ordering. As Harsanyi puts it, the social preference ordering is the

preferences the Chairperson “exhibits in those – possibly quite rare –

moments when he forces a special impartial and impersonal attitude,

i.e. a moral attitude, upon himself” (Harsanyi 1979: 293). Of course, we

do not yet know what the social preference ordering looks like, but

Harsanyi shows that we can find out surprisingly much about it, given

that it fulfills a number of structural conditions. Harsanyi’s research

question can thus be formulated as follows: What can be concluded

about the Chairperson’s social preference ordering, given that it fulfills

certain structural conditions?

Before answering this question, we must of course clarify the structural

conditions Harsanyi imposes upon the Chairperson’s social preference

ordering. Consider the following condition:

Rationality of social preferences The Chairperson’s social preference

ordering satisfies the von Neumann and Morgenstern axioms for prefer-

ences over lotteries.

In order to assess the plausibility of this condition it is not enough to ask,

“What would I prefer in a choice between a lottery that gives us state a or

b, and a lottery that gives us c or d?” In order to assess the new condition
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we must rather ask, “What would the Chairperson prefer in a choice

between a lottery that gives us state a or b, and a lottery that gives us

c or d?” Of course, it might be very difficult to answer such questions.

However, note that Harsanyi’s theorems will go through even if we are

not able to tell what the Chairperson would prefer. All that matters is that

we somehow know that the Chairperson’s preferences, whatever they

are, conform to the structural conditions proposed by von Neumann and

Morgenstern.

The third condition proposed by Harsanyi is the Pareto condition.

Pareto Suppose that a is preferred to b in at least one individual

preference ordering, and that there is no individual preference order-

ing in which b is preferred to a. Then, a is preferred to b in the

Chairperson’s social preference ordering. Furthermore, if all indivi-

duals are indifferent, then so is the Chairperson in his social prefer-

ence ordering.

The three conditions stated above imply that the Chairperson’s social

preference ordering must be a weighted sum of the individual preference

orderings, in which the weight assigned to each individual preference

ordering represents its moral importance relative to the others. In order

to show this, it is helpful to introduce a slightly more technical vocabu-

lary. From individual rationality it follows that individual preference order-

ings can be represented by utility functions that measure utility on an

interval scale, and from rationality of social preferences it follows that the

same holds true of the social preference ordering. Let ui(a) denote indivi-

dual i’s utility of state a, and let us(a) denote the utility of a as reflected in

the Chairperson’s social preference ordering. Furthermore, let α be a real

number between 0 and 1. Then,

Theorem 13.3 (Harsanyi’s first theorem) Individual rationality, rational-

ity of social preferences and Pareto together entail that:

us að Þ ¼
Xn
i¼1

α1 � ui að Þ with αi > 0 for i ¼ 1; : : :; n ð1Þ

This theorem tells us that society’s utility of state a is a weighted sum of

all individuals’ utility of that state. A proof will be given in Box 13.3.
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Meanwhile, note that the theorem does not guarantee that every individual

preference ordering will be assigned the same weight. The theoremmerely

guarantees that each individual preference ordering is assigned some

weight. However, utilitarians typically argue that all individual preference

orderings should be assigned the sameweight. Harsanyi thinks he can solve

this problem by introducing a further assumption, which he formulates as

follows.

Box 13.3 Proof of Harsanyi’s theorem

We will prove both theorems simultaneously, i.e. Theorems 13.3 and

13.4, by showing that us að Þ ¼
Xn
i¼1

ui að Þ for every social state a. Without

limiting the scope of the theorems, we stipulate that all individuals

use a 0 to 1 utility scale, and that the Chairperson’s social utility

function starts at 0. (Its upper limit may of course exceed 1.)

The utility numbers assigned by the individuals to a social state can

be represented by a vector, i.e. by a finite and ordered sequence of real

numbers. For instance, in a society with three individuals the vector

[1/3, 0, 1] represents a state in which the first individual assigns utility

1/3 to the state in question, whereas the two others assign utility 0 and

1, respectively. Let us refer to such vectors as state vectors, and let

the term social utility number refer to the numerical value of the

Chairperson’s social utility function for a state vector. Now consider

the following lemma.

Lemma 1 Each state vector corresponds to one and only one social

utility number.

By definition, a state vector corresponds to a social state. From ration-

ality of social preferences it follows that the Chairperson’s social utility

function assigns some number to each social state. Hence, there is at

least one social utility number that corresponds to each state vector.

We also need to show that there cannot exist more than one such

number. Of course, two or more social states could be represented by

the same state vector (if all individuals are indifferent between them),

so let us suppose for reductio that the Chairperson’s social utility

function assigns different social utility numbers u and v to two
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different social states with the same state vector. Now, since a single

state vector can represent several social states just in case every

individual is indifferent between the social states, it is helpful to

apply Pareto: Since all individuals must be indifferent between the

social states represented by u and v, it follows that the Chairperson

must also be indifferent; hence, u and v are the same social utility

numbers.

Lemma 1 directly entails that social utility is a function of state

vectors. (This is trivial: Since each state vector corresponds to exactly

one social utility number, it must be possible to capture this relation-

ship by a function.) Hence, it holds that

us að Þ ¼ f ½u1 að Þ; . . .; un að Þ� ð1Þ

Since (1) holds for all social states a, this equation can be abbreviated

as us = f [u1, . . ., un]. It remains to show that us = u1 + . . . + un. To start

with, consider the following claim:

kf ½u1; . . .; un� ¼ f ½ku1; . . .; kun�;where 1 � k � 0 ð2Þ

Equation (2) says that it does not matter if we first multiply all indivi-

dual utilities by a constant k and then apply the function f to the new

state vector, or multiply k by the social utility number corresponding

to the state vector. In the present exposition, Equation (2) will be

accepted without proof. (See the proof of von Neumann and

Morgernstern’s theorem available at www.martinpeterson.org.) Now

consider the state vector in which all individuals assign the number 0

to the state in question. Clearly, us([0, . . ., 0]) = 0, because Pareto

guarantees that every other state vector will be ranked above this

vector, and hence assigned a number higher than 0. Next consider

all unit vectors [1, 0, . . ., 0], ([0, 1, . . ., 0]), and [0, 0, . . ., 1], in which

exactly one ranks the state in question as the best one. Because of equal

treatment of all individuals, us must assign the same social utility number

to all unit vectors; let us stipulate that the number in question is 1.

In what follows, we only consider the case with a society that has

two individuals. The case with societies of three ormore individuals is

analogous. Let u1 and u2 be fixed, and let L be a lottery that yields the

social states [u1, 0] and [0, u2] with equal chances. From von Neumann

and Morgenstern’s expected utility theorem it follows that:
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Equal treatment of all individuals If all individuals’ utility functions

u1, . . ., un are expressed in equal utility units (as judged by the Chairperson,

based on interpersonal utility comparisons), then the Chairperson’s social

utility function uc must assign the same weight to all individual utility

functions.

By adding this assumption to the previous ones, the following utilitarian

conclusion can be proved.

us Lð Þ ¼ 1=2ð Þus ½u1; 0ð �Þ þ 1=2ð Þus ½0; u2ð �Þ ð3Þ
By applying (2) to (3) we get:

us Lð Þ ¼ us þ 1=2½u1; 0ð � þ 1=2½0; u2�Þ ð4Þ

Note that each individual’s expected utility of the lottery 1/2[u1, 0] + 1/2

[0, u2] is 1/2u1 and 1 = 2u2, respectively. Hence, because of (1) it must

also hold true that:

us Lð Þ ¼ f ½ 1=2ð Þu1; 1=2ð Þu2� ð5Þ

By applying (2) we get:

us Lð Þ ¼ 1=2ð Þf ½u1; u2� ð6Þ

By applying (2) again we also find that:

us ½u1; 0ð �Þ ¼ u1us ½1; 0ð �Þ ¼ u1 ð7Þ

us ½0; u1ð �Þ ¼ u2us ½0; 1ð �Þ ¼ u2 ð8Þ

By combining (7) and (8) with (3) we obtain:

us Lð Þ ¼ 1=2ð Þu1 þ 1=2ð Þu2 ð9Þ

Now we are almost done. We just have to put (9) and (6) together:

1=2ð Þ f ½u1; u2� ¼ 1=2ð Þu1 þ 1=2ð Þu2 ð10Þ

Hence,

f ½u1; u2� ¼ u1 þ u2 ð11Þ

From (11) and (1) it follows that us= u1 + u2, which completes the proof

for a society with two individuals.
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Theorem 13.4 (Harsanyi’s second theorem) Given equal treatment

of all individuals, the coefficients in Harsanyi’s first theorem will be

equal:

α1 ¼ . . . ¼ αn ð2Þ

At this point it is natural to ask if Harsanyi’s theorems are as powerful as

they look. Has he really proved that society ought to distribute its resources

according to utilitarian principles? Well, as shown above, the theorems do

follow from the premises. Furthermore, Harsanyi’s result does not violate

Hume’s law, according to which ethical “ought-statements” cannot be

derived from premises comprising no such ethical “ought-statements.”

The Pareto condition is an ethical premise, whichHarsanyi uses for bridging

the gap between rationality and ethics. The condition of equal treatment of all

individuals also has some ethical content. So in one sense, Harsanyi really

gives a proof of utilitarianism.

That said, no proof is better than the premises it is based upon.

In Harsanyi’s case, the most dubious premise is equal treatment of all

individuals. This condition only makes sense if one believes that interper-

sonal comparisons of utility are possible. As pointed out above, this has

been questioned by many scholars. As such, the condition does not

explain how interpersonal comparisons of utility could be made; it just

presupposes that they are somehow possible. Furthermore, one may also

question the normative content of equal treatment of all individuals. Why

should everybody be treated equally? This is a substantial ethical ques-

tion, which Harsanyi (and other utilitarians) ought to argue for, and not

take for granted. For example, some ethicists would surely argue that

some people ought to be treated better than others (i.e. αi > αj for some

individuals i and j), simply because they deserve it, or have certain rights

that may not be violated, or aremore virtuous, etcetera. My personal view

is that the condition of equal treatment of all individuals is far too strong.

However, even if correct, Harsanyi’s first theorem (which does not rely on

this condition) is still interesting, because it shows that the social utility

function has to be additive. This indicates that some consequentialist

ethical theory has to be accepted, at least as long as one thinks

Harsanyi’s premises make sense.
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Exercises

13.1 A group of four people is about to select one of five possible social

states, a, b, c, d, e. (a) Which state will be selected if the decision is based

on a traditional voting procedure? (Does the result depend on how the

voting procedure is set up, given that all people get one vote each?)

(b) Which state would be selected by the maximin rule? (It prescribes

that society should prefer a state in which the worst-off person is as

well off as possible.)

Anne: a ≻ b ≻ c ≻ d ≻ e

Bert: b ≻ a ≻ c ≻ e ≻ d

Carl: a ≻ c ≻ d ≻ b ≻ e

Diana: a ≻ b ≻ c ≻ d ≻ e

13.2 It follows from Arrow’s impossibility theorem that social decisions

cannot be based on majority voting procedures. (a) Exactly what is

Arrow’s criticism of majority voting? (b) Do you find his criticism

convincing?

13.3 The Pareto principle entails that if we can improve the situation for the

richest person in society, without thereby making things worse for

anyone else, we ought to do this. Suppose you object: “But if we

improve the situation for the richest person that would make poor

people feel even more unhappy. Therefore we shouldn’t do it!” Even if

true, this is not a good objection to the Pareto principle. (a) Why not?

(b) Suggest a relevant objection to the Pareto principle, based on the

observation that it permits us to improve the situation for the richest

person in society, given that this can be achieved without thereby

making other people worse off.

13.4 In the proof of Arrow’s theorem, what does it mean to say that a group

of people D is decisive with respect to the social states (a, b)?

13.5 Professor Smart believes that the choice among three alternative

scientific theories, T1, T2 and T3, should be determined by their accu-

racy, consistency, scope, simplicity and fruitfulness.

(a) Explain why Arrow’s impossibility result might be relevant for

Professor Smart’s problem.
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(b) Suppose that Professor Smart is able to assess the accuracy, con-

sistency, scope, simplicity, and fruitfulness of each theory on inter-

val scales. Would that affect your answer to question (a)?

(c) Is Harsanyi’s theorem relevant for Professor Smart’s problem?

13.6 Sen showed that his condition of minimal liberalism is incompatible

with the Pareto principle and the ordering condition.

(a) Consider the following condition of minimal socialism. Is it compa-

tible with the Pareto principle and the ordering condition?

Minimal socialism: There is at least one pair of alternatives (a, b) such

that no single-person group is decisive with respect to (a, b).

(b) Is the condition of minimal socialism compatible with the condi-

tion ofminimal liberalism? That is, is it possible to be both a liberal

and a socialist?

13.7 According to Harsanyi, the Chairperson’s social preference ordering

over social statesmust satisfy the independence axiom. Suggest a set of

social preferences that violates this axiom.

13.8 (a) Explain the link between Harsanyi’s theorem and the von

Neumann–Morgenstern theorem. (b) Could critics of utilitarianism

accept the assumption that the Chairperson’s preferencesmust satisfy

the von Neumann–Morgenstern axioms? (c) Do you think it would be

possible to replace the von Neumann–Morgenstern theorem in

Harsanyi’s result with some other theorem mentioned in this book?

13.9 Suppose you think all human beings have certain rights that may

never be violated, such as a right not to be tortured. (a) Is this moral

belief compatible with Harsanyi’s axioms? (b) If not, suggest

a situation in which your beliefs about the right not to be tortured

come into conflict with Harsanyi’s axioms. (c) Exactly which of

Harsanyi’s axioms are incompatible with the belief that all human

beings have a right not to be tortured?

Solutions

13.1 (a) a (b) a

13.2 (a) Majority voting does not satisfy the ordering conditions, since it can

yield cyclic orderings. (b) I leave it to the reader to make up her own

mind about this issue.
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13.3 (a) The unhappiness felt by the poor people should be included in the

description of the new social state. Therefore, the poor people would

actually be harmed by making the richest person better off, so the

Pareto principle does not justify this. (b) One might argue that relative

differences in well-being are normatively important, i.e. that equality

matters. The Pareto principle is incompatible with many theories of

equality.

13.4 See Section 13.2.

13.5 (a) See Section 13.2. (b) Yes. If the information base is enriched in this

manner, then it might be appropriate to apply Harsanyi’s theorem,

meaning that the overall value of each theory is additive with respect

to the five criteria (although some criteria may of course be more

important than others). (c) See the answer to (b).

13.6 (a) No. (b) One can be both a liberal and a socialist.

13.7 See the discussion of Allais’ paradox in Chapter 4.

13.8 (a) See Box 13.3. (b) Rawls and others who advocate the maximin

view could question the continuity axiom (holding that if

A ≻ B ≻ C then there exist some p and q such that ApC ≻ B ≻ AqC).

State B may simply be better than a lottery between A and some

really bad outcome C, no matter how low the probability of C is.

(c) The von Neumann–Morgenstern theorem can be replaced by

almost any other theorem that derives a utility function from pre-

ferences, e.g. Savage’s theorem. For a useful overview, see Blackorby

et al. (1999).

13.9 (a) No. (b) Imagine that the police have caught a terrorist. By torturing

her, they can force her to reveal information that will save thousands

of lives. Harsanyi must say this may be morally permissible, but if all

people have a right not to be tortured it is never permissible to torture

people, not even terrorists. (c) No individual axiom taken in isolation is

incompatible with the notion of rights, although the axioms taken

together are.
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14 Overview of Descriptive Decision
Theory

This chapter gives an overview of how people actually do make decisions.

The headline news is that people frequently act in ways deemed to be

irrational by decision theorists. This shows either that people should

behave differently, or that there is something wrong with the normative

theories discussed in the preceding chapters of this book. After reviewing

the empirical findings, both conclusions will be considered.

The interest in descriptive decision theory arose alongside the devel-

opment of normative theories. Given the enormous influence axiomatic

theories had in the academic community in the latter half of the twenti-

eth century, it became natural to test the axioms in empirical studies.

Since many decision theorists advocate (some version of) the expected

utility principle, it is hardly surprising that the axioms of expected utility

theory are the ones most researched. Early studies cast substantial doubt

on the expected utility principle as an accurate description of how people

actually choose. However, it was not until 1979 and the publication of

a famous paper by Kahneman and Tversky that it finally became widely

accepted that expected utility theory is a false descriptive hypothesis.

Kahneman and Tversky’s paper has become one of the most frequently

quoted academic publications of all time. (Kahneman was awarded the

Nobel Prize in Economics in 2002, but Tversky had died a few years ear-

lier.) In what follows, we will summarize their findings, as well as some

later observations.

14.1 Observed Violations of the Expected Utility Principle

Kahneman and Tversky asked a group of 72 students to state a preference

between prospect A and B below. It turned out that 82% of the participants

preferred prospect B to A.
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A: $2,500 with probability 0.33 B: $2,400 with certainty

$2,400 with probability 0.66

$0 with probability 0.01

It can be easily verified that the expected monetary value of prospect A is

slightly higher than that of prospect B. However, this is of course not

sufficient for concluding that the students are irrational. It cannot be

excluded that they preferred B to A simply because their marginal utility

is decreasing in the interval between $2,400 and $2,500. Tomake a stronger

case against the expected utility principle, Kahneman and Tversky also

asked the same group of students to state a preference between prospects

C and D below.

C: $2,500 with probability 0.33 D: $2,400 with probability 0.34

$0 with probability 0.67 $0 with probability 0.66

Now, 83% of the participants preferred C, whereas only 17% said that they

preferred D. Thus, a large majority preferred B to A, but C to D. These

preferences are, however, incompatible with the independence axiom,

and therefore also with the expected utility principle (see Chapter 5).

To understand why, note that Kahneman and Tversky’s experiment is in

fact a version of Allais’ paradox. Consider Table 14.1.

Since the only difference between the two pairs of lotteries is the addi-

tion of a 66% chance of winning $2,400 in A and B, it follows that prospect

A should be preferred to B if and only if C is preferred to D, no matter what the

decision maker’s utility for money is. (For a detailed explanation of this, see

Section 4.4.) This experiment has been repeated several times, with similar

results, by researchers all over the world.

Kahneman and Tversky also reported that similar violations of the

expected utility principle can be observed in much simpler lotteries.

Table 14.1

Ticket 1–33 Ticket 34–99 Ticket 100

Prospect A $2,400 $2,400 $2,400

Prospect B $2,500 $2,400 $0

Prospect C $2,400 $0 $2,400

Prospect D $2,500 $0 $0
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Consider the two pairs of lotteries below. For brevity, ($4,000, 0.80) is taken

to represent an 80% chance of receiving $4,000.

E: ($4,000, 0.80) F: ($3,000)

G: ($4,000, 0.20) H: ($3,000, 0.25)

Out of a group of 95 people, 80% preferred F to E, while 65% said they

preferred G to H. Again, this pattern of preference is incompatible with

the expected utility principle. To see this, note that prospect G can be

conceived of as a 1/4 chance of obtaining prospect E, and prospect H as

a 1/4 chance of obtaining prospect F. Hence, the independence axiom

entails that F must be preferred to E if and only if H is preferred to G.

Arguably, the best explanation of these violations of the expected

utility principle is that in most people’s view, a certain gain is worth

more than an equally large expected gain. No matter what your utility of

money is, to get $3,000 with certainty is worth more than getting

a prospect that has the same expected utility, since a genuine prospect

always involves some uncertainty. This phenomenon is known as the

certainty effect.

However, not all violations of the expected utility principle can be

explained by the certainty effect. When confronted with the lotteries

below, 86% of a group of 66 people reported that they preferred J to I,

whereas 73% preferred K to L.

I: ($6,000, 0.45) J: ($3,000, 0.9)

K: ($6,000, 0.001) L: ($3,000, 0.002)

Note that prospect K can be conceived of as a 1/450 chance of obtaining

prospect I, whereas L can be conceived of as a 1/450 chance of obtaining

J. Hence, for the same reason as above, the independence axiom entails

that J may be preferred to I if and only if L is preferred to K. According to

Kahneman and Tversky, the best explanation of this type of violation of the

expected utility principle is thatmost people reason incorrectly about small

probabilities. The relative difference in probability between I and J and

between K and L is the same. However, whereas we “perceive” that 0.9 is

twice as much as 0.45, we arguably do not “perceive” that 0.002 is twice as

much as 0.001, but we do “perceive” that $6,000 is twice as much as $3,000.

This inability to distinguish properly between small probabilities explains

why many people violate the independence axiom.
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Kahneman and Tversky also observed that it makes a difference

whether respondents are presented with “positive” or “negative” pro-

spects, even if the end states are the same. Consider the following two

pairs of prospects.

In addition to whatever you own, you have been given $1,000. You are then asked to

choose between: M: ($1,000, 0.50) or N: ($500)

In addition to whatever you own, you have been given $2,000. You are then asked to

choose between: O: (−$1,000, 0.50) or P: (−$500)

Note that prospects M and O are equivalent. In both cases, there is a fifty-

fifty chance that you at the end of the day have either $2,000 or $1,000 extra

in your wallet. Furthermore, N and P are also equivalent, because in both

cases it is certain that you will end up with $1,500. Despite this, when the

two pairs of prospects were presented to two different groups, it turned out

that 84% out of 70 people preferred N to M, whereas 69% out of 68 people

preferred O to P. For the decision theorist thinking that the final outcome of

a risky choice is all that matters, this result is very difficult to explain away.

A possible explanation of why people do not merely focus on the final

outcome is that the preference for certain gains (the certainty effect) is

supplemented by an equivalent aversion against certain losses. That is,

O is preferred to P because people hope they might get away with the

$2,000 they already have. If they choose P it is unavoidable that they get

just $1,500. This phenomenon is called the reflection effect.

A potential criticism of the findings summarized above is that they are

based on empirical data about hypothetical choices. No onewas actually offered

real money, so perhaps the subjects did not reflect very much before they

stated their preferences.However, another groupof psychologists have carried

out similar experiments in a casino in Las Vegas with experienced gamblers

playing for real money. They also reported that an overwhelming majority of

gamblers violate the expected utility principle. This indicates that it can hardly

be disputed that most people frequently violate the expected utility principle.

14.2 Prospect Theory

Based on their empirical observations of the reflection effect, the certainty

effect and the effects of small probabilities, Kahneman and Tversky propose
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a descriptive theory of choice under risk called Prospect Theory. This theory

holds that the expected utility principle should be modified by introducing

two weighting functions, one for value and one for probability. More pre-

cisely put, while the expected utility of a risky prospect is p1 · u1 + ··· + pn · un

(where p1 refers to the probability of the first outcome and u1 to its utility),

its prospect value is given by the following expression.

w p1ð Þ � v u1ð Þ þ w p2ð Þ � v u2ð Þ þ . . .þ w pnð Þ � v unð Þ ð1Þ

The functionw in (1) is a probability weighting function. It accounts for

the observation that people tend to overestimate small probabilities, but

underestimate moderate and large probabilities. The exact shape of w is

an empirical issue. Based on their findings, Kahneman and Tversky pro-

pose that it may look as in Figure 14.1. In the interval in which the bold

line lies above the dotted line (in the lower left corner) the value of w is

higher than 1. However, in the interval in which the bold line falls below

the dotted line probabilities are underestimated, i.e. the value of w is

below 1.

The shape of the weighting function for values, v, is more complex.

Briefly put, Kahneman and Tversky argue that in all decisions under risk,

individuals first determine a baseline, and thereafter evaluate outcomes

either as gains or losses. For example, if you are offered a prospect in

which you have a fifty-fifty chance of winning either $1,000 or −$1,000,

the first outcome will be evaluated as a gain and the second as a loss.

The value of a loss or gain is not linear, as prescribed by expected utility
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Figure 14.1 A hypothetical weighting function for probabilities
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theory. Instead, the value of gains and losses is best represented by an

S-shaped function, in which losses matter more proportionally speaking

than equally large gains (Figure 14.2).

It should be clear that once the exact shape of the two weighting func-

tions has been established, prospect theory can be applied to yield precise

predictions of how people are likely to choose. Quite a lot of work has been

done in this area, and the data obtained has led to a number of minor

revisions of the theory. However, as long as we restrict the scope to the

type of rather simple prospects considered here, prospect theory yields

fairly accurate predictions.

14.3 Violations of Transitivity and Completeness

So far we have focused exclusively on the expected utility principle.

However, several researchers have also reported violations of other fun-

damental principles of rational choice. In a classic study of transitivity,

May observed that a large number of college students stated cyclic (and

thus nontransitive) preferences. The subjects were asked to imagine three

hypothetical marriage partners, x, y and z. They were told that xwas more

intelligent than y, and y more intelligent than z. They were also told that

y looked better than z, and z better than x. Finally, the subjects were told

that z was wealthier than x, and x wealthier than y. Out of 62 subjects,

17 stated cyclic preferences over the three candidates. A possible explana-

tion is that the subjects may have applied the majority rule for “voting”

between each pair of attributes: Obviously, candidate x is better than

LOSSES GAINS

VALUE

Figure 14.2 A hypothetical weighting function for values
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y with respect to intelligence and wealth, and y is better than z with

respect to intelligence and looks, whereas z is better than x with respect

to looks and wealth. As you may recall from Chapter 13, the majority rule

sometimes yields cyclic preference orderings. In several similar studies

people have been asked about their preferences over more “normal”

objects. In at least one of those, it turned out that a majority of subjects

stated cyclic preferences.

In a more recent study, the transitivity axiom was studied in a series of

much simpler experiments. Loomes and Taylor asked 306 people taking

part in a pre-university course in economics to state pairwise preferences

between a series of lotteries. The subjects were asked to imagine that

exactly one out of one hundred numbered tickets were to be drawn, with

different payoffs for different tickets. The lotteries were represented as in

Tables 14.2 and 14.3.

The meaning of the tables was explained to the subjects. For example, in

lottery A one wins $54 if ticket 1 to 30 is drawn but nothing otherwise, and

in lottery B one wins $24 if ticket 1 to 60 is drawn but nothing otherwise.

Each subject was presented with a relatively small number of pairwise

choices, including the ones illustrated in Tables 14.2 and 14.3.

It turned out that 21.6% of the 306 people completing the questionnaire

stated cyclic preference orderings (B≻ A, C≻ B, A≻ C). In a similar study by

the same authors based on a slightly different questionnaire, 18.5% stated

cyclic preferences. This shows that the percentage of people with cyclic

preference orderings is not negligible. Arguably, it makes little sense to

claim that all those people made unintentional mistakes, or did not

Table 14.2

Ticket 1–30 Ticket 31–60 Ticket 61–100

A $54 $0 $0

B $24 $24 $0

Table 14.3

Ticket 1–30 Ticket 31–60 Ticket 61–100

B $24 $24 $0

C $4 $4 $4
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understand the questions. It seems to be a descriptive fact that a significant

number of ordinary people fail to satisfy the transitivity axiom.

Let us now consider the completeness axiom. Do ordinary people have

complete preference orderings? To beginwith, it should be pointed out that it

ismuchmore difficult to test this axiom in an empirical study. This is because

of the intimate relation between preference and choice taken for granted by

many decision theorists: By definition, people prefer whatever they choose,

and since even choosing to do nothing counts as a choice, all possible reac-

tions to an offer to choose between, say, lotteries B and C above count as

evidence of a preference. (If you simply refuse to make a choice between

B and C, this just means that you are indifferent between receiving nothing,

i.e. $0, and the two lotteries.) The dogma that preferences can only be elicited

from choice behavior dates back to the theory of revealed preferences pro-

posed by the economist Paul Samuelson in the 1930s, as explained in

Chapter 8. However, even if one accepts the basic empiricist spirit of the

revealed preference dogma, it seems that onemay nevertheless test the truth

of the completeness axiom in an empirical experiment. In an influential

monograph, Duncan Luce noted that people sometimes seem to choose one

alternative over anotherwith a certain probability. For example, when choos-

ing between tea and coffee a repeated number of times, it may turn out that

you choose coffee over tea in 50% of all choices. This need not be taken to

show that your preference wobbles back and forth between coffee and tea.

A more plausible explanation is that your preference is essentially probabil-

istic. In fact, several recent studies confirm that people do actually hold

probabilistic preferences. Since the completeness axiom requires that one

either prefers A to B orB to A, for all A andB, thephenomenonof probabilistic

choice behavior can be interpreted as a violation of the completeness axiom.

14.4 The Relevance of Descriptive Decision Theory

Although not all psychological data reviewed in this chapter are inconsis-

tent with the normative prescriptions endorsed by decision theorists, some

clearly are. It is simply not true that people in general follow the prescrip-

tions derived and justified by the normative theories endorsed by decision

theorists. But what follows from this observation, if anything?

Unsurprisingly, when confronted with empirical studies of how people

actually do behave most decision theorists swiftly conclude that people are
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Box 14.1 The psychometric paradigm

In the experiments reviewed in this chapter, subjects were asked to

state preferences over lotteries with monetary outcomes. However,

psychologists have also studied how people react to more complex

risks, such as the risks of nuclear power, or the risk of dying in an

airplane crash or in a terrorist attack. It is commonly believed that

knowledge about people’s reactions to various types of risks is impor-

tant for guiding policy decisions.

Most studies in this area are based on questionnaires in which

people are presented with a long list of risks (e.g. nuclear power

meltdowns, railway accidents and terrorists attacks), and then asked

to state how severe or likely they estimate each risk to be. The subjects

are not given any information about the relative frequency of each

risk in the past, nor about its possible consequence. The aim is to

study risks as people perceive them, not as they really are.

Unsurprisingly, the data gathered by psychologists indicate that

most people tend to react to risks in ways experts find strange, or

even irrational. For instance, when asked to estimate the probability

of various negative events, most of us are very bad at discriminating

properly between probabilities at the end points of the probability

scale. Most people perceive almost no difference between

a probability of one in a million and a probability of one in a billion.

However, for the decision theorist wishing to compute the expected

utilities there is of course a huge difference between the two.

Psychological data also indicate that the perceived magnitude of

a risk has little to do with its perceived acceptability. When subjects

are asked to compare different risks with respect to their degree of

acceptability, it turns out that the factors that matter the most to

them are whether the risk is voluntary (nuclear power is not, but skiing

is), or natural (nuclear power is not, but earthquakes are), or new

(nuclear power is, but storms are not), or catastrophic rather than

chronic (airplane crashes are catastrophic, but car accidents are

chronic – a small number of people die in each crash, but they happen

every day). None of these categories has any direct link to what

decision theorists consider to be relevant, viz. the probability and

utility of an outcome.

Psychologists working in this field subscribe to the so-called psycho-

metric paradigm. Briefly put, the psychometric paradigm is the thought
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irrational. This conclusion of course relies heavily on the premise that our

normative theories are correct, or at least cannot be falsified by empirical

findings. To some extent, this seems reasonable. Nearly all philosophers

accept Hume’s law, which holds that no normative conclusion can be

derived from purely factual premises. Thus, to determine what rational

people ought to do, it is not sufficient to present purely factual evidence

about how people do actually behave.

That said, one could of course maintain that empirical findings are

relevant in other ways. First, knowledge about how people behave can be

that we can explain and predict people’s attitudes and reactions to

risk by identifying a set of relevant factors, such as voluntariness,

naturalness and novelty, and then simply measure to what degree

the risk in questionmeets these factors. Imagine, for example, that we

wish to explain why many people consider nuclear power to be too

risky. If the psychometric paradigm is valid, this is because nuclear

power is perceived as unnatural, new, potentially catastrophic and invo-

luntary (on an individual level). Hence, a lobby organizationwishing to

affect people’s attitudes to nuclear power should therefore focus on

changing our perception of the relevant factors. For example,

a rational lobbyist may try to convince people that nuclear power is

not a new technology anymore, nor is it unnatural since radioactive

processes occur everywhere in nature. Furthermore, according to the

experience we now have, the consequences of a meltdown are

actually not catastrophic. If the lobbyist manages to change people’s

attitudes about these issues, the psychometric paradigm entails that

they are also likely to start thinking that nuclear power is an accep-

table risk.

There is some disagreement among psychologists about which

factors are relevant and which are not. However, it should be empha-

sized that even if we were able to establish the correct list of factors,

the psychometric paradigm need not be incompatible with the

expected utility principle. One could simply argue that people behave

as if they were maximizing expected utility, while assigning very low

utilities to certain types of outcomes. To disprove the expected utility

principle, one has to disprove at least one of the axioms it is derived

from, and the psychometric paradigm is not in direct conflict with any

of those axioms.
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instrumentally valuable for politicians, policy makers, businessmen and

other people who wish to adjust their courses of action to what others

do. Second, knowledge about how humans make decisions is perhaps

also of some intrinsic value. Third, and most importantly, some decision

theorists have argued that it ismeaningless to develop normative theories

that we know ordinary people cannot follow. “Ought” implies “can,” as

Kant famously pointed out, so if we cannot follow the prescriptions

of normative decision theory, it is simply false that we ought to follow

them. In effect, some social scientists have developed theories of bounded

rationality that seek to take people’s limited cognitive resources (or other

reasons for not being rational in the classical sense) into account in

various ways. It is sometimes suggested that those theories should also

be accepted as a starting point for the development of alternative norma-

tive theories.

Personally, I do not believe there is anything wrong with the logical

structure of the “ought implies can” argument. If it could be convincingly

shown that we cannot follow the prescriptions of our normative theories,

this would surely indicate that our normative theories are flawed. Any

plausible normative theory has to yield prescriptions that people can fol-

low. However, in opposition to the proponents of bounded rationality, I do

not believe that any empirical study has shown that we cannot obey the

normative prescription proposed in the literature. The empirical studies

merely show that we do not actually obey them. Surely, people could learn

more about decision theory and eventually become more rational. In fact,

this textbook is part of an attempt to make this happen.

Exercises

14.1 Empirical studies indicate that decision makers have a tendency to

violate the independence axiom in certain situations. Describe the

features of a decision problem that make people violate the indepen-

dence axiom.

14.2 Describe the main ideas of Kahneman and Tversky’s Prospect Theory.

14.3 Is Prospect Theory a plausible normative decision theory?

14.4 Suppose that you wish to test the empirical adequacy of the complete-

ness axiom (for every pair of objects the agent either strictly prefers
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one to the other or is indifferent). How would you design such an

experiment?

14.5 What is the normative relevance of descriptive decision theory?

Solutions

14.1 See Section 14.1.

14.2 See Section 14.2.

14.3 The theory is incompatible with the principle of maximizing expected

utility, and in particular the independence axiom. Therefore, anyone

who acts in this way could, at least in principle, be money pumped.

14.4 Probabilistic choice behavior can, perhaps, be interpreted as a violation

of the completeness axiom. If you choose randomly, it is possible that

you do so because you do not have any preference at all.

14.5 “Ought” implies “can,” so if we cannot behave in the manner our best

theories tell us to behave it cannot be true that we ought to behave in

that way.
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Appendix: Glossary

Axiom: An axiom is a fundamental premise of an argument for which no

further justification is given. Example: According to the asymmetry axiom,

no rational agent strictly prefers x to y and y to x.

Bargaining problem: The bargaining problem is a cooperative game with

infinitelymanyNash equilibria, which serves as amodel for a type of situation

that arises in many areas of society: A pair of players are offered to split some

amount ofmoney between the two of them. Each player has towrite down his

or her demand and place it in a sealed envelope. If the amounts they demand

sum to more than the total amount available the players will get nothing;

otherwise each player will get the amount he or she demanded. The players

are allowed to communicate and form whatever binding agreements they

wish. A general solution to this problem was offered by Nash, who based his

proposal on a small set of intuitively plausible axioms.

Bayes’ theorem: Bayes’ theorem is an undisputed mathematical result about

the correct way to calculate conditional probabilities. It holds that the prob-

ability of B given A equals the probability of B times the probability of A given

B, divided by the following two terms: the probability of B times the prob-

ability of A given B and the probability of not-B times the probability of A given

not-B. Put in symbols:

p Bð jAÞ ¼ p Bð Þ � p Að jBÞ
½p Bð Þ � p Að jBÞ� þ ½p :Bð Þ � p Að j:BÞ�

Bayesianism: The term ‘Bayesianism’ hasmany differentmeanings in decision

theory, statistics and the philosophy of those disciplines. Most Bayesian

accounts of decision theory and statistics can be conceived of as claims

about the correct way to apply Bayes’ theorem in various real-life contexts.

In decision theory, Bayesianism is particularly closely associated with the

view that probabilities are subjective and that rational decision makers seek

to maximize subjective expected utility.
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Cardinal scale: Cardinal scales are used whenwemeasure objects numerically

and differences or ratios between measurement points are preserved across

all possible transformations of the scale. Example: Time, mass, money and

temperature can be measured on cardinal scales. Cardinal scales can be

divided into two categories, namely interval scales and ratio scales.

Decisionmatrix: A decisionmatrix is used for visualizing a formal representa-

tion of a decision problem graphically. Examples of decision matrices can be

found in nearly all chapters of this book. All decision matrices can be con-

verted into decision trees (but the converse is not true).

Decision tree: A decision tree is used for visualizing a formal representation of

a decision problem graphically. Examples of decision trees can be found in

Chapters 2, 4 and 8. All decisionmatrices can be converted into decision trees,

but some decision trees (e.g. trees with more than one choice node) cannot be

converted into decision matrices.

Dominance: Act A strictly dominates act B if and only if the outcome of Awill be

strictly better than Bnomatterwhich state of theworld happens to be the true

one. Act Aweakly dominates act B if and only if the outcome of Awill be as good

as that of B nomatter which state of the world happens to be the true one, and

strictly better under at least one state.

Equilibrium: In game theory, a set of strategies is in equilibrium if and only if

it holds that once these strategies are chosen, none of the players could reach

a better outcome by unilaterally switching to another strategy. This means that

each player’s strategy is optimal given that the opponents stick to their

chosen strategies. (See also ‘Nash equilibrium’.)

Expectedutility: The expected utility of an act can be calculated oncewe know

the probabilities and utilities of its possible outcomes, by multiplying the

probability and utility of each outcome and then summing all terms into

a single number representing the average utility of the act.

Function (mathematical): A function is a device that takes something (such

as a number) as its input and for each input returns exactly one output

(such as another number). f(x) = 3x + 7 is a function, which returns 7 if x = 0

and 10 if x = 1, etc.

Impossibility theorem: An impossibility theorem is a formal result showing

that a set of seemingly plausible premises (desiderata, axioms, etc.) imply

a contradiction, and hence that no theory or principle can satisfy all premises

(desiderata, axioms, etc.).

Interval scale: Interval scales measure objects numerically such that differ-

ences between measurement points are preserved across all possible trans-

formations of the scale. Example: The Fahrenheit and Centigrade scales for
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measuring temperature are interval scales (but the Kelvin scale is a ratio

scale). In decision theory, the most frequently used interval scale is the von

Neumann–Morgenstern utility scale.

Law of large numbers: The law of large numbers is a mathematical theorem

showing that if a random experiment (such as rolling a die or tossing a coin) is

repeated n times and each experiment has a probability p of leading to

a predetermined outcome, then the probability that the percentage of such

outcomes differs from p bymore than a very small amount ε converges to 0 as

the number of trials n approaches infinity. This holds true for every ε > 0, no

matter how small.

Lemma: A lemma is an intermediate result in a proof of some more complex

theorem. Example: Instead of directly proving Arrow’s impossibility theorem

it can be broken down into several lemmas, which together entail the

theorem.

Logical consequence: A conclusion B is a logical consequence of a set of

premises A if and only if it can never be the case that A is true while B is

false. Example: B is a logical consequence of P-and-not-P, because it can never

be the case that P-and-not-P is true (so in this case the truth value of B is

irrelevant).

Maximin:Maximin is a decision rule sometimes used in decisions under ignor-

ance, which holds that one should maximize the minimal value obtainable in

each decision. Hence, if the worst possible outcome of one alternative is

better than that of another, then the former should be chosen.

Mixed strategy: In game theory, rational players sometimes decide what to do

by tossing a coin (or by letting some other random mechanism make the

decision for them). By using mixed strategies players sometimes reach equili-

bria that cannot be reached by playing pure strategies, i.e. nonprobabilistic

strategies.

Nash equilibrium: The Nash equilibrium is a central concept in game theory.

A set of strategies played by a group of players constitutes a Nash equilibrium

if and only if “each player’s . . . strategy maximizes his pay-off if the strategies

of the others are held fixed. Thus each player’s strategy is optimal against

those of the others” (Nash 1950a: 7). The definition of the term equilibrium

given above is equivalent, although other definitions are also discussed in the

literature.

Ordinal scale: Ordinal scales measure objects without making any compari-

sons of differences or ratios between measurement points across different

transformations of the scale. Ordinal scales may very well be represented by

numbers, but the numbers merely carry information about the relative
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ordering between each pair of objects. Example: I like Carmen more than

The Magic Flute, and The Magic Flute more than Figaro. This ordering can be

represented numerically, say by the numbers 1, 2 and 3, but the numbers do

not reveal any information about howmuchmore I like one of them over the

others.

Paradox: A paradox is a false conclusion that follows logically from a set of

seemingly true premises. Examples: The St. Petersburg paradox, the Allais

paradox, the Ellsberg paradox, and the two-envelope paradox are all well-

known examples of paradoxes in decision theory.

Posterior probability: The posterior probability is the probability assigned to

an event after new evidence or information about the event has been

received. Example: You receive further evidence that supports your favorite

scientific hypothesis. The posterior probability is the new, updated probabil-

ity assigned to the hypothesis. (See also ‘Bayes’ theorem’ and ‘prior

probability’.)

Preference: If you prefer A to B, i.e. if A ≻ B, then you would choose A rather

than B if offered a choice between the two. Some philosophers explain this

choice-disposition by claiming that a preference is a mental disposition to

choose in a certain way.

Prior probability: The prior probability is the (unconditional) probability

assigned to an event before new evidence or information about the event is

taken into account. Example: You receive new evidence that supports your

favorite scientific hypothesis. You therefore update the probability that the

hypothesis is true by using Bayes’ theorem, but to do this you need to know

the prior (unconditional) probability that the theory was true before the new

evidence had been taken into account. (See also ‘Bayes’ theorem’ and ‘poster-

ior probability’.)

Prisoner’s dilemma: The prisoner’s dilemma is a noncooperative game in

which rational players must choose strategies that they know will be subop-

timal for all players. The prisoner’s dilemma illustrates a fundamental clash

between individual rationality and group rationality.

Probability: The probability calculus measures how likely an event (proposi-

tion) is to occur (is to be true). Philosophers disagree about the interpretation

of the probability calculus. Objectivists maintain that probabilities are objec-

tive features of theworld that exist independently of us, whereas subjectivists

maintain that probabilities express statements about the speaker’s degree of

belief in a proposition or event.

Randomized act: A randomized act is a probabilistic mixture of two or more

(randomized or nonrandomized) acts. Example: You have decided to do A or
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not-A, but instead of performing one of these acts for sure you toss a coin and

perform A if and only if it lands heads up, otherwise you perform not-A.

Ratio scale: Ratio scales measure objects numerically such that ratios between

measurement points are preserved across all possible transformations of the

scale. Example: The widely used scales for measuring mass, length and time;

in decision theory, the most frequently used ratio scale is the probability

calculus, which measures how likely an event (proposition) is to occur (is to

be true).

Real number: A real number is any number that can be characterized by

a finite or infinite decimal representation. All rational and irrational numbers

are real numbers, e.g. 2 and 4.656576786, and
ffiffiffi
2

p
p and π. However, the

imaginary numbers (e.g. i ¼ ffiffiffiffiffiffiffi�1
p

) are not real numbers.

Representation theorem: A representation theorem is a mathematical result

showing that some nonnumerical structure, such as preferences over a set of

objects, can be represented by some mathematical structure. Example:

According to the ordinal utility theorem preferences over a set of objects,

{x, y, . . .} can be represented by a real-valued function u such that x is preferred

to y if and only if u(x) > u(y).

Risk: The term “risk” has severalmeanings. In decision theory, a decision under

risk is taken if and only if the decisionmaker knows the probability and utility

of all possible outcomes. In other contexts, the term “risk” sometimes refers

to the probability of an event or the expected (dis)utility of an act.

Theorem: A theorem summarizes a conclusion derived from a specified set of

premises. Example: The von Neumann–Morgenstern theorem holds that if

a set of preferences over lotteries satisfies certain structural conditions

(axioms), then these preferences can be represented by a certain mathema-

tical structure.

Uncertainty: The term “uncertainty” has several meanings. In decision theory,

a decision under uncertainty is taken if and only if the decision maker knows

the utility of all possible outcomes, but not their probabilities. In other con-

texts, the term “uncertainty” is sometimes used in a wider sense to refer to

any type of situation in which there is some lack of relevant information.

Utilitarianism: Utilitarianism is the ethical theory prescribing that an act is

morally right if and only if it maximizes overall well-being. This theory was

originally developed by Bentham and Mill in the nineteenth century, and is

currently one of the most influential ethical theories among professional

philosophers, economists and others interested in what individuals or groups

of individuals ought to do and not to do.
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Utility: The more you desire an object, the higher is its utility. Utility is mea-

sured on some utility scale, which is either ordinal or cardinal, and if it is

cardinal it is either an interval scale or a ratio scale. (See “cardinal scale”,

“interval scale”, “ordinal scale” and “ratio scale”.)

Zero-sum game: In a zero-sum game each player wins exactly as much as the

opponent(s) lose. Most casino games and parlor games such as chess are zero-

sum games, because the total amount of money or points is fixed. Games that

do not fulfill this condition, such as the prisoner’s dilemma, are called non-

zero-sum games.
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