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Soundness arguments for consistency and their
epistemic value: A critical note
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Soundness Arguments for the consistency of a (mathematical) theory S aim to show that S is consistent
by first showing or employing the fact that S is sound, t.e., that all theorems of S are true. Although
soundness arguments are virtually unanimously accepted as valid and sound for most of our accepted
theories, philosophers disagree about their epistemic value, 1.e., about whether such arguments can be
employed to improve our epistemic situation concerning questions of consistency. This article provides a
(partial) negative answer to this question and argues that soundness arguments cannot be employed to
Justify their conclusion. Additionally, soundness arguments are unconvincing; they cannot be employed
to overcome reasonable open-mindedness about their conclusion.

Keywords: Soundness Arguments; Consistency; Transmission of Justification; Under-
miners; Failure; Cogency Template.

I. Outline

Soundness arguments for consistency have been discussed in the philosophy
of mathematics since the 1960s." A soundness argument for the consistency of
S is an argument for the consistency of S, which employs a detour by arguing first
that S is sound, i.e., that all theorems of S are true. Informally, we can think
of a soundness argument for the consistency of S as the following:
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!See, for instance, (Myhill 1960), (Dummett 1978), (Girard 1987), (Wright 1994), and (Shapiro
1998).
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2 M. Zicchetti

If the axioms of S are true and the rules of inference of S are truth-preserving, then
all theorems of S are true. Since all theorems of S are true, S does not prove any false
statement. Therefore, S is consistent.?

Although it 1s virtually unanimously accepted that such arguments are valid
and sound for most of our accepted theories, philosophers disagree about
whether soundness arguments have any epistemic value. Girard, Dummett and
Wright separately suggest (Girard 1987; 226), (Dummett 1978; 194), and
(Wright 1994; 176) that soundness arguments have little epistemic value. On
the other hand, Shapiro claims (Shapiro 1998; 505) that soundness arguments
can be employed to improve our epistemic situation concerning the statement
expressing the consistency of arithmetic.® Of course, there are many ways of
understanding the rather vague phrase ‘improving one’s epistemic situation’.
An essential way of improving one’s epistemic situation about the consistency
of S by means of a soundness argument is to use it to justify the consistency of
S. This possibility i1s entertained by Horsten in his recent article when focusing
on first-order arithmetic:

[Y]ou might go on to argue by mathematical induction, using a Tarskian compositional
notion of truth, that all theorems of [S] are true, and that therefore, since L is not
true, [S] must be consistent. In this way, you might obtain justified belief in =Bezwg(L).*

(Horsten 2021; 751)

Where 7 Bews(L) is a standardly accepted statement expressing the consis-
tency of S. An additional and equally important way of improving one’s epis-
temic situation is to use a soundness argument to overcome reasonable open-
mindedness about the consistency of S. This article focuses on these two ways
of improving one’s epistemic situation, and more explicitly, it investigates the
following two questions:

(1) Can soundness arguments, in principle, be employed to justify the consis-
tency of S?

() Can soundness arguments, in principle, be employed to overcome reason-
able open-mindedness about the consistency of S?

This article has the following structure: Section II introduces and briefly dis-
cusses the needed concepts from epistemology: The notions of transmission

%A similar version of this argument is presented by (Dummett 1978).

SDummett and Wright argue that soundness arguments prima facie fail to be informative,
whereas Girard limits himself to the claim that soundness arguments have little epistemic value
without further qualification. On the other hand, Shapiro suggests that soundness arguments
might have some explanatory force.

In fairness, Horsten is quite speculative and is not interested in investigating the soundness
argument. He proposes an alternative, so-called entitlement strategy to justify the consistency of
arithmetic. Therefore, what I will say in this article is not against the approach in (Horsten
2021). For more information on the entitlement strategy, see (Wright 2004), (Pedersen 2021) and
(Zicchetti 2022).
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Soundness arguments for consistency and their epistemic value g

of justification, transmission failure, and the concept of an undercutting de-
feater. Section III investigates (1) and () and provides negative answers to
both: I argue that soundness arguments fail to transmit justification—in a stan-
dard sense to be introduced later—from their premises to their conclusion. As
I'will show, this amounts to a vicious epistemic dependence between the argument’s
premises and its conclusion. As I will argue, the existence of a justification for
the argument’s premises presupposes the truth of the argument’s conclusion.
As for (f), I will show that soundness arguments are not cogent—for a standard
notion of cogency to be given later in this article. More specifically, sound-
ness arguments violate Crispin Wright’s ‘new’ Cogency Template introduced in
(Wright 2022). Finally, Section IV makes some more exploratory comments on
the ramifications, philosophical implications, and generality of the results of
Section III.

II. Transmission, failure, and underminers

A well-known distinction in logic and its philosophy is between valid and invalid
arguments: An argument is valid just in case whenever its premises are true,
its conclusion is also true. Additionally, valid arguments are sound just in case
they have true premises (they are unsound otherwise). It is a nowadays accepted
distinction that some valid arguments can be employed to justify their conclu-
sion and that other valid arguments cannot. The former arguments are called
transmissive:
Definition 1. (transmission of justification) An argument D is transmissie just in

case the following obtains:

(a) D ts valid,

(b) D’s premises are justified, and

(c) The justification for D’s conclusion is given by virtue of (a) and (b).”

Transmission is a principle about the possibility, for a given valid argument D,
of justifying its conclusion by virtue of its validity and the existence of a justifi-
cation for its premises only. Following (Moretti and Piazza 2018), transmission
1s understood as being about propositional justification and not about doxastic jus-
tification. Importantly, propositional justification is a property of propositions,
whereas doxastic justification is a property of beligfs. For our investigation,
we focus on the following non-trivial case of failure: The case where (a) and

>This understanding of transmission is standard. See, for instance, (Wright 2002), (Dretske
2005), or (Moretti and Piazza 2018) for a recent presentation of transmission. Sometimes this
notion is understood in terms of raising our confidence in its conclusion. For a discussion of trans-
mission along these lines, see (Okasha 2004), (Chandler 2009) and (Moretti 2010).

Both (Wright 2002) and (Dretske 2005) seem to focus on propositional justification, whereas
(Tucker 2010), for instance, focuses explicitly on the transmission of doxastic justification.
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4 M. Zicchetti

(b) obtain, whilst (c) fails to obtain.” We should say a few clarificatory words
about the distinction between transmission and closure. It is well-known that
transmission is a distinct epistemic phenomenon from closure of justification: An
argument D satisfies closure of justification just in case, whenever D’s premises
are justified, D’s conclusion is also justified. It is important to see that an ar-
gument can satisfy closure and fail to transmit justification.”® For illustration,
let us look at a trivial model of transmission failure: the case of circular ar-
guments. Valid circular arguments fail to be transmissive, while nevertheless
satisfying closure, where a circular argument is an argument whose conclu-
sion is exactly one of its premise(s). The following is a trivial example of such
arguments:

(i) ,
(ii) p implies p,

P

Where (1) and (i1) are the premises and the conclusion is obtained by perform-
ing modus ponens from (1) and (i1). Assuming that (1) and (i1) are justified, closure
is satisfied; trivially, there is a justification for the argument’s conclusion pre-
cisely because the argument’s conclusion appears as one of the argument’s
premises.” However, as (Moretti and Piazza 2018) explain, the argument fails
to be transmissive because the justification for the conclusion is not provided
by virtue of the premises being justified and of the argument’s validity. If (1) is
justified, the conclusion is also justified without the need for the argument’s
validity because (i) is the same as the conclusion.

There are additional, philosophically more fruitful ways other than plain
circularity to diagnose transmission failure. Consider, for instance, the notion
of an underminer: Consider some proposition p, some evidence ¢, and suppose
that ¢ (defeasibly) supports p. An underminer u of ¢ is whatever statement
whose truth (at least partially) defeats ¢’s support of p by making ¢ less reliable
(or even completely unreliable).!” Using the notion of an underminer, one

7As (Moretti and Piazza 2018) point out, cases where either (a) or (b) fail to obtain are trivial
cases of failure.

%That closure and transmission are different epistemic phenomena has been recognized and
made explicit, for instance, in (Wright 2002), (Dretske 2005) or (Tucker 2010). Recently (Wright
2022) called closure principles ‘static’ and referred to transmission principles as ‘dynamic’. How-
ever, it should be pointed out that philosophers sometimes talk about closure, although they
are discussing what I call ‘transmission’ here. Examples are (Williamson 2000) and (Hawthorne
2004; Hale and Wright 2005) and even (Dretske 2005). This has been also pointed out in (Tucker
2010).

9Tt is important to point out that, in the presented circular argument, the conclusion and
one of the premises are identical. This means that either one of the premises also occurs as
the argument’s conclusion. Of course, the argument is not circular if its conclusion is logically
equivalent to either one of the premises.

10T his is in contrast to so-called overriding (or rebutting) defeaters. An overriding defeater
for p would be any new evidence ¢ for the negation of p or for some proposition ¢ inconsistent
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Soundness arguments for consistency and their epistemic value 5

can aim to evaluate some arguments as nontransmissive. For illustrative pur-
poses, consider, as an example, one of the most (in)famous putatively non-
transmissive arguments in epistemology: Moore’s argument for the existence
of the external world:'!

[MOORE]

Mi. I have a hand.
Moa. If T have a hand, then there is an external world

.". There is an external world.

For the context of the present investigation, there is no need to venture into
a discussion of Moore’s ‘proof’. However, it is helpful to look at the structure
of the argument briefly. According to the usual reconstruction of [MOORE],
the first premise (M1) is justified by sense experience. The second premise (M2)
is justified a priorz as one of the conceptual tenets of common-sense realism: All
objects are material and external. Finally, Moore concludes that there is an
external world by performing modus ponens. Suppose that (M) is justified by
experience, as in the relevant case discussed in the literature. One way of
diagnosing a failure of transmission would be to argue that the evidence e
provided by the experience of hands supports (M), i.e., the statement that
I have hands, only if, for some relevant underminers uj,..., #,, which would
make ¢ unreliable, none of u,..., u, obtain.

Intuitively, one of the underminers would be that there is no external world,
for if that were to be the case, experience would hardly support any proposi-
tions about external objects. But then, the experience of hands supports that
there are hands only if—amongst other things—there is an external world! In
general, philosophers concluding that [MOORE] fails to transmit generally
argue for some vicious epustemic circularity, grounded in a dependence relation
between the existence of evidential support for (M1) by means of experience
and the status of [MOORE]’s conclusion.'?

Let me stress this point: We do not care about [MOORE]’s diagnoses or
about whether the argument actually transmits, as our brief discussion only
has an illustrative purpose. Our question is whether soundness arguments fail
to transmit justification similarly to one of [MOORE]’s diagnoses. Using the

with p. For this reason, overriding defeaters are sometimes called ‘first-order’ (Carter 2016). The
locus classicus for the notion of a defeater is (Pollock 1970). In Pollock’s work, underminers were
called undercutting defeaters. For a recent general discussion of defeaters in epistemology, see,
for instance, (Moretti and Piazza 2017).

"'"This argument has been extensively investigated in the literature on scepticism and trans-
mission of justification. For a glimpse into this discussion, see, for instance, (Wright 2002 2003,
2004, 2014) and (Pryor 2000, 2004). For the original argument, see (Moore 1939).

2Other so-called templates to model this dependence are for instance Wright’s informa-
tion dependence template (Wright 2002, 2003, 2012), Wright’s disjunctive template (Wright 2000), and
Davies’ directness template in (Davies 2009). For a presentation and discussion of these templates,
see (Moretti and Piazza 2018).
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6 M. Zicchetti

presented notion of an underminer, the following section argues that sound-
ness arguments fail to transmit justification.

III. (f): Transmission failure

As pointed out at the beginning of this article, a soundness argument for con-
sistency aims to show the consistency of S by employing a detour using the
fact that S is sound, i.e., that all theorems of S are true. Let us reconstruct the
soundness argument for the consistency of S explicitly:

[SOUND]

S1. For any statement p, if p is a theorem of S, then p 1s true.
S2. For any p, if it is not the case that p is true, then p is not a theorem of S.
Sg. For a given contradiction, L, it is not the case that L is true.

.. L is not a theorem of S. That is, S is consistent.

Employing the notion of an underminer from Section II, T will show that
[SOUNDY] is not transmissive and that, therefore, cannot, in principle, be em-
ployed to justify its conclusion, i.e., the statement that S is consistent. To do
so, we must specify the source of the justification for the argument’s premises.
From the literature on theories of truth, it is now standard knowledge that one
can prove the formalized statement expressing that S is sound in a formal the-
ory of truth T over S. This was part of the background from which Horsten
made his remark in the quoted passage in Section I. Let us be more specific
about the theory of truth involved in the proof. The theory of truth T over S
extends S by expanding the language of S with a fresh, new predicate 7r to
play the role of the truth predicate, and with axioms expressing natural prop-
erties of truth: that truth commutes with the logical connectives and with the
quantifiers. In the case of a mathematical theory S equipped with induction,
one finally allows for the truth predicate 7r to appear in instances of mathe-
matical induction. For clarity, let us specify the following notation: For a theory
of truth, I will denote with T the collection of the theory’s truth-theoretic ax-
ioms. On the other hand, I will use the notation “T'[S]’ to denote the extension
of S by T"s truth-theoretic axioms, also allowing the truth predicate to appear
in instances of S’s schemata (if S has any). In the context of theories of truth
over Peano arithmetic PA, the classical theory of truth is known as C'T[PA]
(for CGompositional Truth). This is, in fact, the Tarskian theory of truth men-
tioned by Horsten in the previously quoted passage.'® The axioms of CT are
virtually unanimously accepted. In fact, C'T is one of the standard axiomati-
zations of a classical notion of truth over arithmetic. Moreover, in this case,

3TFor a presentation of the axioms of CT see, for instance, (Halbach 2014).
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Soundness arguments for consistency and their epistemic value 7

there are no worries about possible paradoxes of truth because the truth pred-
icate of G'T'1s typed, 1.e., it applies only to formulas of the language without the
truth predicate. In CT[S], one can prove the formalized statement expressing
the soundness of S, i.c., that all theorems of S are true.'* For the sake of this
investigation, we take proofs of the formalized statement expressing that S is
sound as our evidence ¢ to support the informal statement that S is sound.
In the present context, [SOUND]’s premises are taken to be justified by the
proofs of the respective formalized statements in our Tarskian theory of truth.

Before continuing, two clarifications about the theory of truth are in or-
der: First, although CT is accepted as one of the standard truth theories, the
question of the acceptability of C'T is more delicate within the debate about
deflationism about truth. In that context, the issue of the acceptability of C'T is
closely related to whether truth deflationists should accept proof-theoretically
non-conservative theories of truth.'> However, that issue is not relevant to our
present discussion since C'T; or an equivalent theory of truth able to prove the
soundness of S, is taken to be instrumentally accepted as a means to justify
(or otherwise support) the premises of the soundness argument.'® Finally, one
might wonder whether one should interpret the formalized statements prov-
able in our theory of truth as expressing the informal statements one aims to
justify. Although this is an interesting question, it should be pointed out that
in our present context, it is assumed that the notion of provability in the the-
ory of truth T has its natural properties so that one can naturally interpret
the formalized statements as expressing their target informal counterparts.'’
Against this background, we can now focus on the question of transmission:
Does [SOUND] transmit justification to its conclusion?

For the sake of argument, suppose that proofs in the theory of truth CT[S]
are accepted as evidence for mathematical statements and that, in particular,
a CT[S]-proof of the formalized soundness statement for S provides some ev-
idence e supporting the informal statement that S is sound. Presumably, proofs

MThis statement is often called the global reflection principle for S. See (Halbach 2014, Theorem
8.39,104) for a sketch of the proof. For general philosophical discussions of reflection principles,
see, for instance, (Franzén 2004) and (Cieslinski 2017).

A theory T is proof-theoretically non-conservative over its base theory S just in case S
proves some statement p in the language of S, which is unprovable in S. Due to Gédel’s Incom-
pleteness, any consistent theory T that proves the consistency of S—in the language of S—must
be non-conservative over S.

16 Although a discussion of deflationism would be interesting, it exceeds the scope of this
investigation. For a glimpse into the discussion about deflationism and conservativity, see (Ket-
land 2005, 2010), (Tennant 2005, 2010), (Cieslinski 2010), and more recently (Waxman 2017) and
(Fujimoto 2017, 2021, 2022).

These are the so-called Lib’s derivability conditions. See, for instance, (Boolos 1993) and
(Halbach 2014). One might still have sceptical worries about the possibility of interpreting for-
malized statements, as some target informal claims. However, this worry is quite deep and
not limited to the present context. To investigate this worry would exceed the scope of this
article.
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8 M. Zicchetti

in mathematical theories do not support or justify theorems independently of
collateral information. For instance, a proof of a statement p, given in a trivial
theory S, provides no support for p. This is so because if S is trivial, then S
proves any statement—formulated in its language—and in particular, it also
proves the negation of p. In general, for proofs in theories to support their
theorems, one has to have some collateral information that at least the the-
ory employed is reliable. Given the relation between the reliability of evidence
and underminers (from Section II), this motivates the following No Underminer
Condition (NUQ):

(NUC) For any theory S, a proof in S of some statement p defeasibly sup-

ports p only if, for some relevant underminers ..., #, of S, none of u,..., u,
obtain.
In particular, for the reason given above, if S-proofs must be able to defeasibly
support S-theorems, the statement that S is inconsistent cannot obtain.'® That
1s, S-proofs defeasibly support S-theorems only if, amongst other things, S is
consistent. '

With (NUC) in place, we can show that [SOUND]fails to transmut justifica-

tion to its conclusion. We argue for failure in the following manner:

(Context) The soundness argument is valid and its premises are justified
by proofs in the (suitably formulated) theory of truth CT[S].

1 Any proof in CT[S] of a statement p supports p only if, for the relevant
underminers « of CT[S], u does not obtain. In particular, the inconsistency
of C'T[S] cannot obtain. That is, C'T[S] must be consistent at least.

2 In particular, 1 holds for the C'T[S]-proof that S is sound.

3. Since we assumed that the premises of [SOUND] are justified by C'T[S]-
proofs, we have by 2 that C'T[S] must be consistent.

4. But then, since S is a sub-theory of—in fact, it is syntactically contained
in—CT[S], the consistency of CT[S] directly implies the consistency of S.
So, we can conclude the following:

5. S must be consistent.

6. But then, [SOUND] fails to transmit justification.

[SOUNDY] fails to transmit justification because the existence of a justification
for its premises by means of proofs in C'T[S]requires the consistency of S, which

'8 This is due to the fact that inconsistency implies triviality. This is standardly accepted, with
the only exception being the dialetheist such as Graham Priest (Priest 2006). However, it should
be pointed out that even dialetheists accept that some inconsistencies imply triviality—although
they do not accept the conditional for a/l inconsistencies. As a side remark: We do not need
to worry about dialetheism since the dialetheist is prima_facie unable to employ the [SOUND]
because they wouldn’t accept both premises (S2) and (Sg).

19This presupposes some weak form of determinacy of facts about the syntax of S, i.e., that
if S is not inconsistent, then S is consistent. This is hardly problematic in the present context,
where we are considering theories S formulated in first-order classical logic.
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Soundness arguments for consistency and their epistemic value g

is expressed by [SOUND]’s conclusion! That is, [SOUND] cannot be em-
ployed to justify the consistency of S because its premises are justified only
if—amongst other things—its conclusion is true. With this, we can conclude
that soundness arguments cannot improve—in the way specified in (f)—our
epistemic situation concerning questions of consistency. Some clarifications
need to be made about this conclusion. However, since these clarifications ap-
ply also to the investigation of cogency, we postponed them to Section I11.B
and Section IV, and discuss the issue of cogency first.

III.A (}): Failure of cogency

The second question I consider is whether sound arguments can be em-
ployed to overcome reasonable open-mindedness about their conclusion, i.e.
whether S is consistent. For this, we need the notion of open-mindedness. Follow-
ing (Wright 2022), we understand open-mindedness about a statement in the
following manner:

An agent is reasonably open-minded about p just in case the following is
the case:

(1) The agent has no opinion whether on or not p;
(if) Open-mindedness about p involves readiness to accept or reject p, should
appropriate evidence turn up;
(iif) One is of the opinion that so far, one does have no basis for a view, but
one does not rule out the possibility that new information might mandate
taking a view about p.

Importantly, Wright’s notion of open-mindedness about p is weaker than
agnosticism or scepticism about p due to (i) and (iii); the agent’s open-
mindedness welcomes a readiness to accept new evidence. Moreover, the
agent is open to the possibility of improving her epistemic situation about p.
Agnosticism and scepticism presumably reject at least either (ii) or (ii1). With
this notion of open-mindedness in place, Wright motivates the following no-
tion of cogency:

Definition 2. (Cogency) An argument D from premises pi ..., p, to a conclusion q
is cogent just in case rationally accepting evidential support for pi,..., pu is compatible with
rational open-mindedness about q.

Using the notion of the previous section, we can show that [SOUND] is
not cogent. For the sake of the argument, we assume that the agent is ra-
tionally open-minded about whether S is consistent and that she aims to em-
ploy [SOUNDY] to overcome this open-mindedness. We argue in the following
manner:
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10 M. Zicchetti

1. The agent’s open-mindedness about whether S is consistent amounts (pos-
sibly upon reflection) to her open-mindedness about whether, for some
relevant underminer « of the consistency of S, u obtains.

2. Since CT[S] contains S, if # undermines the consistency of S, it also un-
dermines the consistency of C'T[S].

3. From this, we can infer that the agent should be at least equally open-
minded about whether the consistency of C'T[S] is undermined.

4. Intuitively, her rational open-mindedness about whether CT[S] is con-
sistent implies at least equal open-mindedness about whether one should
rationally accept that CT[S]-proofs support CT[S]-theorems.

5. In particular, one should be equally open-minded about accepting C'T[S]’s
support of the statement that S 1s sound.

But then, one cannot be rationally open-minded about whether S is con-
sistent whilst rationally accepting that C'T[S]-proofs support the premises
of [SOUND]. That 15, [SOUND] violates Wright’s Cogency Template.
Therefore, we conclude that [SOUND] cannot be employed to overcome
reasonable open-mindedness about the consistency of S. Analogously to
the case against transmission, some clarifications about my arguments and
my conclusions ramifications are necessary. The remainder of this article
focuses precisely on clarifying such matters.

III.B Generalizing failure

The previous section has shown that soundness arguments cannot be suc-
cessfully employed to improve our epistemic situation concerning questions of
consistency in two quite essential ways: They cannot be successfully employed
to justify the consistency of S, and they cannot be successfully employed to
overcome reasonable open-mindedness about the consistency of S. However,
one might wonder about the generality of this analysis for the following rea-
son: For both my arguments for transmission failure to go through the fact has
been employed that G'T'[S]syntactically contains our target mathematical theory:.
It was assumed as a part of the context that agents were employing a theory of
truth C'T containing S. This fact was crucial in step four of the argument for
transmission failure when arguing that the consistency of C'T'[S]directly gives
us the consistency of S. Similarly, this fact was employed in step two of the ar-
gument against cogency when arguing that open-mindedness about the con-
sistency of S implies equal open-mindedness about the consistency of G'T[S].

However, recent developments in truth theories showed that soundness ar-
guments can be formulated so that the theory of truth proves the soundness
of the target mathematical theory in such a way that avoids the syntactic
containment of the target mathematical theory in the truth theory.” In the

20Thanks to an anonymous referee of this journal for pointing this out to me.
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Soundness arguments for consistency and their epistemic value 11

formalization of soundness arguments, the assumption that the truth theory
CT contains S can be lifted. Such a setting is known in the literature as the
disentangled setting.”" For illustration, it is helpful to briefly introduce and discuss
one example investigated in (Leigh and Nicolai 2013). In contrast to, for in-
stance, the case of CT[PA], where CT extends Peano arithmetic, the authors
employ a theory of truth called CTD[O] extending a base theory of syntax
formulated in a language with different sorts to talk about different domains
of discourse: The language of C'TD[O] has a sort o to talk about ‘mathemat-
ical objects’, a sort s to talk about syntax, and a third, mixed sort s¢ ranging
over variable assignments. This sort is mixed because the variable assignments
associate elements of the syntactic domain of discourse with elements of the
mathematical domain of discourse. Finally, the mixed theory CTD[O] has the
expressive resources to express syntactic facts about the language of the sort o.
Moreover, it can express the usual axioms for truth.??

In (Leigh and Nicolai 2013), the authors show that the disentangled theory
of truth proves the formalized synfactic statement that expresses the objectual
mathematical theory O is sound. Therefore, it also proves that O is consistent.
Crucially, their disentangled theory does not syntactically contain the objectual
mathematical theory.23 At this point, it is important to clarify that, for the
present discussion, we are not interested in investigating specific proofs and
the technicalities involved in the disentangled setting:** For the present epis-
temological discussion, the example of disentangled settings is relevant, as it
provides us with the possibility of formalizing soundness arguments lifting the
assumption that the truth theory syntactically contains the target mathemat-
ical theory, whose consistency we wish to prove. It should be noted that the
versions of the arguments given in the previous section do not apply—at least
directly—to such disentangled scenarios; the move from the consistency of the
truth theory to the consistency of the target mathematical is blocked because
there is no syntactic containment. Because of this fact, it is important to ask
whether the previous arguments can be generalized to such scenarios. If such
generalization were not possible, my proposed analysis would only have mi-
nor significance for the question of whether soundness arguments can, i gen-
eral, be employed to improve our epistemic situation concerning questions of

2I'This has been investigated, for instance, in (Heck 2015) and (Leigh and Nicolai 2013).

2For the precise formulation of CTD[O] and its language, see (Leigh and Nicolai 2013, pp.
619—20).

%These are Proposition 3.2 (Leigh and Nicolai 2013; 622) and Proposition 3.8 (Leigh and
Nicolai 2013; 626).

2This would be relevant and important, for instance, in the context of truth deflationism.
As (Leigh and Nicolai 2013) points out, the theory CTD[O]—and some natural variants—are
conservative over O. See, for instance, Corollary g.12. (Leigh and Nicolai 2013; 627). How-
ever, the addition of prima_facie natural principles—so-called “coding axioms”—results in non-
conservative theories. See, for instance, Proposition .18 (Leigh and Nicolai 2013; 631).
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12 M. Zicchetti

consistency.” Fortunately—as I will show in what follows—my argument can
be adapted to this more general setting. Consider the following scenario:?® An
agent accepts Peano arithmetic PA and aims to show that PA is consistent.
They wish to do so by employing a soundness argument for the consistency of
PA:

[SOUND*]

St* For any statement p, if p is a theorem of PA, then p is true.
S2* For any p, if it is not the case that p is true, then p is not a theorem of PA.
Sg* For a given contradiction, L, it is not the case that L is true.

.. L is not a theorem of PA. That is, PA is consistent.

Similarly to the scenario in the previous section, we assume that the agent ac-
cepts proofs in some theory of truth as providing evidence supporting informal
statements about PA. For instance, they accept that a proof in the theory of
truth of the formalized soundness statement for PA provides a justification to
believe St*, the statement that PA is sound. The crucial distinction here is that
the proofs are not given in CT[PA], some truth theory syntactically containing
PA: Proofs are provided in some syntax theory, CT[S], which is rich enough
to express syntactic facts about PA, and has ‘enough induction’ for the syntactic
language to formalize the soundness argument. Nevertheless, CT[S] does not
syntactically contain PA.?’

Against this background, we can investigate our previous questions, i.e., (f)
whether the agent can successfully employ the soundness argument to justify
the consistency of PA, and (}) whether they can use it to overcome reasonable
open-mindedness about PA’s consistency:

First, we focus on (). We assume that the premises of the [SOUND*] are
justified by proofs in C'T[S] of their respective formalizations and check for
transmission failure. Since there is no change in the role taken by the syntactic

theory C'T[S], we have the following by the (NUC):

1" Any proof in CT[S] of a statement p supports p only if, for the relevant un-
derminers u of C'T'[S], « does not obtain. In particular, the inconsistency
of CT[S] cannot obtain. That is, CT[S] must be consistent at least.

T am grateful to an anonymous referee of this journal for asking this question and making
its importance for the current discussion explicit.

2(_’This scenario has been suggested by an anonymous referee of this journal.

?7As an anonymous referee of this journal correctly pointed out, CT[S] can be CT over
some syntactic theory S interpreting the theory IZ;, where /X, has induction restricted to
formulas of X|-complexity, i.e., formulas of the form Jx(¢(x)), where ¢ is Ag. @ is A just in case
all the quantifiers in ¢ (if there are any) are bounded, i.c., are of the form V¢ < y or 3¢ < y. For a
presentation of this theory, see, for instance, (Heck 2015). (Heck 2015) has shown that C'T[/%]
is sufficient to formalize the soundness argument. Recently, (Lelyk 2022) has shown that even
CT[IA( + exp] suffices.
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2* In particular, 1* holds for the C'T'[S]-proof that PA is sound.

3* Since we assumed that the premises of [SOUND"] are justified by CT[S]-
proofs, we have by 2* that CT[S] must be consistent. At this point, we
make the following remark.

4 CT[S] recovers full induction for the syntactic language. That is, there is
a sub-theory of C'T[S], let us call it S*, which is an extension of S by full
induction.

5 By 4*, $* must be consistent as well—since the consistency of C'T[S] must
be in place by g*.

6* Crucially, the theories S* and PA are equiconsistent. With 5*, this gives us
that PA must be consistent if $* is.

7* From 5* and 6*, we can conclude that PA must also be consistent.

Therefore, we can see that the generalized version of the soundness argument
is also non-transmissive: The assumption that the premises of the soundness
argument are justified by proofs in C'T[S] require the consistency of PA. In
other words, the consistency of C'T[S], which must be in place by (NUC),
gives us that the consistency of PA must be in place as well. If my generalized
version of the argument is in good standing, then we can, in fact, diagnose
soundness arguments as non-transmissive with greater generality. However,
some clarifications need to be made concerning this generalized strategy. We
first turn to the question of cogency and postpone the clarifications to the end
of this section since—as I will show—a generalized argument against cogency
can be easily formulated analogously.

In order to check whether the soundness argument is cogent, we assume
that the agent is open-minded about the consistency of PA and wishes to
overcome this open-minded by employing [SOUND*], where the premises of
the soundness argument are taken to be justified by proofs in C'T[S] of their
respective formalizations. We argue in the following manner:

1 * The agent’s open-mindedness about whether PA is consistent amounts
(possibly upon reflection) to her open-mindedness about whether, for some
relevant underminer « of the consistency of PA, « obtains.

2 * Since §* is equiconsistent with PA, the agent should be at least equally
open-minded about whether the consistency of S* is undermined.

3 * But then, since $* is a sub-theory of CT[S], the agent should be equally
open-minded about whether the consistency of CT[S] is also undermined.

4 * Analogously to the reasoning employed in the previous version of this ar-
gument, reasonable open-mindedness about whether C'T[S] is consistent
implies at least equal open-mindedness about whether one should ratio-
nally accept that C'T[S]-proofs support C'T'[S]-theorems.

5* In particular, one should be equally open-minded about accepting
CT[S]’s support of the statement that PA is sound.

202 J9qWaAoN 0z uo 1sanb Aq 991569//6G09ebd/bd/ce0 1 01 /10p/a]01e-aoueApe/bd/woo dno-olwapede//:sdiy woly papeojumoq



14 M. Zicchetti

With this, we can conclude that the argument violates Wright’s ‘new’ Cogency
Template: Reasonable open-mindedness about the consistency of PA amounts
to reasonable open-mindedness about whether the premises of [SOUND*]
are justified by CT[S]. In other words, [SOUND*] cannot be successfully
employed to overcome reasonable open-mindedness about the consistency of
PA.

With this proposed strategy, we can argue that soundness arguments cannot
be employed to improve our epistemic situation concerning consistency—in
the sense spelt out as (f) and (). However, some clarifications are necessary.
First, we can see that, according to the proposed analysis, the “entangled” ver-
sion of the soundness argument [SOUND)] presented an ummediate case of fail-
ure: The consistency of our theory of truth CT[S] gave us the consistency of
the target theory S directly simply by the fact that S was contained in CT[S].
On the other hand, [SOUND*] presents a less immediate case of failure: The
consistency of C'T[S] directly gives us the consistency of S* only. In order
to conclude that PA must be consistent as well, we needed the additional in-
formation that S* and PA are equiconsistent so that the consistency of &*
(and of CT[S]) is incompatible with PA being inconsistent.”® The additional
step involving the notion of equiconsistency is crucial: It gives us a way of
generalizing the analysis to the target cases, where the syntactic containment
assumption is lifted. Finally, it is essential to point out that the equiconsis-
tency between S* and PA is not some ‘external fact’ that only we can appreciate:
It is provable in CT[S]. This is important because, for this strategy against
transmission and cogency to be in good standing, we want the information
about the equiconsistency to be accessible—upon reflection—to the agent ac-
cepting CT[S], and this is ensured by its provability in C'T[S]. With this,
we can naturally generalize our original diagnosis to soundness arguments
in general. Where does this conclusion leave us? The remainder of this arti-
cle makes some important yet exploratory remarks about my analysis’s scope,
consequences, and ramifications.

IV. Taking stock

This article focused on the purported epistemic value of soundness arguments,
and, in particular, it investigated two central epistemological aspects of such
arguments: The question of whether soundness arguments can be employed
to justify or overcome reasonable open-mindedness about their conclusion.
It has been argued that both questions should receive a negative answer.
On one hand, a soundness argument fails to transmit justification due to a

2 Alternatively, we could also have argued that CT[S] interprets PA—so that PA must be
consistent relative to the consistency of CT[S].
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vicious epistemic dependence between the existence of evidential support for
its premises and the truth of its conclusion. Moreover, when considering the
possibility of overcoming reasonable open-mindedness about the consistency
of S, I have shown that it is not possible to be rationally open-minded about
their conclusion whilst rationally accepting that their premises are defeasibly
supported.

In a sense, we have shown that, despite Horsten’s entertainment with the
possibility of acquiring a justification for the consistency of S by virtue of a
soundness argument, there is little hope of obtaining an inferential justification
for consistency by means soundness arguments. Moreover, if one focuses ex-
clustvely on justifications provided by proofs in accepted theories, our general
argument seems to motivate the claim that it is impossible for soundness arguments to
be transmussive or cogent. There is a sense in which this conclusion seems to point
to some kind of epistemic incompleteness akin to the incompleteness phenomena:
As long as soundness arguments are concerned, we cannot hope to obtain
an inferential justification for the consistency of our accepted mathematical
theories by means of proofs in other accepted theories. However, a necessary
clarification must to be made: Although our diagnosis shows that there is no
such hope when employing soundness arguments, it is still open whether we
could obtain an inferential justification to believe consistency employing dif-
Jerent consistency arguments.”® Even though we should be rightly discouraged in
our attempt to justify the consistency of our accepted theories by employing
soundness arguments, the proposed diagnosis should not in any way support
the idea that consistency statements cannot be justified per se. In other words,
my analysis does not motivate any scepticism about consistency. On the con-
trary: The fact that soundness arguments for consistency are epistemically
defective should put pressure on the question of what are good grounds, avail-
able to us, for believing the consistency of our accepted theory. Importantly,
our key questions about transmission and cogency were relative to soundness
arguments and a particular envisaged justification for its premises. If mathemat-
ical justification were exhausted by proofs in theories, then there might not
be any justification whatsoever for the consistency of many theories we accept.
However, I do not believe that justification is exhausted by proofs in our the-
ories. In fact, with many philosophers and mathematicians, I believe we are,
in fact, justified in believing in the consistency of many natural foundational
theories. Of course, to argue for this would amount to providing a different

#One such important example would be Gentzen’s proof of the consistency of Peano arith-
metic. Although the epistemological notions and principles employed in this article could be
helpful in the analysis of the epistemic value of Gentzen’s proof, a generalization of my ap-
proach to other types of consistency proofs exceeds the scope of the present investigation. I am
grateful to an anonymous referee of this journal for suggesting to say a few words about this
issue. For an epistemological investigation of Gentzen’s proof, see Daniel Waxman (unpublished
manuscript).

202 J9qWaAoN 0z uo 1sanb Aq 991569//6G09ebd/bd/ce0 1 01 /10p/a]01e-aoueApe/bd/woo dno-olwapede//:sdiy woly papeojumoq



16 M. Zicchetti

type of justification for such statements: Some mathematicians (such as Godel)
argued that we have some intuition-like faculty that might provide immediate
justification for statements, such as the consistency of S. Others argued that
we have some default type of justification for accepting consistency.’’ Finally,
other philosophers (most notably Feferman) argued that reflection principles
such as consistency statements (and even stronger reflection principles) are,
in some sense, implicit commitments.?! This is important, as it places this in-
vestigation into a broader context within the philosophy and epistemology of
mathematics.

Moreover, it should be added that even if it were impossible to acquire an
inferential justification for consistency employing soundness arguments relative
to justifications provided by progfs, one might acquire such a justification by differ-
ent means. One example could be, for instance, the following scenario:*? One
might argue that the truth-theoretic axioms of CT have a “special” epistemic
status. For instance, they might be justified (1) by default or (i1) by our understanding
of the concept of truth.?® With this, one might try to argue that our justifica-
tion to believe the consistency of PA results from our justification to believe
the syntactic theory S—which does not contain PA—and our justification
we have for the concept of truth axiomatized by CT. Whatever justification
we have for § and CT does not seem to support the consistency of PA di-
rectly, 1.e., without employing the soundness argument. Let me comment briefly on
this possibility. Suppose that such an argument would be transmissive. Then,
I believe this argument would ensure that our justification for believing in
the consistency of PA would be quite minimal. For instance, our justification
could result from some justification to accept a very small amount of induc-
tion, together with some justification to accept the concept of truth embodied
by CT. However, I suspect that the soundness argument will end up being
non-transmissive, as long as either (a) conditions such as (NUC) are i place or
(b) the justification to believe the premises of [SOUND] is provided by proofs
of formalized statements in the theory of truth. In the concrete scenario, (NUC)
would give us that proofs provided in C'T[S] justify the soundness of PA only
if CT[S] is consistent. Therefore, my proposed argument for failure should
apply. A possibility to argue that [SOUNDY] is transmissive would be to either
reject (a) or (b). Concerning (a), one could, for example, deny or weaken the
(NUC). With this, there is no prima facie immediate way to argue for failure.

3Tor instance, (Pedersen 2021), (Horsten 2021) and (Zicchetti 2022). To argue that we have
such independent justification for consistency statements exceeds the scope of our investigation.

31See (Feferman 1962, 1964, 1991). For a recent discussion of implicit commitments in this
context, see (Dean 2014), (Horsten and Leigh 2017), (Nicolai and Piazza 2018), or (Lelyk and
Nicolai 2022).

32T am grateful to an anonymous referce of this journal for suggesting this scenario.

33The idea that our acceptance of some concepts of truth might not need any justification, or
might be justified by default, has been investigated, for instance, in (McGee 2005) and (Fischer
et al. 2019).
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However, this would amount to the rejection—to some degree—of the natu-
ral intuition that proofs justify theorems relative to the existence of collateral
information. Equivalently, one would have to provide an argument as to why
underminers should not play a role—or should play a lesser role—in deter-
mining the existence of justifications by means of proofs. With respect to (b),
one possibility would be to argue that our justification to believe the premises
of [SOUND] is not given by proofs in a theory of truth, but has a different source.
For example, one might argue that our understanding of the concept of truth
embodied by C'T alone gives us a justification to believe the formal soundness
statement without the need of any proof.

Finally, what should this diagnosis tell us about epistemology (of mathemat-
ics)? The proposed analysis provides more substance to the natural intuition
expressed in (Dummett 1978), (Girard 1987), and (Wright 1994), helping us to
make some substantive progress on the question about the epistemic value of
soundness arguments. Moreover, my conclusions are in harmony with consid-
erations in epistemology about transmission, failure, and cogency i general.
Similarly to Wright’s investigation of transmission and cogency in (Wright
2012), the issues investigated in (f) and (I) are two separate epistemological
questions, whose answers require deeper reflection on the epistemological
background in place.*> Moreover, similarly to [MOORE]’s diagnosis provided
by Wright, the answers to (1) and (f) converge—as I think they should.*® This
diagnosis suggests that mathematical arguments and the epistemology of math-
ematics might not be too different than usual, non-mathematical arguments
and their epistemology, making some room for a more unified and encom-
passing future investigation of the Philosophy of Mathematics and its Episte-
mology.®’

3 Although T suspect that a rejection of either (a) or (b) would result in a transmissive argu-
ment, most of the philosophical work would be needed to explain why we should reject either
(a) or (b). To investigate the possibility of employing a soundness argument for consistency in
scenarios avoiding either (a) or (b) would exceed the scope and context of the present article.

P My questions (f) and (}) seem to be quite similar to (i) in (Wright 2012; 451) and (vi) in
(Wri‘ght 2012; 459).

3 See, (Wright 2012; 460). However, (Wright 2012) seems to suggest that there is a possibility
of (f) and () to diverge, as he says the folllowing: ‘Moore’s Proof, for instance, might indeed be
serviceable for the provision of warrant to believe in an external world while useless for under-
writing claim to such warrant’ (Wright 2012; 471). I suspect that the answer to the question of
whether or to what degree (f) and (f) converge is going to depend on the kind of No Underminer
Conditions adopted. I am grateful to an anonymous referee of this journal for asking to address
why (1) and (f) are treated separately.

37Versions of this article have been presented at a number of research seminars and con-
ferences in several places including the University of Konstanz, the University of Warsaw, the
Munich Center for Mathematical Philosophy, the IUSS Pavia, Yonsei University, and King’s
College London. I am grateful to all the participants for their helpful comments and questions.
In particular, my gratitude goes to Crispin Wright, Leon Horsten, Martin Fischer, Nikolaj Peder-
sen, Dan Waxman, and Henri Galinon for the many stimulating philosophical discussions about
this article’s topic. Moreover, I am grateful to all members of our research project in Warsaw,
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